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PREFACE. 


This  new  edition  of  Euclid's  Elements  of  Geometry  will  be 
fomid  to  differ  considerably  from  those  at  present  in  general  use 
in  Academical  Education.  The  text  is  taken  from  Dr  Simson^s 
approved  edition,  with  occasional  alterations ;  but  so  arranged  as  to 
exhibit  to  the  eye  of  the  student  the  successive  steps  of  the  de^ 
monstrationsy  and  to  feicilitate  his  apprehension  of  the  reasoning. 
No  abbreviations  or  symbols  of  any  kind  are  employed  in  the 
text.  The  ancient  Geometry  had  no  symbols,  nor  any  notation 
beyond  ordinary  language  and  the  specific  terms  of  the  science. 
We  may  question  the  propriety  of  allowing  a  learner,  at  the  com- 
mencement of  his  Geometrical  studies,  to  exhibit  Geometrical 
demonstrations  in  Algebraical  symbols.  Surely  it  is  not  too  much 
to  apprehend  that  such  a  practice  may  occasion  serious  confusion 
of  thought.  It  may  be  remarked  that  the  practice  of  exhibiting 
the  demonstrations  of  Elementary  Geometry  in  an  Algebraical 
form,  is  now  generally  discouraged  in  this  University.  To  each 
book  are  appended  explanatory  notes,  in  which  espedal  care  has 
been  taken  to  guard  the  student  against  the  common  mistake  of 
confounding  ideas  of  number  with  those  of  magiiitude.  The  work 
contains  a  selection  of  problems  and  theoremis*  from  the  Senate- 
house  and  College  Examination  Papers,  for  th^  last  forty-five  years. 
These  are  arranged  as  Geometrical  exercises  to  the  several  books 
of  the  Elements,  and  to  a  few  only  in  each  book  the  solutions 
are  given.  An  Introduction  is  prefixed,  giving  a  brief  outline  of 
the  history  and  progress  of  Geometry. 

The  analysis  of  language,  together  with  the  sciences  of  number 
and  magnitude,  have  been  long  employed  as  the  chief  elements  of 
intellectual  education.  At  a  very  early  period,  the  study  of 
Geometry  was  regarded  as  a  very  important  mental  discipline,  as 
may  be  shewn  from  the  seventh  book  of  the  Republic  of  Plato. 
To  his  testimony  may  be  added  that  of  the  celebrated  Pascal, 
(CEuvres,  Tom.  I.  p.  66,)  which  Mr  Hallam  has  quoted  in  his 
History  of  the  Literature  of  the  Middle  Ages.  "Geometry,'* 
Pascal  observes,  "  is  almost  the  only  subject  as  to  which  we  find 
truths  wherein  all  men  agree;  and  one  cause  of  this  is,  that 
geometers  alone  regard  the  true  laws  of  demonstration."     Th^se 
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are  enumerated  by  him  as  eight  in  nmnber.  1.  To  define  nothing 
which  cannot  be  expressed  in  clearer  terms  than  those  in  which 
it  is  abeady  expressed.  2.  To  leave  no  obscure  or  equivocal 
terms  undefined.  3.  To  employ  in  the  definition  no  terms  not 
already  known.  4.  To  omit  nothing  in  the  principles  from  which 
we  argue,  unless  we  are  sure  it  is  granted.  5.  To  lay  down  no 
axiom  which  is  not  perfectly  evident.  6.  To  demonstrate  nothing 
which  is  as  clear  already  as  we  can  make  it.  7.  To  prove  every 
thing  in  the  least  doubtful,  by  means  of  self-evident  axioms,  or 
of  propositions  already  demonstrated.  8.  To  substitute  mentally 
the  definition  instead  of  the  thing  defined.  Of  these  rules  he 
says,  "the  first,  fourth,  and  sixth  are  not  absolutely  necessary 
to  avoid  error,  but  the  other  five  are  indispensable;  and  though 
they  may  be  found  in  books  of  logic,  none  but  the  geometers 
have  paid  any  regard  to  them.'' 

If  we  consider  the  nature  of  Geometrical  and  Algebraical 
reasoning,  it  will  be  evident  that  there  is  a  marked  distinction 
between  them.  To  comprehend  the  one,  the  whole  process  must 
be  kept  in  view  from  the  commencement  to  the  conclusion ;  while 
in  Algebraical  reasonings,  on  the  contrary,  the  mind  loses  the 
distinct  perception  of  the  particular  Geometrical  magnitudes  com- 
pared; the  attention  is  altogether  withdrawn  from  the  things 
signified,  and  confined  to  the  symbols,  with  the  performance  of 
certain  mechanical  operations,  according  to  rules  of  which  the 
rationale  may  or  may  not  be  comprehended  by  the  student.  It 
must  be  obvious  that  greater  fixedness  of  attention  is  required  in 
the  former  of  these  cases,  and  that  habits  of  close  and  patient 
observation,  of  careful  and  accurate  discrimination  will  be  formed 
by  it,  and  the  purposes  of  mental  discipline  more  fully  answered. 
In  these  remarks  it  is  by  no  means  intended  to  undervalue  the 
methods  of  reasoning  by  means  of  symbolical  language,  which  are 
no  less  important  than  Geometry.  It  appears,  however,  highly 
desirable  that  the  provinces  of  Geometrical  and  Algebraical  rea- 
soning were  more  definitely  settled  than  they  are  at  present,  at 
least  in  those  branches  of  science  which  are  employed  as  a  means 
of  mental  discipline.  The  boundaries  of  Science  have  been  ex- 
tended by  means  of  the  higher  analysis ;  but  it  must  not  be 
forgotten  that  this  has  been  effected  by  men  well  skilled  in 
Geometry  and  fully  able  to  give  a  geometrical  interpretation  of 
the  results  of  their  operations;  and  though  it  may  be  admitted 
that  the  higher  analysis  is  the  more  powerful  instrument  for  that 
purpose,  it  may  still  be  questioned  whether  it  be  well  suited  to 
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form  the  chief  disdpline  of  ordinary  intellects  without  a  previous 
knowledge  of  the  principles  of  Geometry,  and  some  skill  in  their 
application.  Though  the  method  of  Geometrical  analysis  is  very 
greatly  inferior  in  power  to  the  Algebraical,  yet  as  supplementary 
to  the  Elements  of  EucUd,  it  is  of  great  importance.  It  may 
be  added,  that  a  sound  knowledge  of  the  ancient  geometry  is  the 
best  introduction  to  the  pursuits  of  the  higher  analysis  and  its 
extensive  applications.  On  this  subject  the  judgment  of  Sir  Isaac 
Newton  has  been  recorded  by  Dr  Pemberton,  in  the  preface  to  his 
yiew  of  Sir  Isaac  Newton's  Discoveries.  He  says :  "  Newton 
censured  the  handling  of  geometrical  subjects  by  algebraical  calcu- 
lations. He  used  to  commend  the  laudable  attempt  of  Hugo  d'Ome-^ 
rique  (in  his  *  Analysis  Geometrica  Nova  et  Vera/)  to  restore  the 
ancient  analysis,  and  very  much  esteemed  the  tract  of  ^Apollonius 
De  Sectione  Rationis,'  for  giving  us  a  clearer  notion  of  that  analysis 
than  we  had  before.  The  taste  and  mode  of  geometrical  demon- 
stration of  the  ancients  he  professed  to  admire,  and  even  censured 
himself  for  not  having  more  closely  followed  them  than  he  did : 
and  spoke  with  regret  of  his  mistake,  at  the  beginning  of  his  mathe- 
matical studies,  in  applying  himself  to  the  works  of  Descartes  and 
other  algebraical  writers,  before  he  had  considered  the  Elements  of 
Euclid  with  the  attention  they  deserve." 

Regarding  the  study  of  Geometry  as  a  means  of  mental 
discipline,  it  is  obviously  desirable  that  the  student  should  be 
accustomed  to  the  use  of  accurate  and  distinct  expressions,  and 
even  to  formal  syllogisms.  In  most  sciences  our  definitions  of 
things  are  in  reahty  only  the  results  of  the  analysis  of  our 
own  imperfect  conceptions  of  the  things;  and  in  no  science, 
except  that  of  number,  do  the  conceptions  of  the  things  coincide 
80  exactly  (if  we  may  use  the  expression)  with  the  things  them- 
selves, as  in  Geometry.  Hence,  in  geometrical  reasonings,  the 
comparison  made  between  the  ideas  of  the  things,  becomes  almost 
a  comparison  of  the  things  themselves.  The  language  of  pure 
Geometry  is  always  precise  and  definite.  The  demonstrations  are 
effected  by  the  comparison  of  magnitudes  which  remain  unaltered, 
and  the  constant  use  of  terms  whose  meaning  does  not  on  any 
occasion  vary  from  the  sense  in  which  they  were  defined.  It  is 
this  peculiarity  which  renders  the  study  so  valuable  as  a  mental 
discipline :  for  we  are  not  to  suppose  that  the  habits  of  thought 
thus  acquired,  will  be  necessarily  confined  to  the  consideration  of 
fines,  angles,  surfaces  and  solids.  The  process  of  deduction  pur- 
sued in  Geometry  from  certain  admitted  principles  and  possible 
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constructions  to  their  consequences,  and  the  rigidly  exact  com- 
parison of  those  consequences  with  known  and  established  truths, 
can  scarcely  fail  of  producing  such  habits  of  mind  as  will  influence 
most  beneficially  our  reasonings  on  all  subjects  that  may  come 
before  us. 

In  support  of  the  views  here  maintained,  that  Geometrical 
studies  form  one  of  the  most  suitable  and  proper  introductory 
elements  of  a  scientific  education,  we  may  add  the  judgment  of 
a  distinguished  living  writer,  the  author  of  "  The  History  and 
Philosophy  of  the  Inductive  Sciences,"  who  has  shewn,  in  his 
^^  Thoughts  on  the  Study  of  Mathematics,"  that  mathematical 
studies  judiciously  pursued^  form  one  of  the  most  effective  means 
of  developing  and  cultivating  the  reason:  and  that  ''the  object 
of  a  liberal  edtusation  is  to  develope  the  whole  mental  system 
of  man; — ^to  make  his  speculative  inferences  coincide  with  his 
practical  convictions; — ^to  enable  him  to  render  a  reason  for 
the  belief  that  is  in  him,  and  not  to  leave  him  in  the  condition 
of  Solomon's  sluggard,  who  is  wiser  in  his  own  conceit  than 
seven  men  that  can  render  a  reason."  To  this  we  may  sub- 
join that  of  Mr  John  Stuart  Mill^  which  he  has  recorded  in 
his  invaluable  System  of  Logic,  (Vol.  ii,  p.  180)  in  the  following 
terms.  ''  The  value  of  Mathematical  instruction  as  a  preparation 
for  those  more  difficult  investigations  (physiology,  society,  govern- 
ment, &c.)  consists  in  the  applicability  not  of  its  doctrines,  but  of 
its  method.  Mathematics  will  ever  remain  the  most  perfect  type 
of  the  Deductive  Method  in  general;  and  the  applications  of  Mathe- 
matics to  the  simpler  branches  of  physics,  furnish  the  only  school 
in  which  philosophers  can  effectually  learn  the  most  difficult  and 
important  portion  of  their  art,  the  employment  of  the  laws  of 
simpler  phenomena  for  explaining  and  predicting  those  of  the  more 
complex.  These  grounds  are  quite  sufficient  for  deeming  mathe- 
matical training  an  indispensable  basis  of  real  scientific  education, 
and  regarding,  with  Plato,  one  who  is  dyew/jieTpriTo^,  as  wanting 
in  one  of  the  most  essential  qualifications  for  the  successful  culti- 
vation of  the  higher  branches  of  philosophy." 

R.  P. 

Trinity  College, 
October  1,  1846. 
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ERRATA. 


Griat  care  has  been  taken  in  the  correction  of  the  proofs,  and  it  is  believed  that 
the  Student  will  not  meet  with  any  errata  of  importance  in  the  text  to  impede  his  pro- 
gress :  the  following,  however,  have  been  discovered  on  revising  the  sheets : 

PAOB         UNB  FOR  BSAD 

10         20                          CBG  CGB, 

12          14                            angUt  angle. 

22  In  the  diagram,  Prop.  XXI II.  D  is  nusplaced. 

59         20                           BE  DE. 

80         17                       equal  less  less  equal. 

Ill           6                            ABC  ACB, 

3-2  3-2 

126        23  —  ^.,. 

172  In  the  diagram,  Prop.  III.  A  is  misplaced. 

177  In  the  diagram,  Prop.  IX.  D  and  £  are  interchanged. 

192  In  the  diagram.  Prop.  XXVI.   for    D    read    C. 

242         13  AE  AQ. 

923         46  arc  circumference. 

328  1  centre  circumference. 

341  4  of  at. 

In  the  Geometrical  Exercises,  a  few  repetitions  have  occurred,  and  a  few  of  the 
problems,  perhaps,  with  more  propriety,  might  have  been  arranged  under  a  different 
book. 

In  the  Index  a  few  references  are  omitted,  as  the  Examination  Papers,  from 
which  the  questions  have  been  taken,  were  without  dates;  besides  some  four  or 
five  others,  which  were  lost. 
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The  aim  of  the  following  brief  notices^  is  to  give  some  account  of 
the  origin  and  progress  of  the  science  of  Geometry^  together  with  the 
names  of  the  men  by  whom  it  has  been  successively  advanced.  Respect- 
ing the  history  of  science  it  has  been  remarked  that  it  serves^  at  leasts 
to  commemorate  the  benefactors  of  mankind;  an  object  which  can 
scarcely  be  considered  as  unworthy  or  unimportant.  It  is  probable  that 
this  science  had  its  origin^  like  all  others,  in  the  necessities  of  men. 
The  word  Geometry  (yeeofxerpia),  formed  from  two  Greek  words,  yr} 
and  fi€T£€Vi,  seems  to  have  been  originally  applied  to  the  measuring  of 
land.  The  earliest  information  on  this  subject  is  derived  from  Hero- 
dotus (Book  II.  c.  109)>  where  he  describes  tne  customs  of  the  Egyptians 
in  the  age  of  Sesostris,  who  reigned  in  Egypt  from  about  1416  to  1357, 
B.C.  The  account  of  Herodotus  is  to  this  effect.  "  I  was  informed  by 
the  priests  at  Thebes,  that  king  Sesostris  made  a  distribution  of  the 
territory  of  Eg3rpt  among  all  his  subjects,  assigning  to  each  an  equal 
portion  of  land  in  the  form  of  a  quadrangle,  and  that  from  these  allot- 
ments he  used  to  derive  his  revenue  by  exacting  every  year  a  certain 
tax.  In  cases  however  where  a  part  of  the  land  was  washed  away  by 
the  annual  inundations  of  the  Nile,  the  proprietor  was  permitted  to  pre- 
sent himself  before  the  king,  and  signify  what  had  happened.  The  king 
then  used  to  send  proper  officers  to  examine  and  ascertain,  by  admeasure- 
ment>  how  much  of  the  land  had  been  washed  away,  in  order  that  the 
amount  of  tax  to  be  paid  for  the  future,  might  be  proportional  to  the 
land  which  remained.  From  this  circumstance  I  am  of  opinion,  that 
Geometry  derived  its  origin;  and  from  hence  it  was  transmitted  into 
Greece."  The  natural  features  and  character  of  the  land  of  Egjrpt, 
where  rain  is  unknown,  are  such  as  to  give  credibility,  at  least,  to  die 
tradition  recorded  by  Herodotus.  In  the  earliest  records  of  history,  the 
population  of  Egypt  is  represented  as  numerous,  and  in  the  valley  of 
the  Nile,  the  extent  of  cultivated  land  is  comparatively  small  Its 
extreme  fertility  is  also  placed  in  close  contrast  with  the  barrenness  of 
the  districts  beyond  the  limits  of  the  inundations  of  the  Nile,  by  which 
the  boundaries  of  the  land  on  its  margin  are  annually  liable  to  altera- 
tion. There  appear  therefore  some  grounds  for  the  belief  that  the 
geometrical  allotment  of  land  had  its  origin  on  the  banks  of  the 
Nile.  But  independently  of  the  tradition  of  Herodotus,  it  seems  reason- 
able to  suppose,  that  the  science  of  Plane  Geometry  may  have  originated 
in  the  necessity  of  measuring  and  dividing  lands,  which  must  have 
arisen  as  soon  as  property  in  land  came  to  be  recognized  among  men. 
This  recognition  is  found  in  the  oldest  historical  records  known  in  any 
language.  The  narrative  in  the  23rd  chapter  of  the  book  of  Genesis 
refers  to  Palestinei  and  belongs  to  a  period  I860  years  b.c.     In  Egypt 
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also,  aboat  l60  years  later,  as  we  learn  from  Oen.  xlvii.  not  only  was 
property  in  land  recognized,  but  taxes  were  raised  from  the  possessors 
and  cultivators  of  the  soil.  This  necessarily  implies  that  there  existed 
some  method  of  estimating  and  dividing  land,  rude,  probably,  and  inac« 
curate  at  ifirst,  but  as  society  advanced  and  its  wants  increased,  gradually 
becoming  more  exact. 

The  existence  of  the  pyramids,  the  ruins  of  temples,  and  other  archi- 
tectural remains,  supply  evidence  of  some  knowledge  of  Geometry; 
although  it  is  possible  that  the  geometrical  properties  of  ifigures,  neces- 
sary for  such  works,  might  have  been  known  only  in  the  form  of  prac- 
tical rules,  without  any  scientific  arrangement  of  geometrical  truths. 

The  word  Geometry  is  used  in  a  more  extensive  sense,  as  the 
science  of  Space ;  or  that  science  which  discusses  and  investigates  the 
properties  and  relations  existing  between  definite  portions  of  space, 
under  the  fourfold  division  of  lines,  angles,  surfaces,  and  volumes,  with- 
out regard  to  any  properties  they  may  have  of  a  physical  nature.  Of 
the  origin  and  progress  of  Geometry,-  in  this  sense,  it  is  proposed  here 
to  give  some  short  account,  as  far  as  can  be  ascertained. 

Whatever  geometrical  or  astronomical  science  may  have  been  pos- 
sessed by  the  earlier  Chaldeans  and  Egyptians,  there  are  not  known  to 
be  any  historical  records,  which  supply  definite  views  of  its  limits  or 
extent.  In  the  most  ancient  Jewish  writings,  there  is  not  the  least 
allusion  from  which  to  infer  that  scientific  Geometry  was  known  and 
cultivated  by  that  people.  The  traditions  recorded  by  Josephus  on 
this  subject  (Book  i.  c.  3,  9)  can  scarcely  be  considered  worthy  of 
being  received  as  historical  truth,  since  the  subsequent  history  of  the 
Jews  does  not  inform  us  that  they  were,  at  any  period,  a  scientific 
people. 

Other  ancient  writers  also  confirm  the  tradition  of  Herodotus,  that 
from  Egypt  the  knowledge  of  Geometry  passed  over  into  Greece,  where 
it  attained  a  high  degree  of  cultivation.  Proclus,  in  his  Commentary  on 
Euclid's  Elements  of  Geometry  (Book  ii.  c.  4),  attributes  to  Thales  the 
merit  of  having  first  conveyed  the  knowledge  of  Geometry  from  Egypt 
to  Greece.  Thales  was  a  native  of  Miletus,  at  that  time,  the  most  flourish- 
ing of  the  Greek  colonies  of  Ionia  in  Asia  Minor.  He  was  born  about 
640  B.C.,  and  was  descended  from  one  of  the  most  distinguished  families, 
originally  of  Phoenicia.  (Herod,  i.  170.  Diog.  Laert.  i.  22.)  Thales, 
from  a  desire  of  knowledge,  is  reported  by  Diogenes  Laertius  to  have 
travelled  into  Egypt,  and  to  have  held  a  friendly  intercourse  with  the 
priests  of  that  countrv ;  thus  obtaining  an  acquaintance  with  the  science 
of  the  Egyptians.  The  same  writer  ^so  adds  that  he  learned  the  art  of 
Geometry  among  the  Egyptians,  and  suggested  a  method  of  ascertaining 
the  altitude  of  the  pyramids  by  the  length  of  their  shadows.  Plutarch 
relates  this  story,  and  adds,  that  Amasis,  who  was  then  king  of  Egypt, 
was  astonished  at  the  sagacity  of  Thales.  If  this  tradition,  recorded 
both  by  Diogenes  Laertius  and  by  Plutarch,  be  deemed  worthy  of  credit, 
it  would  appear  that  the  idea  suggested  by  Thales  was,  to  the  Egyptians, 
a  new  application  of  a  geometrical  truth.  Whatever  mathematical 
knowledge  the  Egyptians  might  possess  in  the  age  of  Thales,  there  are 
no  writings,  either  cotemporary  or  of  later  times,  which  exhibit  its  extent. 
Thales  is  also  said  to  have  been  the  discoverer  of  some  geometrical 
theorems,  and  to  have  lefl  to  his  successors  the  principles  of  many 
ethers.    The  theorems  which  stand  as  the  5th|  15tn,  and  26th  Propo- 
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sitions  of  the  first  Book  of  Euclid's  Elements  of  Geometry  are  attri* 
buted  to  him  by  Proclus,  and  Prop.  31.  Book  iii^  also  Props.  2,  S,  4, « 
5,  of  Book  lY.  He  is  reported  by  Herodotus  (Book  i.  c.  74)  to  have 
foretold  the  year  in  which  an  eclipse  of  the  sun  would  happen.  He 
also  designated  the  seasons^  and  found  the  year  to  consist  of  S65  days. 
All  this  implied  not  only  some  acquaintance  with  Geometry,  but  a  con- 
siderable knowledge  of  the  motions  and  periodical  revolutions  of  the 
heavenly  bodies.  Anaximander  of  Miletus  and  Anaxiraenes  are  men- 
tioned  as  disciples  of  Thales.  The  opinions  of  the  latter  are  discussed 
by  Aristotle  immediately  after  those  of  Thales.  Ameristus,  the  brother 
of  Stesichorus  the  poet,  is  named  by  Hippias  of  Elis  as  a  celebrated 
geometer. 

Nearly  at  the  same  time  with  the  commencement  of  speculative  phi- 
losophy in  Ionia,  a  spirit  of  enquiry  began  to  shew  itself  in  some  of  the 
Achaean  and  Dorian  colonies  in  Magna  Graecia.    The  most  distinguished 
man  of  these  times  was  Pythagoras.     He  was  bom  at  Samos,  about  56S 
B.C.;  and  his  descent  is  referred  by  Diogenes  Laertius  to  the  T3rrrhenian 
Pelasgi.    After  having  been  a  disciple  of  Thales,  he  is  reported  to  have 
visited  'Egypt,  where  he  became  tne  pupil  of  Oinuphis  at  Heliopolis, 
(which  in  the  book  of  Genesis  is  called  On),  once  a  famous  city  of 
Lower  Eg3rpt.    (Plutarch  de  Iside  et  Osiride,  s.  10.)     After  his  return 
from  Eg3rpt,  he  established  a  school  at  Crotona,  an  Achaean  colony  in 
Magna  Graecia,  which  became  very  celebrated,  and  continued  for  nine- 
teen generations.     According  to  the  account  of  Proclus  (Book  ii.  c.  4), 
Pythagoras  was  the  first  who  gave  to  Geometry  the  form  of  a  deductive 
science^  by  shewing  the  connexion  of  the  geometrical  truths  then  known, 
and  their  dependence  on  certain  first  principles.     There  are  not  known 
to  be  extant  any  particular  accounts,  or  even  fragments,  of  the  earliest 
attempts  to  reduce  geometrical  truths  to  a  system.     It  is,  however, 
scarcely  possible  that  any  arrangement  could  have  been  attempted  be- 
fore a  considerable  number  of  geometrical  truths  had  been  discovered^ 
and  their  connexion  observed.     The  traditionary  account,  that  Pytha- 
goras was  the  founder  of  scientific  mathematics,  is,  in  some  degree, 
supported  by  the  statement  of  Diogenes  Laertius,  that  he  was  chiefly 
occupied  with  the  consideration  of  the  properties  of  number,  weight, 
and  extension,  besides  music  and  astronomy.     The  passage  of  Cicero 
(De  Nat  Deor.  iii.  S6)   may  be  referred  to  as  evidence  that  later 
writers  were  unable  to  give  any  precise  account  of  the  mathematical 
discoveries  of  Pythagoras,    To  Pythagoras,  however,  is  attributed  the 
discovery  of  some  of  the  most  important  elementary  properties  con- 
tained in  the  first  book  of  Euclid's  Elements.     The  very  important 
truth  contained  in  Prop.  47,  Book  i.  is  also  ascribed  to  Pythagoras. 
Whether  his  discovery  of  this  truth  resulted  from  geometrical,  or  from 
numerical  considerations  is  not  certainly  known:    Proclus  attributes 
to  him  the  discovery  of  that  right-angled  triangle,  the  three  sides 
of  winch  are  respectively  3,  4,  and  5  units.     To  Pythagoras  also  be- 
longs the  discovery,  that  there  are  only  three  kinds  of  regular  polygons 
which  can  be  placed  so  as  to  fill  up  the  space  round  a  point ;  namely, 
six  equilateral  triangles,  four  squares,   and  three  regular  hexagons. 
Proclus  attributes  to  him  the  doctrine  of  incommensurables,  and  the 
discovery  of  the  five  regular  solids,  which,  if  not  due  to  Pythago- 
ras, originated  in  his  school.    In  Astronomy,  he  is  reputed  to  have 
held^  that  the  Sun  is  the  centre  of  the  system,  and  that  the  planets 
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revolve  round  it.  This  has  been  called,  from  his  name>  the  Pytha- 
gorean System^  which  was  revived  by  Copernicus^  a.d.  154<1^  and 
proved  by  Newton.  As  a  moral  philosopher^  many  of  his  precepts 
relating  to  the  conduct  of  life  will  be  found  in  the  verses  which  bear 
the  name  of  the  Golden  Verses  of  Pythagoras.  It  is  probable  they 
were  composed  by  some  one  of  his  school^  and  contain  the  substance 
of  his  moral  teaching.  The  speculations  of  the  early  philosophers  did 
not  end  in  the  investigation  of  the  properties  of  number  and  space. 
The  Pythagoreans  attempted  to  find^  ana  dreamed  they  had  found,  in 
the  forms  of  geometrical  figures  and  in  certain  numbers,  the  principles 
of  all  science  and  knowledge,  whether  physical  or  moral.  Tne  figures 
of  Geometry  were  regarded  as  having  reference  to  other  truths  besides 
the  mere  abstract  properties  of  space.  Thev  regarded  the  unit,  as  the 
point ;  the  duad,  as  the  line ;  the  triad,  as  the  surface ;  and  the  tetrac- 
tys^  as  the  geometrical  volume.  They  assumed  the  pentad  as  the 
physical  body  with  its  physical  qualities.  They  seem  to  have  been 
the  first  who  reckoned  the  elements  to  be  five  in  number,  on  the 
supposition  of  their  derivation  from  the  five  regular  solids.  They  made 
the  cube,  earth;  the  pyramid,  fire;  the  octohedron,  air;  the  icosa- 
hedron,  water;  and  the  dodecahedron,  aether.  The  analogy  of  the 
five  senses  and  the  five  elements  was  another  favourite  notion  of  the 
Pythagoreans. 

Pythagoras  was  followed  by  Anaxagoras  of  Clazomene.  Aristotle 
fitates  that  he  wrote  on  Geometry,  and  Diogenes  Laertius  reports  that 
he  maintained  the  sun  to  be  larger  than  the  Peloponnesus.  ^Enopides 
of  Chios  was  somewhat  Junior  to  Anaxagoras,  both  of  whom  are  men- 
tioned by  Plato  in  his  Kivals.  Proclus  ascribes  to  ^nopides  the  dis- 
covery of  the  truths  which  form  the  12th  and  23d  Props,  of  the  first  Book 
of  Euclid.  Briso  and  Antipho  are  mentioned  by  Aristotle,  as  dis- 
tinguished geometers,  but  no  records  are  known  to  be  extant  of  their 
writings  or  their  discoveries. 

About  450B.C.,  Hippocrates  of  Chios,  their  cotemporary,  was  the  most 
eminent  geometer  of  his  time,  and  is  reported  to  have  written  a  treatise 
on  the  Elements  of  Geometry;  no  fragments  of  which,  however,  are 
known  to  be  in  existence.  He  discovered  the  quadrature  of  the  lunes 
which  bear  his  name,  by  describing,  in  the  same  direction,  semicircles 
on  the  three  sides  of  an  isosceles  right-angled  triangle,  and  observing 
that  the  sum  of  the  two  lunes,  between  the  two  quadrants  of  the  larger 
semicircle  and  the  two  smaller  semicircles,  was  equal  to  the  area  of  the 
triangle.  By  means  of  the  lunes  he  attempted  the  quadrature  of  the 
circle,  but  without  success.  The  account  of  his  attempts  will  be  found 
in  the  Commentary  of  Simpliclus,  on  the  first  book  of  Aristotle's  Physics. 
Hippocrates  also  solved  the  problem  of  the  duplication  of  the  cube, 
which  is,  to  find  the  length  of  the  edge  of  a  cube  which  shall  be  twice 
as  great  as  a  given  cube.  This  problem,  at  that  time,  and  for  ages 
afterwards,  excited  very  great  attention  among  philosophers.  He  shewed 
that  the  solution  depended  on  finding  two  geometric  mean  proportionals 
between  two  given  lines. 

About  100  years  after  Pjrthagoras,  Zenodorus  wrote  a  tract,  pre- 
served in  Theon's  commentary  on  the  Almagest  of  Ptolemy,  in  which 
he  shews  that  plane  figures  having  equal  perimeters  have  not  equal 
areas. 

Democritus,  a  native  of  Abderai  about  the  80th  Olympiad  was  cele- 
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brated  for  his  knowledge  both  of  Philosophy  and  the  Mathematics. 
He  is  stated  to  have  spent  his  large  patrimony  in  travelling  in  distant 
countries. 

Theodorus  of  Cyrene  was  eminent  for  his  knowledge  of  Geometry, 
and  is  reported  to  have  been  one  of  the  instructors  of  Plato. 

We  now  come  to  the  time  of  Plato,  one  of  the  most  distinguished 
philosophers  that  ever  lived;  whose  writings  are  still  read,  and  regarded 
as  of  inestimable  value.  Plato  visited  £g3rpt,  and  on  his  return,  founded 
his  School  at  Athens,  about  390  B.C.  Over  the  entrance  he  placed 
the  inscription,  Ov  Bei?  dyetafiiTptiTo^  elciTta :  "  Let  no  one  ignorant  of 
Geometry  enter  here."  This  is  a  plain  declaration  of  Plato's  opinion 
respecting  Geometry.  He  considered  Geometry  as  the  first  of  the 
sciences,  and  as  introductory  and  preparatory  to  the  pursuit  of  the 
higher  subjects  of  human  knowledge.  Plato  both  cultivated  and  ad- 
vanced the  science  of  Geometry,  as  we  learn  from  the  testimony  of 
Proclus  and  Pappus.  The  character  of  his  writings,  though  not  confined 
to  discourses  on  Mathematics,  affords  incontestable  evidence  how  great  an 
admirer  he  was  of  Geometry,  and  how  zealously  he  cultivated  that  science. 
To  Plato  is  attributed  the  discovery  of  the  method  of  the  Geometrical 
Analysis;  but  by  what  means  he  was  led  to  it,  or  to  the  invention  of  Geo- 
metrical loci,  is  not  known.  Hippocrates  had,  before  his  time,  reduced 
the  problem  of  the  duplication  of  the  cube  to  that  of  finding  two  mean 
proportionals  between  the  edge  of  the  given  cube,  and  a  line  double 
that  length ;  Plato  attempted  a  solution  of  the  problem  in  this  form,  by 
means  of  the  right  line  and  circle  only.  In  this  attempt,  however,  he 
failed,  but  effected  a  solution  by  means  of  two  rulers,  which  could  not 
be  admitted  as  purely  geometrical,  since  it  involved  other  considerations 
besides  those  of  the  straight  line  and  circle.  It  is  uncertain  whether  the 
lestriction  of  constructions  in  Geometry  to  the  right  line  and  circle, 
originated  in  the  School  of  Plato,  or  at  an  earlier  period.  Plato  is  said 
to  have  discovered  the  Conic  Sections, — curves  which  result  from  planes 
intersecting  the  surface  of  a  cone, — and  some  of  their  more  remarkable 
properties.  Great  attention  was  given  to  this  subject,  both  during  his 
lifetime,  and  after  his  death,  by  his  cotemporaries  and  their  successors. 
The  Conic  Sections  and  their  properties  were  considered  a  distinct 
branch  of  the  science,  and  called  "  the  Higher  Geometry."  The  tri- 
section  of  an  angle,  or  an  arc  of  a  circle,  was  another  famous  problem, 
which  engaged  the  attention  of  the  School  of  Plato.  This,  as  well  as 
the  duplication  of  the  cube,  was,  for  many  ages,  believed  possible,  by 
means  of  the  right  line  and  circle,  and  has  been  repeatedly  attempted 
£rom  the  earliest  times,  without  success.  It  baffled  the  genius  of  Archi- 
medes and  others,  who  were  not  aware  of  the  impossibility  of  its  solution 
by  the  method  they  applied.  The  problem  of  the  trisection  of  an  angle 
or  arc  is  reducible  to  the  following  problem :  To  draw  a  right  line  from 
a  given  point,  cutting  the  semi-circumference  of  a  circle  in  two  points, 
and  the  diameter  produced,  so  that  the  chord  intercepted  between  the 
two  points  of  intersection  may  be  equal  to  the  radius.  This  condition 
leads  to  the  algebraical  equation  of  one  of  the  conic  sections,  whose 
properties  are  not  the  same  as  those  of  the  right  line  and  circle ;  and 
nence  its  impossibility  is  inferred. 

From  the  Academy  of  Plato,  proceeded  many  who  successfully  cul- 
tivated, and  very  considerably  extended,  the  bounds  of  Geometrical 
science.     Proclus  names  thirteen  of  the  disciples  and  friends  of  Plato 
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who  improved  and  made  additions  to  the  science.  Among  his  cotem- 
poraries  may  he  named  Leodamas  of  Thasus>  Archytas  of  Tarentum^ 
and  Thesetetus  of  Athens^  hy  whom  some  theorems  were  discovered,  and 
some  improvements  made  in  the  methods  of  demonstration.  Diogenes 
Laertius  reports  of  Archytas,  that  he  was  the  first  who  brought  Mecha- 
nics into  method  by  the  use  of  mechanical  principles,  and  the  first 
who  applied  organic  motions  to  Geometrical  figures,  and  found  out 
the  duplication  of  the  cube  in  Geometry.  (Book  viii.)  His  solution 
of  the  duplication  of  the  cube  is  given  by  Eutocius,  in  his  commen-i 
tary  on  tne  sphere  and  cylinder  of  Archimedes.  Archytas  was  also 
the  writer  of  a  work  on  the  elements  of  GFeometry,  which  is  not  ex- 
tant. The  same  writer  relates,  that  Leodamas,  by  means  of  the  Geo- 
metrical Analysis,  which  he  had  learned  from  Flato,  discovered  the 
solution  of  many  problems,  and  made  many  discoveries.  Thesetetus 
was  celebrated  for  a  treatise  on  Geometry,  which  is  lost.  Plato  honoured 
this  disciple  by  giving  to  one  of  his  dialogues  the  title  of  Thesetetus ; 
and  in  another,  entitled  Phsedrus,  he  ascribes  the  origin  of  Geometry  to 
Thoth,  an  Egyptian  divinity.  Aristeas,  a  disciple  and  friend  of  Plato, 
composed  five  books  on  the  Conic  Sections,  which  were  highly  esteemed. 
Another  of  the  scholars  of  Plato  was  Neoclides,  whose  name  is  cele- 
brated by  Proclus.  Leon  was  a  scholar  of  Neoclides  (b.c.  368),  and 
was  the  author  of  several  discoveries  in  Geometry.  To  Leon  is  attri- 
buted the  invention  of  a  method  for  discriminating  the  possibility  or 
impossibility  of  a  problem.  He  is  also  mentioned  as  the  author  of  a 
work  on  the  elements  of  Geometry.  None  of  his  discoveries  or  writings 
have  descended  to  posterity.  Ajnydas  was  another  friend  of  Plato ; 
and  the  brothers  Menaechmus  and  Dinostratus  are  both  celebrated; 
the  former  for  his  application  of  the  Conic  Sections  to  solve  the  problem 
of  the  duplication  of  the  cube,  and  the  latter,  for  the  discovery  of  a 
curve  known  by  the  name  of  the  quadratrix.  They  are  also  said  to  have 
made  some  other  additions  to  the  science  of  Geometry,  and  to  have 
rendered  the  whole  more  perfect.  Theudias  appears  to  have  excelled 
both  in  mathematics  and  pnilosophy,  and  is  said  to  have  composed  a 
work  on  Geometry,  and  to  have  generalized  some  theorems.  At  the 
same  period,  Cyzicenus  of  Athens,  besides  other  branches  of  the  mathe- 
matics, successfully  cultivated  Geometry.  These  friends  and  disciples 
of  Plato  used  to  resort  to  the  Academy,  and  employ  themselves  in  pro- 
posing, by  turns,  questions  for  solution.  Eudoxus,  a  native  of  Cnidus, 
a  town  of  Caria  in  Asia  Minor,  was  one  o£  the  most  intimate  of  the 
friends  of  Plato.  He  is  reported  to  have  written  on  the  Elements,  and 
to  have  generalized  many  results  which  had  originated  in  the  school  of 
Plato,  and  to  have  advanced  the  science  of  Geometry  by  many  impor- 
tant discoveries.  To  him  is  attributed  the  invention  of  the  doctrine  of 
proportion  as  treated  in  the  5th  book  of  Euclid's  Elements.  He  is  said 
to  have  been  the  first  who  discovered  that  the  volume  of  a  cone  or 
pyramid  is  equal  to  one  third  of  its  circumscribing  cylinder  or  prism ; 
that  is,  of  a  cylinder  or  prism  having  the  same  base  and  altitude.  He 
is  also  reported  to  have  advanced  the  knowledge  of  the  higher  Geo- 
metry, by  the  discovery  of  several  important  properties  of  the  Conic 
Sections.  He  died  b.c  S68,  at  53  years  of  age.  Diogenes  Laertius, 
in  his  short  memoir  of  Eudoxus,  describes  him  as  an  astrologer,  a 
physician,  a  legislator,  and  a  geometer.  Though  none  of  his  writings 
have  descended  to  modem  times,  lua  name  has  been  celebrated  by  the 
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eminent  nien>  both  of  Greece  and  of  Rome.  Hermotinms  wrote  on 
Loci,  and  is  said  to  have  extended  the  results  of  Eudoxus  and  Theaetetus. 
Philippus  the  Mendean,  another  disciple  of  Plato,  is  reported  to  have 
discovered  problems,  and  to  have  proposed  questions,  being  a  great 
lover  of  the  mathematical  sciences.  All  these  were  either  disciples  of 
Plato,  or  attached  themselves  to  the  school  he  founded  at  Athens,  and 
are  mentioned  by  Proclus  as  having  advanced  or  improved  the  mathe- 
matical  sciences.  Xenocrates  also  was  a  hearer  of  Plato,  and  is  said  to 
have  been  one  of  the  instructors  of  Aristotle ;  he  was  renowned  for  his 
knowledge  of  the  mathematical  sciences.  Aristotle,  though  originally  a 
disciple  of  Plato,  and  attached  to  his  school  for  a  period  of  twenty  years, 
became  the  founder  of  a  new  sect  of  philosophers — ^the  Peripatetics, 
and  opened  a  school,  B.C.  341,  at  the  Lyceum  on  the  banks  of  the 
nissus.  There  he  continued  twelve  years,  till  the  false  accusation  of 
Eurymedon  obliged  him  to  flee  to  Chiucis,  where  he  died  at  the  age  of 
sixty-three. 

On  this  division  of  the  Platonic  school,  the  two  sects — ^both  the 
Academics  and  the  Peripatetics— continued  to  hold  the  same  opinion 
on  the  utility  of  Geometry,  as  the  necessary  introductoir  knowledge 
for  all  who  were  desirous  of  proceeding  with  the  study  of  philosophy. 
Thus  the  science  of  Geometiy  continued  to  be  cultivated,  and  to  make 
advancement  Among  the  numerous  writings  of  Aristotle,  there  is  a 
treatise  on  Mechanics,  and  a  collection  of  Problems  in  38  divisions; 
the  15th  consists  of  mathematical  Questions.  There  is  also  a  tract  on 
indivisible  lines,  which  has  been  ascribed  bv  some  ancient  commentators 
to  Theophrastus,  as  we  learn  from  Simpliaus,  (Rev.  J.  W.  Blakesley's 
Life  of  Aristotle.) 

Two  of  the  Peripatetic  school  are  especially  celebrated,  Theophrastus 
and  Eudemus,  who  devoted  themselves  chiefly  to  mathematical  studies. 
Theophrastus  was  the  author  of  the  first  history  of  the  mathematical 
sciences,  from  the  earliest  times  to  his  own.  The  work  consisted  of 
eleven  books,  of  which  there  were  four  on  Geometry,  six  on  Astronomy, 
and  one  on  Arithmetic.  Eudemus  also  wrote  a  history  of  Astronomy 
in  six  books,  and  a  history  of  Geometry  in  six  books,  n'om  which  Pro* 
clus  acknowledges  that  most  of  his  facts  were  taken.  None  of  these 
writings  have  been  preserved. 

Autolycus,  of  Pitane  in  .£olis,  lived  about  300  B.C.  He  was 
preceptor  in  mathematics  to  Arcesilaus,  a  disciple  of  Theophrastus  the 
successor  of  Aristotle,  as  we  learn  from  Diogenes  Laertius.  His  treatise 
on  the  moveable  sphere  is  the  earliest  written  on  that  subject.  The 
original  Greek,  with  a  Latin  translation,  was  published  in  1572.  He 
also  was  the  author  of  another  treatise  ''On  the  Rising  and  Setting  of 
the  Stars,"  which  is  still  extant,  and  has  been  translated  and  printed. 

Aristeas  is  said  to  have  composed  five  books  on  the  Come  Sections, 
and  five  books  on  Solid  Loci.  He  is  also  said  to  have  been  the  friend 
of  Euclid,  and  his  instructs  in  Geometry. 

We  come  next  to  the  time  of  Euclid.  The  birth-place  and  even  the 
country  of  Euclid  are  unknown,  and  he  has  been  very  frequently  con- 
founded with  another  philosopher  of  the  same  name,  who  was  a  native 
of  Megara.  He  studied  at  Athens,  and  became  a  disciple  of  the  Pla- 
tonic schooL  He  flourished  in  the  time  of  Ptolemy  Lagus  (b.c.  S2S 
to  284),  to  whom  he  made  the  celebrated  reply,  that  *'  there  is  no  royal 
road  to  Geometry."    He  is  said  to  have  successfully  cultivated  and 
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taught  Geometry  and  the  mathematical  sciences  at  Alexandria,  shortljr 
after  the  school  o£  Philosophy  was  founded  in  that  city.  The  school  at 
Alexandria  became  most  distinguished  for  the  eminent  mathematicians 
it  produced^  both  in  the  lifetime  of  Euclid  and  afterwards^  until  the 
destruction  of  the  great  library  at  Alexandria^  and  the  subjugation  of 
Egjrpt  by  the  Arabians.  Euclid  has  become  celebrated  chiefly  by  his 
work  on  the  Elements  of  Geometry^  for  which  his  name  has  become 
a  synonym.  It  consists  of  thirteen  books,  nine  of  which  are  devoted  to 
the  subject  of  Geometry,  and  four  to  the  properties  of  numbers,  as 
discussed  by  the  Greek  Arithmetic,  and  applied  to  Geometry.  There 
are  two  other  books  on  the  five  regular  solids,  usually  found  appended 
to  the  thirteen  books  of  Euclid.  These,  however,  were  subsequently 
added  to  the  Elements  by  H3rpsicles  of  Alexandria.  In  some  editions 
a  sixteenth  book  is  found,  which  was  added  by  Flussas.  Another 
geometrical  work  of  Euclid  is  the  Data,  which  consists  of  100  pro* 
positions.  This  is  the  oldest  specimen  of  the  principles  auxiliary  to 
the  Geometrical  Analysis.  The  object  of  the  several  propositions  of 
this  book  is  to  shew  that,  in  cases  where  certain  properties  or  ratios 
are  given,  other  properties  or  ratios  are  also  given,  or  mav  be  found 
geometrically ;  and  tnus  pointing  out  what  data  are  essential  in  order 
that  Geometrical  Problems  may  be  determinate  and  free  from  all  am- 
biguity. Three  books  on  Ponsms  are  attributed  to  Euclid  by  Pappus 
and  Proclus ;  the  former,  in  the  seventh  book  of  his  Mathematical  Col- 
lections, has  given  some  account  of  them  and  the  general  enunciations 
of  some  propositions.  This  contains  all  that  is  known  to  exist  of  these 
three  books.  Attempts  have  been  made  with  some  success  in  later 
times  for  their  restoration.  Euclid  also  wrote  a  Treatise  on  Fallacies 
in  geometrical  reasoning,  and  another  on  Divisions.  Pappus  makes 
mention  of  another  work  on  Geometry  attributed  to  Eucha  under  the 
title  of  Towuv  trpw  iwKpdveiav  (Coll.  Math.  Lib.  vii.  Introd.),  which  his 
Latin  translator  Commandine  has  rendered  by  ^^Locorum  ad  Super- 
ficiem."  Pappus  also  states  that  Euclid  composed  four  books  on  the 
Conic  Sections,  which  were  afterwards  aujpaented  by  Apollonius  Per- 
gaeus.  Proclus  has  made  no  allusion  to  this  work  in  his  account  of  the 
writings  of  Euclid.  Besides  these  writings  on  Geometry,  Euclid  is 
reported  by  Proclus  to  have  been  the  author  of  a  work  on  Optics  and 
Catoptrics,  and  a  work  on  Harmonics;  but  it  is  very  questionable 
whetner  the  treatise  on  Harmony  which  is  extant,  and  attributed  to 
Euclid,  was  really  composed  by  him.  Pappus  mentions  a  work  on 
Astronomy  entitled  '^Tne  Phenomena."  This  treatise  contains  some 
geometrical  properties  of  the  sphere. 

It  has  been  a  question  whetner  Euclid  was  the  author  or  the  com^ 
filer  of  the  Elements  of  Geometry,  which  bear  his  name.  If  Euclid 
were  the  discoverer  of  the  propositions  ccmtained  in  the  thirteen  books 
of  the  Elements,  and  the  author  of  the  demonstrations,  he  would  be  a 

Ehenomenon  in  the  history  oi  science.  It  is  by  far  more  probable  that 
e  collected  and  arranged  the  books  on  Geometry  in  the  order  in  which 
they  have  come  down  to  us,  and  made  a  more  scientific  classification  of 
the  geometrical  truths  which  were  known  in  his  time.  Euclid  may 
also  have  been  the  discoverer  of  some  new  propositions,  and  may  have 
amended  and  rendered  more  conclusive  the  demonstrations  of  others. 
From  the  slow  advances  of  the  human  mind  in  making  discoveries, 
and  the  general  history  of  the  progress  of  the  sciences,  it  would  seem 


INTRODUCTION.  IX 

nnreasonable  to  assign  to  Euclid  a  higher  place  than  that  of  the  com'* 
pUer  and  improver  of  the  Elements  of  Geometry.  This  is  in  complete 
accordance  with  the  statement  of  Proclus^  who  relates  that  '*  Euclid 
composed  Elements  of  Geometry,  and  improved  and  arranged  many 
things  of  Eudoxus^  and  perfected  many  tnings  which  had  been  dis- 
covered by  Thesetetus^  and  gave  invincible  demonstrations  of  many 
things  which  had  been  left  loosely  or  unsatis&ctorily  demonstrated 
before  him."  The  Elements  of  Geometry^  thus  arranged  and  improved 
by  Euclidy  were  acknowledged  so  far  superior  in  completeness  and 
accuracy  to  the  elementary  treatises  then  existing^  that  they  entirely 
superseded  them,  and  in  course  of  time  all  have  disappeared.  TKe 
book  of  Euclid's  Elements  is  therefore  the  most  ancient  work  on 
Geometry  known  to  be  extant.  The  Greek  Arithmetical  Notation, 
employed  in  the  arithmetical  portion,  has  yielded  to  the  more  perfect 
system  of  the  Indian;  but  the  geometrical  portion,  from  the  time  it 
was  first  put  forth  till  the  present  day,  a  period  of  upwards  of  2000 
years,  has  maintained  its  high  character  as  an  elementary  treatise,  in 
all  nations  wherever  the  sciences  have  been  cultivated. 

At  this  part  of  our  subject  we  cannot  forbear  making  a  few  remarks 
on  the  comparative  claims  of  the  Egyptians  and  Greeks  to  the  merit  of 
being  the  authors  of  Scientific  Geometry.  The  learned  Sir  Gardiner 
Wilkinson,  in  his  profound  work  on  the  Ancient  Egyptians,  unhesita- 
tingly assigns  this  honour  to  the  Egyptians.  In  page  342  of  Volume  I. 
he  expresses  his  judgment  in  the  following  terms :  '^  Anticlides  pretends 
thatMoeris  was  the  first  to  lay  down  the  elements  of  that  science,  which, 
lie  says,  was  perfected  by  Pythagoras;  but  the  latter  observation  is 
merely  the  result  of  the  vanity  of  the  Greeks,  who  claimed  for  their 
countr3rmen  the  credit  of  enlightening  a  people  on  the  very  subjects 
which  they  had  visited  Egypt  for  the  purpose  of  studying."  The  vanity 
both  of  the  later  and  the  earlier  GreeKs  may  be  readily  admitted, 
without  allowing  that  it  suggests  the  true  answer  to  this  question.  Dio- 
genes Laertius,  (Book  viii.)  in  his  life  of  Pythagoras,  writes  thus  t 
'' Anticlides  reports  that  Mcsris  was  the  first  who  invented  Geometry, 
and  Pythagoras  brought  his  imperfect  notions  to  perfection."  Moeris 
was  an  early  king  of  Egypt  (Herod,  ii.  13),  the  son  of  Amenophis,  and 
lived  before  the  age  of  Sesostris.  Whatever  we  learn  from  Herodotus 
respecting  Geometry  in  Egypt,  is  referred  to  the  age  of  Sesostris,  and 
does  not  carrv  us  beyond  such  processes  as  might  exist  without  any 
attempts  at  science.  The  Geometry  which  was  brought  from  Egypt  to 
Greece,  appears  to  have  been  in  its  infancy ;  and  all  that  Pythagoras  and 
others  borrowed  from  the  Egyptians  could  not  have  exceeded  some 
practical  rules  and  their  applications.  In  the  learned  work  referred  to, 
any  positive  information  as  to  the  existence  of  Scientific  Geometry 
among  the  early  Egyptians,  has  been  sought  in  vain ;  nor  do  ancient 
writers  exhibit  any  remains  of  the  Scientific  Geometry  of  the  Eg3rptians> 
or  even  make  any  claims  in  their  favor  to  the  merit  of  its  invention. 
The  general  tenor  of  all  the  traditional  and  probable  evidence  tends  to 
shew,  that  the  scientific  form  of  the  Elements  of  Geometry  is  due  to  the 
acute  intellect  of  the  Greeks.  And  this  presumption  is  reduced  almost 
to  historical  certainty  by  the  existing  remains  of  the  Greek  Geometry. 
We  may  further  observe,  that  in  the  very  brief  review  we  have  given  of 
&e  earliest  commencement  of  the  Greek  Geometry  and  Mathematics, 
their  simplicity  is  such  as  might  be  expected  to  characterize  the  original 
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attempts  of  an  acute  people.  The  advances  were  so  gradual  that  an^r 
supposition  of  the  sudden  introduction  of  more  perfect  science  from 
foreign  sources  is  completely  removed.  Moreover^  at  the  time  that  the 
Greek  Geometrical  science  was  rapidly  advancing  towards  perfection  in 
the  school  of  Plato,  there  is  a  total  absence  of  any  accounts  that  the 
Geometry  of  the  Egyptians  or  of  any  other  nation  had  proceeded  so  far 
in  its  development  Plato  truly  ascribes  to  the  Egyptians  and  Phoeni- 
cians a  certain  commercial  activity,  but  distinguishes  their  native  cha- 
racter from  that  of  the  Greeks,  which  he  represents  as  remarkable  for 
its  curiosity  and  desire  of  knowledge.  (De  Kepub.  iv.)  Five  centuries 
afterwards  the  same  characteristic  of  that  people  is  remarked  by  St  Paul 
in  his  first  epistle  to  the  Corinthians. 

Archimedes  was  bom  at  Sjrracuse,  b.c.  287>  about  the  period  of  the 
death  of  Euclid,  and  became  the  most  eminent  of  all  the  Greek  mathe- 
maticians. His  discoveries  in  Geometry,  Mechanics,  and  Hydrostatics, 
form  a  distinguished  epoch  in  the  history  of  mathematical  science ;  and 
his  remaining  writings  on  the  pure  Mathematics  are  the  most  valuable 
portion  of  the  ancient  Geometry.  He  was  the  first  who  discovered  that 
the  volume  of  a  sphere  is  two  thirds  of  its  circumscribing  cylinder,  or 
of  a  cylinder  havmg  the  same  diameter  and  altitude  as  the  sphere,  and 
that  tne  curved  surface  of  each  is  equal  to  four  great  circles  of  the 
sphere.  He  also  found  the  relation  of  the  volumes  and  surfaces  of  a 
hemisphere  and  cone  upon  the  same  base.  These  and  other  properties 
are  investigated  in  two  books,  entitled,  '^  On  the  Sphere  and  Cylinder," 
which  have  descended  to  our  times  in  the  original  Doric  Greek,  together 
with  the  Commentary  of  Eutocius.  Another  work  is  still  extant  on  the 
measurement  of  the  circle,  in  which  he  shews  that  the  area  of  a  circle  is 
equal  to  that  of  a  right-angled  triangle  whose  altitude  is  equal  to  the 
radius  and  whose  base  is  equal  to  the  circumference.  Though  he  failed 
in  his  attempts  to  discover  the  exact  proportion  of  the  circumference  to 
the  diameter  of  a  circle,  he  discovered  an  useful  approximation  to  that 
ratio.  He  found,  by  numerical  calculation,  that  the  perimeter  of  a  re* 
gular  polygon  of  192  sides,  circumscribing  a  circle,  is  to  the  diameter  in 
a  less  ratio  than  S^to  I;  and  that  the  perimeter  of  the  inscribed  po- 
lygon of  96  sides  is  to  the  diameter  in  a  greater  ratio  than  S^to  1: 
whence  he  concluded  that  the  ratio  of  the  circumference  to  the  diameter 
of  the  circle  must  lie  between  these  two  ratios.  The  book  of  Lemmas, 
a  collection  of  Problems  and  Theorems  on  Plane  Geometry,  attributed 
to  Archimedes,  is  not  known  to  be  extant  in  the  original  Greek.  It 
comes  to  us  from  the  Arabic,  of  which  a  translation  in  Latin  was  pub^ 
lished,  for  the  first  time,  in  I659.  On  the  Higher  Geometry,  three 
tracts  of  Archimedes  are  still  extant.  1.  On  the  Quadrature  of  the 
Parabola,  in  which  he  proves  that  the  area  included  between  the  curve 
and  two  ordinates  is  equal  to  two  thirds  of  the  circumscribing  parallel- 
ogram. This  is  the  first  instance  known  of  the  discovery  of  the  quad- 
rature of  a  figure  bounded  partly  by  a  curved  line,  if  we  except  that  of 
the  lunes  of  Hippocrates.  2,  His  Treatise  on  Conoids  and  Spheroids, 
which  contains  many  discoveries :  among  them  may  be  named,  the  ratio 
of  the  area  of  an  el&pse  to  a  circle  having  the  same  diameter  as  the  axis 
major  of  the  ellipse ;  and  that  the  sections  of  conoids  and  spheroids  are 
conic  sections.  He  also  first  proved  that  the  volume  of  the  cone  and 
parabolic  conoid  of  the  same  base  and  altitude  are  in  the  proportion  of 
2  to  3.   This  tract  also  contains  the  demonstrations  of  several  discoveries 
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respecting  hyperbolic  conoids  and  spheroids.  3,  A  Tract  on  Spirals, 
The  curve  known  by  the  name  of  tne  Spiral  of  Archimedes  was  ori- 
^nally  discovered  by  his  friend  Conon^  whose  premature  death  pre- 
vented his  completing  the  investigation  of  the  properties  of  the  curve. 
Archimedes  completed  the  investigations^  and  put  them  forth  as  they 
appear  in  this  tract.  Besides  his  writings  on  Geometry,  we  have  a 
tract  on  Arithmetic^  entitled  '^amxiTn^,  or  Arenarius.  The  object  was  to 
prove  the  possibility  of  expressing  the  number  of  ffrains  of  sand  which 
would  fill  the  whole  space  of  the  universe  considered  as  a  sphere  ex- 
tending to  the  stars.  In  this  tract  he  alludes  to  a  system  of  numeration 
which  he  had  discovered^  and  which  he  had  described  in  a  work  ad- 
dressed to  Zeuxippus.  Two  books  are  also  extant  on  the  Equilibrium  of 
Planes,  and  on  their  centres  of  gravity,  in  which  he  has  proved  the 
fundamental  property  of  the  Lever,  and  shewn  how  to  find  the  centre 
of  gravity  of  a  triangle,  and  other  figures.  Two  books,  **  On  Bodies 
which  are  carried  in  a  fluid,"  in  which  the  general  conditions  of  a  body 
floating  on  a  fluid  are  investigated  and  applied  to  different  forms  of 
bodies.  Archimedes  was  also  the  discoverer  of  the  method  of  finding 
the  specific  gravity  of  bodies.  The  story  of  the  crown  of  king  Hiero, 
to  whom  Archimedes  was  related,  is  briefly  this.  Hiero  had  delivered 
to  a  goldsmith  a  certain  weight  of  gold  to  be  converted  into  a  votive 
crown.  The  king  suspected  that  the  crown  he  received  from  the  smith 
"was  not  of  pure  gold,  though  of  the  proper  weight,  but  that  it  was 
alloyed  with  silver.  He  applied  to  Archimedes  to  ascertain,  without 
melting  the  crown,  whether  it  contained  alloy.  It  was  observed  by  Ar- 
chimedes, on  going  into  a  bath  full  of  water,  that  when  his  body  was 
immersed  in  the  bath,  a  quantity  of  water  equal  to  the  bulk  of  his  body 
flowed  over  the  edge  of  the  bath.  It  occurred  at  once  to  him,  that  if  a 
weight  of  pure  gold  equal  to  the  weight  of  the  crown  were  immersed 
in  a  vessel  full  of  water,  and  the  quantity  of  water  left  in  the  vessel 
measured,  on  the  gold  being  taken  out;  by  doing  the  same  with  the 
crown  in  the  same  vessel,  he  would  be  able  to  ascertain  whether  the 
bulk  of  the  crown  were  greater  than  the  bulk  of  an  equal  weight  of 
pure  gold.  For  any  weight  of  silver  is  larger  in  bulk  than  an  equal 
weight  of  pure  gold.  According  to  Vitruvius,  as  soon  as  he  had  dis- 
covered the  method  of  solution,  he  leaped  out  of  the  bath,  and  ran 
hastily  through  the  streets  to  his  own  house,  shouting  6vpi;Ka,  evptiKa  I 
He  was  also  the  inventor  of  a  machine  for  raising  water  irom  lower  to 
higher  levels,  which  was  called  the  screw  of  Archimedes.  An  important 
application  of  the  principle  of  this  screw  has  lately  been  made  in  the 
propulsion  of  ships  by  means  of  steam  power.  When  Sjrracuse  was 
besieged  by  a  land  and  naval  armament  under  Appius  and  Marcellus, 
the  besieged  held  out  a  successful  resistance  for  tnree  years  chiefly  by 
the  aid  of  the  machines  invented  by  Archimedes.  The  city  was  at 
length  surprised  and  taken  b.c.  212.  Archimedes,  when  seventy-five 
years  of  age,  was  slain  by  a  soldier,  while  intent  on  the  solution  of  a 
problem.  He  is  reported  to  have  expressed  a  desire  that  a  sphere  in.- 
scribed  in  a  cylinder  might  be  engraved  on  his  tomb,  to  record  his 
discoverv  of  the  relation  between  the  volumes  and  the  surfaces  respec-^ 
tively  of  these  two  solids.  About  200  years  after  his  death,  his  tomb 
was  discovered  near  Syracuse  by  Cicero,  while  qusestor  in  Sicily.  It 
was  nearly  overgrown  with  bushes  and  brambles,  which  he  caused  to  be 
deared  away.    The  tomb  was  identified  as  the  tomb  of  Archimedes  by 
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the  Sphere  and  Cvlinder  engraved  upon  the  stone  with  the  inscription^ 
the  latter  part  of  which  was  completely  effaced.  (Cic.  Tusc.  Qusest* 
lib.  V.) 

Gonon  was  the  friend  and  cotemporary  of  Archimedes^  and  is  cele* 
brated  by  Virgil  in  his  third  Eclogue.  In  the  treatise  on  the  quadra* 
ture  of  the  parabola^  speaking  of  his  genius^  Archimedes  exclaims— > 
''How  many  theorems  in  geometry,  which  to  others  have  appeared 
impossible,  would  Conon  have  brought  to  perfection,  if  he  had  lived !" 

Cotemporary  with  Archimedes  was  Eratosthenes,  a  distinguished 
geometrician  and  astronomer.  He  is  celebrated  for  his  construction  in 
solving  the  problem  of  the  dupUcation  of  the  cube.  He  was  the  first 
who  attempted  to  measure  the  circumference  of  the  earth  by  means  of 
observations  of  the  Sun  at  two  different  places,  near  the  same  meridian, 
at  the  time  of  the  solstice.  Though  he  did  not  completely  succeed,  on 
account  of  the  inaccuracy  of  his  data,  he  pointed  out  tne  method.  None 
of  his  works  have  descended  to  modem  times  except  a  few  fragments^ 
and  a  list  of  the  names  of  forty-four  constellations,  and  the  principtd 
stars  in  each  constellation. 

Apollonius  of  Perga,  a  city  of  Pamphylia,  lived  about  the  same  time^ 
and  stands  next  in  fame  to  Archimedes.  He  was  bom  at  the  time  when 
(Ptolemy  Euergetes  was  king  of  Egvpt:  he  studied  the  mathematical 
sciences  at  Alexandria  in  the  school  which  Euclid's  disciples  had  founded, 
and  passed  there  the  greater  part  of  his  life.  He  was  the  author  of 
several  works  on  Geometry,  and  became  so  eminent  in  that  science  that 
he  was  called  by  his  cotemporaries  the  Great  Geometer.  His  principal 
work  is  a  treatise  on  the  Conic  Sections.  From  the  author's  dedicatory 
epistle  to  Eudemus,  a  geometer  of  Pergamus,  it  appears  that  the  treatise 
consisted  of  eight  books.  The  first  four  books  still  exist  in  the  original 
Greek.  An  Arabic  version  of  seven  books,  made  about  the  mid^e  of 
the  thirteenth  century,  was  found  in  the  East  about  four  centuries  later 
by  Golius,  a  professor  of  the  oriental  languages  at  Leyden ;  and  was 
translated  into  Latin,  It  has  been  said  that  Apollonius  appropriated 
the  discoveries  of  others  in  the  Conic  Sections.  It  is  well  known  that 
although  Archimedes  discovered  many  important  properties  of  the  curves 
which  bear  that  name,  it  cannot  be  pretended  that  he  was  the  origi- 
nal discoverer.  Long  before  the  time  of  Archimedes  they  had  been 
studied  in  the  school  of  Plato  and  at  Alexandria,  and  many  properties 
of  them  were  well  known.  It  is  highly  probable  that  Apollonius,  in  his 
treatise  on  the  Conic  Sections,  availed  himself  of  the  writings  of  Archi- 
medes as  well  as  of  others  who  had  gone  before  him.  His  treatise  on 
Cdnics  was  most  highly  esteemed ;  and  to  him  is  justlv  accorded  the 
honour  of  having  composed  a  better  treatise  on  that  difficult  subject 
than  any  who  had  written  before  him.  He  made  important  improve- 
ments m  the  problems  both  of  Euclid  and  of  Archimedes.  Before 
Apollonius,  we  are  informed,  by  his  commentator  Eutocius,  that  writers 
on  the  Conic  Sections  required  three  different  sorts  of  cones  from  which 
to  cut  the  three  different  sections.  They  used  to  cut  the  parabola  from  a 
right-angled  cone,  the  ellipse  from  an  acute-angled  cone,  and  the  hyper- 
bola from  an  obtuse-angled  cone:  because  they  always  supposed  the 
sections  made  by  the  cutting  planes  to  be  at  right  angles  to  the  side  of  the 
cone.  But  Apollonius  cut  his  sections  from  any  cone  by  only  varying  the 
inclination  and  position  of  the  cutting  plane.  It  may  be  remarked  that 
Apollonius  first  gave  the  names  of  ellipse  and  hyperbola  to  two  of  th» 
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curves:  the  name  o£ parabola  had  been  already  applied  to  the  third  by 
Archimedes.  He  also  first  made  the  distinction  between  the  diamelers 
of  the  sections^  and  the  axes,  giving  the  latter  name  to  the  two  diameters 
which  are  at  right  angles  to  each  other  in  the  ellipse  and  hyperbola,  and 
restricting  the  term  axis  in  the  parabola,  to  the  line  which  passes 
through  the  focus  and  vertex  of  that  curve.  The  following  is  a  very 
brief  account  of  the  subject  of  each  book  of  this  treatise. 

Book  I.  treats  of  the  generation  of  the  Conic  Sections  and  their  dis- 
tinguishing properties. 

Book  II.  treats  of  the  properties  of  diameters  and  axes  of  these 
three  curves,  and  of  the  asymptotes  of  the  hyperbola. 

Book  III.  consists  of  Theorems  useful  in  the  solution  of  solid  loci. 

Book  lY.  explains  his  new  method  of  the  intersection  of  the  sections 
of  cones  with  each  other  and  with  the  circumferences  of  circles. 

Book  V.  treats  of  maxima  and  minima  in  the  Conic  Sections. 

Book  Yi.  treats  of  equal  and  similar  sections  of  the  cone. 

Book  Yii.  contains  a  collection  of  Theorems  useful  in  the  solution  of 
Problems. 

Book  Yiii.   was  a  collection  of  Problems  with  their  solutions  by 
means  of  the  Theorems  in  Book  vii. 

Besides  the  treatise  on  the  Conic  Sections,  Apollonius  was  the  author 
of  several  treatises  relating  to  the  Geometrical  Analysis.  They  bear 
the  following  titles  in  the  translation  of  Pappus's  Collections,  and  each 
treatise  consisted  of  two  Books. 

1.     De  Rationis  Sectione. 

S*     De  Spatii  Sectione. 

3.  De  Sectione  Determinata. 

4.  De  Tactionibus. 

5*     De  Inclinationibus. 

6.     De  Planis  Locis. 

An.  Arabic  Version  of  the  Treatise  De  Sectionis  Ratione  was  trans* 
lated  inta  Latin  by  Dr  Halley  and  published  at  Oxford  in  17O8.  The 
rest  are  not  known  to  be  extant  either  in  the  original  Greek  or  in 
Arabic.  Attempts  however  have  been  made  since  the  revival  of  learn- 
ing  in  Europe. to  restore  these  lost  treatises;  notices  of  which  will  be 
found  under  the  names  of  the. respective  authors  in  their  proper  places. 
Proclus^  in  his  commentary  on  Euclid,  informs  us  that  Apollonius 
attempted  to  demonstrate  the  axioms  of  Euclid^  and  cites  his  method  of 
proving  the  first  axiom,  that  things  which  are  equal  to  the  same  thing 
are  equal  to  one  another.  Produs  examines  his  so-called  proof,  and  shews 
that  properties  are  assumed  not  more  self-evident  than  the  axiom  itself. 

Nicomedes  lived  during  the  second  century  before  the  Christian  era, 
and  is  known  for  the  invention  of  a  curve  called  the  conchoid,  and  for 
the  application  he  made  of  it  in  finding  two  mean  proportionals  between 
two  given  lines.  He  was  also  celebrated  for  the  invention  of  several 
useful  machines. 

About  the  same  time  also  lived  Nitocles,  Thrasideus,  and  Dositheus, 
whose  discoveries  in  mathematics,  and  whose  writings,  if  they  left  any, 
have  not  descended  to  our  times. 

Geminus,  a  native  of  Rhodes,  and  a  mathematician  of  some  repute, 
Hved  about  100  years  before  the  Christian  era,  and  is  reported  to  have 
been  the  author  of  a  work  entitled  '  Enarrationes  Geometricae,'  which 
js  not  known  to.  be  extant 
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Hipparchos,  a  native  of  Nice^  though  not  a  writer  on  the  Elements 
of  Geometry,  is  regarded  as  the  first  who  reduced  Astronomy  to  a 
science,  ana  either  devised  or  greatly  improved  the  methods  of  calcula* 
tion  in  Trigonometry^  which  form  the  basis  of  the  science  of  Astronomy. 
His  work  on  the  calculation  of  chords  originally  consisted  of  12  books, 
of  which  a  few  fragments  only  are  known  to  be  extant.  He  divided 
the  circumference  of  the  circle  into  360  eaual  parts,  and  also  the  radius 
into  60  equal  parts,  which  he  likewise  called  degrees,  each  degree  into 
60  parts,  and  so  on.  His  rules  of  calculation  were  derived  n*om  the 
properties  of  chords,  and  were  estimated  in  sexagesimal  parts  of  the 
radius,  and  the  lengths  of  chords  were  calculated  to  every  half  degree 
of  the  semicircumference.  It  is,  however,  as  an  astronomer  that  his 
name  is  most  celebrated.  He  was  the  first  who  discovered  the  preces- 
sion  of  the  equinoxes,  and  taught  how  to  foretell  eclipses,  and  form 
tables  of  them.  The  catalogue  of  stars  which  he  observed  and  registered 
between  the  years  B.C.  l60  and  135,  is  preserved  in  Ptolemy's  Almagest. 
They  are  arranged  according  to  their  longitudes  and  their  apparent 
magnitudes.  He  was  also  the  first  who  suggested  the  idea  of  fixing  the 
position  of  places  on  the  earth,  as  he  did  in  the  heavens  by  means  of 
their  latitude  and  longitude.  He  pursued  his  astronomical  studies  at 
Rhodes,  whence  he  obtained  the  name  of  Rhodius,  and  afterwards  in 
Bithynia,  and  at  Alexandria.  His  writings  on  Astronomy  are  highly 
spoken  of  by  ancient  authors,  but  are  not  now  extant:  his  commen- 
tary, however,  on  the  Phaenomena  of  Aratus,  still  exists.  A  full  but 
rather  exaggerated  account  of  the  discoveries  of  Hipparchus  will  be 
found  in  die  work  of  Delambre,  on  the  ancient  Astronomy  of  the 
Greeks. 

There  is  some  uncertainty  with  respect  to  the  exact  period  when 
Hypsicles  flourished.  He  was  a  native  of  Alexandria,  and,  it  is  said,  a 
disciple  of  Isidorus.  To  him  are  attributed  the  14th  and  15th  books 
of  the  Elements,  which  were  added  to  the  13  books  of  Euclid.  In  the 
introduction,  he  makes  mention  of  Apollonius,  who  flourished  in  the 
reign  of  Ptolemy  Euergetes,  and  probably  Hypsicles  came  after  him. 

Theodosius  of  Tripoli  flourished  about  the  time  of  Cicero,  and  was 
the  author  of  a  treatise  on  the  sphere  in  three  books,  which  has  come 
down  to  our  time,  in  the  original  Greek.  In  this  treatise,  he  investi« 
gates  the  properties  of  circles,  which  are  made  by  sections  of  the  surface 
of  the  sphere.  It  was  translated  and  published  by  Dr  Barrow  in  1675: 
another  edition  was  published  at  Oxford,  in  1707- 

For  a  period  of  some  hundreds  of  years  after  the  time  of  Theo* 
dosius,  we  shall  find  that  few  additional  discoveries  were  made  in 
geometrical  and  mathematical  science.  There  were,  however,  some 
mstances  of  individuals  diuring  that  period,  not  entirely  unskilled  in 
Grecian  science.  Sosigenes  the  peripatetic,  was  a  mathematician  and 
astronomer.  He  was  an  Egyptian,  and  was  brought  by  Julius  Csesar  to 
Rome,  for  the  purpose  of  assisting  in  the  reformation  of  the  Roman 
Calendar.  This  philosopher  had  mscovered,  by  astronomical  observa^ 
tion,  that  the  year  consists  of  365  days  and  6  hours;  and  to  make 
allowance  for  the  accumulation  of  the  hours  which  were  above  S65 
whole  days,  he  invented  the  intercalation  of  one  day  in  four  years.  The 
duplication  every  fourth  year  of  the  sixth  day  before  the  Calends  of 
March  was  the  intercalary  day ;  and  hence  the  year  in  which  this  took 
place  consisted  of  366  days,  and  was  named  bissextile.    This  was  called 
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^e  Julian  correction  of  the  Calendar^  and  the  reckoning  by  Julian 
years  commenced  B.C.  4t5,  and  continued  till  the  more  accurate  cor- 
rection was  made  under  Pope  Gregory  XIIL  Marcus  Vitruvius  was 
also  greatly  esteemed  by  Julius  Caesar^  and  he  was  subsequently  em.- 
ployed  by  Augustus  in  constructing  public  buildings  and  warlike 
machines.  Vitruvius  was  the  author  of  a  work  on  Ar(£itecture>  in  ten 
books^  which  was  addressed  to  Augustus.  This  work  is  still  extant^ 
and  is  the  only  one  on  the  Architecture  of  the  ancients^  which  has 
descended  to  modem  times.  It  affords  evidence  in  the  ninth  book^  that 
the  writer  was  well  skilled  in  Geometry.*  Menelaus  was  bom  at  Alex- 
andria, in  the  time  of  the  £mperor  Trajan,  and  was  of  Grecian  origin. 
He  composed  a  Treatise  on  Trigonometry  in  six  books,  and  another  on 
the  Sphere  in  three  books,  both  of  which  have  come  down  to  us 
through  the  medium  of  translations  in  Arabic.  A  Latin  translation 
of  the  Spherics  was  published  at  Paris  in  1664. 

Claudius  Ptolemaeus,  one  of  the  most  eminent  mathematicians  and 


*  The  Romans  were  a  nation  of  warriors,  and  at  no  period  of  their  history  distin^ 
guiahed  for  their  cultiyation  or  advancement  of  the  sciences.  Though  it  must  he  ad- 
mitted tihat  their  history  exhibits  many  noble  instances  of  patriotism  and  the  sterner  virtues, 
the  l»«<H»ig  principle  of  the  Roman  policy  was  nothing  Ism  than  universal  dominion.  In 
die  Ufe  of  Agricda,  Tacitus  has  recorded  the  substance  of  the  address  of  Galgacus  to 
the  Nottfaem  Britons  when  invaded  by  the  Romans,  in  which  are  the  following  lines  t 
^  Sed  nulla  jam  ultra  gens,  nihil  nisi  fluctus  et  saxa,  et  infestiores  Roman! :  quorum 
snperbiam  frustra  per  obsequium  et  modestiam  effugeris :  raptores  orbis,  postquam  cuncta 
vastantibus  defuere  terrs,  et  mare  scrutantur :  si  locuples  hostis  est,  avari :  si  pauper, 
ambitiosi :  quos  non  Oriens,  non  Occidens,  satiaverit :  soli  omnium,  opes  atque  inopiam 
pari  afiecta  concupiscunt :  auferre,  truddare,  rapere  falsis  nominibus,  imperium ;  atque, 
abi  scditudinem  faciunt,  pacem  appellant."  To  this  may  be  added  the  following  passage 
from  the  popular  work  of  M.  Aim6-Martin ;  <<  La  r^gne  de  Rome  fut  celui  d'un  brigand; 
eOe  s^aggrandit  par  la  guerre  et  la  pillage ;  et  aussi  elle  perit  par  ses  richesses  et  par  la 
goetre.**  This  will  scarcely  be  deemed  too  highly  coloured  a  description  of  Roman 
policy  and  practice,  when  it  is  compared  with  the  following  lines  which  Virgil  puts 
into  the  mouth  of  Anchises. 

^'Excudent  alii  spirantia  moUius  sera. 

Credo  equidem;  vivos  ducent  de  marmore  vultus; 

Orabunt  causas  melius,  cfslique  meatus 

Describent  radio,  et  surgentia  sidera  dicent: 

Tu  regere  imperio  populos,  Romane,  memento: 

Hs  tibi  erunt  artes;  pacisque  imponere  morem, 

Parcere  subjectis,  et  debellue  superbos.'*    (i£n.  vi.  847*) 

These  lines  were  written  when  nearly  the  whole  world  was.  subjected  to  the  Roman 
anns,  and  when  the  future  prospect  of  undisputed  sway  appeared  to  threaten  that  the 
dominion  of  Rome  would  be  universal  and  perpetual.  It  may  seem  surprising  that 
even  in  the  golden  age  of  Roman  literature  and  magnificence,  there  does  not  appear  to 
have  existed  one  Roman  of  original  genius,  who  successfully  cultivated  and  advanced  the 
mathematical  sciences.  The  slender  amount  of  scientific  knowledge  attained  at  that 
period,  was  acquired  at  Alexandria  and  at  Athens,  which  seem  to  have  been  the  chief 
plsees  of  resort  for  the  philosophers  and  their  hearers.  Horace  humorously  concludes 
his  description  of  the  course  of  his  education  by  declaring,  that  the  object  for  which  he 
was  tent  to  Athens  by  his  father  was  merely 

'' Scilicet  ut  possem  curvo  dignoscere  rectum." 

fnm.  this,  perhaps,  we  may  infer  the  opinion  of  that  age,  that  a  little  mathematical 
knowledge  was  not  deemed  wholly  useless,  or  incompatible  with  the  pursuit  of  literature. 
With  reg^ard  to  the  knowledge  of  astronomy  which  existed  among  the  Romans,  it  may 
be  observed,  that  it  was  rather  cultivated  for  its  supposed  utility  in  relation  to  astrology 
■od  the  prognostkatioo  <Mf  future  events,  than  for  its  real  value  as  science. 
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astronomers  of  antiquity,  was  bom  at  Pelusium,  in'Egynt,  about  a.d* 
70,  and  died  a.d.  147*  Though  he  is  not  known  to  nave  left  any 
writings  on  Geometry,  his  great  works  still  extant  on  Astronomy  and 
Geography,  for  which  he  is  justly  celebrated,  supply  evidence  of  their 
author's  naving  been  deeply  skilled  in  the  applications  of  that  science. 
His  work  on  Geography  consists  of  seven  books,  and  his  great  work  on 
Astronomy  of  thirteen,  entitled  "»/  fAcydXri  <rvWaf  «."  In  the  early  part 
of  the  9th  century  it  was  translated  into  Arabic  under  the  title  of 
Almagest,  a  word  formed  from  the  Arabic  article,  and  a  Greek  super- 
lative. Both  the  original  Greek  and  the  Arabic  version  are  still  extant. 
Ptolemy  adopted  that  system  of  the  universe  which  placed  the  earth 
in  the  centre,  and  from  him  it  acquired  the  name  of  the  Ptolemaic 
system. 

We  may  pass  over  the  period  which  intervened  between  Ptolemy 
and  Pappus,  as  no  mathematicians  of  eminence  appeared  in  the  school 
of  Alexandria,  which  at  that  period  was  the  chief  place  where  philo* 
sophy  and  the  sciences  were  still  cultivated.  Pappus  lived  in  the  time 
of  the  Emperor  Theodosius,  who  reigned  between  379  &nd  395  a.  d. 
He  was  the  author  of  a  work  entided  *^  Mathematical  Collections," 
which  consists,  as  its  title  implies,  of  Problems  and  Theorems  collected 
from  the  works  of  different  mathematicians,  with  commentaries  and 
historical  notices.  This  work  and  the  Commentary  of  Proclus  are  the 
chief  repositories  of  information  respecting  the  ancient  Geometry,  and 
especially  the  Geometrical  Analysis.  The  work  of  Pappus  originally 
consisted  of  eight  books,  the  whole  of  which  are  extant  in  the  original 
Greek  except  the  first  book,  and  the  first  half  of  the  second  book. 
A  translation  of  the  last  six  books  into  Latin  was  made  by  Commandine, 
who  also  wrote  a  Commentary  on  the  wcnrk.  These,  after  his  death, 
were  published  by  the  Duke  of  Urbino,  at  Pisaurum,  in  1588.  The  first 
two  books  of  Pappus  were  not  then  known  to  be  extant;  however,  there 
.were  found  in  a  MS.  of  Pappus,  in  the  Savilian  Library  at  Oxford,  the 
last  twelve  Propositions  of  the  second  book.  They  were  translated  into 
Latin  by  Dr  Wallis,  and  printed  at  the  end  of  his  Aristarchus  Samius, 
in  1688.  This  fragment  being  on  Arithmetic,  it  was  conjectured  that 
the  first  two  books  were  on  the  same  subject.  The  next  nve  books  are 
on  Geometry,  and  the  last  is  chiefly  on  Mechanics.  The  following  is  a 
very  brief  account  of  the  contents  of  the  remaining  six  books  of  Pappus. 
The  third  book  discusses  four  general  problems.  1.  The  solution  of 
the  Delian  problem,  or  duplication  of  the  cube  by  means  of  the  Conic 
Sections:  besides  three  ouier  solutions,  one  by  Eratosthenes,  another 
by  Hero,  and  a  third  by  himself.  There  is  also  a  fourth  by  Nicomedes, 
by  means  of  the  conchoid.  2.  A  problem  respecting  the  Medietates,  a 
name  given  to  three  lines  when  they  were  in  arithmetical,  geometrical, 
or  harmonical  proportion.  3.  To  draw  two  straight  lines  from  two 
points  in  one  side  of  a  triangle  to  a  point  within  it  so  that  they  may  be 
greater  than  the  other  two  sides  of  the  triangle.  4.  To  inscribe  the 
five  regular  solids  in  spheres.  The  fourth  book  consists  of  Theorems. 
Prop.  I.  contains  an  extension  of  Euclid,  i.  47.  Prop.  x.  is  one  of  the 
tangencies  of  Apollonius,'  to  which  the  three  preceding  Props,  are 
preliminary.  Prop.  xiii.  On  the  property  of  the  Arbelon.  Prop.  xix. 
On  the  Spiral  of  Conon ;  also  a  solution  of  the  Delian  problem  by  means 
of  the  conchoid,  and  the  trisection  of  an  arc  of  a  circle,  with  the  pro* 
perties  of  the  quadratrix,  and  some  problems.  The  fifth  book  commences 
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with  a  preface,  in  which  Pappus  remarks  the  instinct  of  bees  whereby 
they  construct  their  cells  on  geometrical  principles,  employing  the  figure 
whose  base  is  a  regular  hexagon,  which  supplies,  with  the  smallest 
labour,  the  greatest  possible  accommodation.     The  object  of  the  book 
is  to  prove  that,  of  these  plane  figures  which  are  equilateral  and  equi* 
angular,  and  have  equal  perimeters,  the  greatest  area  is  contained  by 
the  figure  with  the  greatest  number  of  sides ;  and  that  of  all  plane 
figures  of  equal  perimeters,  the  circle  is  the  greatest.    The  subject  of 
isoperimetrical  figures  is  treated  in  57  Propositions.     It  is  proved  that 
of  plane  figures  with  equal  perimeters,  the  greatest  is  that  which  is 
equilateral  and  equiangular.    This  principle  is  extended  to  solids.    The 
regular  solids  are  then  compared,  and  it  is  proved  that  of  those  with 
eoual  sur&ces,  the  greatest  is  that  with  the  greatest  number  of  faces. 
Tnese  are  introductory  to  the  proposition,  that  of  all  solids  with  equal 
surfaces,  the  greatest  is  the  sphere.    At  the  end  of  the  book,  it  is 
shewn  that  there  can  be  only  five  regular  solids,  or  that  only  equi- 
lateral triangles,  squares,  and  pentagons,  can  form  the  boundaries  of 
regular  solid  bodies.     The  sixth  book  is  employed  chiefly  in  explaining 
and  connecting  some  propositions  of  Theodosius  and  others  in  treatises 
on  the  sphere,  &c.     The  object  of  the  book  is  stated  in  a  short  preface 
with  reference  to  the  three  selected  propositions:  namely.  Prop.  6,  Book 
III.  of  Theodosius  on  the  Sphere ;  Prop.  6  of  Euclid's  Phenomena,  and 
Prop.  4  of  Theodosius  on  Days  and  Nights.     Eight  different  treatises 
are  quoted  or  alluded  to  by  Pappus  in  this  book,  and  it  may  be  con- 
sidered as  peculiarly  worthy  of  notice,  that  in  Props.  31,  32,  33,  34, 
which  are  preliminary  to  some   on  the  sphere,   there  are  stated,  as 
examples,  some  distinctions  of  magnitudes  which  may  either  be  in- 
creased or  diminished  without  limit,  or  may  be  decreased  while  there 
is  a  limit  to  the  decrease,  and  conversely.     The  seventh  book  is  em- 
ployed on  the  ancient  geometrical  Analysis.     The  preface  contains  an 
exposition  of  the  method  employed  by  the  ancients  in  the  discovery 
both  of  the  solution  of  problems,  and  the  demonstration  of  theorems* 
After  that  follows  a  particular  description  of  the  object  and  contents 
of  some  of  the  most  important  treatises  of  the  analytical  Geometry  of 
the  ancients,  the  whole  of  which  are  said  to  have  consisted  of  thirty- 
three  books.     The  seventh  book  itself  consists  of  Lemmas  or  sub- 
sidiary propositions  assumed  or  employed  in  the  treatises  described 
in  the  preface.     The  whole  of  these  thirty-three  books  existed  in  the 
time  of  Pappus,  but  the  greater  part  of  them  have  since  perished,  or 
at  least,  are  not  known  to  be  in  existence,  either  in  the  original  Greek 
or  in  any  translation.     The  Data  of  Euclid,  in  Greek,  two  books,  de 
Rationis  Sectione  in  an  Arabic  version,  and  seven  books  of  the  Conies 
of  Apollonius,  four  in  Greek  and  three  in  Arabic,  are  all  that  are  pre- 
served.  The  descriptions  however  of  eleven  of  these  books  are  so  parti- 
cular and  entire,  that  some  eminent  mathematicians  have  attempted  the 
restoration  of  them.    Of  these  attempts  some  short  notices  will  be  found 
under  the  names  of  their  respective  authors.  The  treatises  of  Apollonius, 
entitled,  De  Rationis  Sectione,  De  Spatii  Sectione,  De  Sectione  Determi- 
nata,  De  Tactionibus,  and  De  Inclinationibus,  contained  the  discussion  of 
general  problems  of  frequent  occurrence  in  geometrical  investigations, 
completely  solved,  and  sJl  the  possible  cases  disthiguished;  also  of  each 
case  a  separate  analysis  and  synthesis  were  given  with  determinations  in 
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all  cases  whicli  required  them.  The  use  of  these  general  problems  was^ 
the  more  immediate  solution  of  any  proposed  geometrical  problems^ 
which  could  be  easily  reduced  to  a  particular  case  of  some  one  of  them 
The  other  treatises  in  the  list  were  useful  for  the  same  purpose.  The 
seventh  book  contains  238  propositions^  some  of  which  exhibit  complete 
examples  of  the  ancient  analysis  and  synthesis.  The  eighth  book 
gives  some  account  of  the  science  of  Mechanics^  and  exhibits  the  pro- 
gress it  had  made  in  the  age  of  Pappus :  it  contains  many  references 
to  the  mechanical  inventions  of  Archimedes.  A  considerable  part  of 
the  book  is  employed  in  describing  what  are  called  the  five  mechanical 
powers,  and  the  most  obvious  combinations  of  them  for  raising  or  draw- 
ing large  weights.  Pappus  acknowledges  that  the  substance  of  the 
hook  is  chiefly  borrowed  from  the  works  of  Hero  the  £lder>  who  lived 
about  fifty  years  after  Archimedes.  His  long  preface  contains  some 
Staten^ents  of  the  mechanical  notions  and  of  the  arts  of  that  period,  as 
well  as  some  observations  on  the  utility  of  Mechanics,  and  on  the  con- 
nexion of  Mechanics  with  Geometry.  The  branches  of  the  science  are 
distinguished,  and  some  notices  are  given  of  treatises  which  are  lost. 

Serenus  lived  about  the  same  time,  and  is  chiefly  known  for  his 
treatise,  in  three  books,  on  the  Cone  and  Cylinder. 

Theon,  of  the  same  period,  was  a  native  of  Smyrna:  he  was  a 
mathematician  of  the  Platonic  school  at  Alexandria,  of  which  he  subse- 
quently became  president.  He  wrote  a  commentary  on  Euclid's  Ele- 
ments ;  the  earliest  of  which  we  have  any  notice,  and  another  on  the 
first  eleven  books  of  the  Almagest  of  Ptolemy.  The  commentary  was 
translated  into  Latin  by  Commandine,  and  published  with  his  Latin 
translation  of  the  Elements  of  Euclid  from  the  Arabic. 

Hypatia,  the  daughter  of  Theon,  became  so  well  skilled  in  the 
mathematical  Sciences  as  to  be  chosen  to  succeed  her  father  in  the 
school  at  Alexandria.  Her  commentaries  on  the  Conic  Sections  of 
ApoUonius,  and  on  the  Arithmetic  of  Diophantus,  are  not  known  to  be 
}n  existence.  Though  of  blameless  life,  she  was  assassinated,  a.  d.  41 5, 
and  there  are  some  grounds  for  the  opinion,  that  Cyril  the  patriarch  of 
Alexandria,  was  not  quite  exempt  from  blame  in  that  horrid  deed. 

Hero  the  younger  was  the  instructor  of  Proclus  in  the  mathematical 
sciences  at  Alexandria.  He  was  the  author  of  a  work  on  Mensuration, 
entitled  Geodaesia,  and  another  on  Mechanics,  both  of  which  were 
published  in  Latin,  at  Venice,  in  1572.  In  the  Geodaesia,  there  is 
given  the  method  of  finding  the  area  of  a  plane  triangle  in  terms  of  the 
sides  of  the  triangle. 

Piocles,  his  cotemporary,  discovered  the  generation  of  the  curve 
called  the  cissoid,  which  still  bears  his  name,  and  was  applied  by  him  in 
finding  two  mean  proportionals  between  two  given  lines.  Another 
solution  of  this  problem  was  given  by  Sporus,  who  lived  about  the 
saipe  time. 

We  now  come  down  to  the  latter  times  of  the  Greek  school  of 
science  and  philosophy  at  Alexandria,  which  city  seems  to  have  been 
the  chief  place  of  refbge  for  the  Grecian  sciences.  Proclus  was  born, 
A.D.  412,  at  Byzantium,  and  died  at  Athens  at  the  age  of  75  years. 
His  parents,  Patricius  and  Marcella,  were  both  of  Lycian  origin,  and 
are  spoken  of  by  Marinus  as  excelling  in  virtue.  Proclus  studied  first 
4t  AlexADdria  under  the  most  eminent  Platonic  philosophers.    He  fre- 
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quented  the  discourses  of  Olympiodorus^  for  the  purpose  of  learning 
tine  doctrines  of  Aristotle  ;  and  in  mathematical  science  he  gave  himself 
up  to  Hero^  whose  constant  companion  he  became.  He  next  studied 
at  Athens,  where  he  was  the  pupil  of  the  celebrated  Syrianus,  and  at 
length  became  the  chief  of  the  Platonic  school  established  in  that  city. 
Of  his  numerous  writings  on  the  Mathematical  sciences,  his  commen- 
tary on  the  first  book  of  Euclid's  Elements  of  Geometry  is  still  extant  in 
the  original  Greek.  It  was  translated  into  English  by  Thomas  Taylor,  in 
1788,  and  inscribed  "To  the  Sacred  Majesty  of  Truth."  The  commen- 
tary of  Proclus,  though  tinged  with  much  of  the  mysticism  of  the  later 
Platonic  school,  contains  some  interesting  facts  relating  to  the  history 
of  Geometry,  and  many  judicious  remarks  on  the  definitions,  postulates, 
axioms,'  and  propositions  of  the  first  book  of  the  Elements.  From  a 
remark  at  the  end,  it  appears  to  have  been  the  intention  of  Proclus,  if 
he  had  lived,  to  write  commentaries  on  the  other  books  of  Euclid,  in  a 
similar  style.  There  are  extant  two  other  mathematical  works  ascribed 
to  him :  one  is  a  small  treatise  on  the  sphere,  which  was  published  in 
1620  by  fiainbridge,  the  professor  of  Astronomy  at  Oxford :  the  other  is 
a  compendium  of  Ptolemy's  Almagest,  entitled  Hypotyposis.  The 
original  Greek  was  published  in  1540,  and  a  Latin  translation  by  Valla 
in  the  following  year.  Proclus  also  wrote  on  many  other  subjects ; 
commentaries  on  several  dialogues  of  Plato,  of  which  some  are  still 
extant ;  lectures  on  Aristotle,  and  a  commentary  on  the  writings  of 
Homer  and  Hesiod.  Four  Hymns,  one  to  the  Sun,  one  to  the  Muses, 
and  two  to  Venus,  are  attributed  to  him.  He  also  wrote  on  Providence 
and  Fate,  and  concerning  the  existence  of  Evil;  besides  numerous  other 
pieces,  of  which  we  may  mention  his  eighteen  arguments  against  Chris- 
tianity. These  arguments,  except  the  first,  are  all  preserved  in  the 
answer  of  Philoponus.  The  Greek  was  published  at  Venice  in  1535, 
and  a  Latin  version  at  Lyons  in  1 557* 

Marinus  of  Naples  was  a  disciple  of  Proclus,  and  his  successor  in 
the  school  at  Athens.  There  is  a  commentary  still  extant,  on  Euclid's 
Data,  of  which  he  was  the  author:  his  other  writings  on  mathematical 
subjects,  though  not  numerous,  have  not  survived.  His  most  celebrated 
work,  however,  is  a  life  of  his  master  Proclus:  it  was  published  in 
1700,  with  a  Latin  version  by  Fabricius.  Of  the  mathematicians  who 
lived  about  the  middle  of  the  sixth  century,  (the  latest  period  of  the 
decline  of  Grecian  science,)  Eutocius  may  be  regarded  as  the  most 
distinguished.  He  was  a  native  of  Ascalon  in  Palestine,  and  a  disciple 
of  Isidorus,  one  of  the  architects  who  designed  and  built  the  church 
at  Constantinople,  which  is  now  called  the  Mosque  of  St  Sophia.  The 
only  works  of  Eutocius  which  have  descended  to  modem  times,  are 
two  commentaries ;  one  on  the  Sphere  and  Cylinder  of  Archimedes, 
and  the  other  on  the  first  four  books  of  the  Conies  of  Apollonius  Per- 
gceus.  The  latter  was  published  with  the  Oxford  edition  of  that  author 
by  Dr  Halley,  in  1710;  and  the  former  with  the  works  of  Archimedes 
at  Oxford,  in  1792.  The  commentary  on  the  Sphere  and  Cylinder  con- 
tains ten  various  methods  of  solving  the  celebrated  Delian  problem, 
which  are  of  little  importance  in  the  present  state  of  mathematical 
science.  Besides  elucidations  of  difficult  passages  of  the  two  works, 
these  commentaries  contain  many  useful  observations  on  the  historical 
progress  of  the  mathematical  sciences. 

c2 
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We  must  not  pass  over  in  silence  one  writer  who  lived  at  the  end 
of  the  fifth  century,  and  the  early  part  of  the  sixth,  and  who  was 
almost  the  latest  author  of  any  eminence  that  wrote  in  the  Latin 
language.  Boethius  was  the  most  distinguished  of  the  Romans  for 
his  scientific  writings ;  which,  however,  consisted  chiefly  of  translations 
and  commentaries.  He  was  a  senator  and  consul  in  the  reigns  of  Odo- 
acer  and  Theodoric,  and  was  put  to  death  by  order  of  Theodoric, 
A.D.  526.  He  was  educated  at  Athens;  and  his  writings  were  numerous 
on  almost  every  branch  of  literature  and  science.  He  was  the  author 
of  a  treatise  on  Arithmetic,  and  another  on  Geometry:  of  the  latter 
there  is  an  ancient  MS.  copy  preserved  in  the  Library  of  Trinity 
College,  Cambridge.  He  also  translated  Euclid's  Elements,  and  some 
of  the  writings  of  Archimedes  and  Ptolemy.  Boethius,  however,  is 
chiefly  celebrated  for  his  work  entitled  "  De  Consolatione  Philosophiae,** 
which  was  much  read  in  the  middle  ages,  and  has  been  translated  into 
almost  all  the  European  languages.  An  Anglo-Saxon  version  was  made 
by  King  Alfred;  and  ancient  MS.  copies  exist  in  several  public  libraries: 
it  was  printed  at  Oxford,  in  I698. 

The  rise  of  the  Mahommedan  power  in  the  seventh  century,  and 
the  rapid  and  desolating  conquests  which  followed,  hastened  the  ex- 
tinction of  the  Grecian  sciences.  In  a.  d.  640,  the  Mahommedans 
invaded  and  conquered  Egypt  The  great  Librarv  of  Alexandria, 
which  is  said  to  have  contained  at  that  time  many  thousand  volumes, 
the  writings  of  geometers,  astronomers,  and  philosophers,  was  com- 
mitted  to  the  flames.  As  a  justification  of  the  act,  the  Khalif  Omar 
declared,  that,  "  if  they  agreed  with  the  Koran,  they  were  useless,  and 
if  they  did  not,  they  ought  to  be  destroyed."  The  learned  men  who 
were  congregated  at  Alexandria  for  the  cultivation  of  science  and  philo- 
sophy, either  fell  by  the  swords  t)f  the  conquerors,  or  escaped  by  flight, 
and  these  carried  with  them  some  remains  of  the  sciences.  In  some- 
what more  than  a  century  after  this  event,  the  Arabians  became  the 
most  zealous  patrons  and  cultivators  of  the  science  and  philosophy  of 
the  Greeks  and  Hindus.  The  rapid  progress  of  the  Mahommedan  power, 
both  in  the  East  and  in  the  West,  led  to  the  foundation  of  a  powerful 
empire.  The  second  Abbaside  Khalif  Almansur  ascended  the  throne 
A.D.  753,  and  shortly  after,  transferred  the  seat  of  his  government  from 
Damascus  to  the  newly-founded  city  of  Bagdad.  Haroun  Alrashid, 
the  grandson  of  Almansur,  before  his  accession  to  the  Khalifat  had 
overrun  the  Greek  provinces  of  Asia  Minor,  and  penetrated  as  far  as 
the  Hellespont  The  reigns  of  Alrashid  and  his  successor  Almamun 
displayed  at  Bagdad  the  highest  degree  of  luxury  and  splendour,  which 
are  depicted  in  many  scenes  of  the  famous  tales  of  the  Arabian  Nights' 
Entertainment.  The  Arabians  became  acquainted  with  the  astronomical 
and  arithmetical  science  of  the  Hindus  before  they  had  any  knowledge 
of  the  writings  of  the  Greek  astronomers  and  mathematicians.  It  is 
related  in  the  preface  to  the  Astronomical  Tables  of  Ebn  Aladami,  that 
in  the  reign  of  Almansur,  in  the  156th  year  of  the  Hegira,  a.d.  773, 
an  Indian  astronomer  visited  the  court  of  the  Khalif  of  Bagdad, 
bringing  with  him  astronomical  tables,  which,  he  affirmed,  had  been 
computed  bv  an  Indian  prince  whose  name  was  Phighar.  The  Khalif, 
embracing  tne  opportunity  thus  presented  to  him,  commanded  the  book 
to  be  translated  into  Arabic,  and  to  be  published  for  a  guide  to  the 
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Arabians  in  matters  pertaining  to  the  stars:  this  task  was  committed 
to  Alfazari.  An  abridgment  of  these  tables  was  made  in  the  succeed* 
^^g  ^e  hy  Mohammed  Ben  Musa^  under  the  patronage  of  Almamun 
before  his  accession  to  the  Khalifat  (Colebrooke).  The  same  Moham* 
med  Ben  Musa  is  recognized  by  the  Arabians  as  the  first  who  made 
known  the  Indian  Antiemetic  and  Algebra:  his  Treatise  on  Algebra^ 
the  earliest  written  in  Arabic,  is  still  extant:  a  MS.  copy  is  pre- 
served in  the  Bodleian  Library  at  Oxford^  which  was  translated  into 
English  by  the  late  Dr  Rosen^  and  published  at  the  expense  of  the 
Oriental  Translation  Fund.  In  this  treatise  the  rules  of  the  science 
are  given  in  prose,  and  their  accuracy  is  established  by  geometrical 
illustrations.  In  the  Sanscrit  treatises  on  Arithmetic  and  Algebra,  the 
rules  are  given  in  verse.  Almansur  ascended  the  throne  of  the  Khalifs 
A.D.  813,  and  it  was  the  glory  of  his  reign,  that  he  invited  learned  men 
from  various  countries  for  the  introduction  of  science  and  literature 
into  his  dominions.  He  founded  a  college  at  Bagdad,  and  appointed 
Mesuc  of  Damascus,  a  famous  Christian  physician,  its  president.  It  was 
here,  under  the  auspices  and  encouragement  of  Almanmn  that  Arabic 
translations  of  Indian  and  Greek  science  commenced,  which  were  con- 
tinued in  succeeding  reigns.  The  few  manuscripts  of  the  mathematical 
and  philosophical  writings  of  the  Greeks  which  had  escaped  the  general 
ruin,  were  diligently  sought  for  and  translated  into  Arabic.  Trans- 
lations were  made  of  the  vrritings  of  Euclid,  Archimedes,  Apollonius, 
and  others :  besides  which,  Arabic  commentaries  were  written  to  eluci- 
date and  explain  these  vrritings.  To  the  Arabians  of  Bagdad  is  due 
the  merit  of  preserving  many  writings,  which,  at  present,  are  not 
known  to  be  extant  in  the  original  Greek.  Almamun  died  at  about 
forty-eight  years  of  age,  after  a  reign  of  more  than  twenty  years,  a.  d. 
833.  He  is  reported  to  have  uttered  the  following  ejaculation  just 
before  his  death,  "O  Thou  who  never  diest,  have  mercy  on  me,  a 
dying  man!** 

The  celebrated  Alkindi  is  mentioned  among  the  mathematicians 
and  astronomers  of  the  age  of  Almamun :  his  medical  writings,  which 
are  still  extant,  prove  that  he  sustained  a  very  honourable  rank  among 
Arabian  physicians. 

Alfragan  was  a  celebrated  astronomer,  who  flourished  at  the  latter 
part  of  the  eighth  century ;  he  was  a  native  of  Fargan,  in  Samarcand. 
In  his  Elements  of  Astronomy,  a  work  which  consists  of  thirty  chapters, 
he  adopts  Ptolemy's  hypothesis,  and  frequently  quotes  from  his  writings. 
Professor  Golius,  of  Leyden,  translated  this  treatise  into  Latin,  with 
notes  on  the  first  nine  chapters,  which  were  published  with  the  original 
Arabic,  in  I669,  after  his  death. 

Albategni  was  an  Arabian  astronomer  of  the  ninth  century:  Dr 
Halley  describes  him  as  a  man  of  great  acuteness.  His  work,  entitled 
"The  Science  of  the  Stars,"  was  founded  on  his  own  observations,  com- 
bined with  those  of  Ptolemy.  On  his  observations  were  founded  the 
famous  Alphonsine  Tables.  He  died  a.d.  888;  his  work  was  first 
printed  in  1537. 

Albumazar  was  a  physician  and  astronomer  of  the  ninth  century. 
His  Introductio  ad  Astronomiam  was  printed  in  1489>  and  his  work 
"De  magnis  conjunctionibus,  annorum  revolutionibus  ac  eorum  per- 
fectionibus,"  in  1526,  at  Venice. 

Rhazes  was  a  most  distinguished  physician,  and  received  the  appel- 
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latioii  of  the  experimenter.  He  is  also  said  to  have  been  profoundly 
skilled  in  astronomy  and  other  sciences :  he  had  the  reputation  of  being 
a  skilful  alchemist^  and  of  having  been  the  first  to  use  chemical  prepa- 
rations in  medicine.  Many  of  his  numerous  works  have  come  down  to 
Us,  and  some  of  them  have  been  translated  and  printed. 

Honain  was  an  Arabian  physician  and  a  Christian^  who  lived  in  the 
ninth  century.  He  is  reported  to  have  travelled  into  Greece  and 
Persia^  and  afterwards  to  have  settled  at  Bagdad^  where  he  translated 
the  Elements  of  Euclid,  and  the  writings  of  Hippocrates,  into  Arabic. 

Thabet  Ben  Korrah  lived  during  the  latter  part  of  the  ninth  and 
the  early  part  of  the  tenth  century.  Ebn  Khallikan  relates,  in  his  Bio- 
graphical Dictionary,  which  has  been  translated  into  English,  that 
Thabet  Ben  Korrah  lefl  Harran^  and  established  himself  at  Kafratutha, 
where  he  remained,  till  Abu  Jafar  Mohammed  Ben  Musa  arrived  there, 
on  his  return  from  the  Greek  dominions,  to  Bagdad.  He  became  ac- 
quainted with  Thabet,  and  on  seeing  his  skill  and  sagacity,  invited  him 
to  Bagdad,  made  him  lodge  at  his  own  house  there,  introduced  him  to 
the  Khalif  Almotaded,  and  procured  him  an  appointment  amongst  the 
astronomers.  Thabet  became  secretary  to  the  Khalif,  and  was  dis- 
tinguished for  his  skill  in  the  mathematics  and  astronomy.  To  him  is 
attributed  a  translation  of  the  Conies  of  Apollonius,  and  the  Almagest 
of  Ptolemy. 

In  the  tenth  century  several  treatises  on  Geometry  are  ascribed  to 
Mohammed  Bagdedin,  among  which  is  one  "On  the  Division  of  Sur- 
faces \*  it  was  translated  into  Latin,  by  Commandine,  and  published  in 
1570;  it  was  also  translated  into  English,  by  John  Dee.  This  treatise 
on  the  Division  of  Surfaces  is  by  some  attributed  to  Euclid. 

Avicenna,  who  lived  in  the  tenth  century,  has  been  accounted  the 
prince  of  Arabian  physicians  and  philosophers.  He  was  a  most  volu- 
minous writer;  his  greatest  work  was  an  Encyclopaedia,  in  twenty 
volumes,  with  the  title  of  "  Utility  of  Utilities."  He  is  reported  to 
have  written  on  almost  every  subject  of  physics,  metaphysics,  and  the 
mathematical  sciences.  Among  his  mathematical  works  was  an  abridg- 
ment of  Euclid's  Elements  of  Geometry.  Many  of  his  writings  are 
extant,  and  some  of  them  have  been  printed  at  Venice. 

About  the  middle  of  the  eleventh  century,  Diophantus  was  trans- 
lated into  Arabic,  by  Abulwafa  Buzjani.  In  the  twelfth  century, 
Nassir  Eddin,  a  Mahommedan,  acquired  the  highest  reputation  in  all 
branches  of  literature  and  science.  He  translated  the  Elements  of 
Euclid  into  Arabic,  which,  with  his  commentary,  was  printed  at  Rome, 
in  1594,  under  the  patronage  of  the  Medici.  He  is  also  reported  to 
have  written  commentaries  on  the  Spherics  of  Theodosius  and  Mene- 
laus. 

The  Kholasat  al  Hisab^  is  a  compendium  of  Arithmetic  and  Geo- 
metry, composed  by  Baha  Eddin,  who  died  a.d.  1575.  The  Arabic 
text,  and  a  Persian  commentary  written  by  Roshan  Ali,  were  printed 
at  Calcutta,  in  1812.  In  this  treatise,  Baha  Eddin  remarks,  that 
'*  Learned  Hindus  have  invented  the  well-known  nine  figures  for 
them;"  meaning  the  Arabians. 

The  Arabian  mathematicians  are  not  noted  for  any  very  important 
discoveries  or  iniprovements  in  Geometry.  There  is,  however,  one 
improvement  in  Trigonometry  of  considerable  importance,  to  which 
they  have  an  undoubted  claim.     The  Greeks  in  their  astronomical  cal- 
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dilations  employed  the  chords  of  arcs;  but  the  Arabians  introduced 
the  sines^  or  half  the  chord  of  the  whole  arc^  which  led  to  greater  sim- 
plicity in  calculation. 

During  the  middle  ages  but  few  names  have  come  down  to  us  of 
men  who  were  skilled  in  the  mathematical  sciences.  Beda^  commonly 
called  the  Venerable  Bede^  was  bom  a.  d.  672,  near  Wearmouth,  in  the 
bishopric  of  Durham ;  he  was  the  first  of  the  Anglo-Saxon  historians. 
His  Ecclesiastical  History  was  completed  in  a.  d.  731 :  his  writings 
are  numerous^  and  the  first  collection  of  them  was  printed  at  Paris^  in 
1544. 

Athelard  or  Adelard,  was  a  monk  of  Bath>  and  the  first  who  made 
known  in  England,  Euclid's  Elements  of  Geometry.  This  he  did  by 
making  a  translation  from  the  Arabic  into  Latin,  long  before  any  Greet 
copies  of  Euclid  were  known.  He  is  said  to  have  travelled  into  France, 
Germany,  Italy,  Spain,  Egypt  and  Arabia,  to  increase  his  knowledge. 
He  also  wrote  numerous  works ;  some  MS.  copies  of  which  are  said  by 
Vosslus  to  be  in  some  of  the  College  Libraries,  at  Oxford.  The  works 
of  Ptolemy,  the  astronomer  of  Alexandria,  became  known  to  the  learned 
of  these  times  through  the  same  language  as  the  works  of  Euclid. 

A  Treatise  on  ^e  Sphere,  by  John  de  Sacro  Bosco,  or  John  of 
Holywood,  was  first  put  forth  in  the  early  part  of  the  thirteenth  cen«> 
tury.  It  is  asserted  by  Montucla  (i.  p.  506),  to  be  only  an  abridgment 
of  Ptolemy.  MS.  copies  of  it  exist,  and  it  has  been  printed  several 
times ;  there  is  also  a  commentary  on  this  treatise,  written  by  Clavius. 

Hoger  Bacon,  an  English  monk  of  the  Franciscan  order,  was  born 
near  Ilchester,  in  Somersetshire,  in  1214.  He  studied  first  at  Oxford, 
and  afterwards  at  Paris,  and  became  the  most  celebrated  philosopher  of 
bis  age.  Of  his  writings,  which  are  numerous,  some  only  have  been 
printed ;  his  tract  on  Chronology  has  not  been  printed.  By  his  great 
skill  in  astronomy^  he  discovered  the  error  which  gave  occasion  for  the 
reformation  of  the  Calendar,  and  his  plan  was  afterwards  followed  by 
Pope  Gregory  XIII,  with  this  variation,  that  Bacon  would  have  had  the 
correction  to  begin  from  the  birth  of  our  Saviour ;  whereas  Gregory's 
amendment  reached  no  higher  than  the  Nicene  Council.  His  great 
knowledge  of  the  sciences  in  an  ignorant  age,  no  doubt  gave  rise  to  the 
story  of  his  having  dealings  with  the  deVil. 

John  de  Basingstoke,  who  died  a.d.  1252,  is  reported  to  have  Intro* 
duced  into  England  the  knowledge  of  the  Greek  numerals.  His  merits 
and  learning  recommended  him  to  the  favour  of  Robert  Grossetete, 
then  bishop  of  Lincoln,  who  is  reported  by  Roger  Bacon  to  have 
excelled  in  Geometry  cmd  the  other  mathematical  sciences,  and  to  have 
spent  many  years  in  the  study  of  them. 

Grossetete  wrote  on  many  subjects,  and  some  of  his  pieces  are  still 
extant.  He  is  reported  to  have  studied  first  at  Cambridge,  afterwards 
at  Oxford,  and  lastly  at  Paris ;  he  was  made  Bishop  of  Lincoln  in 
1235. 

About  the  year  1261  another  translation  of  Euclid's  Elements  of 
Geometry  from  the  Arabic  was  made  into  Latin,  by  Campanus  of 
Novara,  who  also  wrote  a  Commentary  on  Euclid.  It  was  printed  at 
Venice,  in  1482,  without  a  title-page,  by  Erhardus  Ratdolt,  and  was 
the  first  printed  edition  of  the  Elements  in  Latin.  The  translation  of 
Campanus  has  been  supposed  by  some  to  be  only  a  revision  of  the 
translation  which  had  been  made  by  Adelard.     It  is  possible  he  might 
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have  revised  and  improved  Adelard's  translation^  and  annexed  his  Com- 
mentary ;  hut  this  could  only  he  determined  hy  a  collation  o£  early 
MS.  copies  of  the  two  versions.  Campanus  was  the  author  of  a  treatise 
on  the  Quadrature  of  the  Circle,  which  has  heen  printed,  in  the  Ap- 
pendix to  the  Margarita  Filosofica. 

In  the  thirteenth  century,  Vitello,  a  native  of  Poland,  displayed  an 
intimate  knowledge  of  the  geometrical  writings  of  the  Arabians  and 
Greeks.  He  is  chiefly  celebrated  for  the  treatise  on  Optics,  which  he 
composed  from  the  writings  of  the  Greeks  and  Arabians  on  that 
science.  It  was  printed  in  1572:  he  also  translated  the  Spherics  of 
Theodosius. 

As  geometers  in  the  fourteenth  century,  Chaucer  and  Wallingfort 
may  be  mentioned.  Chaucer,  the  father  of  English  poetry,  was  bom 
in  London,  a.d.  1328,  and  died  at  the  age  of  seventy-two.  He  is  said 
to  have  been  learned  in  all  the  sciences.  He  was  the  author  of  a 
treatise  on  the  Astrolabe,  in  which  he  describes  the  methods  of  astro- 
nomical observation  known  in  his  day :  it  has  been  printed. 

Richard  Suisset  or  Swineshead  wrote  a  work  called  '^the  Calcu- 
lator."    It  is  highly  commended  by  Cardan,  and  has  been  printed. 

Thomas  Bradwardine,  Archbishop  of  Canterbury,  in  the  time  of 
Edward  III.  was  the  author  of  a  work  entitled  "  Geometria  Speculativa 
cum  Arithmetica  Speculativa."  He  also  wrote  "de  Proportionibus," 
and  '^  de  Quadratura  Circuli."  Bradwardine  was  the  most  distinguished 
geometrician  of  his  time.  He  died  a.d.  1348:  his  work  on  Geometry 
was  printed  in  1495. 

George  of  Purbach,  commonly  called  Purbach,  was  bom  in  1423, 
at  a  town  of  that  name  on  the  confines  of  Bavaria  and  Austria,  and 
became  the  most  eminent  astronomer  and  mathematician  of  his  time. 
He  amended  the  Latin  translation  of  Ptolemy's  Almagest,  which  had 
been  made,  not  from  the  Greek  original,  but  from  the  Arabic  trans- 
lation. He  also  corrected,  by  means  of  the  Greek  text,  the  translation 
of  Archimedes,  made  by  Gerrard  of  Cremona,  and  wrote  commentaries 
on  those  books  of  Archimedes  which  Eutocius  had  omitted.  He  trans- 
lated the  Conies  of  Apollonius,  and  made  a  Latin  version  of  the  Spherics 
of  Theodosius  and  Menelaus;  and  of  the  book  of  Serenus  on  Cylinders. 
He  composed  an  introduction  to  Arithmetic,  and  a  treatise  on  Dialling 
and  Gnomonics.  He  also  made  very  great  improvements  in  Trigo- 
nometry by  introducing  the  table  of  Sines,  and  a  new  division  of  the 
radius  into  600,000  instead  of  60  equal  parts.  He  thus  completely 
changed  the  appearance  of  that  science,  so  important  in  Astronomy. 

John  MuUer,  or,  as  he  was  called,  Regiomontanus,  from  the  Latin- 
ized name  of  his  native  town,  Konigsberg,  died  at  Rome,  in  1476,  at 
the  early  age  of  forty  years :  he  had  been  invited  thither  by  Pope 
Sixtus  I V .  to  assist  in  rectifying  the  Calendar.  Muller  was  the  disciple 
and  friend  of  Purbach ;  after  whose  premature  death,  he  revised  and 
completed,  at  Rome,  the  Latin  version  of  Ptolemy,  which  Purbach  had 
left  unfinished;  he  also  further  improved  Purbach's  division  of  the 
radius.  He  rejected  the  sexagesimal  subdivision  of  the  radius,  and 
made  it  to  consist  of  1,000,000  equal  parts.  With  this  new  division, 
he  computed  the  sines  of  arcs,  to  every  minute  of  the  quadrant,  to 
seven  places  of  figures;  he  also  annexed  a  table  of  secants.  His 
celebrated  treatise  on  Triangles,  in  five  books,  was  not  published  in 
his  lifetime,  and  did  not  appear  till  1533,  when  it  was  edited  and 
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published  by  Schener.  The  solutions  of  the  more  difficult  cases  of 
plane  and  spherical  triangles  are  to  be  found  in  his  work ;  and^  with 
the  exception  of  what  Spherical  Trigonometry  owes  to  Napier^  that 
science  may  be  said  to  have  made  but  small  advances  for  more  than  two 
centuries  afler  the  age  of  Muller.  In  his  work  on  Triangles  he  gave  a 
table  for  finding  the  angle  of  a  right-angled  triangle^  from  the  base  and 
perpendicular^  without  knowing  the  hypothenuse.  This  table,  which 
he  styled  ''  Canon  Fcecundus/'  was  calculated  for  every  degree  of  tlie 
quadrant,  and  was,  in  reality,  a  table  of  tangents,  which  he  was  the  first 
to  introduce  into  the  science  of  Trigonometry.  He  added  also  many 
new  theorems  to  that  science ;  and  after  him  few  improvements  were 
made  in  it  till  the  time  of  Euler.  His  fifth  book  contains  numerous 
problems  concerning  rectilinear  triangles,  of  which  some  are  solved  by 
Algebra.     The  tables  of  Regiomontanus  were  printed  in  ]  490. 

The  revival  of  ancient  literature  in  Europe,  about  the  middle  of  the 
fifteenth  century,  contributed  to  bring  the  mathematical  writings  of 
the  Greeks  into  notice ;  and  the  dbcovery  of  the  art  of  printing,  about 
the  same  time,  was  the  commencement  of  a  new  era  in  literature  and 
science.  The  writings  of  the  ancients  were  now  no  longer  confined  in 
MS.  to  the  religious  houses,  and  to  the  few  who  had  the  means  of 
purchasing  copies  of  the  manuscripts.  The  fall  of  the  Eastern  empire, 
and  the  capture  of  Constantinople  by  the  Turks,  in  1458,  drove 
many  Greeks  to  seek  their  safety  and  subsistence  in  Italy  and  other 
parts  of  Europe.  These  became  living  instructors  in  the  Greek  lan- 
guage, and  very  much  facilitated  its  revival  in  Italy.  As  the  literature 
of  the  Greeks  became  known,  their  mathematical  writings  also  attracted 
notice :  they  were  printed  and  translated,  and  published  with  commen- 
taries. Restorations  also  of  lost  treatises  were  attempted  by  mathe- 
maticians of  that  and  following  centuries. 

Mr  Hallam  in  a  note,  p.  157,  Vol.  i.  of  his  History  of  the  Middle 
Ages,  remarks,  '^  It  may  be  considered  a  proof  of  the  attention  paid  to 
Geometry  in  England,  that  two  books  of  Euclid  were  read  at  Oxford, 
about  the  middle  of  the  fifteenth  century."  With  respect  to  the  mathe- 
matical science  of  the  middle  ages,  though  we  do  not  find  any  original 
writers  who  made  additions  to  it  by  their  discoveries;  there  must,  in 
jastice^  be  conceded  to  the  men  of  those  times,  the  possession  of  no 
mean  or  scanty  knowledge  of  Geometry*  The  splendid  ecclesiastical 
buildings  of  the  middle  ages,  which  are  still  standing  both  in  Great 
Britain  and  in  the  south  and  west  of  Europe,  evince  in  their  structure 
a  practical  knowledge,  at  least,  of  some  of  the  most  difficult  problems 
of  Geometry  and  the  science  of  Equilibrium. 

Lucas  de  Burgo's  work,  entitled  "Summa  de  Arithmetica,  Geo- 
metria,  &c"  was  published  in  1494.  Fifteen  years  later  he  published 
the  Latin  translation  of  Euclid,  which  had  been  made  from  the  Arabic 
by  Campanus. 

Copemik,  or  (as  he  is  commonly  called)  Copernicus,  was  bom  at 
Thorn  in  Prussia,  in  1473^  and  his  name  is  immortalized  by  his  dis- 
covery of  the  true  Solar  system.  The  motion  of  the  sphere,  of  the  fixed 
stars  with  the  sun  and  moon  round  the  earth,  in  twenty-four  hours, 
appeared  to  him  too  complex ;  and  he  felt  persuaded  that  such  could  not 
be  the  system  of  nature.  The  Pythagoreans  and  some  later  philo- 
sophers had  held  the  rotation  of  the  earth  round  its  own  axis,  and  its 
revolution  round  the  sun.    Copernicus  collected  the  writings  of  pre- 
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iH}iiil^(  liMtnuuMniers.  and  examined  all  the  hypotheses  they  had  devised^ 
dm  iKu  explanation  of  the  phaenomena  of  the  heavens :  the  result  of  his 
laU»urM  was  his  great  work^  '*  De  Revolutionibus  Orbium  Coelestiuni^'* 
labjTi  VI.  It  was  completed  in  1530,  but  was  not  published  till  a 
vory  tew  lUys  before  his  death  in  1543.  In  the  title-page  is  quoted 
the  ailmonition  of  Plato,  ayeufiirprira!  ovlcK  eiViTO).  Copernicus  was 
the  author  of  a  tract  on  Plane  and  Spherical  Trigonometry,  which 
cimtained  a  Table  of  Sines.  It  was  first  printed  at  Nuremberg,  and 
afterwards  at  the  end  of  the  first  book  of  his  great  work,  De  RevolUi* 
tionibus,  &c.  The  publication  o£  this  work  was  superintended  by 
George  Joachim  Rhieticus,  the  disciple  and  latterly  the  assistant  of 
Copernicus,  in  his  astronomical  labours.  He  was  bom  in  1514,  and 
diwi  in  1576  at  Feldkirk  in  the  Tyrol.  With  the  view  of  making 
astronomical  calculations  more  accurate,  he  commenced  a  table  of 
sines,  tangents,  and  secants  for  every  ten  seconds  of  the  quadrant, 
to  fifteen  places  of  figures ;  which  he  did  not  live  to  complete.  This 
work  was  completed  and  published  by  his  disciple  Valentine  Otho  in 
1596.  The  table  of  sines  for  every  ten  seconds,  and  for  every  second 
in  the  first  and  last  degrees  of  the  quadrant,  which  he  had  completed^ 
was  published  in  l6l3  by  Pitiscus,  who  extended  the  value  of  some  of 
the  latter  sines  to  twenty-two  places  of  figures. 

Nicholas  Tartaglia  was  a  celebrated  mathematician,  bom  at  Brescia 
in  1479*  He  was  the  original  discoverer  of  the  solution  of  Cubic  Equa- 
tions, which  he  first  effected  in  1530,  and  which  Cardan,  who  has 
generally  had  the  merit  of  the  discovery,  surreptitiously  obtained  from 
im.  The  treatise  of  Tartaglia  on  the  Theory  and  Practice  of  Gun- 
nery, is  the  earliest  which  treated  of  the  motion  of  projectiles.  He  also 
published  an  edition  of  Euclid's  Elements,  in  Italian,  with  a  Commen- 
tary. The  last  part  of  his  great  work,  '*Trattato  de  Numeri  et  Misure," 
was  published  in  1558. 

John  Werner  of  Nuremberg,  one  of  the  most  distinguished  astrono- 
mers and  geometers  of  his  day,  was  bom  in  1468  and  died  in  1528  :  he 
was  the  first  who  attempted  to  restore  the  geometrical  analysis  of  the 
ancient  Greeks.  In  his  "Opera  Mathematica,"  which  he  published  in 
1522,  will  be  found  what  he  effected,  both  in  the  Conic  Sections  and  in 
some  solid  problems.     He  also  wrote  a  work  on  Triangles. 

Zamberti  msfde  the  first  translation  of  Euclid's  Elements,  from  the 
original  Greek  into  Latin,  which  he  published  at  Venice  in  1505.  The 
original  Greek  was  first  published  at  Basle  in  1533,  edited  by  Simon 
Grjmseus.  This  edition  of  Euclid  was  the  foundation  of  Commandine's 
translation  in  1572,  as  it  has  been,  in  great  measure,  that  of  later 
editions. 

During  the  sixteenth  century  Euclid  was  held  in  so  high  estimation 
among  mathematicians,  that  no  attempts  appear  to  have  been  made  to 
advance  the  science  of  Geometry,  beyond  the  point  at  which  he  left  it. 
Commentaries  and  translations  seem  to  have  been  almost  all  they  at^ 
tempted. 

Erasmus  Reinhold  wrote  commentaries  on  Euclid's  Elements  and 
the  great  work  of  Copemicus.  He  was  bom  at  Salfeldt  in  Thuringia 
in  1511,  and  died  in  1553,  and  was  considered  one  of  the  most  eminent 
mathematicians  of  his  time.  He  wrote  on  Plane  and  Spherical  Tri- 
^angles,  improved  Muller's  Tables  of  Sines  and  Tangents,  and  was  the 
author  of  numerous  other  works  on  the  sciences. 
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F.  Maurolyco>  of  Messina,  was  bom  in  1494,  and  died  in  1575  ;  he 
made  some  improvements  in  Trigonometry,  and  edited  the  Spherics  of 
Theodosius  and  Autolycus ;  he  also  published  his  "  Emendatio  et  Res- 
titutio Conicorum  Apollonii  Pergaei,"  in  1575. 

Frederick  Commandine  was  born  at  Urbino  in  1509,  and  died  in 
1575 :  he  is  justly  accounted  one  of  the  first  geometers  of  his  age. 
He  composed  several  original  works  on  the  sciences;  but  is  chiefly 
known  for  his  translations  of  several  of  the  Greek  geometers,  of  whose 
works  some  had  not  previously  been  translated  into  Latin.  He  trans- 
lated the  geometrical  writings  of  Archimedes,  and  wrote  a  com- 
mentary upon  them;  also  four  books  of  the  Conies  of  Apollonius 
Pergaeus^  with  the  Lemmas  of  Pappus  and  the  Commentaries  of  Euto- 
dus,  together  with  Serenus  on  Sections  of  the  Cone  and  Cylinder.  He 
was  the  first  who  translated  the  last  six  books  of  the  Mathematical  Col- 
lections of  Pappus  into  Latin,  which  were  published  after  his  death,  in 
1588,  by  the  munificence  of  the  duke  of  Urbino.  The  edition  most 
commonly  met  with  is  that  of  Manolessius,  printed  in  1660.  This 
translation  of  Pappus  first  directed  the  attention  of  mathematicians  to 
the  subjects  of  the  lost  works  of  the  ancient  geometers,  and  gave  rise 
to  various  attempts  for  the  restoration  of  several,  which  are  described 
in  the  preface  to  the  seventh  book.  Commandine's  translation  of 
EucEd  with  a  commentary,  was  put  forth  in  1572.  An  Italian  version 
was  published  under  his  direction  in  1575.  An  English  translation  of 
the  Latin  version  was  published  in  1715,  by  Dr  John  Kiel,  at  that  time 
Savilian  Professor  of  Astronomy  at  Oxford.  Commandine  also  trans- 
lated into  Latin,  an  Arabic  version  of  Euclid's  tract  on  the  Division  of 
Surfaces. 

To  this  period  belongs  John  Dee,  a  man  distinguished  for  his 
mathematical  and  astrological  knowledge.  He  was  educated  at  St 
John's  College,  Cambridge,  where  he  chiefly  devoted  his  attention  to 
mathematical  studies.  He  was  made  one  of  the  fellows  of  Trinity 
College,  at  its  foundation  by  Henry  VI H.,  and  afterwards,  as  we  learn 
from  Lilly's  Memoirs,  read  lectures  on  Euclid  at  Rheims.  He  wrote  a 
learned  preface,  of  fifty  folio  pages,  to  Billingsley's  Euclid :  it  bears  the 
date  of  February  9»  1570,  and  was  written  at  Mortlake.  He  translated 
mto  English  the  tract  on  Division  of  Surfaces,  from  the  Latin  version 
of  Commandine. 

To  Hennr  Billingsley,  a  citizen  of  London,  is  due  the  merit  of 
making  the  nrst  English  translation  of  Euclid's  Elements  of  Geometry. 
It  comprises  the  whole  of  the  13  books,  with  the  14th  and  15th  which 
were  added  by  Hypsicles,  and  a  l6th  by  Flussas.  It  was  chiefly  made 
from  the  Latin  of  Campanus,  and  contains  a  commentary,  besides  the 
preface,  by  John  Dee,  above-mentioned.  It  was  first  published  in 
1570  in  a  large  folio  volume ;  and  a  second  edition  was  edited  by  Leeke 
and  Serle  in  l66l. 

Francis  Vieta  was  bom  at  Fontenoy  in  Lower  Poitou  in  1540,  and 
was  a  man  of  original  genius,  as  is  manifest  from  his  discoveries  and 
improvements  in  different  branches  of  the  mathematical  sciences. 
He  introduced  the  use  of  letters  into  Algebra,  and  invented  many 
tiieorems.  He  effected  great  improvements  in  Geometry,  made  con- 
siderable additions  to  the  science  of  Trigonometry,  and  reduced  it  to  a 
system.  He  wrote  a  treatise  on  Angular  Sections,  and  restored  the 
tract  of  Apollonius  on  Tangencies,  which  he  published  with  the  title  of 
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Apollonius  Gallus.    His  collected  works  were  published  at  Leydeii  by 
Schooten. 

Galileo  Galilei^  the  cotemporary  of  Milton  and  friend  of  Kepler^ 
was  bom  at  Pisa  in  Tuscany  in  1564^  and  at  a  very  early  age^  gave 
evidence  of  great  genius  for  geometrical  and  philosophical  pursuits. 
This  became  more  evident  while  he  was  under  the  direction  of  Guide 
Ubaldi  at  the  University  of  Pisa.  From  the  time  of  Archimedes^  a 
period  of  nearly  2000  years^  little  or  nothing  had  been  done  in  Mechani- 
cal Geometry^  tUl  Gahleo  first  extended  the  bounds  of  that  science  by 
the  application  of  Geometry  to  Motion.  He  first  taught  the  true  theory 
of  uniformly  accelerated  and  retarded  motions^  and  of  their  composition^ 
and  proved  that  the  spaces  described  by  heavy  bodies^  foUing  freely 
from  the  beginning  of  their  motion^  are  as  the  squares  of  the  times. 
Contrary  to  the  general  belief^  he  maintained  that  all  bodies^  whether 
light  or  heavy^  fall  to  the  earthy  through  the  same  space  in  equal  times ; 
and  attempted  to  verify  the  truth  of  his  proposition  by  experiment.  The 
two  bodies^  however^  which  he  let  fall  from  the  top  of  the  hanging  tower 
of  Pisa^  did  not  reach  the  ground  exactly  at  the  same  instant.  The  reason 
Galileo  assigned  was  that  the  resistance  of  the  air  retarded  the  lighter 
body  more  than  the  heavier.  He  invented  the  cycloid,  and  the  simple 
pendulum  which  he  used  in  his  astronomical  experiments.  The  applicaf* 
tion  of  the  pendulum  to  clocks  was  made  by  his  son ;  and  subsequently 
brought  to  perfection  by  Huygens.  Galileo  first  proved  that  a  body  pro- 
jected in  any  direction  not  perpendicular  to  the  horizon  describes  a  para- 
bola ;  and  it  may  be  remarked  that  the  Geometry  of  Galileo  was  wnolly 
applied  to  explain  and  advance  the  science  of  Motion.  The  invention,  in 
1609,  of  the  refracting  telescope  which  still  bears  his  name,  disclosed  new 
views  of  the  solar  system.  By  the  aid  of  this  he  discovered  that  the 
moon  is  an  opaque  body  with  mountains  and  vallies,  and  that  she 
receives  her  light  by  reflection  from  the  sun.  He  also  put  forth  the 
conjecture  that  the  moon  might  be  an  inhabited  world  like  the  earth. 
He  observed  the  different  phases  of  the  planet  Venus,  proving  her  motion 
round  the  sun.  He  discovered  four  of  Jupiter's  satellites,  and  caught 
an  imperfect  view  of  the  ring  of  Saturn,  which  at  the  time  of  his  obser- 
vation appeared  like  two  small  stars,  one  on  each  side  of  the  planet's 
disk.  He  was  the  first  who  discovered  spots  on  the  sun's  disk,  and 
from  their  varying  position  he  inferred  the  motion  of  the  sun  on  its  axis. 
By  his  telescope  he  also  discovered  that  the  whiteness  of  the  Milky 
Way  is  caused  by  innumerable  stars  apparently  more  close  together 
than  in  the  other  parts  of  the  heavens.  His  celebrated  work,  the  '*  Dia- 
logues on  the  Ptolemaic  and  Copemican  Systems,"  was  published  at 
Florence,  in  16*32;  and  though  dedicated  to  Ferdinand  II.,  brought 
Galileo  under  the  hatred  of  the  Jesuits,  and  the  power  of  the  Inqui- 
sition. In  June  1632,  that  court  condemned  him  of  heresy,  for  teaching 
that  the  sun  is  the  centre  of  the  solar  system,  and  that  the  earth  re- 
volves on  its  own  axis,  and  moves  round  the  sun.  He  was  obliged,  on 
his  knees,  to  abjure  his  belief  of  all  he  had  advanced  in  his  Dialogues, 
and  to  swear,  that  for  the  future,  he  would  never  assert  or  write  any 
thing  in  favour  of  such  heretical  opinions.  He  was  sentenced  to  im- 
prisonment during  the  pleasure  of  tne  court ;  and  for  a  certain  time  to 
recite  daily  the  seven  penitential  psalms.  Galileo  is  reported  to  have 
whispered  in  the  ears  of  a  friend,  as  he  rose  from  his  knees,  '^£  pur 
9e  muove." 
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The  influence  of  his  powerful  friends  no  doubt  moderated  the 
sentence  of  the  Inquisition^  whose  proceedings  in  what  they  called 
heresy,  were  always  of  the  most  cruel,  frequently  of  the  most  horrid 
description.  Galileo  was  nevertheless  kept  strictly  confined  in  the 
prison  of  the  Inquisition  for  two  years.  Even  when  upwards  of  70 
years  of  age,  new  rigours  were  exercised  against  him,  on  account  of 
some  fresh  suspicions  of  pope  Urban  VIII.,  which  were  inflamed  by 
the  philosopher's  inveterate  foes,  the  Jesuits.  His  health  greatly  suf- 
feredj  and  he  was  afterwards  released  from  confinement ;  but  became 
blind  some  years  before  his  death.  During  this  period  he  finished  his 
dialogues  on  Motion.  His  death  took  place  in  1 642,  at  the  age  of  78.  Most 
of  the  works  of  Galileo  were  collected  and  printed  in  1656;  they  were 
translated  into  English  by  T.  Salusbury,  and  published  in  l66l,  in  his 
Mathematical  Collections.  A  more  complete  collection  of  his  works 
was  published  at  Milan,  in  1811.  At  Florence,  in  1674,  was  published 
a  work  of  Oahleo,  under  the  title  of  ^'  Quinto  Libro  de  gli  Elementi 
d'Eudidij  &c,"  by  Vincenzio  Viviani,  one  of  his  distinguished  pupils. 
Christopher  Clavius  was  born  at  Bamberg  in  Germany,  in  1537, 
and  died  at  Rome,  in  l6l2:  his  writings  on  the  mathematical  sciences 
were  collected  and  printed  at  Mayence,  in  ^ve  folio  volume,  in  l6l2: 
he  superintended  the  reformation  o£  the  Calendar  under  the  direction 
of  pope  Gregory  XIII.  He  was  skilled  in  the  ancient  Geometry,  and 
edited  several  of  the  Greek  mathematical  writings,  and  on  some  of 
them  he  wrote  commentaries,  among  which  may  be  mentioned  the 
Elements  of  Euclid.  He  was  the  author  of  a  work  on  Practical  Geo- 
metry, and  of  a  commentary  on  Sacro  Bosco's  treatise  on  the  Sphere, 
which  works  were  first  published  in  1570.  He  was  a  zealous  cultivator 
of  the  scdences;  but  no  discoveries  or  improvements  are  attributed  to 
him. 

Willebrod  Snell  was  a  man  of  original  genius:  he  was  bom  at 
Leyden,  in  I59I9  and  died  in  I626.  To  him  is  attributed  by  Huygens 
the  discoveiy  of  the  law  of  the  refraction  of  light,  before  it  was  made 
known  by  bescartes.  He  was  a  skilful  geometer,  and  published  in 
I6O8,  with  the  title  of  Apollonius  Batavus,  his  attempted  restoration  of 
three  tracts  of  Apollonius  ^'De  Sectione  Determinata,"  ^'De  Sectione 
Rationis,"  and  "De  Sectione  Spatii."  The  tract  "De  Sectione  Deter- 
minata"  was  translated  into  English  by  the  Rev.  J.  Lawson,  and  pub- 
lished in  1772*  This  tract  is  imperfectly  restored,  as  there  is  omitted 
the  distinction  of  the  situation  of  the  points ;  and  there  is  no  complete 
exposition  of  the  determinations.  He  also  wrote  a  tract  on  the  Circle ; 
in  which  are  given  various  approximations,  both  geometrical  and  arith- 
metical. Ludolph  Van  Ceulen  is  also  noted  for  having  calculated  the 
ratio  of  the  diameter  to  the  circumference  of  the  circle,  to  thirty-five 
(daces  of  decimals. 

Sir  Henry  Savile,  an  accomplished  scholar,  founded  two  professorships 
at  Oxford;  one  of  Geometry,  and  the  other  of  Astronomy,  in  l6l9» 
As  the  first  Savilian  professor  of  Geometry,  he  delivered  thirteen  lec- 
tures on  the  first  book  of  Euclid's  Elements  of  Geometry,  in  I62O, 
which  he  published  in  Latin  during  the  following  year.  In  1585  he 
Was  appointed  Warden  of  Merton  College,  and  Provost  of  Eton  in  I596; 
tile  former  appointment  he  held  for  thirty-six  years.  In  1613  he  pub- 
iiahed  the  works  of  Chrysostom  in  Greek,  and  was  the  author  and 
editor  of  several  other  works. 
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Leonard  Digges  was  a  mathematician  of  some  note^  and  the  author 
of  a  treatise  on  Geometry^  in  three  books^  which  he  called  Pantometria, 
It  was  published  by  his  son  in  1591^  witli  a  supplementary  book  on  the 
five  regular  solids. 

The  ancient  Geometry  of  the  Greeks  was  considered  perfect^  as 
indeed  within  the  bounds  of  its  legitimate  province  it  is;  and  no 
attempts  were  made  to  improve  or  extend  the  methods  handed  down 
from  the  ancients  till  the  time  of  Kepler.  He  was  born  at  Wiel^  in 
1571,  and  died  in  1630:  he  introduced  the  new  principle  of  infinity 
into  Geometry.  He  conceived  a  circle  to  be  made  up  of  an  infinite 
number  of  infinitely  small  triangles  with  their  vertices  in  the  centre, 
and  their  bases  coinciding  with  the  circumference  of  the  circle.  A 
cone^  in  the  same  manner,  was  supposed  to  consist  of  an  infinite  number 
of  indefinitely  small  pyramids.  This  idea  of  Kepler  lies  at  the  foun- 
dation of  the  higher  analysis.  He  published  his  views  in  a  work 
entitled  ''Nova  Stereometria,"  in  l6l5,  which  have  been  discussed 
under  the  names  of  "  Infinitesimals ;"  "  Fluxions  and  Fluents  ;"  "  Dif- 
ferential and  Integral  Calculus." 

Pierre  de  Fermat  was  bom  in  1595,  and  died  in  l665;  though  a 
person  of  extraordinary  vanity,  he  was  a  mathematician  of  original 
genius.  He  attempted  the  restoration  of  the  two  books  of  Apollonius 
on  Plane  Loci :  he  has  given  the  synthesis,  but  omitted  the  analysis  of 
the  propositions;  he  has  also  omitted  the  distinction  of  cases  of  each 
proposition,  and  has  not  ascertained  the  determinations.  He  wrote  a 
treatise  on  Spherical  Tangencies,  in  which  he  has  demonstrated,  in  the 
case  of  spheres,  properties  analogous  to  those  which  Vieta  had  before 
demonstrated  in  his  restoration  of  Apollonius  on  Tangencies.  He  was 
the  author  of  a  treatise  on  Geometric  Loci,  both  plane  and  solid.  Fer- 
mat had  acquired  some  general  notion  of  the  Porisms  of  Euclid.  He 
was  the  autnor  of  a  method  of  maxima  and  minima,  and  of  the  qua- 
drature of  parabolas  of  all  orders,  besides  several  discoveries  in  the  pro- 
perties of  numbers,  one  of  which  still  bears  the  name  of  Fermat's 
theorem.  His  collected  works  were,  after  his  death,  published  at 
Toulouse,  in  I679. 

Descartes  was  born  in  1596,  and  died  at  Stockholm  in  1650.  He  was 
the  cotemporary  of  Galileo,  Fermat,  Roberval,  and  many  other  celebrated 
mathematicians.  He  has  been  cited  as  the  inventor  of  the  New  Geo- 
metry, or,  as  it  is  called.  Analytical  Geometry;  the  foundation  of 
which,  however,  had  certainly  been  laid  before  his  time.  Algebra  had 
been  applied  to  Geometry  by  Vieta,  and,  to  some  extent,  by  other 
mathematicians.  But  though  he  did  not  originate,  he  certainly  ex- 
tended the  limits  and  powers  of  Analytical  Geometry,  by  the  discovery 
of  a  new  principle.  The  use  of  co-ordinates  appears  for  the  first  time, 
though  under  a  different  name,  in  the  second  book  of  his  Geometry, 
which  was  published  in  1637*  He  first  taught  the  method  of  ex- 
pressing curves  by  equations.  The  simple  conception  of  expressing 
curve  lines  by  means  of  equations  between  the  two  variable  co-ordi- 
nates of  a  point  in  the  curve ;  and  curve  surfaces  by  means  of  equations 
which  contain  the  three  co-ordinates  of  any  variable  point  in  the  sur- 
face, has  led  to  a  new  science,  and  entitles  the  discoverer  to  be  classed 
amongst  men  of  profound  genius.  This  discovery  and  its  applications 
by  means  of  the  higher  analysis,  have  given  a  power  to  Geometry  before 
unknown.  In  the  Epistles  of  Descartes,  which  were  printed  in  1683,  h^ 
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^marks  (Part  iii.  Ep.  72),  "In  searching  out  the  solution  of  geo- 
metrical questions,  I  always  make  use  of  lines  paraUel  and  perpen- 
dicular as  much  as  possible :  and  I  consider  no  other  theorems  than 
the  twQ  following;  the  sides  of  similar  triangles  are  proportionals; 
and  in  right-angled  triangles  the  square  of  the  hypothenuse  is  equal  to 
the  squares  of  the  two  sides.  And  I  am  not  afraid  to  suppose  several 
unknown  quantities,  that  I  may  reduce  the  proposed  equation  to  such 
terms  as  thjEit  it  may  depend  on  no  other  theorems  than  these  two." 

Buenaventura  Cavalieri,  better  known  by  the  Latinized  appellation, 
Cavalerius,  was  born  at  Milan  in  1598.     He  was  a  pupil  of  the  cele- 
brated Galileo,  and  became  Professor  of  Mathematics  at  Bologna ;  he 
died  in  1647*    He  was  the  author  of  several  works  on  the  mathematical 
sciences,  the  most  important  of  which  is  a  treatise  on  Indivisibles  in 
seven  books,   which  ne  put  forth  in  1635 :   it  is  important  as  be- 
ing one  of  the   first  attempts  to  extend   the  powers  of  the  ancient 
Geometry.     He  conceived  a  line  to  be  made  up  of  an  infinite  number 
of  points ;  a  surface  to  be  formed  of  an  infinite  number  of  such  lines ; 
and  a  solid  to  be  composed  of  an  infinite  number  of  such  surfaces. 
These  elements  of  geometrical   magnitudes   he    named   Indivisibles: 
and  the  principle  he  assumed  in  the  application  of  these  assumptions 
was,  that  the  ratio  of  the  infinite  sums  of  lines,  or  of  planes  as  com- 
pared with  the  unit  of  surface  or  volume,  was  the  same  as  that  of 
the  surface  or  volume  of  which  they  were  the  measures.     He  shewed 
that  his  new  principle  was,  in  effect,  the  same  as  the  method  of  Ex- 
haustions, but  a  more  convenient  mode  of  reasoning,  being  less  tedious 
and  more  direct.     In  the  first  six  books  he  explains  and  applies  his 
theory  of  Indivisibles,  and  in  the  seventh  book  he  proves  the  same 
results  by  methods  independent  of  Indivisibles ;  with  the  view  of  shew- 
ing the  agreement  of  the  results,  and  the  consequent  truth  of  his  new 
principle.      Guldin  controverted  and  wrote  against  the  doctrine  of 
Indivisibles,  and  was  answered  by  Cavalerius  in  the  third  of  his  "  Ex- 
ercitationes  Geometricse  sex,"  which  were  published  in  1647.     This 
work  consists  of  exercises  in  the  Method  of  Indivisibles,  with  answers 
to  Guldin's  objections.     The  method  of  Cavalerius  is  not  free  from 
error,  as  he  applies  the  process  of  simplification  at  too  early  a  stage 
of  the  investigation,  by  which  means  the  strict  logic  of  the  reasoning 
is  violated,  while  the  correctness  of  the  result  is  not  affected. 

Roberval  was  bom  in  l602,  and  adopted  the  theory  of  Cavalerius, 
but  improved  his  modes  of  expression.  His  Traite  des  Indivisibles 
Was  published  in  l693,  after  his  death,  and  contains  his  application 
of  the  new  principles.  His  method  of  drawing  tangents  was  an  ap- 
proximation to  that  applied  afterwards  by  the  principles  of  Fluxions 
fmd  the  Differential  Calculus. 

Albert  Girard  was  a  Fleming  who  displayed  great  genius  in  the 
Mathematics.  He  was  the  first  who  announced  the  restoration  of  the 
tiiree  books  of  the  Porisms  of  Euclid,  in  a  work  on  Trigonometry, 
which  was  printed  at  the  Hague  in  1629*  To  what  extent  he  suc- 
eeeded  is  not  known,  as  the  results  of  his  labours  have  never  been 
published.  To  him  are  due  some  general  theorems  for  the  measuring 
rf  solid  angles. 

Marinus  Ghetaldus  was  a  distinguished  geometer  at  the  beginning 
of  the  seventeenth  century:  he  was  the  author  of  several  works  on  the 
indent  Geometry :  he  attempted,  from  what  could  be  gathered  from 
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Pappus,  a  restoration  of  the  lost  book  of  Apollonius  on  Inclinations, 
and  published  it  in  l607»  with  the  title  of  Apollonius  Redivivus.  In 
the  same  year  also  he  put  forth  a  supplement  to  the  Apollonius  Gallus 
of  Vieta,  and  a  collection  of  problems.  Among  his  other  writings 
may  be  mentioned  his  Archimedes  Promotus^  which  was  first  published 
in  1603. 

Blaise  Pascal  was  bom  at  Clermont  in  1623,  and  at  an  early  age 
gave  proofs  of  extraordinary  ability.  He  was  of  an  enquiring  mind, 
desirous  of  knowing  the  reasons  of  every  thing.  It  is  reported  of  him 
that  whenever  he  could  not  obtain  from  others  sound  reasons,  he  used 
to  seek  them  out  for  himself;  never  giving  his  assent  except  on  con-* 
viction.  Pascal  challenged  the  mathematicians  of  his  day  to  prove 
some  properties  of  the  cycloid;  but  as  the  answers  he  received  from 
Wallis  and  other  eminent  men  were  unsatisfactory,  he  himself  gave 
the  complete  proofs  of  all  the  properties  mentioned  in  his  challenge. 
He  invented  the  arithmetical  machine  which  bears  his  name,  and  was 
the  author  of  some  pieces  on  other  mathematical  subjects.  His  intense 
application  to  study  injured  his  health.  He  became  a  Jansenist,  and 
retired  to  the  Abbey  of  Port  Royal,  near  Paris,  where  he  composed 
his  Provincial  Letters,  and  wrote  his  thoughts  on  Religion  and  other 
subjects.  These  were  published  after  his  death,  which  happened  when 
he  was  only  thirty-nine  years  of  age.  His  works  were  collected  and 
published  at  Paris  in  1779« 

Schooten  was  Professor  of  Mathematics  at  Leyden.  In  l649  he 
published  an  edition  of  Descartes'  Geometry,  and  in  1657  an  original 
work  entitled  Exercitationes  Mathematics.  He  attempted  the  restora- 
tion of  the  Loci  Plani  of  Apollonius.  He  has  given  the  synthesis 
only,  omitting  the  analysis,  except  in  a  few  instances.  He  has  also 
omitted  the  determinations  and  the  distinction  of  cases ;  and  in  the 
preface  he  acknowledges  that  his  attempted  restoration  was  designed 
to  be  an  illustration  of  the  Geometry  of  Descartes,  by  furnishing  ap- 
propriate examples  to  his  method. 

Christian  Huygens  was  bom  at  the  Hague  in  l629»  where  he 
died  in  I696.  He  was  one  of  the  most  ingenious  mathematicians  of 
his  age.  He  was  the  author  of  two  treatises,  one  entitled  ^'  Theore-> 
mata  de  Quadratura  Hyperbolse,  Ellipsis  et  Circuli,  ex  dato  portionum 
gravltatis  centro; "  and  the  other,  "De  Circuli  magnitudine  inventa;" 
which,  at  the  time  of  their  publication,  were  highly  esteemed.  He 
was  also  the  author  of  some  other  pieces  on  Geometry,  which  were 
published  at  Paris  in  I693,  and  he  discovered  the  theory  of  Evolutes. 
His  studies  were  not  confined  merely  to  the  speculative  portion  of  the 
mathematical  sciences,  but  were  extended  to  questions  of  practical 
utility.  Among  them  may  be  named  his  improvements  in  telescopeSp 
and  his  method  of  rendering  the  oscillations  of  pendulums  isochronous. 
He  was  the  discoverer  of  Saturn's  ring,  and  a  third  satellite  of  that 
planet  When  nearly  sixty  years  of  age  he  read  and  admitted  the 
theory  of  centripetal  forces,  and  the  gravitation  of  the  planets  to  the 
sun,  which  had  been  proved  in  Newton's  Principia.  His  writings  are 
numerous. 

Dr  Isaac  Barrow  was  a  distinguished  scholar  and  geometer,  and 
the  tutor  of  Isaac  Newton  when  an  undergraduate  at  Trinity  College. 
Dr  Barrow  was  appointed  Greek  Professor  at  Cambridge  in  I66O,  and 
Gresham  Professor  of  Geometry  in  1662 :  the  latter  office  he  resigned 
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on  his  appointment  to  the  new  Professorship^  founded  at  Cambridge  by 
Mr  Lucas,  in  l663.  This  also  he  resigned,  in  favour  of  Mr  Newton,  in 
1669.  He  became  Master  of  Trinity  College  in  I672,  and  died  in  1677 
at  the  age  of  47  years.  In  1655  he  edited,  in  Latin,  the  thirteen  books 
of  Euclid's  Elements  of  Geometry,  which  were  translated  into  English 
and  published  in  I66O.  He  also  put  forth  Euclid's  Data  in  1657.  His 
Lectiones  Geometricae  were  published  in  I67O,  and  translated  into 
English,  by  Stone,  in  1735.  They  contain  his  method  of  drawing  tan- 
gents to  curves,  which  is  similar  to  that  by  the  method  of  fluxions  or 
the  differential  calculus :  the  difference  being  only  in  the  notation.  His 
Lectiones  Opticaewere  published  in  1669*  He  also  edited  Archimedes, 
Apollonius  and  Theodosius.  The  Lectures  which  he  delivered,  as 
Lucasian  Professor,  were  published  after  his  death  in  l683,  with  the 
title  of  Lectiones  Mathematicse,  and  were  translated  into  English  by 
Kirkby,  in  1734:  they  are  confined  to  Euclid's  Elements  of  Geometry. 
He  also  apphed  the  method  of  indivisibles  to  the  propositions  of 
Archimedes  on  the  Sphere  and  Cylinder.  His  treatise  was  printed  in 
1678. 

Sir  Isaac  Newton  was  one  of  the  greatest  philosophers  that  ever 
lived.  The  inscription  on  the  pediment  of  the  statue  of  Newton  in 
the  chapel  of  Trinity  College,  ^'  Qui  genus  humanum  ingenio  supera- 
vit,"  records  the  unquestioned  judgment  of  posterity.  He  was  the 
original  inventor  of  the  method  of  fluxions  and  fluents;  in  1665,  his 
attention  was  first  directed  to  the  subject,  and  his  method  was  completed 
before  1669*  The  merit  of  the  invention  was  claimed  for  Leibnitz, 
who  had  put  forth,  in  l684,  his  view  of  the  principles  of  infinitesimals 
or  differentials.  The  terms  employed  and  the  notations  adopted  by 
these  two  great  men  were  different;  they  agreed  in  the  substance  and 
object  of  the  theory,  but  there  was  a  considerable  difference  in  their 
ccmception  of  the  principles.  An  angry  controversy  arose  respecting 
these  claims,  and  an  appeal  was  at  lengUi  made  to  the  Royal  Society, 
by  which  a  committee  of  enquiry  was  appointed.  The  result  of  their 
raquiries  and  deliberations  was  a  decision  in  favour  of  Newton.  The 
papers  relating  to  this  enquiry  were  printed  in  1712>  with  the  title  of 
Commercium  Epistolicum  de  Analysi  promota.  His  discoveries  in 
optics,  and  his  new  theory  of  light  and  colours  for  the  explanation  of 
optical  phenomena,  he  did  not  publish  till  1704:  nearly  thirty  years 
after  his  chief  discovery  in  that  science. 

His  greatest  discovery,  however,  was  that  of  universal  gravitation. 
His  thoughts  were  first  led  to  the  subject  in  1666,  just  after  he  had  left 
Cambridge  for  the  country,  on  account  of  the  Plague.  As  he  was 
sitting  alone  in  a  garden,  some  apples  fell  from  a  tree,  and  his  thoughts 
"Were  led  to  the  subject  of  gravity.  He  considered  that  as  this  power 
is  not  found  to  be  sensibly  diminished  at  the  remotest  distance  from 
the  surface  of  the  earth  to  which  we  can  rise,  it  seemed  reasonable  to 
conclude  that  it  must  extend  much  fiirther  than  is  commonly  believed. 
He  enquired :  ^'  Why  not  as  high  as  the  moon  }  and  if  so,  her  motion 
must  be  influenced  by  the  force  of  gravity  :  perhaps  she  is  retained  in 
her  orbit  by  it.  Though  the  power  of  gravity  is  not  sensibly  lessened, 
in  the  little  change  of  distance  at  which  we  can  place  ourselves  from 
the  surface  of  the  earth,  yet  it  is  possible  that  at  the  height  of  the 
moon  this  power  may  differ  much  in  degree  from  what  it  is  here.' 
To. make  an  estimate  of  the  amount  of  this  diminution,  he  consider ed, 
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that  if  the  moon  were  retained  in  her  orbit  by  the  force  of  gravity,  no 
doubt  the  primary  planets  are  carried  round  the  sun  by  the  like  power : 
and  by  comparing  the  periods  of  the  several  planets  with  their  mean 
distances  from  the  sun,  he  found,  that  if  any  power  like  gravity  held 
them  in  their  courses,  its  intensity  must  decrease  inversely  as  the  square 
of  their  distances  from  the  sun.  He  arrived  at  this  conclusion,  from  con- 
sidering them  to  move  in  circles  concentric  with  the  sun ;  from  which 
form  the  orbits  of  the  greater  part  of  them  do  not  greatly  differ.  By 
supposing  therefore  the  force  of  gravity,  when  extended  to  the  moon, 
to  decrease  in  the  same  manner,  he  computed  whether  that  force  would 
be  sufficient  to  keep  the  moon  in  her  orbit  In  this  computation,  taking 
sixty  miles  to  a  degree,  the  result  at  which  he  arrived  did  not  shew 
the  power  of  gravity  to  decrease  as  the  inverse  square  of  the  moon's 
distance  from  the  earth:  whence  he  concluded  that  some  other  cause 
must,  at  least,  combine  with  the  action  of  gravity  on  the  moon.  Being 
unable  to  satisfy  himself  respecting  this,  he  laid  aside,  for  that  time,  all 
thought  upon  the  subject.  In  the  winter  of  I676,  he  discovered  the 
two  grand  propositions,  that  by  a  centripetal  force  varying  inversely  as 
the  square  of  the  distance,  a  planet  must  revolve  in  an  ellipse  about  a 
centre  of  force,  placed  in  one  of  the  foci ;  and  by  a  radius  vector  drawn 
to  that  focus,  describe  areas  proportional  to  the  times.  These  are 
proved  in  the  second  and  thira  sections  of  the  first  book  of  the  Prin« 
cipia.  After  the  year  1679  his  thoughts  were  again  turned  to  the  moon ; 
and,  by  using  in  his  computation  the  more  accurate  length  of  a  degree, 
he  arrived  at  the  conclusion,  that  that  planet  appeared,  agreeably  to  his 
former  conjecture,  to  be  retained  in  her  orbit  by  the  force  of  gravity, 
varying  as  the  inverse  square  of  the  distance.  On  this  principle  he 
proved  that  the  primary  planets  really  moved  in  such  orbits  as  Kepler 
had  supposed.  He  afterwards  drew  up  about  twelve  propositions 
relating  to  the  motion  of  the  primary  planets  round  the  sun,  and  sent 
them,  at  the  end  of  the  year  loSS,  to  the  Royal  Society.  Soon  afler  this 
communication,  Dr  Halley  became  known  to  Newton,  and  having 
learned  from  him  that  the  proof  of  the  propositions  respecting  the 
primary  planets  was  completed,  earnestly  solicited  him  to  finish  the 
work.  Accordingly  the  first  edition  was  printed  under  the  care  of  Dr 
Halley,  with  the  title  of  '^  Philosophic  Naturalis  Principia  Mathema- 
tica,"  and  published  in  l687* 

The  reader  of  the  Principia  cannot  fail  of  perceiving  that  Sir  Isaac 
Newton  was  a  most  profound  geometer.  Newton  and  his  cotemporary 
Maclaurin  were  the  first  who  applied  the  consideration  of  the  degrees 
of  equations  to  the  discovery  of  the  general  properties  and  characteristics 
of  curved  lines,  and  to  them  and  Cotes  are  due  the  discovery  of  their 
most  important  general  properties.  Newton  has  given  the  results  of 
his  investigations  on  this  subject,  in  his  ^^  Enumeratio  Linearum  tertii 
ordinis,"  which,  with  his  tract  on  the  quadrature  of  curves  by  the 
method  of  fluxions  and  fluents,  were  first  printed  at  the  end  of  the  first 
edition  of  his  Optics,  in  1704.  His  principal  object  was  the  enumeration 
of  lines  contained  in  an  equation  of  the  third  degree  between  two 
variables.  He  discovered  seventy-two  different  species,  and  four  more 
were  added  by  Stirling.  In  his  **  Arithmetica  Universalis,"  he  has 
applied  the  method  of  Descartes  to  the  solution  of  geometrical  problems 
and  the  construction  of  the  roots  of  eouations.  The  whole  works  of 
Newton  were  edited  by  Dr  Horsley  in  nve  quarto  volumes,  in  1779. 
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Edmund  Halley  was  one  of  the  most  eminent  geometers  and  astro- 
nomers of  his  age.  In  1 703  he  succeeded  Dr  Wallis  as  Savilian  Pro* 
fessor  of  Geometry  at  Oxford.  Soon  after  his  appointment^  he  com- 
menced a  translation  from  the  Arabic^  of  the  treatise  of  ApoUonius  De 
Sectione  Rationis^  and  attempted  the  restoration  of  his  two  books  De 
Sectione  Spatii^  from  the  account  given  by  Pappus  in  the  seventh  book 
<^  his  Mathematical  Collections :  the  whole  of  these  he  published  in 
1706.  The  tract  de  Sectione  Rationis^  recovered  from  the  Arabic,  is  a 
complete  specimen  of  the  ancient  method  of  analysis.  He  also  pub- 
lishra  at  Oxford  in  1710^  an  amended  translation  of  seven  books  of  the 
Conies  of  ApoUonius^  and  attempted  a  restoration  of  the  eighth,  which 
was  lost.  This  magnificent  folio  edition  contains  the  first  four  books 
in  the  original  Greek,  together  with  a  Latin  translation;  the  next 
three  in  Latin  from  the  Arabic  version ;  and  the  last  book  in  Latin  as 
restored  by  Dr  Halley  himself,  together  with  the  Lemmas  of  Pappus 
and  the  Commentaries  of  Eutocius.  Halley  united  a  profound  know- 
ledge of  the  ancient  geometry  with  the  new  geometry  of  Descartes,  and 
applied  the  latter  to  the  construction  of  equations  of  the  third  and 
fourth  degrees  by  means  of  a  parabola  and  a  circle.  His  memoir  on 
this  subject  was  published  in  the  Philosophical  Transactions  for  I687. 
At  63  years  of  age,  he  succeeded  Flamsteed  as  Astronomer  Royal  at 
Greenwich ;  and  for  eighteen  years  discharged  the  duties  of  that  office 
witlu>ut  an  assistant.     He  died  at  the  age  of  86,  in  the  year  1742. 

James  Gregory  was  an  eminent  mathematician,  the  cotemporary 
and  correspondent  of  Newton,  Huygens,  Wallis,  and  others  of  that 
time*  He  was  the  inventor  of  a  reflecting  telescope  which  bears  his 
name.  He  discovered  a  method  of  drawing  tangents  to  curves,  geo- 
metrically. His  "  Geometrifie  Pars  Universalis"  was  first  published 
at  Padua,  in  1668,  and  his  '^  Exercitationes  Geometries"  in  the  same 
year. 

Dr  David  Gregory,  the  nephew  of  James,  was  chosen  Savilian 
Professor  of  Astronomy,  in  l691>  in  preference  to  Dr  Halley.  In  1702 
he  published  his  chief  work,  entitled  ^'  Astronomise  Physical  et  Geome- 
tricse  Elementa,"  founded  on  the  Newtonian  hypothesis;  and  in  the 
following  year,  the  works  of  Euclid,  in  Greek  and  Latin. 

Abrtdiam  Sharp,  a  skilful  mathematician  and  expert  mechanic,  be- 
came the  amanuensis  of  Flamsteed,  in  I688,  and  assisted  him  in  his 
*'Historia  Cselestis."  He  had  the  chief  hand  in  constructing  the  mural 
arc  at  the  Grreenwich  Observatory.  He  published  in  1717^  "  Geometry 
Improved,  by  A.  S.  Philomath ; "  an  elaborate  treatise,  and  containing 
solutions  of  many  difficult  problems :  he  died  in  1742,  at  the  age  of  91. 

Alexis  Claude  Clairaut  was  born  in  1713,  and  died  in  1765.  To 
Clairaut  is  due  the  merit  of  having  exhibited  methodically  the  doctrine 
of  three  co-ordinates  in  space,  applied  to  curve  surfaces  and  the  lines 
which  originate  in  their  intersections.  His  celebrated  treatise  on  this 
sabject  was  published  in  1731,  entitled  "  Traite  des  Courbes  a  double 
Courbure."  Before  Clairaut,  however,  M.  Pacent,  in  a  memoir  read 
before  the  French  Academy  of  Sciences,  in  17OO,  had  illustrated  the 
extension  of  the  principle  of  Descartes  by  a  curve  surface,  expressed  by 
an  equation  between  three  variables.  Also  John  Bernouilli  had  ex- 
pressed surfaces  by  an  equation,  involving  three  co-ordinates  in  his 
solution  of  the  problem,  ''  To  find  the  shortest  line  which  can  be  drawn 
on  a  surface  between  two  given  points." 
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The  expression  "curve  of  double  curvature"  arises  from  the  con- 
sideration^ that  such  a  curve  partakes  of  the  curvature  of  two  plane 
curves^  which  are  in  fact  its  projections  on  two  co-ordinate  planes.  It 
was  first  suggested  by  M.  Pitot^  who  employed  it  in  a  memoir  on  the 
spiral  thread  on  a  right  cylinder^  and  which  he  read  before  the  French 
Academy  of  Sciences,  in  1724. 

Euler,  in  his  "  Intro<luctio  in  Analysin  Infinitorum,"  published  in 
nifS,  explains  the  general  principles  of  the  analytical  theory  of  curves, 
and  in  the  extension  of  his  investigations  to  geometry  of  three  dimen- 
sions, discusses  the  equation  between  three  variables,  which  includes 
surfaces  of  the  second  degree.  The  treatise  of  Cramer,  first  published 
in  1750,  with  the  title  "Introduction  k  T Analyse  des  lignes  courbes 
Algebraiques,"  is  one  of  the  most  complete  on  this  branch  of  geometry. 

Edmund  Stone  published,  in  1731,  an  edition  of  Euclid's  Elements, 
with  an  account  of  nis  life  and  writings,  and  a  defence  of  the  Elements 
against  modem  objectors.  In  1735  he  translated  and  published  Dr 
Barrow's  Geometrical  Lectures.  He  wrote  an  account  of  two  new 
species  of  lines  of  the  third  order,  not  noticed  by  Newton,  which  was 
published  in  the  forty-first  volume  of  the  Philosophical  Transactions  of 
the  Royal  Society,  of  which  he  was  a  fellow :  he  was  also  the  author 
of  a  Mathematical  Dictionary  and  some  other  works*. 

Dr  Robert  Simson  was  a  native  of  Ayrshire,  and  bom  in  1687.  He 
was  appointed  Professor  of  Mathematics  at  Glasgow  in  171 1>  where  he 
continued  to  discharge  his  duties  as  an  instructor  for  nearly  fifty  years. 
During  this  period  his  attention  was  principally  directed  to  the  writings 
of  the  ancient  Greek  geometers.  His  restoration  of  the  Loci  Plani  and 
the  Determinate  Section  of  ApoUonius,  and  his  treatise  on  the  Porisms  of 
Euclidf  entitle  him  to  the  high  reputation  he  still  holds  as  a  geometer. 

*  The  following  account  of  Stone  from  Dr  Hutton,  may  be  cited  as  an  example  of 
true  genius  overcoming  all  the  disadvantages  of  birth,  fortune,  and  education.  Edmund 
Stone  was  the  son  of  a  gardener  of  the  Duke  of  Argyle.  At  eight  years  of  age  he  was 
taught  to  read;  and  at  eighteen,  without  further  assistance,  he  had  made  such  advances 
ih  mathematical  knowledge  as  to  be  able  to  read  the  Principia  of  Newton.  As  the  Duke 
was  one  day  walking  in  his  garden,  he  saw  a  copy  of  Newton*s  Principia  lying  on  the 
grass,  and  called  some  one  near  him  to  take  it  back  to  the  library.  Young  Stone,  the 
gardener,  modestly  observed,  that  the  book  belonged  to  him.  To  you !  replied  the  Duke ; 
do  you  understand  Oeometry,  Latin,  Newton  ?  I  know  a  little  of  them,  replied  the 
young  man,  with  an  air  of  simplicity.  The  Duke  was  surprised,  and  having  himself 
a  taste  for  tlie  sciences,  he  entered  into  conversation  with  the  young  mathematician.  He 
asked  him  several  questions,  and  was  astonished  at  the  force,  the  accuracy,  and  the  can- 
dour of  his  answers.  But  how,  said  the  Duke,  came  you  by  the  knowledge  of  all  these 
things  ?  Stone  replied,  a  servant  taught  me,  ten  years  since,  to  read.  Does  any  one 
need  to  know  more  than  the  twenty-four  letters  of  the  alphabet,  in  order  to  learn  any 
thing  else  that  one  wishes  ?  The  Duke*s  curiosity  was  redoubled :  he  sat  down  on  a 
bank,  and  requested  a  detail  of  all  his  proceedings.  I  first  learned  to  read,  said  Stone ; 
the  masons  were  then  at  work  upon  your  house ;  I  went  near  them  one  day,  and  saw 
that  the  architect  used  a  rule  and  compasses,  and  that  he  made  calculations.  I  enquired 
what  might  be  the  meaning  and  use  of  these  things,  and  was  informed  that  there  is  a 
science  oilled  Arithmetic.  I  purchased  a  book  of  Arithmetic,  and  learned  it.  I  was 
told  Uiere  was  another  science  called  Geometry;  I  bought  the  books,  and  learned 
Geometry.  By  reading,  I  found  that  there  were  good  books  in  these  two  sciences  in 
Latin  :  1  bought  a  dictionary,  and  learned  Latin.  I  understood,  also,  that  there  were 
good  books  of  the  same  kind  in  French ;  I  bought  a  dictionary,  and  learned  French ; 
and  this,  my  Lord,  is  what  I  have  done.  It  seems  to  me  that  we  may  learn  every 
thing  when  we  know  the  twenty-four  letters  of  the  alphabet.  The  Duke,  highly  pleased 
with  the  account,  brought  this  wonderful  genius  out  of  obscurity,  and  provid^  him 
with  an  emplo3rment  which  left  him  leisure  to  apply  himself  to  the  Sciences. 
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Dr  Simson's  first  endeavours  were  directed  to  improve  the  defective 
restorations  of  the  books  on  the  Geometrical  Analysis  by  preceding 
geometers.  His  restoration  of  Apollonius  is  entirely  according  to  the 
ancient  method ;  and  is  more  complete  than  any  preceding  attempt  of 
the  kind.  In  his  preface  to  the  Sectio  Determinata^  which  he  restored, 
he  points  out  the  defects  in  SnelFs  restorations,  and  notices  the  solutions 
of  some  of  the  problems  by  Alexander  Anderson,  in  his  supplement  to 
Apollonius  Redivivus,  pubushed  at  Paris  in  l6l2.  He  also  remarks  on 
some  of  the  problems  in  the  Treatise  on  Geometrical  Analysis,  by  Hugo 
d'Omerique,  and  in  his  work  adopts  some  propositions  from  these 
performances.  But  Dr  Simson  is  more  generally  known  at  the  pre- 
sent day  for  his  translation  of  the  first  six  and  the  eleventh  and  twelfth 
books  of  Euclid's  Elements  of  Geometrv.  The  first  edition  was  pub- 
lished both  in  Latin  and  English  in  1756.  The  English  translation  has 
almost  superseded  every  other,  and  may  be  regarded  as  the  standard 
text  of  Euclid  in  English,  having  maintained  its  character  in  this 
country  for  nearly  a  century.  The  Data  of  Euclid  was  added  to  the 
second  edition  of  the  Elements  in  1762.  Dr  Simson's  first  publication, 
except  his  paper  on  Porisms  in  the  Philosophical  Transactions,  was  his 
Geometrical  Treatise  on  the  Conic  Sections,  which  was  published  in 
1735. 

The  description  of  the  Porisms  of  Euclid  by  Pappus  is  so  muti- 
lated, that  every  attempt,  before  Dr  Simson's,  to  restore  them  had 
failed.     Dr  Halley,  though  successful  in  the  restoration  of  some  por- 
tions of  the  ancient  Geometry,  gave  up  the  Porisms  in  1706  as  a  hope- 
less task,  as  is  obvious  from  his  remark  in  the  preface  to  the  seventh 
book  of  Pappus,  **  Hactenus  Porismatum  descriptio,  nee  mihi  intellecta, 
nee  lectori  profutura,"    Dr  Simson  had  been  occupied  on  the  subject 
of  the  Porisms  in  1715,    and  perhaps  earlier,  for  he  observes  that  in 
that  year  he  had  demonstrated  the  first  case  of  Fermat's  fourth  Porism, 
before  he  had  acquired  the  knowledge  of  the  true  nature  of  that  class  of 
Propositions.    The  first  object  of  his  researches  seems  to  have  been, 
to  discover  the  Porisms,  from  the  general  description  given  of  them  by 
Pappus :  and  when  he  had  failed  in  this,  he  tried  to  discover  some  of  the 
individual  Porisms,  from  which  he  expected  to  ascertain  the  distinctive 
character  of  these  propositions ;  but  in  this  attempt  he  had  no  better 
success.     For  a  considerable  time,  he  informs  us,  nis  imagination  was 
completely  occupied  by  the  subject:  his  mind  was  harassed  by  the 
constant,  but  unsuccessful  exertion :  he  lost  his  sleep,  and  his  health 
suffered;   all  his   endeavours  were  ineffectual,   and  he  finally  deter- 
mined to  banish  the  subject  from  his  thoughts.      For  some  time  he 
maintained  this  resolution,  and  applied  himself  to  other  pursuits ;  but 
afterwards,  as  he  was  walking  on  the  banks  of  the  river  Clyde,  he  inad- 
vertently fell  into  a  reverie  respecting  the  Porisms.     Some  new  ideas 
struck  his  mind,  and  having  dirawn  the  diagram  with  chalk  on  an 
adjoining  tree,  at  that  moment,  for  the  first  time,  he  acquired  a  just 
notion  of  one  of  Euclid's  Porisms.     This  account  is  given  in  his  pre- 
face to  the  Porisms,  p.  319»  of  his  "Opera  Reliqua,"  a  volume  of  his 
writings  on  Geometry,  published  after  his  death,  by  the  munificence 
of  the  late  Earl  Stanhope. 

Matthew  Stewart  was  a  pupil  of  Dr  Simson,  and  afterwards  became 
Professor  of  Mathematics  in  the  University  of  Edinburgh.  Dr  Stewart 
was  a  successful  cultivator  of  the  ancient  geometry.    His  '^General 


XXXVIU  INTRODUCTION. 

Theorems  of  considerable  use  in  the  higher  parts  of  the  Mathematics," 
was  published  in  174*6,  and  placed  him  among  the  first  geometers  of 
his  time.  In  176I  he  published  another  volume,  entitled  *'  Tracts 
Physical  and  Mathematical,"  and  two  years  after  his  celebrated  work 
on  geometry,  ^^  Proposidones  Geometncse  more  veterum  demonstrates 
ad  Geometriam  antiquam  illustrandam  et  promovendam  idoneae."  In 
this  work  he  has  given  both  the  analysis  and  synthesis  of  a  series  of 
geometrical  theorems,  many  of  which  were  not  known  before. 

Dr  Waring  extended  the  discoveries  of  Newton  in  the  theory  of 
curves  much  beyond  his  predecessors.  His  *'  Miscellanea  Analytica  de 
sequationibus  Algebraicis  et  curvarum  proprietatibus,"  was  published 
in  1762,  and  his  "  Proprietates  Algebraicarum  Curvarum,"  in  1772. 

Bishop  Horsley  was  born  in  1732,  and  died  in  I8O6.  Though  edu- 
cated at  Cambridge  he  removed  to  Oxford,  and  there  in  1769  published 
his  edition  of  the  Inclinations  of  Apollonius.  Besides  his  edition  of 
Newton's  Works,  he  put  forth  in  1801  his  Practical  Mathematics^  in 
three  volumes,  containing  Euclid's  Elements,  the  Data,  &c. 

William  Wales,  by  his  talents  and  application  rose  from  obscurity 
to  an  eminent  position  among  men  of  science.  He  was  the  person 
selected  to  observe  at  Hudson's  Bay  the  transit  of  Venus  over  the  Sun 
in  1769;  and  afterwards  accompanied,  as  astronomer,  the  celebrated 
Captain  Cook  on  his  first  voyage  in  the  years  1772  to  1774;  and  again 
in  his  other  voyage  in  the  years  1776  to  1779-  A  short  time  before  he 
set  sail  in  1772,  his  friend  Mr  Lawson  put  forth  his  restoration  of  the 
two  books  of  Apollonius,  De  Sectione  Determinata,  together  with  an 
English  translation  of  Snell's  restoration  of  the  same  two  books.  An- 
other restoration  of  these  two  books  was  made  by  Giannini,  and  pub* 
lished  in  his  Opuscula  Mathematica  in  1773. 

Dr  Robertson,  the  late  Savilian  Professor  of 'Astronomy,  to  his 
treatise  entitled  "  Sectionum  Conicarum,  Libri  vii.  &c.,"  (1792>  Oxon.) 
has  annexed  a  learned  history  of  the  Conic  Sections. 

Mascheroni  published  in  Italian,  in  1797^  a  treatise  on  geometry, 
entitled  ^'  Geometria  del  Compassa,"  in  which  the  solutions  of  geome- 
trical problems  are  effected  by  means  of  the  circle  only,  instead  of  the 
straight  line  and  circle.  It  was  translated  into  French,  and  published 
in  1798,  and  again  reprinted  in  1828.  In  the  twelfth  year  of  the 
Republic,  a  similar  treatise  by  M.  Servois,  was  put  forth,  in  which  the 
solutions  of  geometrical  problems  were  effected  by  means  of  straight 
lines  only. 

During  the  period  of  the  French  Revolution,  at  the  end  of  the 
eighteenth  century,  the  celebrated  Monge  discovered  and  put  forth  a 
new  kind  of  geometry,  under  the  appellation  of  "  Geometric  Descrip- 
tive." The  discoveries  of  Monge  mark  a  new  era  in  the  history  of 
geometrv,  as  did  the  discovery  of  Descartes.  The  new  geometry  of 
Monge  nas  two  objects  in  view ;  first,  to  represent  geometrical  solids 
on  a  plane  surface;  and  secondly,  to  deduce  from  this  method  of 
representation,  the  mathematical  properties  of  the  figures.  It  is  chiefly 
conversant  with  the  determination  of  the  curves  in  which  two  or  more 
surfaces  intersect  each  other,  when  they  are  supposed  to  penetrate  one 
another.  To  Monge  is  also  due  the  theory  of  projections ;  and  he  was 
the  first  who  proved  that  the  square  of  any  surface  is  equal  to  the  sum 
of  the  squares  of  its  projections  on  the  three  co-ordinate  planes.  It 
ought  to  be  remarked,  that  attention  had  been  before  directed  to  this 
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subject  by  several  who  made  contributions  to  it.  Among  these  may  be 
named  Courcier^  a  Jesuit,  who  published,  at  Paris,  in  l6ld,  a  work  in 
which  he  investigated  the  nature,  and  shewed  the  description  of  the 
curves  which  result  from  the  penetration  of  cylindrical,  spherical  and 
conical  surfaces;  but  to  Monge  is  due  the  merit  of  its  greatest  ex* 
tension. 

The  French  school  of  Monge  has  produced  many  eminent  geometers. 
The  *^  Geometric  de  Position,"  and  *'  L'Essai  sur  la  Theorie  des  Trans- 
versals," by  Camot,  are  a  continuation  of  the  method  of  Monge.  Also 
may  be  mentioned  ^^Les  Developpemens  et  les  Applications  de  Geome- 
tric," by  Dupin,  and  the  "Traite  des  Proprietes  projectives,"  of  M. 
Poncelet,  wim  others,  who  have  amply  and  skilfully  written  on  the 
geometry  of  correlative  figures,  and  its  application  to  the  physical 
sciences.  To  these  may  be  added  the  names  of  Leslie,  Playfair,  Le 
Gendre,  La  Croix,  L'Huillier,  Vincent,  and  many  others,  too  numerous 
here  to  mention,  who  by  their  writings  have  furthered  the  progress 
and  advancement  of  scientific  geometry. 

We  must  not,  before  closing  this  subject,  omit  naming  F.  Peyrard, 
who  published,  at  Paris,  in  1818,  an  edition  of  Euclid's  Elements  from 
an  ancient  Greek  manuscript  which  had  not  been  collated  or  printed 
before.  This  edition,  besides  the  Greek  text,  contains  a  version  in 
Latin,  and  a  French  translation.  F.  Peyrard  is  also  known  as  the 
editor  and  translator  of  the  writings  of  Archimedes  and  Apollonius. 

The  short  and  cursory  notices  here  given  of  the  modern  Geometry, 
are  intended  rather  to  awaken  the  curiosi^  of  the  student  than  to 
afford  an  ample  and  satisfactory  account.  In  the  '^  M^moires  Couron- 
n^s  de  r Academic  de  Bruxelles"  for  1837,  the  student  will  find  in  the 
^Aper9u  Historique"  of  M.  Chasles,  a  full  and  particular  account  of 
the  history  of  the  methods  and  developements  of  the  modem  Geometry. 


ON  THE  ABBREVIATIONS  AND  ALGEBRAICAL  SYMBOLS 

EMPLOYED  IN  GEOMETRY. 

It  has  been  remarked  that  the  ancient  geometry  of  the  Greeks  ad- 
mitted no  symbols  besides  the  diagrams  and  ordinary  language.  In 
later  times,  after  symbols  of  operation  had  been  devised  by  writers  on 
algebra,  they  were  very  soon  adopted  and  employed,  on  account  of  their 
brevity  and  convenience,  in  writings  purely  geometrical.  Dr  Barrow 
was  one  of  the  first  who  introduced  algebraical  symbols  into  the  lan- 
guage of  elementary  geometry,  and  distinctly  states,  in  the  preface 
to  his  Euclid,  that  his  object  is  ^^to  content  the  desires  of  those  who 
are  delighted  more  with  symbolical  than  verbal  demonstrations."  As 
algebraical  symbols  are  employed  in  almost  all  works  on  the  mathe- 
matics, whether  geometrical  or  not,  it  seems  proper  in  this  place  to 
give  some  brief  account  of  the  marks  which  may  be  regarded  as  the 
alphabet  of  symbolical  language. 

The  mark  =  was  first  Used  by  Robert  Recorde,  in  his  treatise  on 
Algebra  entitled,  "The  Whetstone  of  Witte,  &c.",  for  the  sign  of 
equality;  '^because,"  as  he  remarks,  **no  two  things  can  be  more  equal 
than  a  pair  of  parallels,  or  gemorve  lines  of  one  length."  It  was  em- 
ployed by  him,  in  his  algebra,  simply  in  the  sense  of  cequatur,  or,  is 
equal  to,  affirming  the  equality  of  two  numerical  or  algebraical  ex- 
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pressions.  Geometrical  equality  is  not  exactly  the  same  as  numerical 
equality^  and  when  this  symbol  is  used  in  geometrical  reasonings^  it 
must  be  understood  as  having  reference  to  pure  geometrical  equality. 

The  signs  of  relative  magnitude^  >  meaning,  is  greater  than,  and  <, 
is  less  than,  were  first  introduced  into  algebra  by  Thomas  Harriot^  in  his 
Artis  Analytical  Praxis^"  which  was  published  after  his  death  in  l631. 

The  signs  +  and  —  were  first  employed  by  Michael  Stifel^  in  his 
Arithmetica  Integra/'  which  was  published  in  1544.  The  sign  + 
was  employed  by  him  for  the  word  plus,  and  the  sign  — ,  for  the  word 
minus.  These  signs  were  used  by  Stifel  strictly  as  the  arithmetical  or 
algebraical  signs  of  addition  and  subtraction. 

The  sign  of  multiplication  x  was  first  introduced  by  Oughtrede  in 
his  ''Clavis  Mathematica,"  which  was  published  in  1 631.  In  algebra- 
ical multiplication  he  either  connects  the  letters  which  form  the  factors 
of  a  product  by  the  sign  x,  or  writes  them  as  words  without  any  sign 
or  mark  between  them^  as  had  been  done  before  by  Harriot^  who  first 
introduced  the  small  letters  to  designate  known  and  unknown  quantities. 
However  concise  and  convenient  the  notation  AB  x  BC  may  be  in 
practice  for  '^ the  rectangle  contained  hy  the  lines  AB  and  BC;"  the 
student  is  cautioned  against  the  use  of  it^  in  the  early  part^  at  least,  of 
his  geometrical  studies,  as  the  use  of  it  is  likely  to  occasion  a  misap- 
prehension of  Euclid's  meaning.  Dr  Barrow  sometimes  expresses  '^  the 
rectangle  contained  hy  AB  and  BC"  by  "  the  rectangle  ABC." 

Michael  Stifel  was  the  first  who  introduced  integral  exponents 
to  denote  the  powers  of  algebraical  symbols  of  quantity,  for  which 
he  employed  capital  letters.  Vieta  afterwards  used  the  vowels  to 
denote  known,  and  the  consonants,  unknown  quantities,  but  used 
words  to  designate  the  powers.  Simon  Stevin,  in  his  treatise  on 
Algebra,  which  was  published  in  l605,  improved  the  notation  of 
Stife],  by  placing  the  figures  that  indicated  the  powers  within  small 
circles.     Peter  Ramus  adopted  the  initial  letters  l,  q,  c,  hq  of  latus^ 

fuadratus,  cuhus,  hiquadratus,  as  the  notation  of  the  first  four  powers, 
larriot  exhibited  the  different  powers  of  algebraical  symbols  by  repeat- 
ing the  symbol,  two,  three,  four,  &c.  times,  according  to  the  order  of  the 
power.  Descartes  restored  the  numerical  exponents  of  powers,  placing 
them  at  the  right  of  the  numbers,  or  symbols  of  quantity,  as  at  the 
present  time.  Dr  Barrow  employed  the  notation  ABq,  for  '^the  square 
of  the  line  AB,"  in  his  edition  of  Euclid.  The  notations  AB^,  AB^,  for 
**  the  square  and  cube  of  the  line  whose  extremities  are  A  and  B,"  are 
jfound  in  almost  all  works  on  the  Mathematics,  though  not  wholly 
consistent  with  the  algebraical  notations  a^  and  a^. 

The  symbol  J,  being  originally  the  initial  letter  of  the  word 
radix,  was  first  used  by  Stifel  to  denote  the  square  root  of  the 
number,  or  the  symbol,  before  which  it  was  placed. 

The  Hindus,  m  their  treatises  on  Algebra,  indicated  the  ratio  of 
two  numbers,  or  of  two  algebraical  symbols,  by  placing  one  above 
the  other,  without  any  line  of  separation.  The  line  was  first  intro- 
duced by  the  Arabians,  from  whom  it  passed  to  the  Italians,  and 
from  them  to  the  rest  of  Europe.  This  notation  has  been  employed 
for  the  expression  of  geometrical  ratios  by  almost  all  writers  on  the 
Mathematics,  on  account  of  its  great  convenience.  Oughtrede  first 
used  points  to  indicate  proportion;  thus,  a  •  b  ::  c  .  d,  means,  that  a 
bears  the  same  proportion  to  6,  as  c  does  to  d. 
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BOOK  I. 

DEFINITIONS. 


I. 
A  POINT  is  that  which  has  no  parts^  or  which  has  no  magnitude. 

II. 

A  line  is  length  without  breadth. 

III. 

The  extremities  of  lines  are  points. 

IV. 
A  right  line  is  that  which  lies  evenly  between  its  extreme  points. 

V. 

A  superficies  is  that  which  has  only  length  and  breadth. 

VI. 

The  extremities  of  superficies  are  lines. 

VII. 

A  plane  superficies  is  that  in  which  any  two  points  being  taken^  tlie 
stnight  line  between  them  lies  wholly  in  that  superficies. 

VIII. 

A  plane  angle  is  the  inclination  of  two  lines  to  each  other  in  a  plane 
which  meet  together^  but  are  not  in  the  same  straight  line. 

IX. 

A  plane  Tectilineal  angle  is  the  inclination  of  two  straight  lines  to  one 
mother,  which  meet  together,  but  are  not  in  the  same  straight  line.. 
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N.B.  When  several  angles  are  at  one  point  B,  either  of  them  is  expressed  by 
three  letters,  of  which  the  letter  that  is  at  the  vertex  of  the  angle,  that  is,  at  the  point 
in  which  the  right  lines  that  contain  the  angle  meet  one  another,  is  put  between  the  other 
two  letters,  and  one  of  these  two  is  somewhere  upon  one  of  these  right  lines,  and  the 
other  upon  the  other  line.  Thus  the  angle  which  is  contained  by  the  right  lines  AB, 
CB,  is  named  the  angle  ABC^  or  CBA ;  that  which  is  contuned  by  AB^  DB,  is 
named  the  angle  ABD,  or  DBA ;  and  that  which  is  contained  by  DB^  CBy  is  called 
ihe  angle  DBC,  or  CBD.  But,  if  there  be  only  one  angle  at  a  point,  it  may  be 
expressed  by  the  letter  at  that  point;  as  the  angle  at  E, 


X. 

When  a  straight  line  standing  on  another  straight  line  makes  the 
adjacent  angles  equal  to  each  other,  each  of  these  angles  is  called  a 
right  angle ;  and  the  straight  line  which  stands  on  the  other  is  called 
a  perpendicular  to  it. 


XI. 
An  obtuse  angle  is  that  which  is  greater  than  a  right  angle. 


XII. 

An  acute  angle  is  that  which  is  less  than  a  right  angle. 


XIII. 
A  term  or  boundary  is  the  extremity  of  any  thing. 

XIV. 
A  figure  is  that  which  is  inclosed  by  one  or  more  boundaries. 

XV. 

A  circle  is  a  plane  figure  contained  by  one  line,  which  is  called  the 
circumference,  and  is  such  that  all  straight  lines  drawn  from  a  certain 
point  within  the  figure  to  the  circumference,  are  equal  to  one  another. 


DEFINITIONS.  3 

XVI. 

And  this  point  is  called  the  centre  of  the  circle. 

XVII. 

A  diameter  of  a  circle  is  a  straight  line  drawn  through  the  centre^ 
ind  terminated  both  ways  by  the  circumference. 


XVIII. 

A  semicircle  is  the  figure  contained  by  a  diameter  and  the  part  of 
the  circumference  cut  off  by  the  diameter. 


XIX. 

The  centre  of  a  semicircle  is  the  same  with  that  of  the  circle. 

XX. 

Rectilineal  figures  are  those  which  are  contained  by  straight  lines. 

XXI. 

Trilateral  figures^  or  triangles^  by  three  straight  lines. 

XXII. 

Quadrilateral^  by  four  straight  lines. 

XXIII. 
Multilateral  figures^  or  polygons,  by  more  than  four  straight  lines. 

XXIV. 

Of  three-sided  figures,  an  equilateral  triangle  is  that  which  has 
tlffee  equal  sides. 


XXV. 

An  isosceles  triangle  is  that  which  has  two  sides  equal. 
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XXVI. 

A. scalene  triangle  is  that  which  has  three  unequal  sides. 


XXVII. 
A  right-angled  triangle  is  that  which  has  a  right  angle. 


XXVIII. 
An  obtuse-angled  triangle  is  that  which  has  an  obtuse  angle. 


XXIX. 

An  acute-angled  triangle  is  that  which  has  three  acute  angles. 


XXX. 

Of  quadrilateral  or  four-sided  figures^  a  square  has  all  its  sides  & 
and  all  its  angles  right  angles. 


XXXI. 

An  oblong  is  that  which  has  all  its  angles  right  angles^  but  has 
all  its  sides  equal. 


XXXII. 
A  rhombus  has  all  its  sides  equals  but  its  angles  are  not  right  auj 
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XXXIII. 


A  rhomboid  has  its  opposite  sides  equal  to  each  other^  but  all  its 
sides  are  not  equals  nor  its  angles  right  angles. 


\ 
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XXXIV. 

All  other  four-sided  figures  besides  these>  are  called  Trapeziums. 

XXXV. 

Parallel  straight  lines  are  such  as  are  in  the  same  plane^  and  "whic 
being  produced  ever  so  far  both  ways^  do  not  meet. 


A. 

A  parallelogram  is  a  four-sided  figure,  of  which  the  opposite  sides 
are  parallel :  and  the  diameter  or  the  diagonal  is  the  straight  line  join- 
ing two  of  its  opposite  angles. 


POSTULATES. 


I. 


Let  it  be  granted  that  a  straight  line  may  be  drawn  from  any  one 
pomt  to  any  other  point. 

IL 

That  a  terminated  straight  line  may  be  produced  to  any  length  in 
a  straight  line. 

III. 

And  that  a  circle  may  be  described  from  any  centre  at  any  distance 
from  that  centre. 


AXIOMS. 

I. 
Things  which  are  equal  to  the  same  thing  are  equal  to  one  another* 

IL 
If  equals  be  added  to  equals,  the  wholes  are  equal. 
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III. 

If  equals  be  taken  from  equals^  the  remainders  are  equal. 

IV. 

If  equals  be  added  to  unequals^  the  wholes  are  unequal. 

V. 

•  If  equals  be  taken  from  unequals^  the  remainders  are  unequal. 

VI. 

Things  which  are  double  of  the  same^  are  equal  to  one  another* 

VII. 

Things  which  are  halves  of  the  same^  are  equal  to  one  another. 

VIII. 

Magnitudes  which  coincide  with  One  another^  that  is^  which  exactly 
fill  the  same  space^  are  equal  to  one  another. 

IX. 
The  whole  is  greater  than  its  part. 

X. 

Two  straight  lines  cannot  inclose  a  space. 

XI. 

All  right  angles  are  equal  to  one  another. 

XII. 

If  a  straight  line  meets  two  straight  lines^  so  as  to  make  the  two 
interior  angles  on  the  same  side  of  it  taken  together  less  than  two  right 
angles^  these  straight  lines  being  continually  produced^  shall  at  length 
meet  upon  that  side  on  which  are  the  angles  which  are  less  than  two 
right  angles. 
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PROPOSITION  I.    PROBLEM. 
To  describe  an  equilateral  triangle  upon  a  given  Jinile  straight  line. 

Let  AB  be  the  given  straight  line. 
It  is  required  to  describe  an  equilatenu  triangle  upon  ABn 


From  the  centre  A,  at  the  distance  AB,  describe  the  circle  BCD ;  (post  3.) 

from  the  centre  B,  at  the  distance  BA,  describe  the  circle  ACE; 

and  from  the  point  C,  in  which  the  circles  cut  one  another, 

draw  the  straight  lines  CA,  CB  to  the  points  A,  B,     (post.  1.) 

Then  ABC  shall  be  an  equilateral  triangle. 

Because  the  point  A  is  the  centre  of  the  circle  BCD, 

therefore  AC  is  equal  to  AB;  (def.  15.) 

and  because  the  point  B  is  the  centre  of  the  angle  ACE, 

therefore  BC  is  equal  to  BA ; 
but  it  has  been  proved  that  CA  is  equal  to  AB ; 
therefore  CA,  CB  are  each  of  them  equal  to  AB; 
but  things  which  are  equal  to  the   same  thing  arc  equal  to 
one  another;     (ax.  1.) 

therefore  CA  is  equal  to  CB ; 
wherefore  CA,  AB,  BC  are  equal  to  one  another : 

and  the  triangle  ABC  is  therefore  equilateral, 
and  it  is  described  upon  the  given  straight  line  AB. 

Which  was  required  to  be  done. 

PROPOSITION  II.    PROBLEM* 

Frotn  a  given  point,  to  draw  a  straight  line  equal  to  a  given  straight  line. 

Let  A  be  the  given  point,  and  BC  the  given  straight  line. 
It  is  required  to  draw  from  the  point  A  a  straight  line  equal  to  BC, 


From  the  point  A  to  B  draw  the  straight  line  AB;     (post.  1.) 

upon  AB  describe  the  equilateral  triangle  DAB,     (i.  1.) 

and  produce  the  straight  lines  DA,  DB  to  E  and  F;     (post.  2.) 

from  the  centre  B,  at  the  distance  BC  describe  the  circle  CGH,  (post.  3.) 

and  from  the  centre  D,  at  the  distance  DG,  describe  the  circle  GKL* 

Then  the  straight  line  AL  shall  be  equal  to  BC. 

Because  the  point  B  is  the  centre  of  the  circle  CGH, 
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therefore  BC  is  equal  to  BG ;     (def.  15.) 
and  because  D  is  the  centre  of  the  circle  GKL, 

therefore  DL  is  equal  to  DG; 

and  DA,  DB  parts  of  them  are  equal ;     (i.  1.) 

therefore  the  remainder  AL  ia  equal  to  the  remainder  BG;     (ax.  3.) 

but  it  has  been  shewn  that  BC  is  equal  to  BG, 

wherefore  AL  and  BC  are  each  of  them  equal  to  ^G; 

and  things  which  are  equal  to  the  same  thing  are  equal  to  one  another; 

tnerefore  the  straight  line  AL  is  equal  to  BC.     (ax.  1.) 

Wherefore  from  the  ffiven  point  A  a  straight  line  AL  has  been  drawn 

equal  to  the  given  straight  line  BC.  Which  was  to  be  done. 


PROPOSITION  III.    PROBLEM. 

From  the  greater  of  two  given  straight  lines  to  cutoff^  a  part  equal  to  the  less. 

Let  AB  and   C  be  the  two  given  straight  lines,   of  which  AB 
is  the  greater. 

It  is  required  to  cut  off  from  AB  a  part  equal  to  C,  the  less. 


From  the  point  A  draw  the  straight  line  AD  equal  to  C ;     (r.  2.) 
and  from    the    centre  A,    at  the  distance   AD,    describe    the 
circle  DEF.    (post.  3.) 

Then  AE  shall  be  equal  to  C. 

Because  A  is  the  centre  of  the  circle  DEF, 

therefore  AE  is  equal  to  AD;    (def.  15.) 

but  the  straight  line  C  is  equal  to  AD ;     (constr.) 

whence  AE  and  C  are  each  of  them  equal  to  AD ; 

wherefore  the  straight  line  AE  is  equal  to  C.     (ax.  1.) 

And  therefore  from  AB  the  greater  of  two  straight  fines,  a  part  AE 

has  been  cut  off  equal  to  C  the  less.    Which  was  to  be  done. 

PROPOSITION  IV.    THEOREM. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides  of  the 
other,  each  to  each  ;  and  have  likewise  the  angles  contained  hy  those  sides 
equal  to  each  other;  they  shall  likewise  have  their  bases,  or  third  sides, 
equal;  and  the  two  triangles  shall  he  equal;  and  their  other  angles  shall 
be  equal,  each  to  each,  viz,  those  to  which  the  equal  sides  are  opposite. 

Let  ABC,  DEF  be  two  triangles,  which  have  the  two  sides  AB,  AC 
equal  to  the  two  sides  DE,  DF,  each  to  each,  viz.  AB  to  DE,  and  AC 
to  DF,  and  the  included  angle  BAC  equal  to  the  included  angle  EDF. 

Then  shall  the  base  BC  be  equal  to  the  base  EF;  and  the  triangle 
ABC  to  the  triangle  DEF;  and  the  other  angles  to  which  the  equal 
sides  are  opposite  shall  be  equal,  each  to  each,  viz.  the  angle  ABC  to  the 
angle  DEF,  and  the  angle  ACB  to  the  angle  DFE. 
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For,  if  the  triangle  ABC  be  applied  to  the  triangle  DEF, 
so  that  the  point  A  may  be  on  D,  and  the  straight  line  AB  on  DE; 

because  AB  is  equal  to  DE, 
therefore  the  point  B  shall  coincide  with  the  point  E ; 
and  AB  coinciding  with  DE,  because  the  angle  BAC  is  equal 
to  the  angle  EDF, 

therefore  the  straight  line  AC  shall  fall  on  DF; 
also  because  .^C  is  equal  to  DF, 
therefore  the  point  C  shall  coincide  with  F ; 
but  the  point  B  coincides  with  the  point  E ; 
wherefore  the  base  BC  shall  coincide  with  the  base  EF; 
because  the  point  B  coinciding  with  E,  and  C  with  F, 
if  the  base  BC  do  not  coincide  with  the  base  EF,  the  two  straight 
lines  BC  and  EF  would  inclose  a  space^  which  is  impossible,    (ax.  10.) 
Therefore  the  base  BC  does  coincide  with  EF,  and  is  equal  to  it. 
Wherefore  the  whole  triangle  ABC  coincides  with  the  whole  tri- 
angle DEFj  and  is  equal  to  it ; 

and  the  other  angles  of  the  one  coincide  with  the  remaining  angles 
of  the  other,  and  are  equal  to  them, 

viz.  the  angle  ABC  to  the  angle  DEF^ 

and  the  angle  ACB  to  DFE. 

Therefore,  if  two  triangles  have  two  sides  of  the  one  equal  to  two  sides,  &c. 

Which  was  to  be  demonstrated. 


PROPOSITION  V.    THEOREM. 

The  angles  at  the  base  of  an  isosceles  triangle  are  equal  to  each  other; 
and  if  the  equal  sides  be  produced,  the  angles  on  the  other  side  of  the  base 
ihall  be  equal. 

Let  ABC  be  an  isosceles  triangle  of  which  the  side^B  is  equal  to  AC, 

and  let  the  equal  sides  AB,  AC  he  produced  to  D  and  E. 

Then  the  angle  ABC  shall  be  equal  to  the  angle  ACB, 

and  the  angle  DBC  to  the  angle  ECB. 


In  BD  take  any  point  F; 
from  AE  the  greater,  cut  off  AG  equal  to  AF  the  less,  (i.  3,)  and 

join  FC,  GB. 
Because  AF  is  equal  to  AG,  (constr.)  and  AB  to  AC;  (hyp.) 
the  two  sides  FJy  AC,  are  equal  to  the  two  GA,  AB,  each  to  each; 
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and  they  contain  the  angle  J'^G  common  to  the  two  triaxigles  AFC,  A  GB; 
therefore  the  base  FC  is  equal  to  the  base  GB,     (i,  4.) 
and  the  triangle  AFC  is  equal  to  the  triangle  AGB, 
also  the  remaining  angles  of  the  one  are  equal  to  the  remaining  angles 
of  the  other^  each  to  each^  to  which  the  equal  sides  are  opposite ; 

viz.  the  angle  ACF  to  the  angle  ABG^ 

and  the  angle  AFC  to  the  angle  AGB. 

And  because  the  whole  AF  is  equal  to  the  whole  AG, 

of  which  the  parts  AB,  AC,  are  equal ; 

therefore  the  remainder  ^J^  is  equal  to  the  remainder  CG ;     (ax.  3.) 

and  FC  was  proved  to  be  equal  to  GB ; 
hence  because  the  two  sides  BF,  FC  are  eqaal^  to  the  two  CG, 

GB,  each  to  each; 
and  the  angle  BFC  has  been  proved  to  be  equal  to  the  angle  CGB, 
also  the  base  BC is  common  to  the  two  triangles  BFC,  CGB; 

wherefore  these  triangles  are  equals    (i.  4.) 
and  their  remaining  angles^  each  to  each^  to  wnich  the  equal  sides 
are  opposite; 
therefore  the  angle  FBC  is  equal  to  the  angle  GCB, 
and  the  angle  BFC  to  the  angle  CBG. 
And,  since  it  has  been  demonstrated,' 

that  the  whole  angle  ABG  is  equal  to  the  whole  ACF, 

the  parts  of  which,  the  angles  CBG,  BCF  are  also  equal ; 

therefore  the  remaining  angle  ABC  is  equal  to  the  remaining  angle  ACBj 

which  are  the  angles  at  the  base  of  the  triangle  ABC ; 

and  it  has  been  proved, 

that  the  angle  FBC  is  equal  to  the  angle  GCB, 

which  are  the  angles  upon  the  other  side  of  the  base. 

Therefore  the  angles  at  the  base,  &c.     q.e.d. 

Cor.     Hence  every  equilateral  triangle  is  also  equiangular. 

PROPOSITION  VI.    THEOREM. 

If  two  angles  of  a  triangle  be  equal  to  each  other ^  the  sides  also  which 
subtend,  or  are  oi3posite  to,  the  equal  angles ^shall  be  equal  to  one  another. 

Let  ABC  be  a  triangle  having  the  angle  ABC  eaual  to  the  angle  ACS. 
Then  the  side  AB  shall  be  equal  to  tne  side  AC. 


For,  if  AB  be  not  equal  to  AC, 
one  of  them  is  greater  tnan  the  other. 
Let  AB  be  greater  than  AC; 
and  at  the  point  B,  from  BA  cut  off  BD  equal  to  CA  the  lesS; 
(i.  3.)  and  join  DC, 

Then,  in  the  triangles  DBC,  ABC, 

because  DB  is  equal  to  AC,  and  BC  is  common  to  both, 

the  two  sides  DB^  BC  are  equal  to  the  two  sides  AC,  CB,  each  to  eacli; 
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and  the  angle  DBC  is  equal  to  the  angle  ACB ;    (hyp.) 

therefore  the  base  DC  is  equal  to  the  base  AB,    (i.  4.) 

and  the  triangle  DBC  is  equal  to  the  triangle  ACB, 

the  less  equal  to  the  greater^  which  is  absurd. 

Therefore  AB  is  not  unequal  to  ^^C^  that  is,  AB  is  equal  to  AC. 

Wherefore,  if  two  triangles,  &c.     q.  e.  d. 

Cor.     Hence  every  equiangular  triangle  is  also  equilateraL 

PROPOSITION  VII.    THEOREM. 

Upon  ike  same  base,  and  on  the  same  side  of  it^  there  cannot  be  two 
triangles  that  have  their  sides  which  are  terminated  in  one  extremity  of  the 
base^  equal  to  one  another,  and  likewise  those  which  are  terminated  in  the 
other  extremity. 

If  it  be  possible,  on  the  same  base  AB,  and  upon  the  same  side  of 
it,  let  there  be  two  triangles  ACB,  ADB,  which  have  their  sides  CA, 
DA,  terminated  in  the  extremity  A  of  the  base,  equal  to  one  another, 
and  likewise  their  sides,  CB,  DB,  that  are  terminated  in  B. 


Join  CD. 
First.     When  the  vertex  of  each  of  the  triangles  is  without  the 
other  triangle. 

Because  AC  is  equal  to  AD  in  the  triangle  ACD, 

therefore  the  angle  ACD  is  equal  to  the  angle  ADC ;     (i.  5.) 

but  the  angle  ACD  is  greater  than  the  angle  BCD ;     (ax.  9.) 

therefore  also  the  angle  ADC  is  greater  than  BCD ; 

much  more  therefore  is  the  angle  BDC  greater  than  BCD. 

Again,  because  the  side  BC  is  equal  to  BD  in  the  triangle  BCD,  (hyp.) 

therefore  the  an^e  BDC  is  equal  to  the  angle  BCD ;     (i.  5.) 

but  the  angle  BDC  was  proved  greater  than  the  angle  BCD, 

hence  the  angle  BDC  is  both  equal  to,  and  greater  than  the  angle  BCD; 

which  is  impossible. 
Secondly.     Let  the  vertex  D  of  the  triangle  ADB  fall  within  the 
triangle  ACB. 


Produce  AC  and  AD  to  E  and  F. 

Then  because  AC  is  equal  to  AD  in  the  triangle  ACD, 
therefore  the  angles  ECD,  FDC  upon  the  other  side  of  the  base 

CD  are  equal  to  one  another ;    (r.  5.) 
but  the  angle  ECD  is  greater  than  the  angle  BCD ;     (ax.  10.) 
therefore  also  the  angle  FDC  is  greater  than  the  angle  BCD ; 
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much  more  then  is  the  angle  BDC  greater  than  the  angle  BCD. 

Again,  because  BC  is  equal  to  BD  in  the  triangle  BCD^ 

therefore  the  angle  BDC  is  equal  to  the  angle  BCD ;     (i.  5.) 

but  the  angle  BDC  has  been  proved  greater  than  BCD, 
wherefore  the  angle  BDC  is  both  equal  to,  and  greater  than 
the  angle  BCD; 

which  is  impossible. 
Thirdly.     The  case  in  which  the  vertex  of  one  triangle  is  upon  a 
side  of  the  other  needs  no  demonstration. 

Therefore  upon  the  same  base  and  on  the  same  side  of  it^  &c.  q.e.d. 


PROPOSITION  VIII.     THEOREM. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides  of  the 
other,  each  to  each,  and  have  likewise  their  bases  equal;  the  angle  which 
is  contained  by  the  two  sides  of  the  one  shall  be  equal  to  the  angles  con^ 
tained  by  the  two  sides  equal  to  them,  of  the  other. 

Let  ABC,  DEF  be  two  triangles^  having  the  two  sides  AB,  AC, 
equal  to  the  two  sides  DE,  DF,  each  to  each,  viz.  AB  to  DE,  and  AC 
to  DF;  and  also  the  base  BC  equal  to  the  base  EF. 

Then  the  angle  BAC  shall  be  equal  to  the  angle  EDF. 

D  G 


For,  if  the  triangle  ABC  be  applied  to  DEF,  so  that  the  point  B  be 
cm  E,  and  the  straight  line  BC  on  EF; 

then  because  BC  is  equal  to  EF,    (hyp.) 
therefore  the  point  C  shall  coincide  with  the  point  F; 
wherefore  BC  coinciding  with  EF, 
BA  and  AC  shall  coincide  with  ED,  DF; 
for,  if  the  base  BC  coincide  with  the  base  EF,  but  the  sides  BA, 
AC  do  not  coincide  with  the  sides  ED,  DF,  but  have  a  different  situa- 
tion as  ^G,  FG: 

Then,  upon  the  same  base,  and  upon  the  same  side  of  it,  there  can 
be  two  triangles  which  have  their  sides  which  are  terminated  in  one 
extremity  of  the  base  equal  to  one  another,  and  likewise  those  sides 
which  are  terminated  in  the  other  extremity ; 

but  this  is  impossible,     (i.  7*) 
Therefore,  if  the  base  BC  coincide  with  the  base  EF, 
the  sides  BA,  AC  cannot  but  coincide  with  the  sides  ED,  DF; 
wherefore  likewise  the  angle  BAC  coincides  with  the  angle  EDF, 
and  is  equal  to  it,     (ax.  8.) 
Therefore  if  two  triangles  have  two  sides,  &c.     q.  e.  d. 
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PROPOSITION  IX.     PROBLEM.^ 

To  bisect  a  given  rectilineal  angle,  that  is,  to  divide  it  into  two  equal 
angles. 

Let  BAC  be  the  given  rectilineal  angle. 
It  is  required  to  bisect  it. 


Take  any  point  D  in  AB ; 
from  AC  cut  off  AE  equal  to  AD;  (i.  3,)  and  join  DE, 
describe  an  equilateral  triangle  DEF  on  the  side  of  DE  remote  from 
A,  (i.  1.)   and  join  AF, 
Then  the  straight  line  AF  shall  bisect  the  angle  BAC, 

Because  AD  is  equal  to  AE,     (constr.) 
and  AFis  common  to  the  two  triangles  DAF,  EAF; 
the  two  sides   DA,  AF,  are   equal  to  the  two  sides   EA,   AF, 
each  to  each; 

and  the  base  DF  is  equal  to  the  base  EF;    (constr.) 
therefore  the  angle  DAF  is  equal  to  the  angle  EAF,     (i.  8.) 
Wherefore  the  angle  BAC  is  bisected  by  the  straight  line  AF,    q.e.f. 


PROPOSITION  X.    PROBLEM. 

To  bisect  a  given  Jlnite  straight  line,  that  is,  to  divide  it  into  two 
equal  parts. 

Let  ABhe  the  given  straight  line. 
It  is  required  to  divide  AB  into  two  equal  parts. 


D       B 


Upon  AB  describe  the  equilateral  triangle  ABC;    (i,  1.) 
and  bisect  the  angle  ACB  by  the  straight  line  CD  meeting  AB 
in  the  point  D.     (i.  Q,) 
Then  AB  shall  be  cut  into  two  equal  parts  in  the  point  D, 
Because  AC  \%  equal  to  CB,    (constr.) 
and  CD  is  common  to  the  two  triangles  -4 CD,  BCD; 
the  two  sides  AC,  CD  are  equal  to  BC,  CD,  each  to  each; 
.  and  the  angle  -4 CD  is  equal  to  BCD;     (constr.) 
therefore  the  base  AD  is  equal  to  the  base  DB,     (i.  4.) 
Wherefore  the  straight  line  AB  is  divided  into  two  equal  parts  in 
the  point  D,    q.e.f. 
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PROPOSITION  XL    PROBLEM. 

To  draw  a  straight  line  at  right  angles  to  a  given  straight  line,  from 
a  given  point  in  the  same. 

Let  AB  be  the  given  straight  line,  and  C  a  given  point  in  it. 

It  is  required  to  draw  a  straight  line  from  the  point  C  at  right 

angles  to  AB. 

F 
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In  AC  take  any  point  D,  and  make  CE  equal  to  CD;     (i.  3.) 
upon  DE  describe  the  equilateral  triangle  DEF,  (i.  1.),  and  join  CF. 
Then  CF  drawn  from  the  point  C  shall  be  at  right  angles  to  AB, 
Because  DC  is  equal  to  CE,  and  FC  is  common  to  the  two  tri- 
angles DCF,  ECF; 
the  two  sides  DC,  CF  are  equal  to  the  two  sides  EC,  CF,  each  to  each ; 
and  the  base  DF  is  equal  to  the  base  EF;  (constr.) 
therefore  the  angle  DCF  is  equal  to  the  angle  ECF:     (i.  8.) 
and  these  two  angles  are  adjacent  angles. 
But  when  the  two  adjacent  angles  which  one  straight  line  makes 
with  another  straight  line  are  equal  to  one  another^  each  of  them  is 
called  a  right  angle:     (def.  10.) 

Therefore  each  of  the  angles  DCF,  ECF  is  a  right  angle. 
Wherefore  from  the  civen  point  C,  in  the  given  straight  line  AB, 
FC  has  been  drawn  at  ri^t  angles  to  AB,    q.e.f. 

Cor.     By  help  of  this  problem,  it  may  be  demonstrated  that  two 
straight  lines  cannot  have  a  common  segment. 

If  it  be  possible,  let  the  segment  AB  be  common  to  the  two  straight 
lines  ABC,  ABD. 

E 


From  the  point  B,  draw  BE  at  right  angles  to  AB ;    (i,  11.) 

then  because  ABC  is  a  straight  line, 

therefore  the  angle  ABE  is  equal  to  the  angle  EBC;     (def.  10.) 

Similarly,  because  ABD  is  a  straight  line, 

therefore  the  angle  ABE  is  equal  to  the  angle  EBD ; 

but  the  angle  ABE  is  equal  to  the  angle  EBC, 

wherefore  the  angle  EBD  is  equal  to  the  ancle  EBC,    (ax.  1.) 

the  less  equal  to  the  greater  angle,  which  is  impossible. 
Therefore  two  straight  lines  cannot  have  a  common  segment. 

PROPOSITION  XIL    PROBLEM. 

To  draw  a  straight  line  perpendicular  to  a  given  straight  line  of  an 
unlimited  length,  from  a  given  point  without  it. 

Let  AB  he  the  given  straight  line,  which  may  be  produced  any 
length  both  ways^  and  let  C  be  a  point  without  it. 
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It  is  required  to  draw  a  straight  line  perpendicular  to  AB  from 


Jie  point 


GB 


Take  any  point  D  upon  the  other  side  of  AB, 
and  from  the  centre  C,  at  the  distance  CD,  describe  the  circle  EOF 
meeting  AB  in  F  and  G ;     (post.  3.) 

bisect  FG  in  H  (i.  10.),  and  join  CH. 
Then  the  straight  line  CH  drawn  from  the  given  point  C  shall  ,be 
)erpendicular  to  the  given  straight  line  AB. 

Join  CF,  and  CG. 
And  because  FH  is  equal  to  HG  (constr.),  and  HC  is  common  to 
he  triangles  FHC,  GHC; 

the  two  sides  FH,  HC,  are  equal  to  the  two  GH,  HC,  each  to  each ; 

and  the  base  CF  is  equal  to  the  base  CG ;     (def.  15.) 

therefore  the  angle  FHC  is  equsd  to  the  angle  GHC ;    (i.  8.) 

and  these  are  adjacent  angles. 
But  when  a  straight  line  standing  on  another  straight  line,  makes 
the  adjacent  angles  equal  to  one  another,  each  of  them  is  a  right  angle, 
md  the  straight  line  which  stands  upon  the  other  is  called  a  perpen- 
dicular to  it.     (def.  10.) 

Therefore  from  the  given  point  C  a  perpendicular  CH  has  been 
drawn  to  the  given  straight  line  AB.     q.e.f. 


PROPOSITION  XIII.    THEOREIVI^ 

The  angles  tvkick  one  straight  line  makes  with  another  upon  one  side  of 
it,  are  either  two  right  angles^  or  are  together  equal  to  two  right  angles. 

Let  the  straight  line  AB  make  with  CD,  upon  one  side  of  it,  the 
angles  CBA,  ABD. 

Then  these  shall  be  either  two  right  angles,  or  shall  be  together^ 
equal  to  two  right  angles. 


A 


£ 

1 


D      B       C  D  B  C 

For  if  the  angle  CBA  be  equal  to  the  angle  ABD, 

each  of  them  is  a  right  angle,     (def.  10.) 

But  if  the  angle  CBA  be  not  equal  to  the  angle  ABD, 

from  the  point  B  draw  BE  at  right  angles  to  CD.     (i.  11.) 

Then  the  angles  CBE,  EBD  are  two  right  angles,    (def.  10.) 

And  because  the  angle  CBE  is  equal  to  the  angles  CBA,  ABE, 

add  the  angle  EBD  to  each  of  these  equals ; 
therefore  the  angles  CBE,  EBD  are  equal  to  the  three  angles 
CBA,  ABE,  EBD.    (ax.  2.) 
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Again>  because  tbe  angle  DBA  is  equal  to  the  two  angles  DBE,  EBA, 

add  to  each  of  these  equals  the  angle  ABC; 
therefore  the  angles  DBA,  ABC  are  equal  to  the  three  angles 

DBF,  EBA,  ABC. 
But  the  angles  CBE,  EBD  have  been  proved  equal  to  the  same 
three  angles; 
and  things  which  are  equal  to  the  same  thing  are  equal  to  one  another; 
therefore  the  angles  CBE,  EBD  are  equal  to  the  angles  DBA,  ABC; 
but  the  angles  CBE,  EBD  are  two  right  angles ; 
therefore  the  angles  DBA,  ABC  are  together  equal  to  two  right 
angles,     (ax.  1.) 

Wherefore  when  a  straight  line^  &c.    q.e.d. 

PROPOSITION  XIV.    THEOREM. 

If  at  a  point  in  a  straight  line,  two  other  straight  lines^  upon  the 
opposite  sides  of  it^  make  the  adjacent  angles  together  equal  to  two  right 
angles^  these  two  straight  lines  shall  he  in  one  and  the  same  straight  line. 

At  the  point  B  in  the  straight  line  AB,  let  the  two  straight  lines 
BC,  BD  upon  the  opposite  sides  of  AB^  make  the  adjacent  angles 
ABC,  ABD  together  e^ual  to  two  right  angles. 

Then  BD  shall  be  m  the  same  straight  line  with  CB, 


For,  if  BD  be  not  in  the  same  straight  line  with  CB, 
let  BE  be  in  the  same  straight  line  with  it. 
Then  because  AB  meets  the  straight  hue  CBE ; 
therefore  the  adjacent  angles  CBA,  ABE  are  equal  to  two  right 
angles;    (i.  13.) 

but  the  angles  CBA,  ABD  are  equal  to  two  right  angles  ;    (h3rp.) 
therefore  the  angles  CBA,  ABE  are  equal  to  the  angles  CBA,  ABV :  (ax.  2.) 
take  away  from  these  equals  the  common  angle  CBA, 
therefore  the  remaining  angle  ABE  is  equal  to  the  remaining  angle 
ABD ;     (ax.  3.) 

the  less  equal  to  the  greater  angle^  which  is  impossible : 
therefore  BE  is  not  m  the  same  straight  line  with  CB. 
And  in  the  same,  manner  it  may  be  demonstrated,  that  no  other  can 
be  in  the  same  straight  line  with  it  but  BD,  which  therefore  is  in  the 
same  straight  line  with  CB. 

Wherefore,  if  at  a  point,  &c.    q.e.d. 


PROPOSITION  XV.    THEOREM. 

If  two  straight  lines  cut  one  another,  the  vertical,  or  opposite  angles 
shall  be  equal. 

Let  the  two  straight  lines  AB,  CD  cut  one  another  in  the  point  E. 
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Then  the  angle  AEC  shall  he  equal  to  the  angle  DEB,  and  the 
iBgle  CEB  to  the  angle  AED. 


— B 


Because  the  straight  line  AE  makes  vfith  CD  at  the  point  E,  the 
idjacent  angles  CEA,  AED; 

these  angles  are  together  equal  to  two  right  angles,     (i.  13.) 
Again,  because  the  straight  bne  DE  makes  with  AB  at  the  point  E 
he  adjacent  angles  AED,  DEB; 

these  angles  also  are  equal  to  two  right  angles ; 
but  the  angles  CEA,  AED  have  been  shewn  to  be  equal  to  two 
right  angles; 
wherefore  the  angles  CEA,  AED  are  equal  to  the  angles  AED,  DEB; 

take  away  from  each  the  common  angle  AED, 
uid  the  remaining  angle  CEA  is  equal  to  the  remaining  angle  DEB,  (ax.  3.) 
In  the  same  manner  it  may  be  demonstrated,  that  the  angle  CEB  is 
^ual  to  the  angle  AED, 

Therefore,  if  two  straight  lines  cut  one  another,  &c.    q.e.d. 
Cor.  1.     From  this  it  is  manifest,  that,  if  two  straight  lines  cut  each 
)ther,  the  angles  which  they  make  at  the  point  where  they  cut,  are 
together  equal  to  four  right  angles. 

Cor.  2.     And  consequently  that  all  the  angles  made  by  any  number 
of  lines  meeting  in  one  pointy  are  together  equal  to  four  right  angles. 


PROPOSITION  XVI.    THEOREM. 

If  one  side  of  a  triangle  be  produced^  the  exterior  angle  is  greater  than 
eiiher  of  the  interior  opposite  angles, 

"Let  ABC  be  a  triangle,  and  let  its  side  BC  be  produced  to  D. 
Then  the  exterior  angle  ACD  shall  be  greater  than  either  of  the 
interior  opposite  angles  CBA  or  BAC, 


Bisect  AC  in  E,  (i.  10.)  and  join  BE; 
produce  BE  to  F,  making  EF  equal  to  BE,  (i.  3.)  and  join  FC. 

Because  AE  is  equal  to  jKC,  and  BE  to  EF; 
the  two  sides  AE,  EB  are  equal  to  the  two  CE,  EF,  each  to  each, 
in  the  triangles  ABE,  CFE ; 

and  the  angle  AEB  is  equal  to  the  angle  CEF, 

because  they  are  opposite  vertical  angles;     (i.  15.) 

therefore  the  base  AB  is  equal  to  the  base  CF,     (i.  4.) 

and  the  triangle  AEB  to  the  triangle  CEF, 
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and  the  ranaining  angles  of  one  triangle  to  the  remaining  angles  of 
the  other^  each  to  each^  to  which  the  equal  sides  are  opposite ; 
wherefore  the  angle  BAE  is  equal  to  the  angle  ECF ; 
but  the  angle  ECD  or  ACD  is  greater  than  the  angle  ECF; 
therefore  the  angle  ACD  is  greater  than  the  angle  BAE, 
In  the  same  manner,  if  the  side  BC  be  bisected,  and  ^C  be  pro- 
duced to  G ;  it  may  be  demonstrated  that  the  angle  BCG,  that  is,  the 
angle  ACD,  (i.  15.)  is  greater  than  the  angle  ABC, 

Therefore,  if  one  side  of  a  triangle,  &c.    q.e.d. 


PROPOSITION  XVII.     THEOREM. 

Any  two  angles  of  a  triangle  are  together  less  than  two  right  angles. 

Let  ABC  be  any  triangle. 
Then  any  two  of  its  angles  together  shall  be  less  than  two  right  angles. 

A 


Produce  any  side  BC  to  D. 
Then  because  ACD  is  the  exterior  angle  of  the  triangle  ABC; 
therefore  the  angle  ACD  is  greater  than  the  interior  and  opposite 
angle  ^BC;     (l  l6.) 

to  each  of  these  unequals  add  the  angle  ACB; 
Therefore  the  angles  ACD,  ACB  are  greater  than  the  angles  ABC, 
ACB; 

but  the  angles  ACD,  ACB  are  equal  to  two  right  angles;     (i.  13.) 
therefore  the  angles  ABC,  BCA  are  less  than  two  right  angles. 

In  like  manner  it  may  be  demonstrated, 
that  the  angles  BAC,  ACB  are  less  than  two  right  angles, 

as  also  the  angles  CAB,  ABC. 
Therefore  any  two  angles  of  a  triangle,  &c.    q.e.d. 

PROPOSITION  XVIII.    THEOREM. 
The  greater  side  of  evert/  triangle  is  opposite  to  the  greater  angle. 

Let  ABC  he  a  triangle,  of  which  the  side  AC  is  greater  than  the 
side  AB. 

Then  the  angle  ABC  shall  be  greater  than  the  angle  BCA. 


Since  the  side  AC  is  greater  than  the  side  AB, 

make  AD  equal  to  AB,  (i.  3.)  and  join  BD* 

Then  because  AD  is  equal  to  AB  in  the  triangle  ABD, 

therefore  Uie  angle  ADB  is  equal  to  the  angle  ABD,    (i*  5.) 
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but  because  the  side  CD  of  the  triangle  DBC  is  produced  to  A, 
therefore  the  exterior  angle  JDB  is  greater  than  the  interior  and 

opposite  angle  DCB;     (i,  l6.) 
but  the  angle  ADB  has  been  proved  equal  to  the  angle  ABD, 
therefore  the  angle  ABD  is  greater  than  the  angle  DCB ; 
therefore  much  more  is  the  angle  ABC  greater  than  the  angle  ACB. 

Therefore  the  greater  side^  &c.    42.e.d. 


PROPOSITION  XIX.    THEOREM. 

The  greater  angle  of  every  triangle  is  subtended  by  ike  greater  side^ 
or,  has  the  greater  side  opposite  to  it. 

Let  ABC  be  a  triangle  of  which  the  angle  ABC  is  greater  than  the 
angle  BCA. 

Then  the  side  AC  shall  be  greater  than  the  side  AB, 


For,  if  ^C  be  not  greater  than  AB, 

AC  must  either  be  equal  to^  or  less  than  AB; 

if  AC  were  equal  to  AB, 

then  the  angle  ABC  would  be  equal  to  the  angle  ACB;    (i.  5.) 

but  it  is  not  equal ;     (hyp.) 

therefore  the  side  AC  is  not  equal  to  AB. 

Again^  i£  AC  were  less  than  AB, 

then  the  angle  ABC  would  be  less  than  the  angle  ACB;    (i.  18.) 

but  it  is  not  less, 

therefore  the  side  AC  is  not  less  than  AB; 

and  AC  has  been  shewn  to  be  not  equal  to  AB ; 

therefore  .^C  is  greater  than  AB. 

Wherefore  the  greater  angle,  &c     q.e.d. 


PROPOSITION  XX.     THEOREM. 

Any  two  sides  of  a  triangle  are  together  greater  than  the  third  side. 

Let  ABC  be  a  triangle. 

Then  any  two  sides  of  it  together  shall  be  greater  than  the  third  side, 

viz.  the  sides  BA,  AC  greater  than  the  side  BC; 

AB,  BC  greater  than  AC; 

and  BC,  CA  greater  than  AB. 


Produce  the  side  BA  to  the  point  D, 
tnake  AD  equal  to  AC,  (i.  S.)  and  join  DC. 
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Then  because  AD  is  equal  to  AC, 
therefore  the  angle  ADC  is  equal  to  the  angle  A  CD ;    (i.  5.) 

but  the  angle  BCD  is  greater  than  the  angle  ACD; 
therefore  also  the  angle  BCl)  is  greater  than  the  angle  ADC* 

And  because  in  the  triangle  DEC, 

the  angle  BCD  is  greater  than  the  angle  BDC^    (ax.  9.) 

and  that  the  greater  angle  is  subtended  by  the  greater  side ;     (i.  I9.) 

therefore  the  side  DB  is  greater  than  the  side  BC; 

but  DB  is  equal  to  BA  and  AC, 
therefore  the  sides  BA  and  AC  are  greater  Jthan  BC, 
In  the  same  manner  it  may  be  demonstrated^  that  the  sides  AB,  BC 
are  greater  than  CA ; 

also  that  BC,  CA  are  greater  than  AB. 
Therefore  any  two  sides,  &c.    q.e.d. 

PROPOSITION  XXL    THEOREM. 

Ifjram  the  ends  of  a  side  of  a  triangle^  there  be  drawn  two  straight 
lines  to  a  point  within  the  triangle,  these  shall  he  less  than  the  other 
two  sides  of  the  triangle,  but  shall  contain  a  greater  angle. 

Let  ABC  be  a  triangle,  and  from  the  points  B,  C,  the  ends  of  the 
side  BC,  let  the  two  straight  lines  BD,  CD  be  drawn  to  a  point  D 
within  the  triangle. 

Then  BD  and  DC  shall  be  less  than  BA  and  AC  the  other 
two  sides  of  the  triangle, 
but  shall  contain  an  angle  BDC  greater  than  the  angle  BAC. 

A 

B 


Produce  BD  to  meet  the  side  AC  in  E. 

Because  two  sides  of  a  triangle  are  greater  than  the  third  side,  (i.  20.) 

therefore  the  two  sides  BA,  AE  of  the  triangle  ABE  are  greater  tlum  BE; 

to  each  of  these  unequals  add  EC ; 
therefore  the  sides  BA,  AC  are  greater  than  BE,  EC.     (ax.  4.) 
Again,  because  the  two  sides   CE,  ED  of  the  triangle  CED 
are  greater  than  DC;  (i.  20.) 

add  DB  to  each  of  these  unequals ; 
therefore  the  sides  CE,  EB  are  greater  than  CD,  DB.    (ax.  4.) 
But  it  has  been  shewn  that  BA,  AC  are  greater  than  BE,  EC ; 

much  more  then  are  BA,  AC  greater  than  BD,  DC. 
Again,  because  the  exterior  angle  of  a  triangle  is  greater  than 
the  interior  and  opposite  angle;  (i.  I6.) 

therefore  the  exterior  angle  BDC  of  the  triangle  CDE  is  greater 
than  the  interior  and  opposite  angle  CED ; 

for  the  same  reason,  the  exterior  angle  C£Dof  the  triangle  .^B£  is 
greater  than  the  interior  and  opposite  angle  BAC ; 
and  it  has  been  demonstrated, 

that  the  angle  BDC  is  greater  than  the  angle  CEB ; 

much  more  therefore  is  the  angfe  BDC  greater  than  the  angle  BAC, 

Therefore,  if  from  the  ends  of  the  side,  &c.    q-s.  d. 
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PROPOSITION  XXII.    PROBLEM. 

To  make  a  triangle  of  which  the  sides  shall  he  equal  to  three 
given  straight  lines^  but  any  two  whatever  of  these  must  he  greater  than 
the  third. 

Let  Af  By  C  be  the  three  given  straight  h'nes^ 
of  which  any  two  whatever  are  greater  than  ^e  thirds     (i.  20.) 

namely^  A  and  B  greater  than  C; 
A  and  C  greater  than  B ; 
and  B  and  C  greater  than  A. 
It  is  required  to  make  a  triangle  of  which  the  sides  shall  be  equal 
to  Ay  By  C,  each  to  each. 


Take  a  straight  line  DE  terminated  at  the  point  D,  but  unlimited 
towards  E, 

make  DF  equal  to  A,  FG  equal  to  B,  and  GH  equal  to  C;    (i.  3.) 
from  the  centre  Fy  at  the  distance  FD,  describe  the  circle  DKL;  (post.  3.) 
and  from  the  centre    G,   at  the  distance   GH,    describe  the 
circle  HLK;  and  join  KF,  KG. 
Then  the  triangle  KFG  shall  have  its  sides  equal  to  the  three 
straight  lines  Ay  By  C 

Because  the  point  F  is  the  centre  of  the  circle  DKL, 

therefore  FD  is  equal  to  FK;    (def.  15.) 

but  FD  is  equal  to  the  straight  line  A  ; 

therefore  FK  is  equal  to  A. 

Again,  because  G  is  the  centre  of  the  circle  HLK; 

therefore  GH  is  equal  to  GK,    (def.  15.) 

but  GH  is  equal  to  C; 
therefore  also  GK  is  equal  to  C;    (ax.  1.) 
and  FG  is  equal  to  B ; 
therefore  the  three  straight  lines  KF,  FG,  GK,  are  respectively 

equal  to  the  three.  A,  B,C: 
and  therefore  the  triangle  KFG  has  its  three  sides  KF,  FG,  GK, 
equal  to  the  three  given  straight  lines  A,  B,  C.    q.  e.  p. 


PROPOSITION  XXIII.    PROBLEM. 

At  a  given  point  in  a  given  straight  line,  to  make  a  rectilineal  angle 
equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line,  and  A  the  given  point  in  it,  and 
DCE  the  given  rectilineal  angle. 

It  is  required  to  make  an  angle  at  the  given  point  A  in  the  given 
straight  line  AB,  that  shall  be  equal  to  the  given  rectilineal  angle  DCE. 
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F 

/ 

i)  B 

In  CD,  CE,  take  any  points  A  E,  and  ioin  DE  ; 
make  the  triangle  AFG,  the  sides  of  which  shall  be  equal  to  the 
three  straight  lines  CD,  DE,  EC,  so  diat  AF  be  equal  to  CD,  AG  to 
CE,  and  JPG  to  DE.    (i.  22.) 

Then  the  angle  FAG  shall  be  equal  to  the  angle  DCE. 
Because  FA,  AG  are  equal  to  DC,  CE,  each  to  each, 
and  the  base  FG  is  equal  to  the  base  DE ; 
therefore  the  angle  FAG  is  equal  to  the  angle  DCE.    (r.  8.) 
Wherefore  at  the  given  point  A  in  the  given  straight  line  AB,  the 
angle  FAG  is  made  equal  to  the  given  rectilineal  angle  DCE.    q.e.f. 

PROPOSITION  XXrV.    THEOREM. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides  of  the 
other,  each  to  each,  but  the  angle  contained  hy  the  two  sides  of  one  of  them 
greater  than  the  ansle  contained  hy  the  two  sides  equal  to  them,  of  the 
other;  the  base  of  that  which  has  the  greater  angle,  shall  he  greater  than 
the  hase  of  the  other. 

Let  ABC,  DEF  be  two  triangles,  which  have  the  two  sides  AB, 
AC,  equal  to  the  two  DE,  DF,  each  to  each,  namely  AB  equal  to  DE, 
and  AC  to  DF ;  but  the  angle  BAC  greater  than  the  angle  EDF. 
Then  the  base  BC  shall  be  greater  than  the  base  EF. 


Of  the  two  sides  DE,  DF,  let  DE  be  not  greater  than  DF, 

at  the  point  D,  in  the  straight  line  DE, 

make  the  angle  EDG  equal  to  the  angle  BAC;   (i.  23.) 

make  DG  equal  to  DF  or  AC,  (i.  3^  and  join  EG,  GF. 

Then,  because  DE  is  equal  to  An,  and  DG  to  AC, 

the  two  sides  DE,  DG  are  equal  to  the  two  AB,  AC,  each  to  each, 

and  the  angle  EDG  is  equal  to  the  angle  BAC ; 

therefore  the  base  EG  is  equal  to  the  base  BC.    (i.  4.) 

And  because  DG  is  equal  to  DF  in  the  triangle  DFG, 

therefore  the  angle  DFG  is  equal  to  the  angle  DGF ;    (i.  5.) 

but  the  angle  DGF  is  greater  than  the  angle  EGF ;     (ax.  9.) 

therefore  the  angle  DFG  is  also  greater  than  the  angle  EGF; 

much  more  therefore  is  the  angle  EFG  greater  than  the  angle  EGF. 

And  because  in  the  triangle  EFG,  the  angle  EFG  is  greater  than 

the  angle  EGF, 

and  that  the  greater  angle  is  subtended  by  the  greater  side;  (i.  ig.) 

therefore  the  side  EG  is  greater  than  the  side  EF; 

but  EG  was  proved  equal  to  BC  ; 

therefore  BC  is  greater  than  EF., 

Wherefore  if  two  triangles,  &c.      q.  b.d» 
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PROPOSITION  XXV.    THEOREM. 

If  two  triangles  have  two  sides  of  the  one  equal  to  two  sides  of  the 
other,  each  to  each,  but  the  base  of  one  greater  than  the  base  of  the  other  ; 
the  angle  contained  by  the  sides  of  the  one  which  has  the  greater  base, 
shall  be  greater  than  the  angle  contained  by  the  sides,  equal  to  them,  of  the 
other. 

Let  ABC,  DEF  be  two  triangles  which  have  the  two  sides  AB,  AC 
equal  to  the  two  sides  DE,  DF,  each  to  each>  namely^  AB  equal  to  DE^ 
and  AC  to  DF;  but  the  base  BC  greater  than  the  base  EF. 

Then  the  angle  BAC  shall  be  greater  than  the  angle  EDF* 


For,  if  the  angle  BAC  be  not  greater  than  the  angle  EDF,  it  must 
either  be  equal  to  it,  or  less  than  it 

If  the  angle  BAC  were  equal  to  the  angle  EDF, 
then  the  base  BC  would  be  equal  to  the  base  EF ;    (i.  4.) 

but  it  is  not  equal, 

therefore  the  angle  BAC  is  not  equal  to  the  angle  EDF, 

Again,  if  the  angle  BAC  were  less  than  the  angle  EDF, 

then  the  base  BC  would  be  less  than  the  base  EF;    (i.  24.) 

but  it  is  not  less, 

therefore  the  angle  BAC  is  not  less  than  the  angle  EDF; 

and  it  has  been  shewn,  that  the  angle  BAC  is  not  equal  to  the  angle  EDF; 

therefore  the  angle  BAC  is  greater  than  the  angle  EDF. 

Wherefore,  if  two  triangles,  &c.    q.e.d. 


PROPOSITION  XXVI.    THEOREM. 

If  two  triangles  have  two  angles  of  the  one  equal  to  two  angles  qf  ike 
other,  each  to  each,  and  one  side  eaual  to  one  side,  viz.  either  the  sides 
adjacent  to  the  equal  angles  in  each,  or  the  sides  opposite  to  them;  then 
shall  the  other  siaes  be  equal,  each  to  each,  and  also  the  third  angle  of  the 
one  equal  to  the  third  angle  of  the  other* 

Let  ABC,  DEF  be  two  triangles  which  have  the  angks^J5C,  BCA 
equal  to  the  angles  DEF,  EFD,  each  to  each,  namely  ABC  to  DEF, 
and  BCA  to  EFD ;  also  one  side  equal  to  one  side. 

First,  let  those  sides  be  equal  which  are  adjacent  to  the  angles  that 
are  equal  in  the  two  triangles,  namely  BC  to  EF. 

Then  the  other  sides  shall  be  equal,  each  to  each^  namely  AB  to  DE, 
KoAACto  DF,  and  the  third  angle  BAC  to  the  third  wigle  EDF. 
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For^  if  AB  be  not  equal  to  DE,  one  of  them  must  be  greater  than 
the  other. 

Let  AB  be  greater  than  DE, 

make  BG  equal  to  ED,  (i.  S.)  and  join  GC, 

Then  in  the  two  triangles  GBC,  DEF, 

because  GB  is  equal  to  DE,  and  BC  to  EF,    (hyp.) 

the  two  sides  GB,  BC  are  equal  to  the  two  DE,  EF,  each  to  each  ; 

and  the  angle  GBC  is  equal  to  the  angle  DEF; 

therefore  the  base  GC  is  equal  to  the  base  DF,    (i.  4.) 

and  the  triangle  GBC  to  the  triangle  DEF, 

and  the  other  angles  to  the  other  angles^  each  to  each,  to  which 

the  equal  sides  are  opposite  ; 

therefore  the  angle  GCB  is  equal  to  the  angle  DFE; 

but  the  angle  DFE  is^  by  the  hypothesis^  equal  to  the  angle  ACB ; 

wherefore  also  the  angle  GCB  is  equal  to  the  angle  ACB ;    (ax.  1.) 

the  less  anele  equal  to  the  greater^  which  is  impossible  ; 

therefore  AB  is  not  unequal  to  DE, 

that  is,  AB  is  equal  to  DE. 

Hence,  in  the  triangles  ABC,  DEF; 

because  AB  is  equal  to  DE,  and  BC  to  EF,     (hyp.) 

and  the  angle  ABC  is  ecjual  to  the  angle  DEF;     (hyp.) 

therefore  the  base  AC  is  equal  to  the  base  DF,  (i.  4.) 

and  the  third  angle  BAC  to  the  third  angle  JSDF. 

Secondly,  let  the  sides  which  are  opposite  to  the  equal  angles  in 

each  triangle  be  equal  to  one  another,  namely,  AB  equal  to  DE, 

Then  in  this  case  likewise  the  other  sides  shall  be  equal,  AC  tb  DF, 
and  BC  to  EF,  and  also  the  third  angle  BAC  to  the  third  angle  EDF. 


HC 


For  if  BC  be  not  equal  to  EF,  one  of  them  must  be  greater  than 
the  other. 

Let  BC  be  greater  than  EF;   make  BH  equal  to  EF,  (i.8.) 
and  join  AH. 

Then  in  the  two  triangles  ABH,  DEF, 

because  AB  is  equal  DE,  and  BH  to  EF, 

and  the  angle  ABC  to  the  angle' DEF;    (hyp.) 

therefore  the  base  AH  is  equal  to  the  base  DF,     (i.  4.) 

and  the  triangle  ABH  to  the  triangle  DEF, 

and  the  other  angles  to  the  other  angles,  each  to  each,  to  which  the 

equal  sides  are  opposite; 

therefore  the  angle  BHA  is  equal  to  the  angle  EFD; 

but  the  angle  EFD  is  equal  to  the  angle  BCA  ;  (hyp.) 

therefore  the  angle  BHA  is  equal  to  the  angle  BCA,     (ax.  1.) 

that  is,  the  exterior  angle  JBHA  of  the  triangle  AHC,  is 

equal  to  its  interior  and  opposite  angle  BCA ;  which  is  impossible ;  (l  16.) 

wherefore  BC  is  not  unequal  to  JBF, 

that  is,  BC  is  equal  to  EF. 

Hence,  in  the  triangles  ABC,  DEF; 

because  AB  is  equal  to  DE,  and  BC  to  EF,    (hyp.) 
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and  the  included  angle  ABC  is  equal  to  the  included  an^le  DEF ;  (hyp.) 

therefore  the  base  ^C  is  equal  to  the  base  DF,    (i.  4.) 

and  the  third  angle  BAC  to  the  third  angle  EDF. 

Wherefore  if  two  triangles,  &c.    q.e.d. 

PROPOSITION  XXVII.     THEOREM. 

If  a  straight  line.  Jailing  on  two  other  straight  lines,  make  the  alter" 
nate  angles  equal  to  each  other  ;  these  two  straight  lines  shall  be  parallel. 

Let  the  straight  line  EF,  which  falls  upon  the  two  straight  lines  AB, 
CD,  make  the  alternate  angles  AEF,  EFjD  equal  to  one  another. 
Then  AB  shall  be  paraUel  to  CD. 


For,  if  AB  be  not  parallel  to  CD, 
AB  and  CD  being  produced  will  meet  either  towards  A  and  C, 
or  towards  B  and  D. 
Let  AB,  CD  be  produced  and  meet  towards  B  and  D,  in  the  point  G. 

Then  GEF  is  a  triangle, 
and  its  exterior  angle  AEF  is  greater  than  the  interior  and 
opposite  angle  EFG ;    (i.  l6.) 

but  the  angle  AEF  is  equal  to  the  angle  EFG ;    (hyp.) 
therefore  the  angle  AEF  is  greater  than  and  equal  to  the  angle  EFG  ; 
which  is  impossible. 

Therefore  AB,  CD  being  produced  do  not  meet  towards  B,  D. 
In  like  manner,  it  may  be  demonstrated,  that  they  do  not  meet 
when  produced  towards  A,  C. 

But  those  straight  lines  in  the  same  plane  which  meet  neither  way, 
though  produced  ever  so  far,  are  parallel  to  one  another ;    (def.  35.) 

therefore  AB  is  parallel  to  CD. 
Wherefore,  if  a  straight  line,  &c.    q.  e.d. 

PROPOSITION  XXVIII.    THEOREM. 

If  a  straight  line  Jailing  upon  two  other  straight  lines,  makes  the 
exterior  angle  equal  to  the  interior  and  opposite  upon  the  same  side  of  the 
line  ;  or  makes  the  interior  angles  upon  the  same  side  together  equal  to  two 
right  angles  ;  the  two  straight  lines  shall  be  parallel  to  one  another. 

Let  the  straight  line  EF,  which  falls  upon  the  two  straight  lines  AB, 
CD,  make  the  exterior  angle  EGB  equal  to  the  interior  and  opposite 
angle  GHD  upon  the  same  side ;  or  make  the  two  interior  angles  BGH, 
GHD  on  the  same  side  together  equal  to  two  right  angles. 

Then  AB  shall  be  parallel  to  CD. 
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Because  the  angle  EGB  is  equal  to  the  angle  GHD,    (hjp.) 
and  the  angle  EGB  equal  to  the  angle  AGH,    (i.  15.) 
therefore  the  angle  AGH  is  equal  to  the  angle  GHD;    (ax.  1,) 
and  they  are  alternate  angles, 

therefore  AB  is  parallel  to  CD,     (i.  27.) 
Again,  because  the  angles  BGH,  GHD  are  together  equal  to  two 
right  angles,     (hyp*) 

and  that  the  angles  AGH,  BGH  are  also  together  equal  to  two 

right  angles ;    (i.  13.) 
therefore  the  angles  AGH,  BGH  are  equal  to  the  angles  BGH, 
GHD;    (ax.  1.) 

take  away  the  common  angle  BGH; 
therefore  the  remaining  angle  AGH  is  equal  to  the  remaining 
angle  GHD ;  (ax.  3.) 

and  they  are  alternate  angles ; 
therefore  AB  is  parallel  to  CD.      (i.  27.) 
Wherefore^  if  a  straight  line,  &c.    q.b.d. 

PROPOSITION  XXIX.    THEOREM. 

If  a  straight  linefaU  upon  two  parallel  straight  lines,  it  makes  the 
(Uternate  utiles  equal  to  one  another  ;  and  the  exterior  angle  equal  to  the 
interior  and  opposite  upon  the  same  side ;  and  likewise  the  two  interior 
angles  upon  the  same  side  together  equal  to  two  right  angles. 

Let  the  straight  line  EF  fall  upon  the  parallel  straight  lines  AB,  CD, 

Then  the  alternate  saiglesAGH,  GHl)  shall  be  equal  to  one  another; 

the  exterior  angle  EGB  shall  be  equal  to  the  interior  and  opponte 

angle  GHD  upon  the  same  side  of  the  line  EF; 
and  the  two  interior  angles  BGH,  GHD  upon  the  same  side  shall 
be  together  equal  to  two  right  angles. 


F 

For,  if  the  angle  AGH  be  not  equal  to  the  alternate  angle  GHD, 

let  A  GH  be  greater  than  GHD, 
then  because  the  angle  AGS  is  greater  than  the  anffle  GHD, 

add  to  each  of  these  unequals  the  angle  BGH; 
therefore  the  angles  AGH,  BGH  are  greater  than  the  angles  BGH, 
GHD ;    (ax.  4.) 
but  the  angles  AGH,  BGH  are  equal  to  two  right  angles ;    (i.  IS.) 
therefore  the  angles  BGH,  GHD  are  less  than  two  right  angles ; 
but  those  straight  lines  which,  with  another  straight  line  falling 
upon  them,  make  the  interior  angles  on  the  same  side  less  than  two 
right  angles,  will  meet  together  if  continually  produced ;     (ax.  12.) 
therefore  the  straight  lines  AB,  CD,  if  produced  far  enough,  will 
meet; 
but  they  never  meet,  since  they  are  parallel  by  the  hjrpothesis ; 
therefore  the  angle  AGH  is  not  unequal  to  the  angle  GHD, 
that  is,  the  angle  AGH  is  equal  to  the  angle  GHD: 
but  the  angle  AGH  is  equal  to  the  angle  EUB;    (i.  15.) 
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therefore  likewise  the  angle  EGB  is  equal  to  the  angle  GHD:    (ax.  1.) 

add  to  each  of  them  tne  angle  BOH; 
therefore  the  angles  EGB,  BGH  are  equal  to  the  angles  BGH, 
GHD;     (ax.  2.) 

but  EGB,  BGH  are  equal  to  two  right  angles ;     (i.  13.) 

therefore  also  BGH,  GHD  are  equal  to  two  right  angles,    (ax.  1.) 

Wherefore^  if  a  straight  line,  &c*    q.  b.  b. 

PROPOSITION  XXX.    THEOREM. 

Straight  lines  which  are  parallel  to  the  same  straight  line  are  parallel 
to  each  other. 

Let  the  straight  lines  AB,  CD  be  each  of  them  parallel  to  EF. 
Then  shall  AB  be  also  parallel  to  CD. 

A- 


Let  the  straight  line  GHK  cut  AB,  EF,  CD. 
Tlien  because  GHK  cuts  the  parallel  straight  lines  AB,  EF, 
therefore  the  angle  AGH  is  equal  to  the  alternate  angle  GHF.  (u  29.) 
Again^  because  GHK  cuts  the  parallel  straight  lines  EF,  CD, 
therefore  the  exterior  angle  GHF  is  equal  to  the  interior  angle 
HKD;     (1.29.) 
and  it  was  shewn  that  the  angle  AGH  is  equal  to  the  angle  GHF; 
therefore  the  angle  AGH  is  equal  to  the  angle  GKD ; 
and  these  are  alternate  angles ; 
therefore  AB  is  parallel  to  CD.     (i.  27.) 
Wherefore  straight  lines  which  are,  &c.     Q.  £.  D. 

PROPOSITION  XXXI.    PROBLEM. 

To  draw  a  straight  line  through  a  given  point  parallel  to  a  givm^ 
straight  line, 

Let  A  be  the  given  point,  and  BC  the  given  straight  line. 
It  is  required  to  draw  through  the  point  A  a  straight  line  parallel 
to  the  straight  line  BC. 

E  A         F 


1— D 

In  the  line  BC  take  any  point  D,  and  join  AD, 
at  the  point  A  in  the  straight  line  AD,  make  the  angle  DAE  equal 
to  the  angle  ADC ;    (1.  23.) 

and  produce  the  straight  line  EA  to  F^ 
Then  EF  shall  be  parallel  to  BC. 
Because  the  straight  line  AD  meets  the  two  straight  lines  EF,  BC, 
and  makes  the  alternate  angles  EAD,  ADC,  equal  to  one  anodier^ 

therefore  EF  is  parallel  to  BC.    (i.  27-} 
Wherefore  through  the  given  point  A,  has  been  orawn  a  sCtaight 
line  EAF  parallel  t»  the  given  straight  line  BC.    q»  e.  f. 
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PROPOSITION  XXXII.     THEOREM. 

If  a  side  of  any  triangle  be  produced^  the  exterior  angle  is  equal  to  the 
two  interior  and  opposite  angles;  and  the  three  interior  angles  of  every 
triangle  are  together  equal  to  two  right  angles. 

Let  ABC  be  a  triangle^  and  let  one  of  its  sides  BC  be  produced  to  D. 
Then  the  exterior  angle  ACD  shall  be  equal  to  the  two  interior  and 
opposite  angles  CAB,  ABC: 

and  the  three  interior  angles  ABC,  BCA,  CAB  shall  be  equal  to 
two  right  angles. 


Through  the  point  C  draw  CE  parallel  to  the  side  BA.    (i.  SI.) 
Then  because  CE  is  parallel  to  BA,  and  AC  meets  them^ 
therefore  the  angle  ACE  is  equal  to  the  alternate  angle  BAC.    (i.  29.) 
Again,  because  CE  is  parallel  to  AB,  and  BD  falls  upon  them^ 
therefore  the  exterior  angle  ECD  is  equal  to  the  interior  and  op- 
posite angle  ABC ;    (i.  29.) 
but  the  angle  ACE  was  shewn  to  be  equal  to  the  angle  BAC\ 
therefore  the  whole  exterior  ansle  ACD\%  equal  to  the  two  interior 
and  opposite  angles  CAB,  ABC:     (ax.  2.) 

to  each  of  these  equals  add  the  angle  ACB^ 
therefore  the  angles  ACD  and  ACB  are  equal  to  the  three  angles 
CAB,  ABC,  and  ACB ;    (ax.  2.) 
but  the  angles  ACD,  ACB  are  equal  to  two  right  angles,    (i.  IS.) 
therefore  also  the  angles  CAB,  ABC,  ACB  are  equal  to  two  right 

angles,    (ax.  1.) 
Wherefore,  if  a  side  of  any  triangle  be  produced,  &c.  #  q.e.d. 

Cor.  1.  All  the  interior  angles  of  any  rectilineal  figure  together 
Vith  four  right  angles,  are  equal  to  twice  as  many  right  angles  as  the 
figure  has  sides. 

D 


For  any  rectilineal  figure  ABCDE  can  be  divided  into  as  many  tri-i 
angles  as  the  figure  has  sides,  by  drawing  straight  lines  from  a  pomt  F 
within  the  figure  to  each  of  its  angles. 

Then,  because  the  three  interior  angles  of  a  triangle  are  equal  to 

two  right  angles,  and  there  are  as  many  triangles  as  the  figure  has  sides, 

therefore  all  the  angles  of  these  triangles  are  equal  to  twice  as  many 

right  angles  as  the  figure  has  sides ; 
but  the  same  angles  of  these  triangles  are  equal  to  the  interior  angles 

of  the  figure  together  with  the  angles  at  the  point  F: 
and  the  angles  at  the  point  F,  which  is  the  common  vertex  of  all  the 
triangles^  are  equal  to  four  right  angles,    (i.  15.  Cor.  2.) 
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therefore  the  same  angles  of  these  triangles  are  equal  to  the  angles 

of  the  figure  together  with  four  right  angles ; 
but  it  has  been  proved  that  the  angles  of  the  triangles  are  equal  to 

twice  as  many  right  angles  as  the  figure  has  sides ; 
therefore  all  the  angles  of  uie  figure  together  with  four  ri^ht  angles 

are  equal  to  twice  as  many  right  angles  as  the  figure  has  sides. 

Cor.  2.  All  the  exterior  angles  of  any  rectilineal  figure^  made  by 
producing  the  sides  successively  in  the  same  direction^  are  together 
equal  to  fpur  right  angles. 


Since  every  interior  angle  ABC,  together  with  its  adjacent  exterior 
angle  ABD,  are  equal  to  two  right  angles,     (i.  15.) 

therefore  all  the  interior  angles,  together  with  all  the  exterior  angles 
of  the  figure,  are  equal  to  twice  as  many  right  angles  as  tiie  figure  has 
sides ; 

but  it  has  been  proved  by  the  foregoing  corollary,  that  all  the  inte- 
rior angles  together  with  four  right  angles  are  equal  to  twice  as  many 
right  angles  as  the  figure  has  sides ; 

therefore  all  the  interior  angles  together  with  all  the  exterior  angles 
are  equal  to  all  the  interior  angles  and  four  right  angles,     (ax.  1.) 

take  from  these  equals  all  the  interior  angles, 

therefore  all  the  exterior  angles  of  the  figure  are  equal  to  four  right 
angles,    (ax.  2.) 


PROPOSITION  XXXIII.     THEOREM. 

The  straight  liries  which  join  the  extremities  of  two  equal  and  pa-- 
rallel  straight  lines  towards  the  same  parts,  are  also  themselves  equal  and 
parallel* 

Let  AB,  CD  be  equal  and  parallel  straight  lines^  and  joined  towards 
the  same  parts  by  the  straight  lines  AC,  BD. 

Then  AC,  BD  shall  be  equal  and  parallel* 


Join  BC. 
Then  because  ABh  parallel  to  CD,  and  BC  meets  them, 
therefore  the  angle  ABC  is  equal  to  the  alternate  angle  BCD;  (i.  29.) 
and  because  AB  is  equal  to  CD,  and  BC  common  to  the  two  tri- 
angles ABC,  DCB;  the  two  sides  AB,  BC,  are  equal  to  the  two  DC^ 
CB,  each  to  each,  and  the  angle  ABC  was  proved  to  be  equal  to  the 
angle  BCD: 

therefore  the  base  ^C  is  equal  to  the  base  BD,     (i.  4.) 
and  the  triangle  ABC  to  the  triangle  BCD, 
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and  the  other  angles  to  the  other  angles^  each  to  each^  to  which  the 
equal  sides  are  opposite  ; 

therefore  the  angle  ACB  is  equal  to  the  angle  CBD, 
And  because  the  straight  line  BC  meets  the  two  straight  lines  AC, 
JBD,  and  makes  the  alternate  angles  ACB,  CBD  equal  to  one  another; 

therefore  AC  is  parallel  to  BB ;    (i.  270 

and  AC  was  shewn  to  be  equal  to  BD, 

Therefore,  straight  lines  which,  &c.    q.£.d. 


PROPOSITION  XXXIV.    THEOREM. 

The  opposite  sides  and  angles  of  parallelograms  are  equal  to  one 
another,  and  the  diameter  bisects  them,  that  is,  divides  them  into  trvo  equal 
parts. 

Let  ACDB  be  a  parallelogram,  of  which  BC  is  a  diameter. 
Then  the  opposite  sides  and  angles  of  the  figure  shall  be  equal  to 
pne  another ;  and  the  diameter  BC  shall  bisect  it. 


Becanse  AB  is  parallel  to  CD,  and  BC  meets  them, 

therefore  the  angle  ABC  is  equal  to  the  alternate  angle  BCD,  (i.  29.) 

And  because  AC  is  parallel  to  BD,  and  BC  meets  them, 

therefore  the  angle  ACB  is  equal  to  the  alternate  angle  CBD.    (i.  29.) 

Hence  in  the  two  triangles  ABC,  CBD, 
because  the  two  angles  ABC,  BCA  in  the  one^  are  equal  to  the  two 

angles  BCD,  CBD  in  the  other,  each  to  each  ; 
and  one  side  BC,  which  is  adjacent  to  their  equal  angles,  common 

to  the  two  triangles ; 
therefore  their  other  sides  are  equal,  each  to  each,  and  the  third 

angle  of  the  one  to  the  third  angle  of  the  other,     (i.  26.) 
namely,  the  side  AB  to  the  side  CD,  and  AC  to  BD,  and  the 

angle  B AC  to  the  angle  BDC. 

And  because  the  angle  ABC  is  equal  to  the  angle  BCD, 

and  the  angle  CBD  to  the  angle  ACB, 

therefore  the  whole  angle  ABD  is  equal  to  the  whole  angle  ACD ;  (ax.  2.) 

and  the  angle  BAC  has  been  shewn  to  be  equal  to  BDC; 

therefore  the  opposite  sides  and  angles  of  a  parallelogram  are  equal 

to  one  another. 
Also  the  diameter  BC  bisects  it. 
For  since  AB  is  equal  to  CD,  and  BC  common,  the  two  sides  AB, 
BC  are  equal  to  the  two  DC,  CB,  each  to  each  ; 
and  the  angle  ABC  has  been  proved  to  be  equal  to  the  angle  BCD; 
therefore  the  triangle  ABC  is  equal  to  the  triangle  BCD ;  (i.  4.) 
and  the  diameter  BC  divides  the  parallelogram  ACDB  into  two  equal 
parts.    Q.E.D. 
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PROPOSITION  XXXV.      THEOREM. 

Parallelograms  upon  the  same  base,  and  between  the  same  parallels, 
are  equal  to  one  another. 

Let  the  parallelograms  ABCD,  EBCF  be  upon  the  same  base  BC, 
and  between  the  same  parallels  AF,  BC. 

Then  the  parallelogram  ABCD  shall  be  equal  to  the  parallelogram 
EBCF. 

A    B     D    F 


o 


B 


If  the  sides  AD,  DF  of  the  parallelograms  ABCD,  DBCF,  opposite 
to  the  base  BC,  be  terminated  in  the  same  point  D ; 

then  it  is  plain  that  each  of  the  parallelograms  is  double  of  the 

triangle  BDC;     (i.  84.) 
and  therefore  the  parallelogram  ABCD  is  equal  to  the  parallelo- 
gram DJ5CF.     (ax.  6.) 
But  if  the  sides  AD,  EF,  opposite  to  the  base  BC,  be  not  terminated 
in  the  same  point ; 

Then,  because  ABCD  is  parallelogram, 
therefore  AD  is  equal  to  BC ;     (i.  S4.) 
and  for  a  similar  reason,  EF  is  equal  to  BC ; 
wherefore  AD  is  equal  to  EF ;     (ax.  1.) 
and  DE  is  common ; 
therefore  the  whole,  or  the  remainder,  AE  is  equal  to  the  whole,  or. 
remainder  DF;     (ax.  2  or  3.) 

and  An  is  equal  to  DC;     (i.  34.) 
hence  in  the  triangles  EABj  FDC, 
because  FD  is  equal  to  EA,  and  DC  to  AB, 
and  the  exterior  angle  FDC  is  equal  to  the  interior  and  opposite 
angle  JB^ J? ;     (r.29.) 
therefore  the  base  FC  is  equal  to  the  base  EB,     (i.  4.) 
and  the  triangle  FDC  equal  to  the  triangle  EAB, 
From  the  trapezium  ABCF  take  the  triangle  FDC,  and  from  the 
same    trapezium  take   the  triangle   EAB,    and   the  remainders   are 
equal,      (ax,  3.) 

therefore  the  parallelogram  J  J?C2)  is  equal  to  the  parallelogram  EBCF, 
Therefore  parallelograms  upon  the  same,  &C.,    q.£.I). 

PROPOSITION  XXXVI.      THEOREM. 

Parallelograms  upon  equal  bases,  and  between  the  same  parallels, 
are  equal  to  one  another. 

Let  ABCDf  EFGH  be  parallelograms  upon  equal  bases  BC,  FG, 
and  between  the  same  parallels  AH,  BG. 

Then  the  parallelogram  ABCD  shall  be  equal  to  the  parallelogram 
EFGH. 

A  D    R  II 


32  eucud's  elements. 

Join  BE,  CH. 
Then  because  BC  is  equal  to  FG,  (hyp.)  and  FG  to  EH,    (i.  34.) 

therefore  BC  is  equal  to  EH;     (ax.  1.) 
and  these  lines  are  parallels,  and  joined  towards  the  same  parts  by 

the  straight  lines  BE,  CH ; 
but  straight  lines  which  join  the  extremities  of  equal  and  parallel 
straight   lines   towards   the    same   parts,   are   themselves    equal  and 
paraBel ;     (i.  33.) 

therefore  BE,  CH  are  both  equal  and  parallel ; 
wherefore  EBCH  is  a  parallelogram,     (def.  A.) 
Then  since  the  parallelograms  ABCD,  EBCH,  are  upon  the  same 
base  BC,  and  between  the  same  parallels  BC,  AH ; 

therefore  the  parallelogram  ABCD  is  equal  to  the  parallelogram 

EBCH.    (i.S5.) 
For  a  similar  reason,  the  parallelogram  EFGH  is  equal  to  the 
parallelogram  EBCH ; 

therefore  the  parallelogram  ABCD  is  equal  to  the  parallelogram 

EFGH.    (ax.  1.) 
Therefore  parallelograms  upon  equal,  &c.    q.e.d. 


PROPOSITION  XXXVII.    THEOREM. 

Triangles  upon  the  same  base,  and  between  the  same  parallels,  are 
equal  to  one  another. 

Let  the  triangles  ABC,  DBC  be  upon  the  same  base  BC,  and  be-i 
tween  the  same  parallels  AD,  BC. 

Then  the  triangle  ABC  shall  be  equal  to  the  triangle  DBC. 


Produce  AD  both  ways  to  the  points  E,  F ; 
through  B  draw  BE  parallel  to  CA,    (i.  31.) 
and  through  C  draw  CF  parallel  to  BD. 
Then  each  of  the  figures  EBCA,  DBCF  is  a  parallelogram; 
and  EBCA  is  equal  to  DBCF,  (i.  35.)  because  they  are  upon  the 

same  base  BC,  and  between  the  same  parallels  BC,  EF. 

And  because  the  diameter  AB  bisects  the  parallelogram  EBCA, 

therefore  the  triangle  ABC  is  half  of  the  parallelogram  EBCA ;   (i.  34.) 

also  because  the  diameter  BC  bisects  the  paraflelogram  DBCF, 

therefore  the  triangle  DBC  is  half  of  the  parallelogram  DBCF, 

but  the  halves  of  equal  things  are  equal ;     (ax.  7*) 

therefore  the  triangle  ABC  is  equal  to  tne  triangle  DBC. 

Wherefore  triangles,  &c.    q.  e  .  d. 


PROPOSITION  XXXVIII.    THEOREM. 

Triangles  upon  equal  bases^  and  between  the  same  parallels,  are  equal 
to  one  another. 
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Let  the  triangles  ABC^  DEF  be  upon  equal  bases  BC,  EF,  and 
between  the  same  parallels  BF,  AD. 

Then  the  triangle  ABC  shall  be  equal  to  the  triangle  DEF. 
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B  C    B 


Produce  AD  both  ways  to  the  points  G,  H; 

through  B  draw  BG  parallel  to  CJ,    (i.  SI.) 

and  through  F  draw  FH  parallel  to  ED, 

Then  each  of  the  figures  GBCA,  DEFH  is  a  parallelogram ; 

and  they  are  equal  to  one  another^     (i.  36A 

because  they  are  upon  equal  bases  BC,  EF, 

and  between  the  same  parallels  BF,  GH. 

And  because  the  diameter  AB  bisects  the  paraUelogram  GBCA, 

therefore  the  triangle  ABC  is  the  half  of  the  parallelogram  GBCA ;  (i,  34.) 

also,  because  the  diameter  DF  bisects  the  parallelogram  DEFH, 

therefore  the  triangle  DEF  is  the  half  of  the  parallelogram  DEFH; 

but  the  halves  of  equal  things  are  equal ;    (ax.  7*) 

therefore  the  triangle  ABC  is  equal  to  tne  triangle  DEF. 

Wherefore,  triangles  upon  equal  bases,  &c.    q.e.d. 


PROPOSITION  XXXIX.    THEOREM. 

Equal  triangles  upon  the  same  base  and  upon  the  same  side  of  it,  are 
bettveen  the  same  parallels. 

Let  the  equal  triangles  ABC,  DBC  be  upon  the  same  base  BC,  and 
upon  the  same  side  of  it. 

Then  the  triangles  ABC,  DBC  shall  be  between  the  same  parallels. 


Join  AD ;  AD  shall  be  parallel  to  BC. 
For,  if  it  is  not,  through  the  point  A  araw  AE  parallel  to^C,  (i.  31.) 
meeting  BD  or  BD  produced  in  E,  and  join  EC. 

Then  the  triangle  ABC  is  equal  to  the  triangle  EBC,     (i.  37.) 

because  they  are  upon  the  same  base  BC, 

and  between  the  same  parallels  BC,  AE ; 

but  the  triangle  ABC  is  equal  to  the  triangle  DBC ;     (hyp.) 

therefore  the  triangle  DBC  is  equal  to  the  triangle  EBC, 

the  greater  equal  to  the  less  triangle,  which  is  impossible : 

therefore  AE  is  not  parallel  to  BC. 

In  the  same  manner  it  can  be  demonstrated,  that  no  other  line  but 

AD  id  parallel  to  BC ; 

AD  is  therefore  parallel  to  BC. 
Wherefore,  equal  triangles  upon,  &c    q.e.d. 


34  Euclid's  elements. 


PROPOSITION  XL.    THEOREM. 

Equal  triangles^  upon  equal  bases  in  the  same  straight  Kne,  and 
towards  the  same  parts^  are  between  the  same  parallels. 

Let  the  equal  triangles  ABC,  DEF  be  upon  equal  bases  BC,  EF, 
in  the  same  straight  line  BF,  and  towards  the  same  parts. 
Then  they  shall  be  between  the  same  parallels. 


Join  AD ;  AD  shall  be  parallel  to  BF. 
For,  if  it  is  not,  through  A  draw  AG  parallel  to  BF,    (i.  31.) 

meeting  ED,  or  ED  produced  in  G,  and  join  GjP. 

Then  the  triangle  ABC  is  equal  to  the  triangle  GEF,     (i.  38.) 

because  thej  are  upon  equal  bases  BC,  EF, 

and  between  the  same  parallels  BF,  AG; 

but  the  triangle  ABC  is  equal  to  the  triangle  DEF;    (hyp.) 

therefore  the  triangle  DEF  is  equal  to  the  triangle  GEF,     (ax.  1.) 

the  greater  equal  to  the  less  triangle,  which  is  impossible : 

therefore  ^G  is  not  parallel  to  BF. 

And  in  the  same  manner  it  can  be  demonstrated,  that  there  is  no 

other  parallel  to  it  but  AD ; 

AD  is  therefore  parallel  to  jBjP. 
Wherefore,  equal  triangles  upon,  &c.     q.e.d. 


PROPOSITION  XLL    THEOREM. 

If  a  parallelogram  and  a  triangle  be  upon  the  same  base^  and  between 
the  same  parallels;  the  parallelogram  shall  be  double  of  the  triangle. 

Let  the  parallelogram  ABCD,  and  the  triangle  EBC  be  upon  the 
same  base  BC,  and  between  the  same  paraUels  BC,  AE. 

Then  the  parallelogram  ABCD  shall  be  double  of  the  triangle  EBC. 


DE 


Join  AC. 
Then  the  triangle  ABC  is  equal  to  the  triangle  EBC,     (f .  37.) 
because  they  are  upon  the  same  base  BC,  and  between  the  same 

parallels  BC,  AE. 

But  the  parallelogram  ABCD  is  double  of  the  triangle  ABC, 

because  the  diameter  AC  bisects  it;     (i.  34.) 

wherefore  ABCD  is  also  double  of  the  triangle  EBC. 

Therefore,  if  a  parallelogram  and  a  triangle,  &c.     q.e.  d. 
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pnoposmoN  xlil  problem. 

To  describe  a  parallelogram  that  ikall  be  equal  to  a  given  triangle, 
and  have  one  of  its  angles  equal  to  a  given  rectilineal  angle. 

"Let  ABC  be  the  given  triangle^  and  D  the  ffiven  rectilineal  angle. 
It  is  required  to  describe  a  parallelogram  that  shall  be  equal  to  the 
given  triangle  ABC,  and  have  one  of  its  angles  equal  to  2). 


A     F     G 


L 


BEG 


Bisect  BC  in  E,  (r.  10.)  atid  join  AE; 

at  the  point  E  in  the  straight  line  EC, 

make  the  angle  CEF  equal  to  the  angle  D;     (i.  23.) 

through  A  draw  AFG  parallel  to  BC,     (i.  31.) 

and  through  C  draw  CG  parallel  to  EF. 

Then  the  figure  CEFG  is  a  parallelogram,     (def.  A,) 

And  because  the  triangles  ABE,  AEC  are  on  the  equal  bases  BE^ 

EC,  and  between  the  same  parallels  BC,  AG; 

they  are  therefore  equal  to  one  another ;     (i.  38.) 
and  therefore  the  triangle  ABC  is  double  of  the  triangle  AEC ; 
but  the  parallelogram  FECG  is  double  of  the  triangle  AEC,     (i.  41.) 
because  they  are  upon  the  same  base  EC,  and  between  the  same 
parallels  EC,  AG; 
therefore  the  parallelogram  FECG  is  equal  to  the  triangle  ABC,  (ax.  6.) 
and  it  has  one  of  its  angles  CEF  equal  to  the  given  angle  D. 
Wherefore  a  parallelogram  FECG  has  been  described  equal  to  the 
given  triangle  AJBC,  and  having  one  of  its  angles  CEF  equal  to  the 
given  angle  D.     Q.E.F. 


PROPOSITION  XLIII.    THEOREM. 

The  complements  of  the  parallelograms  ivhich  are  about  the  diameter 
of  any  parallelogram,  are  equal  to  one  another. 

Let  ABCD  be  a  parallelogram^  of  which  the  diameter  is  AC:  and 
EH,  GF  the  parallelograms  about  AC,  that  is,  through  which  AC  passes: 
also  BK,  KD  the  other  parallelograms  which  make  up  the  whole 
figure  ABCD,  which  are  therefore  cidled  the  complements. 
Then  the  complement  BK  shall  be  equal  to  the  complement  KD. 
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Because  ABCD  is  a  parallelogram,  and  AC  its  diameter, 
therefore  the  triangle  ABC  is  equal  to  the  triangle  ADC.     (i.  34.) 
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Again^  because  EKHA  is  a  parallelograniy  and  AK\t&  diameter, 
therefore  the  triangle  AEK  is  equal  to  the  triangle  AHK;    (i.  84.) 
and  for  the  same  reason^  the  triangle  KGC  is  equal  to  the  triangle  KFC. 
Wherefore  the  two  triangles  AEK,  KGC  are  equal  to  the  two 
triangles  AHK,  KFC,     (ax.  2.) 

but  the  whole  triangle  ABC  is  equal  to  the  whole  triangle  ADC; 
therefore  the  remaining  complement  BK  is  equal  to  tibe  remaining 
complement  KD,     (ax.  3.) 

Wherefore  the  complements^  &c.    q.e.d. 


PROPOSITION   XLIV.     PROBLEM. 

To  a  given  straight  line  to  apply  a  parallelogram,  which  shall  be 
equal  to  a  given  triangle,  and  have  one  of  its  armies  equal  to  a  given 
rectilineal  angle. 

Let  AB  be  the  given  straight  line>  and  C  the  given  triangle,  and  D 
the  given  rectilineid  angle. 

It  is  required  to  apply  to  the  straight  line  AB  a  parallelogram  equal 
to  the  triangle  C,  and  having  an  angle  equal  to  D. 
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Make  the  parallelogram  BEFG  equal  to  the  triangle  C,    (i.  42.) 
and  having  the  angle  EBG  equal  to  the  angle  D, 
so  that  BE  be  in  the  same  straight  line  with  AB ; 
produce  FG  to  H,  thiough  A  draw  AH  parallel  to  BG  or 
EF,  (l  31.)   and  join  HB. 
Then  because  the  straight  line  HF  falls  upon  the  parallels  AH,  EF, 
therefore  the  angles  AHF,    HFE    are  together  equal  to  two 
right  angles ;     (i.  290 
wherefore  the  angles  BHF,  HFE  are  less  than  two  right  angles: 
but  straight  lines  which  with  another  straight  line  make  the  two 
interior  angles  upon  the  same  side  less  than  two  right  angles,  do  meet 
if  produced  far  enough :     (ax.  12.) 

therefore  HB,  FE  shall  meet,  if  produced ; 

let  them  be  produced  and  meet  in  K, 

through  K  draw  KL  parallel  to  EA  or  FH, 

and  produce  HA,  GB  to  meet  KL  in  the  points  L,  M* 

Then  HLKF  is  a  parallelogram,  of  which  the  diameter  is  HK; 

and  AG,  ME,  are  the  parallelograms  about  HK; 

also  LB,  BF  are  the  complements ; 

therefore  the  complement  LB  is  equal  to  the  complement  BF;    (i.  43.) 

but  the  complement  BF  is  equal  to  the  triangle  C ;    (constr.) 

wherefore  LB  is  equal  to  the  triangle  C. 
And  because  the  angle  GBE  is  equal  to  the  angle  ABM,     (i.  15.) 
and  likewise  to  the  angle  D ;    (constr.) 
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therefore  the  angle  ABM  is  equal  to  the  angle  D.     (ax.  1.) 
Therefore  to  the  straight  line  AJby  the  parallelogram  LB  is  applied, 
equal  to  the  triangle  Cy  and  having  the  angle  ABM  equal  to  the 
angle  J3.    q.e.f. 


PROPOSITION  XLV.     PROBLEM. 

To  describe  a  parallelogram  equal  to  a  given  rectilineal  Jigure^  and 
having  an  angle  equal  to  a  given  rectilineal  angle. 

Let  ABCD  be  the  given  rectilineal  figure,  and  E  the  given  rec- 
tilineal angle. 

It  is  required  to  describe  a  parallelogram  that  shall  be  equal  to  the 
figure  ABCby  and  having  an  angle  equal  to  E. 
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Join  DB. 
Describe  the  parallelogram  FH  equal  to  the  triangle  ADB,  and 
having  the  angle  FKH  equal  to  the  angle  E ;     (i.  42.) 

to  the  straight  line  GIi,  apply  the  parallelogram  GM  equal  to  the  tri- 
angle DBC,  having  the  angle  GHM  equal  to  the  angle  E.  (i.  44.) 
Then  the  figure  FKML  shall  be  the  parallelogram  required. 
Because  the  angle  E  is  equal  to  each  of  the  angles  FKH,  GHM, 
therefore  vie  angle  FKH  is  equal  to  the  angle  GHM; 
add  to  each  of  these  equals  the  angle  KHG ; 
therefore  the  angles  FKH,  KHG  are  equal  to  the  angles  KHG,  GHM; 
but  FKH,  KHG  are  equal  to  two  right  angles ;    (i.  29.) 
therefore  also  KHG,  GHM  are  equal  to  two  right  angles ; 
and  because  at  the  point  H,  in  the  straight  line  GH,  the  two  straight 
lines  KH,  HM,  upon  uie  opposite  sides  of  it,  make  the  adjacent  angles 
equal  to  two  right  angles, 

therefore  HK  is  in  the  same  straight  line  with  HM.    (i.  14.) 

And  because  the  line  HG  meets  the  parallel  KM,  FG, 

therefore  the  angle  MHG  is  equal  to  the  alternate  angle  HGF;  (i.S9*) 

add  to  each  of  these  equals  the  angle  HGL ; 
therefore  the  angles  MHG,  HGL  are  equal  to  the  angles  HGF,  HGL; 

but  the  angles  MHG,  HGL  are  equal  to  two  right  angles ;   (i.  29-) 

therefore  also  the  angles  HGF,  HGL  are  equal  to  two  right  angles, 

and  therefore  FG  is  in  the  same  straight  line  with  GL.    (i.  14.) 

And  because  KF  is  parallel  to  HG,  and  HG  to  ML, 

therefore  KF  is  pardlel  to  ML ;    (i.  30.) 

and  KM  has  been  proved  parallel  to  FL, 

wherefore  the  figure  FKML  is  a  parallelogram ; 

and  since  the  triangle  ABD  is  equal  to  the  parallelogram  HF,, 

and  the  triangle  BDC  to  the  parallelogram  GM ; 
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therefore  the  whole  rectilineal  figure  ABCD  is  equal  to  the  whole 
parallelogram  KFLM. 

Therefore  the  parallelogram  KFLM  has  been  described  equal  to 
the  given  rectilineal  figure  ABCD,  having  the  angle  FKM  equal  to  the 
given  angle  £!.    q.  £.  f. 

Cob.  From  this  it  is  manifest  how^  to  a  given  straight  line,  to  apply 
a  parallelogram,  which  shall  have  an  angle  equal  to  a  given  rectilmeal 
angle,  and  shall  be  equal  to  a  given  rectiuneal  figure ;  viz.  by  applying 
to  the  given  straight  line  a  parallelogram  equal  to  the  first  triangle 
ABDy  (i.  44.)  and  having  an  angle  equal  to  the  given  angle. 


PROPOSITION  XLVI.    PROBU5M. 

To  describe  a  square  upon  a  given  straight  line. 

Let  ^^  be  the  given  straight  line. 
It  is  required  to  describe  a  square  upon  AB* 


From  the  point  A  draw  AC  tX  right  angles  to  AB ;    (i.  11.) 

make  AD  equal  to  AB,     (i.  3.) 

through  the  point  D  draw  DB  parallel  to  AB,     (i.  31). 

and  through  B,  draw  BE  parallel  to  AD  ; 

therefore  ABED  is  a  parallelogram  ; 

whence  AB  is  equal  to  DE,  and  AD  to  BE;    (i.  34.) 

but  BA  is  equal  Xjo  AD, 

therefore  the  four  lines  BA,  AD,  DE,  EB  are  equal  to  one  another, 

and  the  parallelogram  A  DEB  is  equilateral. 

It  has  likewise  ful  its  angles  right  angles ; 

since  AD  meets  the  parallels  AB,  DE, 

therefore  the  angles  BA D,  ADE  are  equal  to  two  right  angles  ;     (i.  29.) 

but  BAD  is  a  right  angle ;     (constr.) 

therefore  also  ADE  is  a  right  angle. 

But  the  opposite  angles  of  parallelograms  are  equal ;    (i.  34.) 

therefore  each  of  the  opposite  angles  ABE,  BED  is  a  right  angle  ; 

wherefore  the  figure  ADEB  is  rectangular,  and  it  has  been  proved 

to  be  equilateral ; 
therefore  the  figure  ADED  is  a  square,  (def.  30.)  and  it  is  described 

upon  the  given  straight  line  A  B,    q.  e.  f. 
Cor.    Hence,  every  par^dlelogram  that  has  one  right  angle,  has  all 
its  a^ngles  right  angles. 


PROPOSITION  XLVII.    THEOREM. 

In  any  right-angled  triangle,  the  square  which  is  described  upon  the 
side  subtending  the  right  angle,  is  equal  to  the  squares  described  upon  the 
sides  which  contain  the  right  angle. 
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Let  ABC  be  a  right-angled  triangle^  having  the  right  angle  BAC, 
Then  the  square  described  upon  the  side  BC,  shall  be  equal  to  the 
squares  described  upon  BA^  AC. 


On  BC  describe  the  square  BDEC,    (i.  46.) 

and  on  BA,  AC  the  squares  GB,  UC ; 

through  A  draw  AL  parallel  to  BB  or  CE ;     (i,  31 .) 

and  join  AD,  FC. 
Then  because  the  angle  BAC  is  a  right  angle^     (^yp*) 
and  that  the  angle  BAG  is  a  right  angle,     (def.  30.) 
the  two  straight  lines  AC,  A  G  upon  the  opposite  sides  of  AB,  make 
with  it  at  &e  point  A  the  adjacent  angles  equal  to  two  right  angles ; 

therefore  CA  is  in  the  same  straight  line  with  AG.     (i.  14.) 
For  the  same  reason^  BA  and  AH  are  in  the  same  straight  line. 
And  because  the  angle  DBC  is  equal  to  the  angle  FBA, 
each  of  mem  being  a  right  angle, 
add  to  each  of  these  equals  the  angle  ABC, 
therefore  the  whole  angle  DBA  is  equal  to  the  whole  angle  FBC  (ax.  2.) 
And  because  the  two  sides  AB,  BD,  are  equal  to  the  two  sides  FB, 
BC,  each  to  each,  and  the  included  apgle  ABD  is  equal  to  the  included 
angle  FBC, 

therefore  the  base  AD  is  equal  to  the  base  FC,    (i.  4.) 
and  the  triangle  ABD  to  the  triangle  FBC. 
Now  the  parallelogram  BL  is  double  of  the  triangle  ABD,    (i.  41.) 
because  they  are  upon  the  same  base  BD,  and  between  the  same 
parallels  BD,  AL; 

also  the  square  GB  is  double  of  the  triangle  FBC, 
because  these  also  are  upon  the  same  base  FB,  and  between  the 
same  parallels  FB,  GC. 
But  the  doubles  of  equals  are  equal  to  one  another ;     (ax.  6.) 
therefore  the  parallelogram  BL  is  equal  to  the  square  GB. 
Similarly,  by  joining  AE,  BK,  it  can  be  proved, 
that  the  parallelogram  CL  is  equal  to  the  square  HC. 
Therefore  the  whole  square  BDEC  is  equal  to  the  two  squares 
GB,  HC;    (ax.  2.) 

and  the  square  BEDC  is  described  upon  the  straight  line  BC,  and 

the  squares  GB,  HC,  upon  AB,  AC: 
therefore  the  square  upon  the  side  BC  is  equal  to  the  squares  upon 
the  sides  aB,  AC. 
Therefore,  in  any  right-angled  triangle,  &c.     q.  s.  d. 
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PROPOSITION  XLVIII.    THEOREM. 

If  the  square  described  upon  one  of  the  sides  of  a  triangle,  he  equal 
to  the  squares  described  upon  the  other  two  sides  of  it ;  the  angle  con^ 
tained  by  these  two  sides  is  a  right  angle. 

Let  the  square  described  upon  BC,  one  of  the  sides  of  the  triangle 
^BC,  be  equal  to  the  squares  upon  the  other  two  sides  AB,  AC. 
Then  the  angle  BAu  shall  be  a  right  angle. 


From  the  point  A  draw  AD  at  right  angles  to  AC,    (i.  11.) 

make  AD  equal  to  aS,  and  join  DC. 

Then  because  AD  is  equal  to  AB, 

therefore  the  square  of  ^  D  is  equal  to  the  square  of  AB ; 

to  each  of  these  equals  add  the  square  of  AC; 

therefore  the  squares  of  AD,  AC  are  equal  to  the  squares  of  AB,  AC: 

but  the  squares  of  AD,  AC  are  equal  to  the  square  of  DC,    (i.  470 

because  the  angle  DAC  is  a  right  angle ; 

and  the  square  of  BC,  by  hypothesis^  is  equal  to  the  squares  of  SA,  AC; 

therefore  the  square  of  DC  is  equal  to  the  square  of  BC; 

and  therefore  the  side  DC  is  equal  to  the  side  BC 

And  because  the  side  AD  is  equal  to  the  side  AB, 

and  AC  is  common  to  the  two  triangles  DAC,  BAG; 

the  two  sides  DA,  AC,  are  equal  to  the  two  BA,  AC,  each  to  each; 

and  the  base  DC  has  been  proved  to  be  equal  to  the  base  BC; 

therefore  the  angle  DAC  is  equal  to  the  angle  BAC;    (i.  8.) 

but  DAC  is  a  right  angle ; 

therefore  also  BAC  is  a  right  angle. 

Therefore^  if  the  square  described  upon^  &c.    q.  e.  d. 


NOTES   TO   BOOK  I. 


ON  THE  DEFINITIONS. 

OcoHETAT  is  one  of  the  most  perfect  of  the  deductive  Sciences,  and  seems  to> 
lest  on  the  simplest  inductions  horn  experience  and  obsenratioo. 

The  first  principles  of  Geometry  are  therefore  in  tliis  view  consistent  hypotheses- 
immded  on  facts  cognisable  by  the  senses,  and  it  is  a  subject  of  primary  importance  to 
draw  a  distinction  between  the  conception  of  things  and  the  things  themselves.  These 
hypotheses  do  not  involve  any  property  contrary  to  the  real  nature  of  the  things,  and, 
consequently,  cannot  be  regarded  as  arbitrary,  but,  in  certain  respects,  agree  with  the 
conceptions  which  the  things  themselves  suggest  to  the  mind  through  the  medium  of  the 
lenses.  The  essential  definitions  of  Geometry  therefore  being  deductions  from  observa- 
lion  and  experience,  rest  ultimately  on  the  evidence  of  the  senses. 

It  is  by  experience  we  become  acquainted  with  the  existence  of  individual  forma 
of  magnitudes ;  but  by  the  mental  process  of  abstraction,  which  begins  with  a  particular 
instance,  and  proceeds  to  the  general  idea  of  all  objects  of  the  same  kind,  we  attain  to 
the  general  conception  of  those  forms  which  come  under  the  same  general  idea. 

The  essential  definitions  of  Geometry  express  generalized  conceptions  of  real  existences 
in  their  most  perfect  ideal  forms ;  the  laws  and  appearances  of  nature,  and  the  operations 
of  the  human  intellect  being  supposed  uniform  and  consistent. 

But  in  cases  where  the  subject  £Uls  under  the  dass  of  simple  ideas,  the  terms  of  the 
definition  so  called  are  no  more  than  merely  equivalent  expressions.  The  simple  idea 
described  by  a  proper  term  or  terms,  does  not  in  fact  admit  of  definition  properly  so 
called.  The  definitions  in  Euclid's  Elements  may  be  divided  into  two  classes,  those 
which  merely  explain  the  meaning  of  the  terms  employed,  and  those,  which,  besides 
explaining  tlie  meaning  of  the  terms,  suppose  the  existence  of  the  things  described  in 
tiie  definitions. 

Definitions  in  Cteometry  cannot  be  of  such  a  form  as  to  explain  the  nature  and 
properties  of  the  figures  defined ;  it  is  sufficient  that  they  give  marks  whereby  the  thing 
defined  may  be  distinguished  from  every  other  of  the  same  kind.  It  will  at  once  be 
obvious,  that  the  definitions  of  Geometry,  one  of  the  pure  sciences,  being  abstractions  of 
iqpaoe,  are  not  like  the  definitions  in  any  one  of  the  physical  sciences.  The  discovery 
of  any  new  physical  facts  may  render  necessary  some  alteration  or  modification  in  the 
definitions  of  the  latter. 

Def.  I.  Simson  has  adopted  Theon's  definition  of  a  point.  Euclid's  definition  is, 
vtifufuw  iarriv  oh  fiepo9  oifdeVy  '^  A  point  is  that,  of  which  there  is  no  part,"  or  which 
cannot  be  parted  or  divided,  as  it  is  explained  by  Produs.  The  Greek  term  atifieiov^ 
literally  means,  a  visible  sign  or  mark  on  a  surface,  in  other  words,  a  phytical  poitU. 
The  KT»gli«h  term  point,  means  the  sharp  end  of  any  thing,  or  a  mark  made  by  it* 
Tlie  word  point  comes  from  the  Latin  punctum,  through  the  French  word  points  Neither 
of  these  terms,  in  its  literal  sense,  appears  to  give  a  very  exact  notion  of  what  is  to 
be  understood  by  a  point  in  Geometry. 

Euclid's  definition  of  a  point  merely  expresses  a  negative  property,  which  excludes 
the  proper  and  literal  meaning  of  the  Greek  term,  as  applied  to  denote  a  physical  pointy 
or  a  mark  which  is  visible  to  the  senses. 
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Pythagoras  defined  a  point  to  be  fiovdv  6e<riv  exov<ra^  ^^  a  monad  haying  position.** 
By  unitmg  the  positive  idea  of  position,  with  the  negative  idea  of  defect  of  magnitude, 
the  conception  of  a  point  in  Oeometiy  may  be  rendered  perhaps  more  intelligible.  A  point 
may  then  be  defined  to  be  that  which  has  no  magnitude,  but  position  only. 

Def.  II.  Every  visible  line  has  both  length  and  breadth,  and  it  is  impossible  to 
draw  any  line  whatever  which  shall  have  no  breadth.  The  definition  requires  the  cdh- 
ception  of  the  length  only  of  the  line  to  be  considered,  abstracted  from,  and  independently 
of,  all  idea  of  its  breadth. 

Def.  III.  This  definition  renders  more  intelligible  the  exact  meaning  of  the  definition 
0f  a  pdnt ;  and  we  may  add,  that,  in  the  Elements,  Euclid  supposes  that  iSbe  inteneclion 
of  two  straight  lines  is  a  point,  and  that  two  straight  lines  can  intenect  each  other  in* 
•ne  point  only. 

Def.  IT.  Hie  straight  line  or  right  line  is  a  term  so  dear  and  intelligible  as  to 
be  incapable  of  becoming  more  so  by  formal  definition.  Euclid's  definitioa  is  Ev0cut 
ypafifin  kvTtv^  lirtt  ij^  l<rov  toiv  i<p'  iavrijt  <rt)/iie/otff  Ketrai,  wherein  he  states  it  to 
lie  exfenly,  or  cquaUy,  or  upon  an  equality^  (e^  t<rov)  between  its  extremities,  and  which 
Frodus  explains  as  being  stretched  between  its  extremities,  tj  hr*  cbcpt^v  rtrofUvn, 

If  the  line  be  conceived  to  be  drawn  on  a  plane  surface,  the  words  i^  terov  may 
mean,  that  no  part  of  the  line  which  is  called  a  straight  line  deviates  either  from  one 
side  or  the  other  of  the  direction  which  is  fixed  by  the  extremities  of  the  line  ;  and  thus 
it  may  be  distinguished  from  a  curred  line,  which  does  not  lie,  in  this  sense,  evenly 
between  its  extreme  points.  If  the  line  be  conceived  to  be  drawn  in  space,  the  words 
i^  IcroVf  must  be  understood  to  apply  to  every  direction  on  every  side  of  the  line  between 
its  extremities. 

Every  straight  line  situated  in  a  plane  is  considered  to  have  two  sides ;  and  when  tbs 
direction  of  a  line  is  known,  the  line  is  said  to  be  given  in  position;  also^  when  the 
length  is  known  or  can  be  found,  it  is  said  to  be  given  in  magnitude. 

From  the  definition  of  a  straight  line,  it  follows,  that  two  points  fix  a  stnught  line  in 
position,  whidi  is  the  foundation  of  the  first  and  second  postulates.  Hence  strai^t  lines 
which  are  proved  to  coincide  in  two  or  more  points,  are  called  ^^one  and  the  same  straight 
line,"  Prop.  14,  Book  i.,  or,  which  is  the  same  thing,  that,  <<  Two  straight  lines  osonot 
have  a  common  segment,'*  as  Simson  shews  in  his  G<»ollary  to  Prop.  11,  Book  !• 

Archimedes  defined  ^' a  straight  line  to  be  the  shortest  distance  between  two  points;** 
but  this  is  a  theorem  considered  by  Euclid  as  requiring  proof. 

The  following  definition  of  straight  lines  has  also  been  proposed*  ^  Straight  lines  an 
those  which,  if  they  ooindde  in  any  two  points,  coincide  as  far  as  they  are  prodneed." 
But  this  is  rather  a  criterion  of  straight  lines,  and  analogous  to  the  deventfa  axioflB, 
which  states  that,  <^  all  right  angles  are  equal  to  one  another,'*  and  suggests  that  all  stnii|^ 
lines  may  be  made  to  coincide  wholly,  if*  the  lines  be  equal ;  or  partially  if  the  lines  be 
of  unequal  lengths.  A  definition  should  properly  be  restricted  to  the  description  of 
the  thing  defined,  as  it  exists,  independently  of  any  comparison  of  its  properties  or  of 
tadtly  assuming  the  existence  of  axioms. 

Def.  vii.  Euclid*s  definition  of  a  plane  surface  is,  'Eirtiredot  iirt^d¥etd  itrrw^  ^u 
il^  taou  raU  i<p>  kavrrj^  eitdelau  Kelraty  ^'A  plane  surface  is  that  whidi  lies  evmly 
or  equally  with  the  straight  lines  in  it;*'  instead  of  which  Simson  has  given  die  definition 
which  was  originally  proposed  by  Hero  the  Elder.  A  plane  superficies  may  be  supposed 
to  be  situated  in  any  position,  and  to  be  continued  in  every  direction  to  any  extent. 

Def.  viii.  Simson  remarks  that  this  definition  seems  to  include  the  angles  formed  by 
two  curved  lines,  or  a  curve  and  a  straight  line,  as  well  as  that  formed  by  two  straight  lines. 
,     Angles  made  by  straight  lines  only,  are  treated  of  in  Elementary  Geometry. 

Def.  IX.    It  is  of  the  highest  importance  to  attain  a  dear  conception  of  an  angles 
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The  literal  meaning  of  the  tenn  angvlut  suggests  the  Oeometrical  conception  of  an  angle^ 
▼hlch  may  be  regarded  as  formed  by  the  divergence  of  two  straight  lines  from  a  point. 
In  the  definition  of  an  angle,  the  magnitude  of  the  angle  is  independent  of  the  lengths  of 
the  two  lines  by  which  it  is  included ;  their  mutual  divergence  from  the  point  at  which 
they  meet,  is  the  criterion  of  the  magnitude  of  an  angle,  as  it  is  pointed  out  in  the 
succeeding  definitions.  The  point  at  which  the  two  lines  meet  is  called  the  vertex  of 
the  angle,  and  must  not  be  confounded  with  the  magnitude  of  the  angle  itself.  The 
right  angle  is  fixed  in  magnitude,  and,  on  this  account,  it  is  made  the  subject  with 
which  all  other  angles  in  Geometry  are  compared. 

Two  straight  lines  which  actually  intersect  one  another,  or  which  when  produced 
would  intersect,  are  said  to  be  inclined  to  one  another,  and  the  inclination  of  the  two  lines 
is  determined  by  the  angle  which  they  make  with  one  another. 

Def.  X.  It  may  be  here  observed  that  in  the  Elements,  Euclid  always  assuraea 
diat  when  one  line  is  perpendicular  to  another  line,  the  latter  is  also  perpendicular  to  the 
focmer ;  and  always  calls  a  rigfit  angie^  6p6ij  ytovta ;  but  a  straigfit  Hne^  evOeia  ypa/i/it|. 

Def.  XIX.  This  has  been  restored  from  Produs,  as  it  seems  to  have  a  meaning  in 
die  constructions  of  Prop.  14,  Book  ii ;  the  first  case  of  Prop.  33,  Book  iii,  and 
Prop.  13,  Book  vi.  The  definition  of  the  segment  of  a  circle  is  not  once  alluded  to 
in  Book  i,  and  is  not  required  before  the  discussion  of  the  properties  of  the  circle  in 
Book  III.  Produs  remarks  on  this  definition  :  <^  Hence  you  may  collect  that  the  centre 
has  three  places.  For  it  is  either  within  the  figure,  as  in  the  circle ;  or  in  its  perimeter* 
as  in  the  semi-circle ;  or  without  the  figure,  as  in  certain  conic  lines.  ** 

Def.  zxiv-xxix.  Triangles  are  divided  into  three  classes  by  reference  to  the  relations 
of  their  sides,  and  into  three  other  classes  by  reference  to  their  angles.  A  further  classifi- 
cation may  be  made  by  considering  both  the  relation  of  the  sides  and  angles  in  each  triangle. 

In  Simson^s  definition  of  the  isosceles  triangle,  the  word  only  must  be  omitted,  as  the 
equilateral  triangle  is  considered  isosceles  in  Prop.  15,  Book  iv.  Objection  has  been 
made  to  the  definition  of  an  acute-angled  triangle.  It  is  said  that  it  cannot  be  admitted 
as  a  definition,  that  aU  the  three  angles  of  a  triangle  are  acute,  which  is  supposed  in 
Def.  29.  It  may  be  replied,  that  the  definitions  of  the  three  kinds  of  angles  point  out 
sad  seem  to  supply  a  foundation  for  a  similar  distinction  of  triangles. 

Def.  XXX-3PUCIV.  The  definitions  of  quadrilateral  figures  are  liable  to  objection.  AU 
of  them,  except  the  trapezium,  fSall  under  the  general  idea  of  a  parallelogram ;  but  as 
Euclid  has  defined  parallel  straight  lines  after  he  had  defined  four-sided  figures,  no  other 
•nangement  could  be  adopted  than  the  one  he  has  followed ;  and  for  which  there  ap- 
pesied  to  him,  without  doubt,  some  probable  reasons.  Sir  Henry  Savile,  in  his  Seventh 
Lecture,  remarks  on  some  of  the  definitions  of  Euclid,  '^  Nee  dissimulandum  aliquot 
hsmm  in  manibus  exiguum  esse  usum  in  Geometrii."  A  few  verbal  emendations  have 
been  made  in  some  of  them. 

A  squaie  is  a  four-sided  plane  figure  having  all  its  sides  equal,  and  one  angle  a  right 
sngle :  because  it  is  proved  in  Prop.  46,  Book  j,  that  if  a  parallelogram  have  (me  angle 
a  light  angle,  all  its  angles  are  right  angles. 

An  oblong  in  the  same  manner  may  be  defined  as  a  plane  figure  of  four  sides  having 
(nly  its  opposite  sides  equal,  and  one  of  its  angles  a  right  angle. 

A  rhomboid  is  a  four-sided  plane  figure  having  only  its  opposite  sides  equal  to  one 
another  and  its  angles  not  right  angles. 

Sometimes  an  irregular  four-sided  figure  which  has  two  sides  parallel,  is  called  a 
tn^tezoid. 

Def.  XXXV.  It  is  possible  for  two  right  lines  never  to  meet  when  produced,  and 
tiot  be  paralleL 

Def.  A.     The    term   parallelogram  literally  implies   a  figure  formed  by  parallel 
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•tnight  lines,  and  may  consist  of  four,  six,  eight,  or  any  even  number  of  tides,  nhere 
erery  two  of  the  opposite  sides  are  parallel  to  one  another. 

In  the  Elements,  however,  the  term  is  restricted  to  four-sided  figures,  and  indudet 
the  four  species  of  figures  named  in  the  Definitions  xxx — xxxiii. 

The  synthetic  method  is  followed  by  Euclid  not  only  in  the  demonstrations  of  the 
propositions,  but  also  in  laying  down  the  definitions.  He  commences  with  the  simplest 
abstractions,  defining  a  point,  a  line,  an  angle,  a  superficies,  and  theb  difioent  varieties. 
This  mode  of  proceeding  involves  the  difiiculty,  almost  insurmountable  of  defining 
satisfactorily  the  elementary  abstractions  of  Geometry.  Simson  observes  that  it  is 
necessary  to  consider  a  solid,  that  is  a  magnitude  which  has  length,  breadth,  and  thick- 
ness, in  order  to  understand  aright  the  definitions  of  a  point,  a  line,  and  a  superficies. . 
A  solid  or  volume  considered  apart  firom  its  physical  properties,  suggests  die  idea  of 
the  surfaces  by  which  it  is  bounded :  a  surface,  the  idea  of  the  line  or  lines  which  form 
its  boundaries :  and  a  finite  Ime,  the  points  which  form  its  extremities.  A  solid  is 
therefore  bounded  by  surfaces;  a  surface  is  bounded  by  lines;  and  a  line  Is  tenni« 
nated  by  two  points.  A  point  marks  position  only :  a  line  has  one  dimension,  length 
only,  and  defines  distance :  a  superficies  has  two  dimensions,  length  and  breadth,  and 
defines  extension :  and  a  solid  has  three  dimensions,  length,  breadth,  and  thickness^ 
and  defines  some  definite  portion  of  space. 

It  may  also  be  remarked  that  two  points  are  sufficient  to  determine  the  position 
of  a  straight  line,  and  three  points  not  in  the  same  straight  line,  are  necessary  to  fix 
the  position  of  a  plane* 

ON  THE  POSTULATES. 

The  definitions  assume  the  possible  existence  of  straight  lines  and  circles,  and  the 
postulates  predicate  the  possibility  of  drawing  and  of  producing  straight  lines,  and  of 
describing  drdes.  The  postulates  form  the  principles  of  construction  assumed  in 
the  Elements;  and  are,  in  fact,  problems,  the  possibility  of  which  is  admitted  to 
be  self-evident,  and  to  require  no  proof. 

It  must,  however,  be  carefully  remarked,  that  the  third  postulate  only  admits  that 
when  any  line  is  given  in  position  and  magnitude,  a  circle  may  be  described  ftoat 
either  extremity  of  the  line  as  a  centre,  and  with  a  radius  equal  to  the  length  of  the 
line,  as  in  Prop.  1,  Book  i.  It  does  not  admit  the  description  of  a  circle  with  any 
other  point  as  a  centre  than  one  of  the  extremities  of  the  given  line. 

Prop.  2,  Book  i.  shews  how,  from  any  given  point,  to  draw  a  straight  line  equal 
to  another  straight  line  which  is  given  in  magnitude  and  position. 


ON  THE  AXIOMS. 

Axioms  are  usually  defined  to  be  self-evident  truths,  which  cannot  be  rendered 
more  evident  by  demonstration ;  in  other  words,  the  axioms  of  Geometry  are  theorems, 
the  truth  of  which  is  admitted  without  proof.  It  is  by  experience  we  first  become 
acquainted  with  the  different  forms  of  geometrical  magnitudes,  and  the  axioms,  or  the 
fundamental  ideas  of  their  equality  or  inequality  appear  to  rest  on  the  same  basis. 
The  conception  of  the  truth  of  the  axioms  does  not  appear  to  be  more  removed  firom 
experience  than  the  conception  of  the  definitions. 

These  axioms,  or  first  principles  of  demonstration,  are  such  theorems  as  cannot  be 
resolved  into  simpler  theorems,  and  no  theorem  ought  to  be  admitted  as  a  first  principle 
of  reasoning  which  is  capable  of  being  demonstrated. 

An  axiom  and  its  converse  should  both  be  of  such  a  nature  as  that  neither  of 
them  should  require  a  formal  demonstration. 
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The  first  and  most  simple  idea,  deriyed  from  experience,  is,  that  every  magnitude 
fills  a  certain  space,  and  that  several  magnitudes  may  fill  the  same  space. 

All  the  knowledge  we  have  of  magnitude  is  purely  relative,  and  the  most  simple 
jrelations  are  those  of  equality  and  inequality.  In  the  comparison  of  magnitudes,  some 
are  considered  as  given  or  known,  and  the  unknown  are  compared  with  the  known^ 
and  omdusions  are  synthetically  deduced  with  respect  to  the  equality  or  inequality 
of  the  magnitudes  under  consideration.  In  this  manner  we  form  our  idea  of  equality, 
which  is  thus  formally  stated  in  the  eighth  axiom :  *^  Magnitudes  which  coincide  with 
one  another,  that  is,  which  exactly  fill  the  same  space,  are  equal  to  one  another.** 

£very  specific  definition  is  referred  to  this  universal  principle.  With  regard  to  a 
few  more  general  definitions  which  do  not  furnish  an  equality,  it  will  he  found  that 
«ome  hypothesis  is  always  made  reducing  them  to  that  principle,  before  any  theory 
is  built  upon  them.  As  for  example,  the  definition  of  a  straight  line  is  to  be  referred 
to  the  tenth  axiom;  the  definition  of  a  right  angle  to  the  eleventh  axiom;  and  the 
definition  of  parallel  straight  lines  to  the  twelfth  axiom. 

It  is  called  the  principle  of  superposition,  or,  the  mental  process  by  whidi  one 
Oeometzical  magnitude  may  be  conceived  to  be  placed  on  another,  so  as  exactly  to 
coincide  with  it,  in  the  parts  which  are  made  the  subject  of  comparison.  Thus,  if 
4ioe  straight  line  be  conceived  to  be  placed  upon  another,  so  that  their  extremities 
are  coincident,  the  two  straight  lines  are  equaL  If  the  directions  of  two  lines  which 
Include  one  angle,  coincide  with  the  directions  of  the  two  lines  which  contain  another 
angle,  where  the  points,  from  which  the  angles  diverge,  coincide,  then  the  two  angles 
are  equal:  the  lengths  of  the  lines  not  affecting  in  any  way  the  magnitudes  of  the 
angles.  When  one  plane  figure  is  conceived  to  be  placed  upon  another,  so  that  the 
boundaries  of  one  exactly  coincide  with  the  boundaries  of  the  other,  then  the  two  plane 
figures  are  equal.  It  may  also  be  remarked,  that  the  converse  of  this  proposition  is 
also  true,  namely,  that  when  two  magnitudes  are  equal,  they  coincide  with  one  another. 

This  explanation  of  Geometrical  equality  appears  to  be  out  of  its  proper  place. 
The  definitions  of  the  forms  of  magnitudes  naturally  come  first,  and  the  criterion  of 
their  equality  appears  as  naturally  to  follow.  If  the  first  seven  axioms  are  to  be  re^ 
stricted  to  Oeometrical  magnitudes,  the  eighth  ought  to  have  preceded  them.  Periiaps 
Eudid  intended  that  the  first  seven  axioms  should  be  applicable  to  numbers  as  well 
as  to  Geometrical  magnitudes,  and  this  is  in  accordance  with  the  words  of  Produs, 
who  caUs  the  axioms,  common  notions^  not  peculiar  to  the  subject  of  Geometry. 

The  eighth  axiom  is  properly  the  definition  of  Geometrical  equality. 

Axiom  V.  It  may  be  observed  that  when  equal  magnitudes  are  taken  from  un- 
equal  magnitudes,  the  greater  remamder  exceeds  the  less  remainder  by  as  much  as 
the  greater  of  the  unequal  magnitudes  exceeds  the  less. 

Axiom  IX.  The  whole  is  greater  than  its  part,  and  conversdy,  the  part  is  less  than 
(he  whole.  This  axiom  appears  to  assert  the  contrary  of  the  dghth  axiom,  namdy, 
that  two  magnitudes,  of  which  one  is  greater  than  the  other,  cannot  be  made  to  coindde 
with  one  another. 

Axiom  X.  The  property  of  straight  lines  expressed  by  the  tenth  axiom,  namdy, 
^diat  two  straight  lines  cannot  endose  a  space*',  is  obvioudy  implied  in  the  definition 
«f  strai^t  lines ;  for  if  they  enclosed  a  space,  they  could  not  coindde  between  theiir 
extreme  points,  when  the  two  lines  are  equal. 

Axiom  XI.  This  axiom  has  been  asserted  to  be  a  demonstrable  theorem.  If  an 
angle  be  admitted  to  be  a  species  of  magnitude,  this  axiom  is  only  a  particular  appli- 
cation of  the  eighth  axiom  to  right  angles. 

Axiom  XII.    See  the  notes  on  Prop,  xxix,  Book  1. 
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ON  THE  PROPOSITIONS. 

The  dedacdve  trntfas  of  Geometry  are  called  propotMonif  which  ate  diirided  Int* 
two  rlwiUM^  problems  and  theorems.  A  proposition,  as  the  term  imports,  is  ■ondething 
proposed ;  it  is  a  problemy  when  some  Geometrical  eonstrueiioH  is  required  to  be  e£Medt 
and  it  is  a  theorem  when  some  Geometrical  properttf  is  to  be  demonstrated.  Every 
Proposition  is  naturally  divided  into  two  parts;  a  problem  consists  of  the  datOj  ot 
things  given;  and  the  qwtsita,  Or  things  required  :  a  theorem,  consists  of  tho  premisses^ 
hypolhesiSy  at  the  properties  admitted ;  and  the  eonelusion^  or  predicate^  or  properties 
to  be  demonstrated. 

Hence  the  distinction  between  a  problem  and  a  theorem  is  this,  thai  a  problem 
consists  of  data  and  qusBsita,  and  requires  solution :  and  a  theorem  consists  of  the 
hypothesis  and  the  predicate,  and  requires  demonstration. 

The  connected  course  of  reasoning  by  which  any  Geometrical  truth  is  established 
is  called  a  demonstration.  It  is  called  a  direct  demonstration  when  the  predicate  o( 
the  prcq^tion  is  inferred  directly  from  the  premisses,  as  the  conclusion  of  a  series 
of  soccessiTe  deductions.  The  demonstration  is  called  indirect,  when  the  condnsksi 
idiews  that  the  introduction  of  any  other  supposition  contrary  to  the  hypothesis  stated 
in  the  proposition,  necessarily  leads  to  an  absurdity. 

The  coarse  pursued  in  the  demonstrations  of  the  propositions  in  Euclid's  Elemenli 
of  Geometry,  is  always  to  refer  directly  to  some  expressed  principle,  to  leave  noddng 
to  be  inferred  from  vague  expressions,  and  to  make  every  step  of  the  demonstiatioiis 
the  object  of  tlie  understanding. 

It  has  been  maintained  by  some  philosophers  that  a  genuine  definition  oontaiiii 
some  property  or  properties  which  can  form  a  basis  for  demonstration,  and  that  the 
science  of  Geometry  is  deduced  from  the  definitions,  and  that  on  them  alone  the 
demonstrations  depend.  Others  have  maintained  that  a  definition  explains  only  the 
meaning  of  a  term,  and  does  not  embrace  the  nature  and  properties  of  the  thing 
^defined. 

If  the  propositions  usually  called  postulates  and  axioms  are  either  tacitly  assumed 
or  expressly  stated  in  the  definitions ;  in  this  view,  demonstrations  may  be  said  to  be 
legitimately  founded  on  definitions.  If,  on  the  other  hand,  a  definition  is  simply  sn 
explanation  of  the  meaning  of  a  term,  whether  abstract  or  concrete,  by  such  marks 
as  may  prevent  a  misconception  of  the  thing  defined ;  it  will  be  at  once  obvious  that 
some  constructive  and  theoretic  principles  must  be  assumed  besides  the  definitions  to 
form  the  grounds  of  legitimate  demonstration.  These  principles  we  conceive  to  be  the 
postulates  and  axioms.  The  postulates  describe  constructions  which  may  be  admitted 
as  possible  by  direct  appeal  to  our  experience ;  and  the  axioms  assert  general  theoretic 
truths  so  simple  and  self-evident  as  to  require  no  proof,  but  to  be  admitted  as  the 
assumed  first  principles  of  demonstration.  Under  this  view  all  Geometrical  reasonings 
proceed  upon  the  admission  of  the  h3rpothe8e8  assumed  in  the  definitions,  and  the  uii» 
questioned  possibility  of  the  postulates,  and  the  truth  of  the  axioms. 

The  general  theorems  of  Geometry  are  demonstrated  by  means  of  syllogisms  founded 
on  the  axioms  and  definitions.  The  form  of  syllogism  employed  in  Geometrical  reason- 
ings is  of  the  simplest  character.  Every  syllogism  consists  of  three  propositions,  of 
which,  two  are  called  the  premisses,  and  the  third,  the  conclusion.  These  propositions 
contain  three  terms,  the  subject  and  predicate  of  the  conclusion,  and  the  middle  teim 
which  connects  the  predicate  and  the  conclusion  together.  The  subject  of  the  conelu# 
sion  is  called  the  minor ^  and  the  predicate  of  the  conclusion  is  called  the  mafor  term, 
of  the  syllogism.     The  major  term  appears  in  one  premiss,   and  the  minor  term  in 
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the  other,  with  the  middle  term  which  is  ui  hoth  premisiet.  That  premiss  which 
contains  the  middle  term  and  the  major  term,  is  called  the  major  premiu;  and  that 
idiich  contains  the  middle  term  and  the  minor  term,  is  called  the  minor  premiss  of 
die  syllogism.  As  an  example,  we  may  take  the  first  syllogism  in  the  demonstration 
of  Prop.  1,  Book  I,  wherein  it  will  he  seen  that  the  middle  term  is  the  suhject  of  the 
m^ior  pxemiss  and  the  predicate  of  the  minor. 

Major  premiss.    Because  the  straight  line  AB  is  equal  to  the  straight  line  AC; 

Minor  premiss,    and,  because  the  straight  line  BC  is  equal  to  the  straight  line  AB ; 

Coadasion.  therefore  the  straight  line  BC  is  equal  to  the  straight  line  A  C. 

Heve,     BC  is  ihe  subject,  and  ^C  the  predicate  of  the  condusion. 

BC  is  the  subject,  and  AB  the  predicate  of  the  minor  premiss. 
AB  is  the  subject,  and  ^C  the  predicate  of  the  major  premiss. 

AlsOy  AC  is  the  major  term,  BC  the  minor  term,  and  AB  the  middle  term  of 
the  syllogism. 

In  this  syllogism,  it  may  be  remarked  that  the  definition  of  a  straight  line  is 
assumed,  and  the  definition  of  the  Geometrical  equality  of  two  straight  lines;  also 
^t  a  general  theoretic  truth,  or  axiom,  forms  the  ground  of  the  oondnsion.  And 
farther,  though  it  be  impossible  to  make  any  point,  mark  or  sign,  (atifielop)  which 
has  not  both  length  and  breadth,  and  any  line  which  has  not  both  length  and  breadth  ; 
the  demonstrations  in  Geometry  do  not  on  this  account  become  invalid.  For  they 
are  pursued  on  the  h3rpothesis  that  the  point  has  no  parts  but  position  only :  and  the 
line  has  length  only,  but  no  breadth  or  thickness;  also  that  the  surface  has  length 
and  breadth  only,  but  no  thickness:  and  all  the  conclusions  at  which  we  arrive  are 
independent  of  every  other  consideratioD. 

Brery  prtvposition,  when  complete,  may  be  divided  into  six  parts,  as  Produs  has 
pointed  out  in  his  commoitary. 

1.  The  proposition  or  general  enunciation  which  states  in  general  terms  the  c6n« 
ditimis  of  die  problem  or  theorem. 

2.  The  esposUion  ot  particular  enunciation  which  exhibits  the  suhject  of  the  pro» 
podtloa  in  particular  tenns  as  a  fact,  and  refers  it  to  some  diagram  described. 

3.  The  determination  contains  ^predicate  in  particular  terms,  as  it  is  pointed  out 
in  the  diagram. 

4.  The  construction  applies  the  postulates  to  prepare  the  diagram  for  the  de^ 
nonatxalioii. 

5.  The  demonstration  Is  the  connexion  of  syllogisms,  which  prove  the  truth  or 
lUsehood  of  the  theorem,  the  possibility  or  impossibility  of  the  problem,  in  that  pai^ 
ticular  case  exhibited  in  the  diagram. 

d.  The  conclusion  is  merely  the  repetition  of  the  general  enunciation,  wherein  the 
predicate  is  asserted  as  a  demonstrated  truth. 

Prop.  I.  In  Bodis  I  and  ii,  the  circle  is  employed  as  a  mechanical  instrument,  in 
tiie  same  manner  as  the  straight  line,  and  the  use  made  of  it  rests  entirely  on  the  third 
postulate.  No  properties  of  the  circle  are  discussed  or  even  alluded  to  in  these  books 
beyond  the  definition  and  the  third  postulate.  One  drde  may  fall  within  or  without 
anethcg  entirely,  or  the  circumferences  may  intersect  each  other,  as  when  the  centre  of 
one  drde  is  in  the  circumference  of  the  other ;  and  it  is  obvious  from  the  two  circles 
cutting  eadi  other,  in  two  points,  one  on  each  side  of  the  given  line,  that  two  equi- 
lateral triangles  may  be  formed  on  the  given  line. 

Prop.  II.  MHien  the  given  point  is  neither  in  the  line,  nor  in  the  line  produced, 
this  problem  admits  of  dght  different  lines  being  drawn  from  the  given  point  in  dif- 
ferent directions,  every  one  of  which  is  a  solution  of  the  problem.  For  1.  The  given 
line  has  two  extremities,  to  each  of  which  a  line  may  be  drawn  from  the  given  point. 
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S.  The  eqnflatcEd  triangle  may  be  dewabed  oo  dtlier  side  of  this  line.    3.  And  the 
tide  BD  of  the  eqoilatenl  tsiangle  ABD  may  be  produced  either  way. 

Bat  when  die  given  point  lies  either  in  die  line  or  in  the  line  prodnoed,  the  distinctim 
.  whidi  arises  from  joining  the  two  ends  of  die  line  with  the  given  point  no  longer  exists, 
and  there  axe  only  fonr  cases  of  the  problem. 

Prop.  III.  This  problem  admits  of  two  solutions,  and  it  is  left  undetennined  ftom 
whidi  end  of  die  greater  line  the  part  is  to  be  cut  off*. 

Prop.  IV.  This  fimns  the  fint  case  of  equal  triangles,  two  other  cases  axe  prored 
in  Pxops.  VIII  and  xxvi.  A  distinction  ou^t  to  be  made  between  equal  triangles 
and  equivalent  triaogiles,  the  former  including  those  whose  sides  and  angles  mutually 
coincide,  the  latter  those  iHiose  areas  only  are  equivalent. 

The  term  base  is  obviously  taken  from  the  idea  of  a  building,  and  die  same  may 
lie  said  of  the  term  oIN^iMif.  In  Geometry,  however,  these  terms  are  not  restricted  to  one 
psxticular  position  of  a  figuie,  as  in  the  case  of  a  building,  but  may  be  in  any  position 
whatever. 

Prop.  V.  Pxodus  has  given  in  his  commentary  a  proof  for  the  equality  of  die 
angles  at  the  base  without  producing  the  equal  sides.  The  constructioQ  follows  die 
same  order,  taking  in  AB  a  point  D  and  cutting  off*  from  AC  a  part  AE  equal  to  AB, 
and  then  joining  CD  and  BE, 

A  oondlary  is  a  theorem  which  results  from  the  demonstradon  of  a  propositifln, 
and  generally  is  so  obvious  as  to  require  no  formal  proof. 

Prop.  VI  is  the  converse  of  one  part  of  Prop.  v.  One  proposidon  is  defined  to 
be  die  converte  of  another  when  the  hypothesis  of  the  former  becomes  the  predicate  of 
the  latter ;  and  vice  versA. 

There  is  besides  this  another  kind  of  conversion,   when  a  theorem  has  seveisl 

hypotheses  and  one  predicate ;  by  assuming  the  predicate  and  one  or  more  than  one  of 

Jbe  hjrpotheses,  some  one  of  die  hypotheses  may  be  inferred  as  the  predicate  of  the 

converse.    In  this  manner.  Prop,  viii  is  the  converse  of  Prop.  iv.    It  may  hcice  be 

/observed,  that  converse  theorems  are  not  universally  true :  as  for  instance,  the  following 

direct  proposition  is  universally  true ;  '<  If  two  triangles  have  their  three  sides  respeedvfiy 

equal,  the  three  angles  of  each  shall  be  respectively  equsL'*    But  die  converse  is  not 

universally  true ;  namely,  '*  If  two  triangles  have  die  three  angles  in  each  respeedvfiy 

^ual,  the  three  sides  are  respectively  equal.'*     Converse  theorems  require,  in  some 

instances,  the  consideration  of  other  conditions  than  those  which  enter  into  die  proof 

of  the  direct  theorem.     Converte  and  contrary  propositions  are  by  no  means  to  be 

.eonfounded,  the  contrary  proposition  denies  what  is  assumed  in  the  direct  propositioo, 

but  the  subject  and  predicate  in  each  are  the  same. 

Prop.  VI  is  die  first  instance  of  indirect  demonstrations,  and  diey  are  more  suited 
for  the  proof  of  converse  propositions.  All  those  propositions  which  are  demonstiated 
ex  absurdo,  are  properly  analytical  demonstrations,  according  to  the  Greek  notion  of 
analysis,  which  first  supposed  the  thing  required  to  be  done,  or  to  be  true,  and 
then  shewed  the  consistency  or  inconsistency  of  this  construction  or  hjrpothesis  with 
truths  admitted  or  already  demonstrated. 

Prop.  VII.  The  enunciation  in  the  text  was  altered  into  that  form  by  Simson. 
Euclid's  is,  '£irl  t^«  ainiit  «v0fl£a«,  ival  raU  aifraJ^  ev6e/at«  oXXat  iuo  eideleu 
tertu  iKarepa  tKarepa  oh  cvtrraBna-ovrat,  irpot  dXXto  koI  dWto  arifietm  iirl  ra  airnt 
fiepri,  TO.  airrd  nrepara  exovaai  Talt  ij^  dpxv^  eifdelaiv. 

Prop.  VIII.  When  the  three  sides  of  one  triangle  are  shewn  to  coincide  with  the 
three  sides  of  any  other,  the  equality  of  the  triangles  is  at  once  obvious.  This,  however, 
is  not  stated  at  the  conclusion  of  Prop,  viii  or  of  Prop.  xxvi.  For  the  equality  of  the 
areas  of  two  coincident  triangles,  reference  is  always  made  by  Euclid  to  Prop.  iv» 


NOTES    to    BOOK    U  49 

Pn^.  XX.  By  means  of  this  probleniy  any  angle  maybe  divided  into  four,  eight, 
sixteen,  &c.  equal  angles. 

Prop.  X.  Any  finite  straight  line  may,  by  this  problem,  be  divided  into  four,  eight, 
sixteen,  &c.  equal  parts. 

Prop.  XI.  When  the  point  is  at  the  extremity  of  the  line.  By  the  second  postulato 
the  line  may  be  produced,  and  then  the  construction  applies. 

Prop.  XIII.  It  is  manifest  that  the  lines  which  bisect  the  angles  ABC  and  ABD 
are  at  right  angles  to  each  other. 

Prop.  xiY  is  the  converse  of  Prop.  xiii.  ^*  Upon  the  opposite  sides  of  it.*'  If 
tfaefie  words  were  omitted ;  it  is  possible  for  two  lines  to  make  with  a  third,  two  angles, 
which  together  are  equal  to  two  right  angles,  in  such  a  manner  that  the  two  lines  shall  not 
be  in  the  same  straight  line. 

Prop.  XV  is  the  developement  of  the  definition  of  an  angle.  If  the  lines  at  the 
angular  point  be  produced,  the  produced  lines  have  the  same  inclination  to  one  an- 
other as  the  original  lines,  but  in  a  difierent  position. 

Prop.  XVI.  From  this  Prop,  it  follows  that  only  one  perpendicular  can  be  drawn 
from  a  given  point  to  a  given  line;  and  this  perpendicular  may  be  sliewn  to  be  less 
than  any  other  line  which  can  be  drawn  from  the  given  point  to  the  given  line. 

Prop.  XYit  appears  to  be  only  a  corollary  to  the  preceding  proposition,  and  it 
seems  to  be  introduced  to  explain  Axiom  xii,  of  which  it  is  the  converse.  The  exact 
truth  respecting  the  angles  of  a  triangle  is  proved  in  Prop,  xxxii. 

Prop.  XIX  is  the  converse  of  Prop,  xviii.  It  may  be  remarked,  that  Prop,  xix 
bean  the  same  relation  to  Prop,  xviii,  as  Prop,  yi  does  to  Prop.  v. 

Prop.  XX — ^xxi.  '^  Produs,  in  his  commentary,  relates,  that  the  Epicureans  derided 
this  proposition,  as  being  manifest  even  to  asses,  and  needing  no  demonstration ;  and  his 
answer  is,  that  though  the  truth  of  it  be  manifest  to  our  senses,  yet  it  is  science  which 
must  give  the  reason  why  two  sides  of  a  triangle  are  greater  than  the  third.  But  the 
ri^  answer  to  this  objection  against  this  and  Prop,  xxi,  and  some  other  plain  propo- 
sitions, is,  that  the  number  of  axioms  ought  not  to  be  increased  without  necessity,  as  it 
must  be  if  these  propositions  be  not  demonstrated.  Mons.  Clairault,  in  the  preface 
to  his  Elements  of  Geometry,  published  in  French  at  Paris,  1741,  says,  <  that  Euclid 
has  been  at  the  pains  to  prove,  that  the  two  sides  of  a  triangle  which  is  included 
vithin  another,  are  together  less  than  the  two  sides  of  the  triangle  which  includes  it.* 
But  he  has  forgot  to  add  this  condition,  viz.  that  the  triangles  must  be  upon  the  same 
base :  because,  unless  this  be  added,  the  sides  of  the  included  triangle  may  be  greater 
than  the  sides  of  the  triangle  which  includes  it,  in  any  ratio  which  is  less  than  that 
of  two  to  one,  as  Pappus  Alexandrinus  has  demonstrated  in  Prop.  3,  Book  iii  of 
his  Mathematical  Collections."    Simson. 

Prop.  XXII.  When  the  sum  of  two  of  the  lines  is  equal  to,  and  when  it  is  less 
dian,  the  third  line ;  let  the  diagrams  be  described,  and  they  will  exhibit  the  impos- 
sibility implied  by  the  restriction  laid  down  in  the  proposition. 

Prop.  XXIII.  CD  might  be  taken  equal  to  CE  and  the  construcdon  effected 
by  means  of  an  isosceles  triangle.    It  would,  however,  be  less  general  than  Euclid's. 

Prop.  xxiY.  Simson  makes  the  angle  EDG  at  Z>  in  the  line  £Z>,  the  side 
which  is  not  the  greater  of  the  two  ED,  DF ;  otherwise,  three  different  cases  would 
vise,  as  may  be  seen  by  forming  the  different  figures.  The  point  G  might  fall  below 
or  upon  the  base  EF  produced  as  well  as  above  it.  Prop,  xxiv  and  Prop,  xxy  bear 
to  each  other  the  same  relation  as  Prop,  iy  and  Prop.  yiii. 

Prop.  xxvi.  This  forms  the  third  case  of  the  equality  of  two  triangles.  Every 
tiiang^  has  three  sides  and  three  angles,  and  when  any  three  of  one  triangle  are  given 
equal  to  any  three  of  another,  the  triangles  may  be  proved  to  be  equal  to  one  another, 
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whenever  the  three  magnitudet  given  in  the  h^rpodbetiB  are  independent  of  one  anodier. 
Prop.  IV  contains  the  first  case,  when  the  hjrpothesis  consiats  of  two  aidca  aad  the 
included  angle  of  each  triangle.  Prop,  viii  contaiaa  die  seeond,  when  the  hypotfaeais 
consists  of  the  three  aides  of  each  triangle.  Prop,  xxvi  cootaina  the  thlid,  when 
the  h3rpothesia  conaista  of  two  anglea,  and  one  aide  dther  adjacent  to  die  eqnal  angles, 
or  opposite  to  one  of  the  equal  anglea  in  each  triangle.  These  ia  anodier  eaae,  not 
proved  by  Euclid,  wbien.  the  hjrpothesia  conaista  of  two  aidee  and  one  angle  in  each 
triangle,  but  these  not  the  angles  included  by  the  two  given  aidea  in  each  txiaagle. 
This  case  however  ia  only  true  under  a  certain  restriction. 

Prop,  xxvii.  Alternate  anglea  are  defined  to  be  the  two  anglea  wfakk  two  stmight 
lines  make  with  another  at  ita  extremitieB,  but  upon  Of^posite  aides  of  it. 

Prop.  XXVIII.  One  angle  ia  called  ^'  the  exterior  angle,**  and  anodier  ^  die  Intaior 
and  opposite  angle,'*  when  they  axe  formed  an  die  same  aide  of  a  straight  line  whldi  &lls 
upon  or  intersects  two  other  straight  lines.  It  ia  alao  obvioua  that  on  eadi  aide  of  (he 
line,  there  will  be  two  exterior  and  two  interior  and  opposite  ang^.  The  exterior 
angle  EGB  has  the  an^  GHD  for  its  corresponding  interior  and  oppoalte  angle :  also 
the  exterior  angle  FHD  has  die  angle  HGS  for  ita  interior  and  oj^toaite  angle. 

Prop.  XXIX  is  the  converse  of  Prop,  xxvii  and  Prop,  xxviii. 

As  the  definition  of  parallel  straight  lines  simply  describes  them  by  a  atatenent 
of  the  negative  property,  that  they  never  meet;  it  is  necessary  that  aome  positive  property 
of  parallel  lines  should  be  assumed  as  an  axiom,  on  which  reasonings  on  aucfa  linea  may 
be  founded. 

Euclid  has  assumed  the  statement  in  the  twelfth  axiom,  which  has  been  objected 
iOy  as  not  being  self-evident.  A  stronger  objection  appears  to  be,  that  the  eonvene 
of  it  forms  Prop.  17,  Book  i ;  for  both  the  assumed  axiom  and  ita  convene,  ahould 
be  so  obvious  as  not  to  require  formal  demonstration. 

Simson  has  attempted  to  overcome  the  objection,  not  by  any  improved  definitioD 
and  axiom  respecting  parallel  lines;  but,  by  considering  Euclid's  twdfdi  axiom  to 
be  a  theorem,  and  for  its  proof,  assuming  two  definitions  and  one  axiom^  and  dien 
demonstrating  five  subsidiary  Propositions. 

Instead  of  Euclid's  twelfdi  axiom,  the  following  has  been  propoeed  as  a  mote  aimpk 
property  for  the  foundation  of  reasonings  on  parallel  lines ;  namely,  **  If  a  straight  hoe 
fall  on  two  parallel  straight  lines,  the  alternate  angles  are  equal  to  one  another."  In 
whatever  this  may  exceed  Euclid's  definition  in  simplicity,  it  is  liable  to  a  similsr 
objection,  being  the  converse  of  Prop.  27,  Book  i. 

Professor  Playfair  has  adopted  in  his  Elements  of  Geometry,  that  "  Two  atndght 
lines  which  intersect  one  anodier  cannot  be  both  parallel  to  the  same  atraig^t  line." 
This  apparently  more  simple  axiom  follows  as  a  direct  inference  from  Prop.  30,  Book  i. 

But  one  of  the  least  objectionable  of  all  the  definitions  which  have  been  proposed 
on  this  subject,  appears  to  be  that  which  simply  expresses  the  conception  of  equidiataaee. 
It  may  be  formally  stated  thus :  '*'  Parallel  lines  are  such  as  lie  in  the  same  plane,  and 
which  neither  recede  from,  nor  approach  to,  eac^  other."  This  includes  the  conception 
stated  by  Euclid,  that  parallel  lines  never  meet.  Dr  Wallis  observes  on  this  sul^ject, 
<^  Parallelismus  et  squidistantia  vel  idem  sunt,  vel  certe  se  mutuo  comitantur." 

As  an  additional  reason  for  this  definition  being  preferred,  it  may  be  remarked  that 
the  meaning  of  die  terms  ypofifial  irapdXXfiXoi^  suggests  the  exact  idea  of  such  lines. 

Axiom  XI  and  xii,  in  some  manuscripts  of  Euclid,  are  found  placed  respectively 
as  the  fourth  and  the  fifth  postulate. 

An  account  of  thirty  methods  which  have  been  proposed  at  different  times  for 
avoiding  the  difficulty  in  the  twelfth  axiom,  will  be  found  in  the  appendix  to  Mr 
Thompson's  '^  Oeometry  without  Axioms." 
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Prop,  xxxii.  The  three  angles  of  a  triangle  may  he  shewn  to  he  equal  to  two 
right  angles  without  producing  a  side  of  the  triangle,  by  drawing  through  any  angle 
of  tlie  triangle  a  line  parallel  to  the  Oj^posite  side,  as  Produs  has  icmatked  in  his 
Commeatary  on  this  proposition.  It  is  manifest  from  this  propoaition,  that  the  third 
angle  of  a  triangle  is  not  independent  of  the  sum  of  the  other  two ;  but  is  known  if  the 
sum  of  any  two  is  known.  Cor.  1  may  be  also  proved  by  drawing  lines  from  any  one 
of  the  angles  of  the  figure  to  the  other  angles.  If  any  of  the  sides  of  the  figure  bend 
inwards  and  form  what  are  called  re-entering  angles,  the  enunciation  of  these  two  corol- 
laziea  will  require  some  modification. 

From  this  proposition,  it  is  obvious  that  each  of  the  angles  of  an  equilateral  triangle^ 
is  equal  to  two  diirds  of  a  ri^t  angle,  as  it  is  shewn  in  Prop.  16,  Book  it.  Also^ 
if  one  angle  of  an  isosceles  triang^  be-a  right  angle,  then  each  of  the  equal  angjles  is  half 
a  ri^it  angle,  as  in  Prop.  9,  Book  ii. 

I¥op.  xxxiv.  If  the  other  diameter  be  drawn,  it  may  be  shewn  that  iha  ''U"*f1tfT 
of  a  parallelogram  bisect  each  other,  as  well  as  bisect  the  area  of  the  parallelagram. 
The  converse  of  this  Prop,  namely,  *'  If  the  opposite  sides  or  opposite  ang^  of  a 
quadrilalBEal  figure  be  equal,  the  opposite  sides  shall  also  be  parallel;  thatis^  the  figure 
shall  be  a  panllelogram,"  is  not  proved  by  Euclid. 

Prop.  xxxv.  The  latter  part  of  the  demonstration  is  not  expressed  very  iatdligibly. 
Simsoo,  who  altered  the  demonstration,  seems  in  fact  to  consider  two  trapeziums  of  the 
ssme  foim  and  magnitude,  and  from  one  of  them,  to  take  the  triangle  ABE;  and 
fimn  the  other,  the  triangle  DCF;  and  then  the  remainders  are  equal  by  the  third 
9xiata  s  that  is,  the  paraUelogcam  ABCD  is  equal  to  the  parallelogram  EBCF*  Other  < 
wise,  the  triangle,  whose  base  is  DE,  (fig.  2.)  is  taken  twice  from  the  trapezium,  which 
would  appear  to  be  impossible,  if  the  sense  in  which  Euclid  applies  die  third  axiom, 
is  to  be  retained  here. 

It  may  be  observed,  that  the  two  paralldograms  exhibited  in  fig.  2  partially  lie  otf 
one  another,  and  that  the  triangle  whose  base  is  BC  is  a  common  part  of  them,  but  that 
the  truHig^  whose  base  is  DE  is  entirely  without  both  the  parallelograms.  After  having 
proved  the  triangle  ABE  equal  to  the  triangle  DCFy  if  we  take  from  these  equals  the 
tziangile  whose  base  is  DE,  and  to  each  of  die  remainders  add  the  triangle  whose  base 
is  BCi  perhaps  the  proof  may  appear  s<miewhat  more  satisfactory. 

Prop.  XXXVIII.  In  this  proposition,  it  is  to  be  understood  that  the  bases  of  the  two 
triangjles  are  in  the  same  straight  line. 

Prop*  XXXIX.  If  the  vertices  of  all  the  equal  triangles  whieh  can  be  described 
upon  the  aame  base,  or  upon  the  equal  bases  as  in  Prop.  40,  be  joined,  the  line  thus 
formed  will  be  a  straight  line,  and  is  called  the  locus  of  the  vertices  of  equal  triangles 
upon  the  same  base,  or  upon  equal  bases. 

A  locus  in  plane  Geometry  is  a  straight  line  or  a  plane  curve,  every  point  of  which 
and  none  else  satisfies  a  certain  condition. 

With  the  exception  of  the  straight  line  and  the  cizde,  the  two  most  simple  lod ;  all 
other  lody  perhaps  indudiog  also  the  Conic  Sections,  may  be  more  readily  and  effectually 
investigated  algebraically  by  meaus  of  their  rectangular  or  polar  equations. 

prop.  XL  I.  The  converse  of  this  proposition  is  not  proved  by  Euclid ;  viz.  If  a 
parallelogram  is  double  of  a  triangle,  and  they  have  the  same  base,  or  equal  bases  upon 
die  same  straight  line,  and  towards  the  same  parts,  they  shall  be  between  the  same 
parallels.  Also,  it  may  easily  be  shewn  that  if  two  equal  triangles  are  between  the 
same  parallels ;  they  are  either  upon  the  same  base,  or  upon  equal  bases. 

Prop.  XLiv.  A  parallelogram  described  on  a  straight  line  is  said  to  be  applied 
to  that  line. 

Prop.  XLVii.    In  a  right-angled  triangle,  the  side  opposite  to  die  right  angle  is 
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dlled  the  bnHMfacmiie^  and  die  other  two  tides,  die  bote  and  pffprndimlar,  aeooidiiig  to 
their  podtioiu 

It  is  not  indifoent  on  wfaidi  sides  of  die  lines  whidi  form  the  sides  of  the  triang^ 
the  sqnam  are  described.  If  diej  were  described  upon  the  inner,  instead  of  the  oater 
sides  of  the  lines,  die  eonstmction  would  be  found  to  &iL 

B]r  diis  proposition  may  be  found  a  scjoare  equal  to  the  sum  of  any  giren  squares, 
or  equal  to  any  multiple  of  a  g;iTen  square :  or  equal  to  the  diffiaenoe  of  two  given 
squares. 

The  truth  of  diis  proposition  may  be  exhibited  to  the  eye  in  some  particular 
instsnees.  As  in  the  case  of  that  right^ngilfd  tiiang^  whose  three  sides  are  3,  4, 
and  5  units  rcspectiTely.  If  through  the  points  of  division  of  two  contiguous  sidet 
of  each  of  die  squares  upon  the  sides,  lines  be  drawn  parallel  to  the  sides  (see  the  notes  on 
Book  II.  p.  68),  it  will  be  obvious,  that  the  squares  will  be  divided  into  9,  16  and  25 
small  squares,  each  of  the  same  magnitude ;  and  that  the  number  of  the  small  squares 
Into  wfaidi  the  squares  on  the  perpendicular  and  base  are  divided  is  equal  to  the  number 
into  winch  the  square  on  the  hypothenuse  is  divided. 

Prop.  XLYiii  is  die  converse  of  Prop,  xlyii.  In  tUs  Prop,  is  assumed  the  Corol- 
lary that  ^^  the  squares  described  upon  two  equal  lines  are  equal,**  and  the  conversei 
whidi  properly  ought  to  have  been  appended  to  Prop.  zlti. 

The  first  book  of  Euclid's  Elements,  it  has  been  seen,  is  conversant  widi  die  con- 
struction and  properties  of  rectilineal  figures.  It  first  lays  down  die  definitions  which 
limit  the  subjects  of  discussion  in  the  first  book,  next  the  three  postulates,  which  restrict 
die  instruments  by  which  the  constructions  in  plane  geometry  are  effected ;  and  diirdly, 
the  twelve  axioms,  which  express  the  principles  by  which  a  comparison  is  made  between 
die  ideas  of  the  things  defined. 

This  Book  may  be  divided  into  three  parts.  The  first  part  treats  of  the  origin  and 
properties  of  triangles,  both  with  respect  to  their  sides  and  angles;  and  the  oompariMm 
of  these  mutually,  both  with  regard  to  equality  and  inequality.  The  second  part  treats 
of  the  generation  and  properties  of  parallelograms.  The  third  part  exhibits  the  con- 
nexion of  the  properties  of  triangles  and  parallelograms,  and  the  equality  of  the  squares 
on  the  base  and  perpendicular  of  a  right-angled  triangle  to  the  square  on  the  h3rpodienu8e. 

Mlien  the  propositions  of  the  first  book  have  been  read,  the  student  is  recoitamended 
to  use  distent  letters  in  the  diagrams,  and  where  it  is  possible,  diagrams  of  a  form 
somewhat  different  from  those  exhibited  in  the  text,  for  the  purpose  of  testing  the 
accuracy  of  his  knowledge  of  the  demonstrations.  And  further,  when  he  is  become 
sufficiendy  familiar  with  the  method  of  geometrical  reasoning,  he  may  dispense  with  the 
aid  of  letters  altogether,  and  acquire  the  power  of  expressing  in  general  terms  the  process 
of  reasoning  in  the  demonstration  of  any  proposition.  Also,  should  he  be  not  satisfied 
with  the  bare  knowledge  of  the  principles  of  the  first  book  which  have  been  exhibited 
iyniheticallyy  but  be  also  desirous  of  knowing  how  these  principles  may  be  applied  to  the 
solution  of  Problems  ana/^^a%  and  the  demonstration  of  Theorems ;  he  may  refer  to  the 
Geometrical  Exercises  on  the  first  book,  which  will  be  found  at  the  end  of  the  Elements, 
together  with  some  brief  account  of  the  Ancient  Geometrical  Analjrsis. 


BOOK    n. 


DEFINITIONS. 


I. 

Every  right-angled  parallelogram  is  called  a  rectangle,  and  is  said 
to  be  contained  by  any  two  of  the  straight  lines  which  contain  one  of 
the  right  angles. 

II. 

In  every  parallelogram^  any  of  the  parallelograms  about  a  diameter^ 
together  with  the  two  complements^  is  called  a  gnomon. 

AS  D 


J! 

/ 

y 

H 
B    6  C 

''Thus  the  parallelognun  HG  together  with  the  oompleme&ts  AF^  FC^  is  the 
gnomoii,  which  is  more  briefly  expressed  by  the  letters  AGK,  or  EHC,  which  are 
at  the  opposite  angles  of  the  parallelograms  which  make  the  gnomon.*' 
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PROPOSITION  L    THEOREK. 

1/  there  be  two  straight  lines,  ome  of  which  is  divided  into  any  number 
of  parts;  the  rectangle  contained  btf  the  ttso  straight  lines,  is  equal  to  the 
rectangles  contained  by  the  undivided  line,  and  the  several  parts  of  the 
dimded  line. 

Let  A  and  BC  be  two  straight  lines ; 
and  let  BC  be  divided  into  any  ports  in  the  points  D,  E. 
Then  the  rectangle  omtained  by  the  straight  lines  A  and  BC,  shall 
be  equal  to  the  rectangle  contained  bj  A  and  BD,  together  with  that 
contained  by  A  and  DE,  and  that  contained  by  A  and  EC, 


From  the  point  B,  draw  BF  at  right  angles  to  BC,    (i.  11.) 

and  make  BG  equal  Xo  A;    (i.  3.) 

through  G  draw  GH  parallel  to  BC,    (i.  31.) 

and  through  D,  E,  C,  draw  BK,  EL,  CH  pvallel  to  BG. 

Then  the  rectangle  BH  is  equal  to  the  rectangles  BK,  DL,  EH. 

But  BH  is  contained  by  A  and  BC, 

for  it  is  contained  by  GB,  BC,  and  GB  is  equal  to  A : 

and  the  rectangle  BK  is  contained  by  A,  BD, 

for  it  IS  contained  by  GB,  BD,  of  which  GB  is  equal  to  A : 

also  DL  is  contained  by  A,  DE, 

because  DK,  that  is^  BG,  (i.  34.)  is  equal  to  ^; 

and  in  like  manner  the  rectangle  EH  is  contained  by  A,  EC: 

therefore  the  reolBi^;le  contained  by  A,  BC,  is  equal  to  the  seyeral 

rectangles  eentamed  by  A,  BD,  and  by  A,  DE,  and  by  A,  EC. 

Wherefore,  if  there  be  two  straight  lines,  &c.    q.e.d. 


PROPOSITION  IL    THEOREM. 


If  a  straight  line  he  divided  into  any  two  parts,  the  rectangles  con* 
tained  by  the  whole  and  each  of  the  parts,  are  together  equal  to  the  square 
of  the  whole  line. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in  the  point  C 
Then  the  rectangle  contained  by  AB,  BC,  together  with  that  con- 
tained by  AB,  AC,  uiall  be  equal  to  the  square  of  AB. 


Upon  AB  describe  the  sauare  ADEB, 
and  through  C  draw  CF  parallel  to  AD  or  B 


(i.  4£.) 
E.    (i.  31.) 
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Then  AE  is  equal  to  the  rectangles  AF,  CE. 

And  AE  ia  the  square  of  AB ; 

and  AF  is  the  rectangle  contained  by  BA^  AC; 

for  it  is  contained  by  DA,  AC,  of  which  DA  is  equal  to  AB: 

and  CE  is  contained  by  AB,  BC, 
for  BE  is  equal  to  AB : 
therefore  the  rectangle  contained  by  AB,  AC,  together  with  the 
rectangle  AB,  BC  is  equal  to  the  square  o£AB, 
If  therefore  a  straight  line^  &c.    q.  e.  d. 


PBOPOSITION  III.    THEOREM. 

If  a  straight  line  be  divided  into  any  two  parts,  the  rectangle  con- 
tained  by  the  whole  and  one  of  the  parts,  is  equal  to  the  rectangle  contained 
by  the  two  parts,  together  with  the  square  of  the  aforesaid  part. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in  the 
point  C. 

Then  the  rectangle  AB,  BC,  shall  be  equal  to  the  rectangle  AC,  CB, 
together  with  the  square  of  BC. 

AC  B 


Upon  BC  desmbe  the  squarie  CDEB,  (i.  46.)  and  produce  ED  to  F, 

Uirough  A  draw  ilF  parallel  to  CD  or  BE.     (i.  31.) 

Then  the  rectangle  AE  is  equal  to  the  rectangles  AD,  CE; 

but  AE  is  the  rectangle  contained  hjAB,  BC, 

for  it  is  contained  bv  AB,  BE,  of  which  BE  is  equal  to  BC: 

and  aD  is  contained  by  AC,  CB, 

for  CD  is  equal  to  CB:         ^ 
and  DB  is  the  square  of  BC : 
therefore  the  rectangle  AB,  BC,  i&  equal  to  the  rectangle  AC,  CB, 
togedier  with  the  s<]^uare  of  BC. 
If  therefore  a  straight  line  be  divided^  &c.    q.e.d. 


PROPOSITION  IV.    THEOREM. 

If  a  straight  line  be  divided  itUo  any  two  parts,  the  square  of  the  whole 
Hne  is  equal  to  the  squares  of  the  two  parts,  together  with  twice  the 
rectangle  contained  by  the  parts. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in  C 
Then  the  square  of  AB  shall  be  equal  to  the  squares  of  AC^  and  CB, 
together  with  twice  the  rectangle  contained  by  AC,  CB. 
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Upon  AB  describe  the  square  ADEB,    (i.  46.) 

join  BD,  and  through  C  draw  CGF  parallel  to  AD  or  BE,    (i.  SI.) 

and  through  G  draw  HGK  parallel  to  AB  or  DE. 

Then^  because  CF  is  parallel  to  An,  and  ^D  &lls  upon  them, 

therefore  the  exterior  angle  BGC  is  equal  to  the  interior  and 

opposite  anffle  A  DB ;    (i.  29.) 

but  the  angle  ADB  is  equal  to  the  angle  ABD,     (i.  5.) 

because  BA  is  equal  to  AD,  being  sides  of  a  square ; 

wherefore  the  angle  CGB  is  equal  to  the  angle  CBG; 

and  therefore  the  side  BC  is  equal  to  the  side  CG ;     (i.  6.) 

but  CB  is  equal  also  to  GK,  and  CG  to  ^X;     (i.  34.) 

wherefore  the  figure  CGKB  is  equilateral. 

It  is  likewise  rectangular, 

for,  since  CG  is  parallel  to  BK,  and  CB  meets  them, 

therefore  the  angles  KBC,  GCB  are  equal  to  two  right  angles ;  (i.  Sp.) 

but  the  angle  KBC  is  a  right  angle;    (def.  30.  constr.) 

wherefore  GCB  is  a  right  angle : 

and  therefore  also  die  angles  CGK,  GKB,  opposite  to  these,  are 

right  angles ;    (i.  34.) 

wherefore  CGKB  is  rectangular : 
it  is  also  equilateral,  as  was  demonstrated ; 
wherefore  it  is  a  square,  and  it  is  upon  the  side  CB, 
For  the  same  reason  HF  is  a  square,  and  it  is  upon  the  side  HO, 
which  is  equal  to  AC,    (i.  34.) 

Therefore  the  figures  HF,  CK,  are  the  squares  of  AC,  CB, 

And  because  the  complement  AG  is  equal  to  the  complement  GE,  (1, 43.) 

and  that  AG  is  the  rectangle  contained  bj  AC,  CB, 

for  GC  is  equal  to  CB; 

therefore  GE  is  also  equal  to  the  rectangle  AC,  CB; 

wherefore  AG,  GE  are  equal  to  twice  the  rectangle  AC,  CB; 

and  HF,  CK  are  the  squares  of  AC,  CB; 
wherefore  the  four  figures  HF,  CK,  AG,  GE,  are  equal  to  the 

squares  <AtAC,  CB,  and  to  twice  die  rectangle  AC,  CB: 
but  HF,  CK,  AG,  GE  make  up  the  whole  figure  ADEB,  which 

is  the  square  of  AB ; 
therefore  the  square  of  AB  is  equal  to  the  squares  of  AC,  CB,  and 
twice  the  rectangle  AC,  CB. 
Wherefore,  if  a  straight  line  be  divided,  &c.    q.b.  d. 

Cor.    From  the  demonstration,  it  is  manifest,  that  the  parallelograms 
about  the  diameter  of  a  square  are  likewise  squares. 


PROPOSITION  V.    THEOREM. 

If  a  straight  line  be  divided  into  two  equal  parts,  and  also  into  two 
unequal  parts;  the  rectangle  contained  by  the  unequal  parts,  together 
with  the  square  of  the  line  between  the  points  of  section,  i^  equal  to  the 
square  of  half  the  line. 

Let  the  straight  line  AB  be  divided  into  two  equal  parts  in  the 
point  C,  and  into  two  unequal  parts  in  the  point  D. 

Then  the  rectangle  AD,  DB,  together  with  the  square  of  CD,  shall 
be  equal  to  the  square  of  CB, 
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Upon  CB  describe  the  square  CEFB,    (i.  46.) 

join  BE,  and  through  D  draw  DHG  parallel  to  Ct  or  BF i    (i.  SI.) 

and  through  H  draw  KLM  parallel  to  CB  or  EF; 

also  through  A  draw  AK  parallel  to  CL  or  BM. 

Then^  becau^  the  complement  CH  is  equal  to  the  complement  HF,  (i.  43.) 

to  each  of  these  equals  add  DM; 

therefore  the  whole  CM  is  equal  to  the  whole  i)F; 

but  because  ^C  is  equal  to  CB, 

therefore  CM  is  equal  to  AL,    (i.  S6.) 

therefore  also  AjL  is  equal  to  DF: 

to  each  of  these  equals  add  CH, 

and  therefore  the  whole  AH  us.  equal  to  DF  and  CH: 

but  AH  is  the  rectangle  contained  by  AD,  DB,  for  DH  is  equal  to  DB; 

and  DF  together  with  CH  is  the  gnomon  CMG; 

therefore  the  gnomon  CMG  is  equal  to  the  rectangle  AD,  DB : 

to  each  of  these  equals  add  LG,  which  is  equal  to  the  square 

of  CD;    (ii.  4.  Cor.^ 
therefore  the  gnomon  CMG,  together  with  LG,  is  equal  to  the 

rectangle  AD,  DB,  together  with  the  square  of  CD: 
but  the  gnomon  CMG  and  LG  make  up  the  whole  figure  CEFB, 

which  is  the  square  of  CB ; 
therefore  the  rectangle  AD,  DB,  together  with  the  square  of  CD, 
is  equal  to  the  square  of  CB. 

Wherefore,  if  a  straight  line^  &c.    Q.  E.  d. 
C!oR.    From  this  proposition  it  is  manifest^  that  the  difference  of  the 
squares  of  two  unequal  hnes  AC,  CD,  is  equal  to  the  rectangle  contain* 
ed  by  their  sum  AD  and  their  difference  DB, 


PROPOSITION  VI.     THEOREM. 

If  a  straight  line  be  bisected,  and  produced  to  any  point;  the  rect* 
angle  contained  by  the  whole  line  thus  produced,  and  the  part  of  it 
produced,  together  with  the  square  of  half  the  line  bisected,  is  equal  to 
the  square  ^  the  straight  line  which  is  made  up  of  the  half  and  the 
^rt  produced* 

Let  the  straight  line  AB  be  bisected  in  C,  and  produced  to  the 
point  D. 

Then  the  rectangle  AD,  DB,  together  with  the  square  of  CB,  shall 
be  equal  to  the  square  of  CD. 
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Upon  CD  describe  the  square  CEFD,  (i.  4S,)  and  join  DE, 

through  B  draw  BHG  parallel  to  CE  or  DF,    (i.  81.) 

through  H  draw  KLM  parallel  to  AD  or  jBF, 

and  through  A  draw  AK  parallel  to  CL  or  DM. 

Then  because  ^Cis  equal  to  CB, 

therefore  the  rectangle  AL  is  equal  to  the  rectangle  CH,     (i.  86,) 

but  CH  is  equal  to  HF ;    (i.  43?) 

therefore  AL  is  equal  to  hF; 

to  each  of  these  equals  add  CM ; 

therefore  the  whole  AM  is  equal  to  the  gnomon  CMG : 

but  AM  is  the  rectangle  contained  by  AD,  DB, 

for  DM  is  equal  to  DB :     (ii.  4.  Cor.) 

therefore  the  gnomon  CmG  is  equal  to  the  rectangle  AD,  DB : 

add  to  each  of  these  equals  LG  which  is  equal  to  the  square  of  CB; 

therefore  the  rectangle  AD,  DB,  togetner  with  the  square  of  CB, 

is  equal  to  the  gnomon  CMG,  and  the  figure  LG ; 
but  the  gnomon  CMG  and  LG  make  up  tli^  whole  figure  CEFD, 

which  is  the  square  of  CD ; 
therefore  the  rectangle  AD,  DB,  together  with  the  square  of  CB, 
is  equal  to  the  square  of  CD. 

Wherefore^  if  a  straight  line,  &c.    q.e.d. 


PROPOSITION  VII.     THEOREM. 

If  a  straight  line  be  divided  into  any  two  parts,  the  squares  (^  the 
whole  Une,  and  of  one  of  the  parts,  are  equal  to  twice  ike  rectangle 
contained  by  the  whole  and  that  part,  togetner  with  the  square  of  the 
other  part. 

Let  the  straight  line  AB  be  divided  into  any  two  parts  in  the 
point  C 

Then  the  squares  of  AB,  BC  shall  be  equal  to  twice  the  rectangle. 
AB,  £Ca  together  with  the  square  of  AC. 


Upon  AB  describe  the  square  ADEB,  (i.  46*)  and  join  BD; 

through  C  draw  CF  parallel  to  AD  or  BE  cutting  BD  m  G,    (i.  31.) 

through  G  draw  HGK  parallel  to  AB  or  DE. 

Then  because  AG  is  equal  to  GE,    (i.  43.) 

add  to  each  of  them  CK; 

therefore  the  whole  AK  is  equal  to  the  whole  CE ; 

and  therefore  AK,  CE,  are  double  of  AK; 

but  AK,  CE  are  the  gnomon  AKF  and  the  square  CK; 

therefore  the  gnomon  AKF  and  the  square  CK  is  double  of  AK: 

but  twice  the  rectangle  AB,  BC,  is  double  of  AK, 

for  BK  is  equal  to  BC;     (ii.  4.  Cor.) 

therefore  the  gnomon  AKF  and  the  square  CK,  is  equal  to  twice 

the  recUngle  AB,  BC; 
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to  each  of  these  equals  add  HF,  which  is  equal  to  the  square  of 

AC, 
therefore  the  gnomon  AKF,  and  the  squares  CK,  HF,  are  equal  to 
twice  the  rectangle  AB,  BC,  and  the  square  of  AC; 
but  the  gnomon  AKJF,  together  with  the  squares  CK,  HF,  make 
ip  the  whole  figure  ADEB  and  CK,  which  are  the  squares  of  AB 
ind  BC; 

therefore  the   squares   of  AB  and  BC  are   equal  to  twice   the 
rectangle  AB,  BC,  together  with  the  square  of  AC. 
Wherefore^  if  a  straight  line>  &c.     q.e.d. 


PROPOSITION  VIII.     THEOREM. 

If  a  straight  line  be  divided  into  any  two  parts^  four  times  the  rect'* 
ingle  contained  by  the  whole  line^  and  one  of  the  parts,  together  with  the 
tquare  of  the  other  part,  is  equal  to  the  square  of  the  straight  line,  which 
\s  made  up  of  the  whole  and  that  part. 

Let  the  straight  line^ljBbe  divided  into  any  two  parts  in  the  point  C 
Then  four  times  the  rectangle  AB,  BC,  together  with  the  square  of 

AC,  shall  be  equal  to  the  square  of  the  straight  line  made  up  of  Jl£  and 

BC  together. 
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Produce  AB  to  D,  so  that  BD  be  equal  to  CB,    (i.  3j 

upon  AT>  describe  the  square  AEFD,  (i.  46.)  and  join  JoE, 

through  B,  C,  draw  BL,  CH  parallel  to  AJS  or  DF,  and  cutting 

DEiii  the  points  K,  P  respectively  ; 

through  K,  P,  draw  MGKN,  XPRO  parallel  to  .iD  or  EF. 

Then  because  CB  is  equal  to  BD,  CB  to  GK,  and  BD  to  KN; 

therefore  GK  is  equal  to  KN; 
for  the  same  reason^  PR  is  equal  to  MO; 
and  because  CB  is  equal  to  BD,  and  GK  to  KN, 
therefore  the  rectangle  CK  is  equal  to  BN,  and  GR  to  RN;    (i.  36,) 

but  CK  is  equal  to  RN,     (r.  43.) 
because  they  are  the  complements  of  the  parallelogram  CO  ; 

therefore  also  BN  is  equal  to  GR ; 
and  therefore  the  four  rectangles  Bfl,  CK,  GR,  RN,  are  equal  to 
one  another,  and  so  are  quadruple  of  one  of  them  CK. 
Again^  because  CB  is  equal  to  BD,  and  BD  to  BK,  thai  is^  to  CG ; 
and  because  CB  is  equal  to  GK,  that  is^  to  GP ; 

therefore  C6  Is  equal  to  GP. 

And  because  CG  is  equal  to  GP,  and  PR  to  RO, 

therefore  the  rectangle  ^  G  is  equal  to  MP,  and  PL  to  RF; 

but  the  rectangle  MP  is  equal  to  PL,     (i,  43.) 

because  they  are  the  complements  of  the  parallelogram  ML ; 

wherefore  also  AG  la  equal  to  RF; 
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therefore  the  four  rectangles  A  G,  MP,  PL,  RF,  are  equal  to  one 

another^  and  so  are  quadruple  of  one  of  Uiem  A  G. 
And  it  was  demonstrated  that  the  four  CK,  BN,  GR,  and  RN  are 

quadruple  of  CK ; 
therefore  the  eight  rectangles  which  contain  the  gnomon  AOH,  are 
quadruple  of  ^  A*. 

And  because  AK\^  the  rectangle  contained  by  AB,  BC, 

for  BK  is  equal  to  BC ; 
therefore  four  times  the  rectangle  AB,  BC  is  quadruple  o£AK; 
but  the  gnomon  AOH  was  demonstrated  to  be  quadruple  of  AK; 
therefore  four  times  the  rectangle  AB,  BC  is  equal  to  the  gnomon  AOH; 
to  each  of  these  equals  add  XH,  which  is  equal  to  the  square  of  AC ; 
therefore  four  times  the  rectangle  AB,  BC,  together  with  the 
square  of  A  C,  is  equal  to  the  gnomon  AOH  and  the  square  XH; 
but  the  gnomon  AOH  and  XH  make  up  the  figure  A£FD  which 
is  the  square  of  AD ; 
therefore  four  times  the  rectangle  AB,  BC  together  with  the  square 
of  AC,  is  equal  to  the  square  of  AD,  tihat  is^  of  AB  and  BO  added 
together  is  one  straight  line. 

Wherefore^  if  a  straight  line,  &c.    q.e.d. 


PROPOSITION  IX.    THEOREM. 

If  a  straight  line  be  divided  into  two  equal,  and  also  into  ttvo  unequal 
parts;  the  squares  of  the  two  unequal  parts  are  together  double  of  the 
square  of  half  the  line,  and  of  the  square  of  the  line  between  the  points  of 
section. 

Let  the  straight  line  AB  be  divided  into  two  equal  parts  in  the 
point  C,  and  into  two  unequal  parts  in  the  point  D. 

Then  the  squares  ofAJJ,  DB  together,  snail  be  double  of  the  squares 
of  AC,  CD. 
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From  the  point  C  draw  CJE!  at  right  angles  to  AB,    (i.  11.) 

make  CE  equal  to  ui  C  or  CB,  (i.  3.)  and  join  EA,  EB ; 

through  D  draw  DF  parallel  to  CE,  meeting  EB  in  F,    (r.  SI.) 

through  F  draw  FG  parallel  to  BA,  andjoin  AF. 

Then,  because  AC  is  equal  to  C!£^ 

therefore  the  angle  JSAC  is  equal  to  the  angle  AEC;    (i.  5.) 

and  because  ACJS  is  a  right  angle, 
therefore  the  two  other  angles  AEC,  EAC  of  the  triangle  are 
together  equal  to  a  right  angle ;     (i.  32.) 

and  since  they  are  equal  to  one  another  ; 
therefore  each  of  them  is  half  of  a  right  anffle. 
For  the  same  reason,  each  of  the  ancles  CEB,  EEC  is  half  a  right  angle; 
and  therefore  the  whole  AEB  is  a  right  angle. 
And  because  the  angle  GEF  is  half  a  right  angle, 
and  EGF  a  right  angle,  for  it  is  equal  to  the  interior  and  opposite 
angle  ECB,    (i.  29.) 
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therefdre  the  remaining  angle  EFG  is  half  a  right  angle  ; 

wherefore  the  angle  GEF  is  equal  to  the  angle  EFG, 

and  the  side  EG  equal  to  the  side  GF»     (i.  6.) 

Again^  because  the  angle  at  B  is  half  a  right  angle^ 

and  FDB  a  right  angle^  for  it  is  equal  to  the  interior  and  opposite 

angle  ECB,    (i.  290 

therefore  the  remaining  angle  BFD  is  half  a  right  angle ; 

wherefore  the  angle  at  B  is  equal  to  the  angle  BFD, 

and  the  side  DF  equal  to  tne  side  DB,     (i.  6.) 

And  because  ACi%  equal  to  CE, 

the  square  of  J. (7  is  equal  to  the  square  of  CE; 

therefcMTe  the  squares  o£  AC^  CE  are  double  of  the  square  of  AC ; 

but  the  square  o£  AE  is  equal  to  the  squares  o£AC,  CE,     (i.  47.) 

because  iiCTi^ is  a  right  angle; 

therefore  the  square  of  J. £  is  double  of  the  square  of  AC. 

Again,  because  EG  is  equal  to  GF, 

the  square  of  EG  is  equal  to  the  square  of  GF ; 

therefore  the  squares  of  EG,  GF  are  double  of  the  square  of  GF ; 

but  the  square  of  EF  is  equal  to  the  squares  of  EG,  GF ;     (i.  47.) 

therefore  the  square  of  EF  is  double  of  the  square  of  GF ; 

and  GF  is  equal  to  CD ;     (i.  34.) 

therefote  the  square  of  EF  is  double  of  the  square  of  CD ; 

but  the  square  of  AE  is  double  of  the  square  of  AC ; 

therefore  the  squares  of  AE,  EF  are  double  of  the  squares  of  AC,  CD; 

but  the  square  of  ^  J*  is  equal  to  the  squares  of  AE,  EF, 

because  AEF  is  a  right  angle  :     (i.  47*) 

therefore  the  square  of  J.  ^  is  double  of  the  squares  of  AC,  CD: 

but  the  squares  of  AD,  DF  are  equal  to  the  square  of  AF ; 

because  the  angle  ADF  is  a  right  angle ;     (i.  47*) 

therefore  the  squares  of  AD,  DF  are  double  of  the  squares  of  AC,  CD ; 

and  DF  is  equal  to  DB ; 

therefore  the  squares  of  AD,  DB  are  double  of  the  squares  of  A  C,  CD. 

If  therefore  a  straight  line  be  divided^  &c.    q.  e.  d. 


PROPOSITION  X.    THEOREM. 

If  a  straight  line  be  bisected,  and  produced  to  any  point,  the  square  of 
the  whole  line  thus  produced,  and  the  square  of  the  part  of  it  produced, 
are  together  double  of  the  square  of  half  the  line  bisected,  and  of  the  square 
of  the  line  made  up  of  the  half  and  the  part  produced. 

Let  the  straight  line  AB  be  bisected  in  C,  and  produced  to  the 
point  D. 

Then  the  squares  of  AD^  DB,  shall  be  double  of  the  squares  of 
AC,  CD. 
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From  the  point  C  draw  CE  at  right  angles  to  AB,     (i.  11.) 
make  CE  equal  to  AC  or  CB,  (i.  3.)  and  join  AE,  EB; 
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through  E  draw  EF  parallel  to  AB,    (i.  31.) 
and  through  D  draw  DF  parallel  to  CE. 
Then  because  the  straight  Ime  EF  meets  the  parallels  CB,  FD, 
therefore  the  angles  CEF,  EFD  are  equal  to  two  right  angles ;  (i.  S9.) 
and  therefore  the  angles  BEF,  EFD  are  less  than  two  right  angles. 
But  straight  lines^  which  with  another  straight  line  make  the  interior 
angles  upon  the  same  side  less  than  two  right  angles^  will  meet  if  pro- 
duced far  enough ;     (ax.  12.) 

therefore  EB,  FD  will  meet,  if  produced  towards  B,  D; 

let  them  meet  in  G,  and  join  A  G. 

Then^  because  ACis  equal  to  CE, 

therefore  the  angle  CEA  is  equal  to  the  angle  EAC;    (i.  5.) 

and  the  angle  ACE  is  a  ri^ht  angle ; 

therefore  each  of  the  angles  CEA,  EAC  is lialf  a  right  angle,   (i.  32.^ 

For  the  same  reason^  each  of  the  angles  CEB,  EBO  is  half  a  rignt 

angle ; 

therefbre  the  whole  AEB  is  a  right  angle. 

And  because  EBC  is  half  a  right  angle^ 

therefore  DBG  is  also  half  a  right  an^le>     (i.  15.) 

for  they  are  vertically  opposite ; 

but  BDG  is  a  right  angle^ 

because  it  is  equal  to  the  alternate  angle  DCE;     (i.  29-) 

therefore  the  remaining  angle  DOB  is  half  a  right  angle ; 

and  is  therefore  equal  to  the  angl^  DBG ; 

wherefore  abo  the  side  BD  is  equal  to  the  side  DG.    (i.  6.) 

Again^  because  EGF  is  half  a  right  angle>  and  the  angle  at  JP  is  a 

right  angle^  being  equal  to  the  opposite  angle  ECD,     (i.  34.) 

uerefore  the  remaining  angle  FEG  is  half  a  right  angle, 

and  therefore  equal  to  the  angle  EGF; 

wherefore  also  the  side  GF  is  equal  to  the  side  FE.    (i.  6.) 

And  because  EC  is  equal  to  CA ; 

the  square  of  EC  is  equal  to  the  square  of  CA ; 

therefore  the  squares  of  EC,  CA  are  double  of  the  square  of  CA  ; 

but  the  square  o£  EA  is  equal  to  the  squares  of  EC,  CA  ;     (i.47.) 

therefore  the  square  of  EA  is  double  of  the  square  of  AC. 

Again,  because  GF  is  eaual  to  EF, 

the  square  of  GF  is  equal  to  tne  square  of  EF ; 

therefore  the  squares  of  GF,  FE  are  double  of  the  square  of  EF; 

but  the  square  of  EG  is  equal  to  the  squares  of  GF,  EF;     (i.  47.) 

therefore  the  square  of  EG  is  double  of  the  square  of  EF ; 

and  EF  is  equal  to  CD ;     (i.  34.) 

^  wherefore  the  square  of  EG  is  double  of  the  square  of  CD ; 

but  it  was  demonstrated, 

that  the  square  of  EA  is  double  of  the  square  of  AC; 

therefore  the  squares  of  EA,  EG  are  double  of  the  squares  of  AC,  CD; 

but  the  square  of  ^  G  is  equal  to  the  squares  of  EA,  EG ;     (i.  47.) 

therefore  the  square  of  ^G  is  double  of  the  squares  of  ^C,  CD : 

but  the  squares  of  AD,  DG  are  equal  to  the  square  of  ^G; 

therefore  the  squares  of  AD,  DG  are  double  of  the  squares  of  AC,  CD ; 

but  DG  is  equal  to  DB ; 
therefore  the  squares  of  J.l>,  DB  are  double  of  the  squares  of  AC,  CD. 

Wherefore,  if  a  straight  line,  &c.    q.  b.  d. 
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PROPOSITION  XI.    PROBLEM. 

To  divide  a  given  straight  line  into  two  parts,  so  that  the  rectangle 
contained  by  the  whole  and  one  of  the  parts,  shall  he  equal  to  the  square 
qfthe  other  part. 

Let  ABhe  the  given  straight  line. 
It  is  required  to  divide  AB  into  two  parts,  so  that  the  rectangle 
contained  by  the  whole  and  one  of  the  parts,  shall  be  equal  to  th^ 
square  of  the  other  part. 
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Upon  AB  describe  the  square  ACDB;    (i.  46.) 

bisect  ACm  B,  (i.  10.)  and  join  BB, 

produce  CA  to  F,  and  make  EF  equal  to  EB,     (i.  3.) 

upon  AF  describe  the  square  FGHA.     (i.  46.) 

Then  AB  shall  be  divided  in  H,  so  that  the  rectangle  AB,  BH  is 

equal  to  the  square  of  AH, 

Produce  GH  to  meet  CD  in  K. 
Then  because  the  straight  line  ACis  bisected  in  E,  and  produced  to  F, 
therefore  the  rectangle  CF,  FA,  together  with  the  square  o£AE,  is 
equal  to  the  square  of  EF ;    (ii.  6.) 

but  EF  is  equal  to  EB; 
therefbre  the  rectangle  CF,  FA  together  with  the  square  of  AE,  is 
equal  to  the  square  of  EB ; 
but  the  squares  oi  BA,  AE  are  equal  to  the  square  of  EB,    (i.  47>) 
because  the  angle  EAB  is  a  right  anrie ; 
therefore  the  rectangle  CF,  FA,  together  with  the  square  o£AE,  is 
equal  to  the  squares  of  BA,  AE; 

take  away  the  square  of  AE,  which  is  common  to  both ; 
therefore  the  rectangle  contained  by  CF,  FA  is  equal  to  the  square  o£BA . 
But  the  figure  FK  is  the  rectangle  contained  by  CF,  FA, 

for  FA  is  equiQ  to  FG ; 

and  AD  is  the  square  of  AB ; 

therefore  the  figure  FK  is  equal  to  AD; 

take  away  the  common  part  A  K, 

therefore  the  remainder  FH  is  equal  to  the  remainder  HD; 

but  HD  is  the  rectangle  contained  by  AB,  BH, 

for  AB  is  equal  to  BD  ; 
and  FH  is  the  square  o?  AH ; 
therefore  the  rectangle  AB,  BH,  is  equal  to  the  square  of  AH. 
Wherefore  the  straight  line  AB  is  divided  in  H,  so  that  the  rect- 
angle AB,  BH  is  equal  to  the  square  of  AH.    q.e.  f. 
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PROPOSITION  XII.    THEOREM. 

-  In  obtuse^angled  triangles,  if  a  perpendicular  be  drawn  from  either 
qf  ike  acute  angles  to  the  opposite  side  produced,  the  square  qf  the  side 
subtending  the  obtuse  angle,  is  greater  than  the  squares  of  the  sides 
containing  the  obtuse  angle,  by  twice  the  rectangle  contained  by  the  side 
upon  which,  when  produced,  the  ^perpendicular  falls,  and  the  straight  line 
intercepted  without  the  triangle  oetween  the  perpendicular  and  the  obiuse 
angle^ 

Let  ABC  be  an  obtuse-angled  triangle^  having  the  obtuse  angle 
ACB,  and  from  the  point  A  let  AD  be  drawn  perpendicular  to  BC 
produced. 

Then  the  square  of  AB  shall  be  greater  than  the  squares  of  AC,  CB, 
by  twice  the  rectangle  BC,  CD. 


Because  the  straight  line  BD  is  divided  into  two  parts  in  th«  point  C, 
therefore  the  square  of  BD  is  equal  to  the  squares  of  BC,  UD,  and 
twice  the  rectangle  BC,  CD ;    (ii.  4.) 

to  each  of  these  equals  add  the  square  of  DA ; 
therefore  the  squares  of  BD,  DA  are  equal  to  the  squares  of  BC, 
CD,  DA,  and  twice  the  rectangle  BC,  CD ; 
but  the  square  of  BA  is  equal  to  the  squares  of  BD,  DA,     (i.  47.) 

because  the  angle  at  JD  is  a  right  angle ; 
and  the  square  of  CA  is  equal  to  the  squares  of  CD,  DA  ; 
therefore  the  square  of  BA  is  equal  to  the  squares  of  BC,  CA,  and 

twice  the  rectangle  BC,  CD; 
that  is^  the  square  of  BA  is  greater  than  the  squares  of  BC,  CA,  by 
twice  the  rectangle  BC,  CD, 
Therefore  in  obtuse-angled  triangles^  &c    q.b.d. 


PROPOSITION  XIII.    THEOREM. 

In  every  triangle,  the  square  of  the  side  subtending  either  qf  the  acute 
angles,  is  less  than  the  squares  qf  the  sides  containing  that  angle,  by 
twice  the  rectangle  contained  by  either  qf  these  sides,  ana  the  straight  line 
intercepted  between  the  acute  angle  and  the  perpendicular  let  fall  upon 
it  from  the  opposite  angle. 

Let  ABC  be  any  triangle^  and  the  angle  at  B  one  of  its  acute  angles^ 
and  upon  BC,  one  of  the  sides  containing  it^  let  fall  the  perpendicular 
AD  from  the  opposite  angle,     (i.  12.) 

Then  the  square  of  AC  opposite  to  the  angle  B,  shall  be  less  than, 
the  squares  of  CB,  BA,  by  twice  the  rectangle  CB,  DB, 

Firsts  let  AD  fall  within  the  triangle  ABC. 
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Tben>  because  the  straight  line  CB  is  divided  into  two  parts  in  D, 
the  squares  of  CB,  BD  are  equal  to  twice  the  rectangle  contained 
by  CB,  BD,  and  the  square  of  DC;     (ii.  7.) 

to  each  of  these  equals  add  the  square  of  AD; 
therefore  the  squares  of  CB,  BD,  DA,  are  equal  to  twice  the 
rectangle  CB,  BD,  and  the  squares  of  ^D,  DC; 
but  the  square  of  AB  is  equal  to  the  squares  of  BD,  DA,    (i.  4?.) 
because  the  angle  BDA  is  a  right  angle ; 
and  the  square  of  ACis  equal  to  the  squares  of  AD,  DC; 
therefore  the  squares  of  CB,  BA  are  equal  to  the  square  of  AC, 

and  twice  the  rectangle  CB,  BD ; 
that  is^  the  square  of  AC  alone  is  less  than  the  squares  of  CB,  BA, 
by  twice  the  rectangle  CB,  BD, 
Secondly^  let  AD  fall  without  Uie  triangle  ABC. 


Then^  because  the  angle  at  D  is  a  right  angle^ 
the  angle  ACB  is  greater  than  a  right  angle ;     (i.  16.) 
and  therefore  the  square  of  J.  J?  is  equsd  to  the  squares  of  AC,  CB, 
and  twice  the  rectangle  BC,  CD ;     (ii.  12.) 

to  each  of  these  equals  add  the  square  of  BC; 
therefore  the  squares  of  AB,  BC  are  equal  to  the  square  of*  AC, 
twice  the  square  of  BC,  and  twice  the  rectangle  BC,  CD; 
but  because  BD  is  divided  into  two  parts  in  C, 
therefore  the  rectangle  DB,  BC  is  equal  to  the  rectangle  BC,  CD, 
and  the  square  of  BC ;     (ii. '  3.) 

and  the  doubles  of  these  are  equal ; 
that  is^  twice  the  rectangle  DB,  BC  is  equal  to  twice  the  rectangle 

BC,  CD  and  twice  the  square  of  BC: 
wherefore  the  squares  of  AB,  BC  are  equal  to  the  square  of  AC, 

and  twice  the  rectangle  DB,  BC: 
therefore  the  square  of  AC  alone  is  less  ,than  the  squares  of  AB, 

BC,  by  twice  the  rectangle  DB,  BC. 
Lastly,  let  the  side  ^C  be  perpendicular  to  BC,  - 


B       c 

Then  BC  is  the  straight  line  between  the  perpendicular  and  the 
acute  angle  at  ^ ; 

and  it  is  manifest^  that  the  squares  of  AB,  BC,  are  equal  to  the 
square  of  AC,  and  twice  the  square  of  BC.     (i.  47- 
Therefore  in  any  triangle^  &c.    q.  e.  d. 
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PROPOSITION  XIV.    PROBLEM. 

To  describe  a  square  that  shall  be  equal  to  a  given  rectilineal Jigure, 

Let  A  be  the  given  rectilineal  figure. 
It  is  required  to  describe  a  square  that  shall  be  equal  to  A^ 


Describe  the  rectangular  parallelogram  i^CDj^  equal  to  the  rectilineal 
figure  A.     (i.  45.) 

Then,  if  the  sides  of  it,  BE,  ED,  are  equal  to  one  another,  it  is  a 
square,  and  what  was  required  is  now  done. 
But  if  they  are  not  equal, 
produce  one  of  them  BE  to  F,  and  make  EF  equal  to  ED^ 

bisect  J5F  in  G ;     (i.  10.) 
from  the  centre  G,  at  the  distance  GB,  or  GF,  describe  the  semi- 
circle BHF, 

and  produce  DE  to  meet  the  circumference  in  H. 
The  square  described  upon  EH  shall  be  equal  to  the  given  rectilineal 
figure  A, 

Join  GH. 
Then  because  the  straight  line  BF  is  divided  into  two  equal  parts 
in  the  point  G,  and  into  two  unequal  parts  in  the  point  E; 

therefore  the  rectangle  BE,  EF,  together  with  the  square  of  EG, 
are  equal  to  the  square  of  GF ;     (ii.  5.) 

but  GF  is  equal  to  GH;    (def.  15.) 
therefore  the  rectangle  BE,  EF,  together  with  the  square  of  EG, 
is  equal  to  the  square  of  GH ; 
but  the  squares  of  HE,  EG  are  equal  to  the  square  of  GH;     (i.  47.) 
therefore  the  rectangle  BE,  EF,  together  with  the  square  of  EG, 
are  equal  to  the  squares  of  HE,  EG; 
take  away  the  square  of  EG,  which  is  common  to  both ; 
therefore  the  rectangle  BE,  EF  is  equal  to  the  square  of  HE, 
But  the  rectangle  contained  by  BE,  EF  is  the  parallelogram  BD, 
because  EF  is  equal  to  ED ; 

therefore  BD  is  equal  to  the  square  o€  EH ; 
but  BD  is  equal  to  the  rectilineal  figure  A  ;     (constr.) 
therefore  the  square  of  EH  is  equal  to  the  rectilineal  figure  A. 
Wherefore  a  square  has  been  made  equal  to  the  given  rectilineal 
figure  Ai  namely,  the  square  described  upon  EH,    q«  e.  f. 
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Ik  Book  I,  Geometrical  magnitudes  of  the  same  kind,  lines,  angles  and  surfaces, 
more  particularly  triangiles  and  parallelograms,  are  compared,  either  as  being  absolutely 
equal  or  unequal  to,  one  another. 

In  Book  II,  the  properties  of  right-angled  parallelograms,  but  without  reference  to 
their  magnitudes  are  demonstrated,  besides  an  important  extension  is  made  of  Prop. 
47,  Book  I,  to  acute-angled  and  obtuse-angled  triangles.  Euclid  has  given  no  defini- 
tion of  a  rectangular  pardUelograniy  or  rectangle:  probably,  because  the  Ghreek  expression 
icapaXKriKoypafLfiov  dpBoytaviov^  or  dpdoytoviov  simply,  is  a  definition  of  the  figure. 
In  English,  the  term  rectangle  has  no  signification,  and  therefore  ought  to  be  defined 
before  its  properties  are  demonstrated.  A  rectangle  is  defined  to  be  a  parallelogram 
having  one  angle  a  right  angle ;  and  a  square  is  a  rectangle  having  all  its  sides  equaL 

In  Prop.  35,  Book  i,  it  may  be  seen  that  there  may  be  an  indefinite  number  of 
parallelograms  on  the  same  base  and  between  the  same  parallels  whose  areas  are  always 
equal  to  one  another ;  but  that  one  of  them  has  all  its  angles  right  angles,  and  the 
length  of  its  boundary  less  than  the  boundary  of  any  other  parallelogram  upon  the 
same  base  and  between  the  same  parallels.  The  area  of  this  rectangular  parallelogram 
is  therefore  determined  by  the  two  lines  which  contain  one  of  its  right  angles.  Hence 
it  is  stated  in  Def.  1,  that  every  right-angled  parallelogram  is  said  to  he  contained  by 
any  two  of  the  straight  lines  which  contain  one  of  the  right  angles.  No  distinction 
is  made  in  Book  11.  between  equality  and  identity,  as  the  rectangle  may  be  said  to 
be  contained  by  two  lines  which  are  equal  respectively  to  the  two  which  contain  one 
right  angle  of  the  figure.  It  may  be  remarked  that  the  rectangle  itself  is  bounded  by 
four  stnught  lines. 

It  is  of  primary  importance  to  discriminate  the  Geometrical  conception  of  a  rect- 
angle firam  the  Arithmetical  or  Algebraical  representation  of  it.  The  subject  of  Geometry 
is  magnUude  not  number,  and  therefore  it  would  be  a  departure  from  strict  reasoning 
on  space,  to  substitute  in  (Geometrical  demonstrations,  the  Arithmetical  or  Algebraical 
representation  of  a  rectangle  for  the  rectangle  itself.  It  is,  however,  absolutely  neces- 
sary that  the  connection  of  number  and  magnitude  be  clearly  understood,  as  &r  as 
regards  the  representation  of  lines  and  areas. 

AU  lines  are  measured  by  lines,  and  all  surfaces  by  surfaces.  Some  one  line  of 
definite  length  is  arbitrarily  assumed  as  the  linear  unit,  and  the  length  of  every  other  line 
is  represented  by  the  number  of  linear  units  contained  in  it.  The  square  is  the  figure 
assumed  for  the  measure  of  surfaces.  The  square  unit  or  the  unit  of  area  is  assumed 
to  be  that  square,  the  side  of  which  is  one  linear  unit  in  length,  and  the  magnitude 
of  every  surface  is  represented  by  the  number  of  square  units  contained  in  it.  But 
here  it  may  be  remarked,  that  Euclid  has  not  informed  us  that  the  two  lines  by  which 
every  rectangle  is  contained,  are  capable  of  being  represented  by  any  multiples  of  the 
same  linear  unit.  If,  however,  in  the  present  case,  the  sides  of  rectangles  are  supposed 
to  be  divisible  into  an  exact  number  of  linear  units,  a  numerical  representation  for 
the  area  of  the  rectangle  may  be  deduced. 

On  two  lines  at  right  angles  to  each  other,  take  AB  equal  to  4,  and  AD  equal 
to  3  linear  units. 

Ckmiplete  the  rectangle  ABCD,  and  through  the  points  of  division  of  AB^  AD^ 
draw  ELy  FM^  GN  parallel  to  AD ;  and  HPy  EQ  parallel  to  AB  respectively. 
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Then  the  whole  rectangle  AC  is  divided  into  squares,  all  equal  to  each  other. 

And  AC  is  equal  to  the  sum  of  the  rectangles  AL,  EM,  FN,  GC ;    (ii.  1.) 

also  these  rectangles  are  equal  to  one  another,     (i.  36.) 

therefore  the  whole  ^C  is  equal  to  four  times  one  of  them  AL, 

Again,  the  rectangle  AL  ha  equal  to  the  rectangles  EH,  HR,   RD,  and  these 

rectangles,  by  construction,  are  squares  described  upon  the  equal  lines  AH^  HKy  KD, 

and  are  equal  to  one  another. 

therefore  the  rectangle  A  Lib  equal  to  3  times  the  square  AH, 

but  the  whole  rectangle  ^C  is  equal  to  4  times  the  rectangle  AL, 

therefore  the  rectangle  ^C  is  4  x  3  times  the  square  AH,  or  12  square  units : 

that  is,  the  product  of  the  two  numbers  which  express  the  number  of  linear  units 

in  the  two  sides,  will  give  the  number  of  square  units  in  the  rectangle,  and  therefore 

will  be  an  arithmetical  representation  of  its  area. 

And  generally,  if  AB,  AD,  instead  of  4  and  3,  consisted  of  a  and  h  linear  units 
respectively,  it  may  be  shewn  in  a  similar  manner,  that  the  area  of  the  rectangle  AC 
would  contain  ah  square  units;  and  therefore  the  product  a&  is  a  proper  representation 
for  the  area  of  the  rectangle  AC, 

Hence,  it  follows,  that  the  term  rectangle  in  Geometry  corresponds  to  the  term 
product  in  Arithmetic  and  Algebra,  and  that  a  similar  comparison  may  be  made  between 
the  products  of  the  two  numbers  which  represent  the  sides  of  rectangles,  as  between  the 
areas  of  the  rectangles  themselves.  This  forms  the  basis  of  what  are  called  Arith- 
metical or  Algebraical  proofs  of  Geometrical  properties* 

If  the  two  sides  of  the  rectangle  be  equal,  or  if  h  be  equal  to  a,  the  figure  is  a 
square,  and  the  area  is  represented  by  aa  or  a^ 

Also,  since  a  triangle  is  equal  to  the  half  of  a  parallelogram  of  the  same  base 
and  altitude. 

Therefore  the  area  of  a  triangle  will  be  represented  by  half  the  rectangle  which  has 
the  same  base  and  altitude  as  the  triangle:  in  other  words,  if  the  length  of  the  bate 
be  a  units,  and  the  altitude  be  h  units. 

Then  the  area  of  the  triangle  is  algebraically  represented  by  }a&,  or  — . 

The  leading  idea  which  runs  through  the  demonstrations  of  the  first  eight  pro- 
positions, is  the  obvious  axiom,  that,  ''the  whole  area  of  every  figure  in  each  case, 
is  equal  to  all  the  parts  of  it  taken  together.'* 

Prop.  I.  For  the  sake  of  brevity  of  expression,  ''  the  rectangle  contained  by  the 
straight  Imes  AB,  BC,''*  is  called  "the  rectangle  AB,  BC;'*  and  sometimes  ''the 
rectangle  ABC' 

The  method  of  reasoning  on  the  properties  of  rectangles  by  means  of  the  products 
which  indicate  the  number  of  square  units  contained  in  their  areas  is  foreign  to  Eudid^s 
ideas  of  rectangles,  as  discussed  in  his  second  book^  which  have  no  reference  to  any 
particular  unit  of  length  or  measure  of  surface. 

Prop.  I.    Algebraically,    (fig.  Prop,  i.) 

Let  the  line  BC  contain  a  linear  units,  and  A,  b  linear  units  of  the  same  length. 

Also  suppose  the  parts  BD,  DE,  EC  to  contain  m,  n,p  linear  units  respectively. 

Then    a  =  f»  +  w  +p. 
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multiply  these  equals  by  &, 

therefore    aft  =  ftm  +  6«  +  ft/». 

That  is,  the  product  of  two  numbers,  one  of  which  is  divided  into  any  number  of 
parts,  is  equal  to  the  sum  of  the  products  of  the  undivided  number,  and  the  several  parts 
of  the  other; 

or,  if  the  Geometrical  interpretation  of  the  products  be  restored. 

The  number  of  squaie  units  expressed  by  the  product  aft,  is  equal  to  the  number 
of  square  units  expressed  by  the  sum  of  the  products  ftm,  ftn,  hp. 

Prop.  II.    Algebraically,    (fig.  Prop,  ii.) 

Let  AB  contain  a  linear  units,  and  AC^  CB^  m  and  n  linear  units  respectively. 

Then    m  +  n  =  a, 
multiplying  these  equals  by  a, 

therefore    am  +  an  =  a^. 

That  is,  if  a  number  be  divided  into  any  two  parts,  the  sum  of  the  products  of  the 
whole  and  each  of  the  parts  is  equal  to  the  square  of  the  whole  number. 
Prop.  III.    Algebraically,     (fig.  Prop,  iii.) 
Let  AB  contain  a  linear  units,  and  let  BC  contain  m,  and  AC,  n  linear  units. 

Then    a  »  m  +  ft, 

and  multipljring  these  equals  by  m, 

therefore    ma  =  ni^  +  mn. 

That  is,  if  a  number  be  divided  into  any  two  parts,  the  product  of  the  whole  number 
and  one  of  the  parts,  is  equal  to  the  square  of  that  part,  and  the  product  of  the  two 
parts. 

Prop.  IV.  might  have  been  deduced  from  the  two  preceding  propositions ;  but  Euclid 
has  rather  preferred  the  method  of  exhibiting,  in  all  the  demonstrations  of  the  second 
book,  the  equality  of  the  spaces  compared. 

In  the  corollary  to  Prop.  xlyi.  Book  1,  it  is  stated  that  a  parallelogram  which  has 
one  right  angle,  has  all  its  angles  right  angles.  By  applying  this  corollary,  the  demon- 
stration of  Prop.  IV.  may  be  considerably  shortened. 

If  the  two  parts  be  equal,  then  the  square  of  the  whole  line  is  equal  to  four  times 
the  square  of  half  the  line. 

Also,  if  a  line  be  divided  into  any  three  parts,  the  squaie  of  the  whole  line  is  equal 
to  the  squares  of  the  three  parts,  and  twice  the  rectangle  contained  by  every  two  parts. 

Prop.  IV.    Algebraically,     (fig.  Prop,  iv.) 

Let  the  line  AB  contain  a  linear  units,  and  the  parts  of  it  ^C  and  BC,  m  and  n 
linear  units  respectively. 

Then    a^m  +  n, 

squaring  these  equals,     .-.  a^=  {m  +  n)\ 

or    a*  =  m*-f-  2mn  +  n\ 

That  is,  if  a  number  be  divided  into  any  two  parts,  the  squaie  of  the  number  is 
equal  to  the  squares  of  the  two  parts  together  with  twice  the  product  of  the  two  parts. 

Prop.  V.  It  must  be  kept  in  mind,  that  the  sum  of  two  straight  lines  in  Geometry, 
means  the  straight  line  formed  by  joining  the  two  lines  together,  so  that  both  may  be 
in  the  same  straight  line. 

The  following  simple  properties  respecting  the  equal  and  unequal  division  of  a  line 
are  worthy  of  being  remembered. 

L     Since    AB  =  2BC  =  2{BD  +  DC)  =  2BD +  2DC.    (fig.  Prop,  v.) 

and    AB  =  AD  +  DB ; 
.•.  2  CZ)  +  2DB  =  ADi-  DB, 
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and  by  subtiactmg  2DB  firom  these  equals, 

.•.  2CD^AD^DBy 
and    CD^HAD-'DB). 

That  is,  if  a  line  AB  is  divided  into  two  equal  parts  in  C,  and  into  two  unequal 
parts  in  D,  the  part  CD  of  the  line  between  the  points  of  section  is  equal  to  half 
the  difference  of  the  unequal  parts  AD  and  DB, 

IL    Here  AD  s:  AC  +  CD,  the  sum  of  the  unequal  parts,    (fig.  Prop,  v.) 

and    DB  =  AC  ^  CD  their  difference. 
Hence  hf  adding  these  equals  together, 

.•.  AD  +  DB  =  2ACy 
or  the  sum  and  difference  of  two  lines  A  C,  CD^  are  together  equal  to  twice  the  greater  line. 
And  the  halves  of  these  equals  are  equal, 

.'.  ) .  AD  +  I .  DB  =  AC, 

or,  half  the  sum  of  two  unequal  lines  AC,  CD  added  to  half  their  difference  is  equal 
to  the  greater  line  AC» 

III.    Again,  smce    AD  =  AC+  CD,  and  DB^AC-  CD, 

by  subtracting  these  equals,  : 

.-.   AD-DB^^CD, 
or,  the  difference  between  the  sum  and  difference  of  two  unequal  lines  is  equal  to 
twice  the  less  line. 

And  the  halves  of  these  equals  are  equal, 

.*.  \  .AD  -  } .  DB  as  CD, 

or,  half  the  difference  of  two  lines  subtracted  from  half  their  sum  is  equal  to  the  less 
of  the  two  lines. 

rV.    Smce  AC-CD^  DB  the  difference, 

.«.  AC=  CD  +  DB, 

and  adding  CD  the  kss  to  each  of  these  equals, 

.«.  AC-k'CD^2CD  +  DB, 

or,  the  sum  of  two  unequal  lines  is  equal  to  twice  the  greater  line  together  with  the 
difference  between  the  lines. 
Prop.  V.    Algebraically. 

Let  AB  contain  2  a  linear  units, 

its  half  BC  will  contain  a  linear  units. 

And  let  CD  the  line  between  the  points  of  section  contain  m  linear  units. 

Then  AD  the  greats  of  the  two  unequal  parts,  contains  a-^m  linear  units ; 

and  DB  the  less  contains  a  —  m  units. 

Also  m  is  half  the  difierence  of  a  +  m  and  a  —  m; 

.'.  (a  +  m)  (a  —  m)  =  a*  —  m", 

to  each  of  these  equals  add  m' ; 

.•.   (a  •{■  m)  (a  —  m)  +  m'  =  a". 

That  is,  if  a  number  be  divided  into  two  equal  parts,  and  also  into  two  unequal 
parts,  the  product  of  the  unequal  parts  and  the  square  of  half  their  difference,  is  equal 
to  the  square  of  half  the  number. 

Bearing  in  mind  that  AC,  CD  are  respectively  half  the  sum  and  half  the  difference 
of  the  two  lines  AD,  DB ;  the  corollary  to  this  proposition  may  be  expressed  in  the 
following  form  :  "  The  rectangle  contained  by  two  straight  lines  is  equal  to  the  difference 
of  the  squares  of  half  their  sum  and  half  their  difference.** 
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The  rectangle  contained  by  AD  and  DB^  and  the  square  of  BC  are  each  bounded 
by  the  same  extent  of  line,  but  the  spaces  enclosed  differ  by  the  square  of  CD. 
Prop.  VI.    Algebraically. 

Let  AB  contain  2a linear  units,  then  its  half  ^C contains  a  units;  and  let  BD 
contain  m  units. 

Then  AD  contains  2a +  m  units, 

and  .*•  (2a  +  m) m  =  2am  +  m'  ; 

to  each  of  these  equals  add  a', 

•*•  (2a  +  nt)  m  +  a*  s  a'  +  2am  4.  m^. 

But  a'  +  2am  +  n^  =  (a-\'  m)', 

••.  (2a  +  m)  m  +  a'  s=  (a  +  m)«. 

That  is.  If  a  number  be  divided  into  two  equal  numbers,  and  another  number  be 
added  to  the  whole  and  to  one  of  the  parts;  the  product  of  the  whole  number  thus 
increased  and  the  other  number  together  with  the  square  of  half  the  given  number,  is  equal 
to  the  square  of  the  number  which  is  made  up  of  half  the  given  number  increased. 

The  Algebraical  results  of  Prop,  v  and  Prop,  vi  are  identical,  as  it  is  obvious  that 
the  difference  of  a  +  m  and  a  -  m  in  Prop,  v  is  equal  to  the  difference  of  2a  ^m 
and  m  in  Prop,  ti,  and  one  algebraical  result  expresses  the  truth  of  both  propositions. 

This  arises  firom  the  two  ways  in  which  the  difference  between  two  unequal  lines  may 
be  represented  geometrically,  when  they  are  in  the  same  direction. 

In  the  diagram  (fig.  to  Prop,  v.),  the  difference  DB  of  the  two  unequal  lines  AC 
and  CD  is  exhibited  by  producing  the  less  line  CD,  and  making  CB  equal  to  ^C  the 
greater. 

Then  the  part  produced  DB  is  the  difference  between  AC  and  CDj 
for  ^C  is  equal  to  CB,  and  taking  CD  from  each, 
the  difference  of  ^C  and  CD  is  equal  to  the  difference  of  CB  and  CD. 
In  the  diagram  (fig.  to  Prop,  vi),  the  difference  DB  of  the  two  unequal  lines  CD  and 
CA  is  exhibited  by  cutting  off  from  CD  the  greater,  a  part  CB  equal  to  CA  the  less. 
Prop.  VII.     Algebraically. 

Let  AB  contain  a  linear  units,  and  let  the  parts  AC  and  CB  contain  m  and  n  linear 
uiits  respectively. 

Then    a  -  m  +  ft ; 

.*.  squaring  these  equals, 

.*.  cfl^tn^  -^  2mn  +  m*, 

add  ft'  to  each  of  these  equals, 

•••  «■  +  n"  «  m*  -♦•  2mii  +  2fi*. 

But    2mii  +  2fi'B>2(m  +  n)fi  =  2aii, 

.*.  «•  +  «•  =  2aii -♦• »»". 

That  is,  If  a  number  be  divided  into  any  two  parts,  the  square  of  the  whole  number 
iud  of  one  of  the  parts  is  equal  to  twice  the  product  of  die  whole  number  and  that  part, 
together  with  the  square  of  the  other  part. 
Prop.  VIII.    Algebraically. 

Let  the  whole  line  AB  contain  a  linear  units  of  which  the  parts  AC,  CB  contain 
m,  n  units  respectively. 

Then    m  +  n^a, 
ftnd  subtracting  or  taking  n  firom  eadi, 
.%  m=ia  —  n, 
squaring  these  equals, 
,•,  m'so*— 2a»  +  fi', 
and  adding  4an  to  each  of  these  equals, 
.'.  4aii  +  m"=  a*+ 2a» +  n*. 
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But    a«  +  2a«  +  «'  =  (a  +  n)«, 
.*.   4a»  + m*ss  (a  +  «)*. 

That  is,  If  a  number  be  divided  into  any  two  parts,  four  times  the  product  of  the 
whole  number  and  one  of  the  parts,  together  with  the  square  of  the  otherpart,  is  equal 
to  the  square  of  the  number  made  up  of  the  whole  and  that  part. 
Prop.  IX.    Algebraically. 

Let  AB  contain  2a  linear  units,  its  half  AC  at  BC  will  contain  a  units;  and  let 
CD  the  line  between  the  poinu  of  section  contain  m  units. 

Also  AD  the  greater  of  the  two  unequal  parts  contains  a  +  m  nnits|, 

and  DB  the  less  contains  a  -  m  units. 

Then    (a  +  m)*  =  «*  +  2am  +  m', 

and    (fl  -  my  =  «*  +  2am  +  m'. 

Hence  by  adding  these  equals, 

.-.   (a  +  m)«  +  (a  -  m)«  =  2a«  +  2»n«. 

That  is.  If  a  number  be  divided  into  two  equal  parts,  and  also  into  two  uneqaal 
parts,  the  sum  of  the  squares  of  the  two  unequal  parts  is  equal  to  twice  the  squan 
of  half  the  number  and  twice  the  square  of  half  the  difference  of  the  unequal  parts. 
Prop.  X.    Algebraically. 

Let  the  line  AB  contain  2a  linear  uniu,  of  whidi  its  half  AC  or  CB  will  contain 
a  units; 

and  let  BD  contain  m  units. 

Then  the  whole  line  and  the  part  produced  will  contain  2a +m  units, 

and  half  the  line  and  the  part  produced  will  contain  aJ^m  units, 

.%   (2a  -♦•  m)«  =  4a«  -♦•  4am  +  m«, 

add  m'  to  each  of  these  equals, 

.«.   (2a4.m)<-fm<=4a^+4am  +  2m^. 

Again    (a  +  m)'  =  a*  -♦•  2am  +  m', 

add  a*  to  each  of  these  equals, 

.*.   (a  +  m)«  +  a«  =  2a2  +  2am  +  m*, 

and  doubling  these  equals, 

.'.   2(a  +  m)*+2a*s4a^+4am  +  m*. 

But    (2a  +  m)'  +  m«  =  4a*  +  4am  +  m«. 

Hence    .-.   (2a +  m)«+ m«  =  2a»+ 2(a  +  m)«. 

That  is,  If  a  number  be  divided  into  two  equal  parts,  and  the  whole  number  anl 
one  of  the  parts  be  increased  by  the  addition  of  another  number,  the  squares  of  th^ 
whole  number  thus  increased,  and  of  the  number  by  whidi  it  is  increased,  are  equal 
to  double  the  squares  of  half  the  number,  and  of  half  the  number  increased. 

The  algebraical  results  of  Prop,  ix,  and  Prop,  x,  are  identical,  the  enundatioiis  o€ 
the  two  Props,  arising,  as  in  Prop,  v  and  Prop,  vi,  from  the  two  ways  of  exhibiting  the 
diflference  between  two  lines. 

To  solve  Prop,  xi  algebraically,  or  to  find  the  point  H  in  AB  such  that  the  rect* 
angle  contained  by  the  whole  line  AB  and  the  part  HB  shall  be  equal  to  the  squaie 
of  the  other  part  AH. 

Let  AB  contain  a  linear  units,  and  AH  one  of  the  unknown  parts  contain  x  units^ 

then  the  other  part  HB  contains  a  —  x  units. 

And    .'.   a{a  —  x)-  a^y  by  the  problem, 

or    a^  +  ax  —  a*f  9k  quadratic  equation. 

,-                  ±  a  \/b  —  a 
Hence    x  = \r . 
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The  former  of  these  values  of  x  determines  the  point  H. 

So  that    X  =  ^^-^ —  .  AB  =  AHy  one  part, 

and    a  —  x-a  -  AH  =  — -^^ .  AB  =  HBy  the  other  part. 

It  may  be  observed,  that  the  parts  AH  and  HB  cannot  be  numerically  expressed 
\y  any  rational  number.  Approximation  to  their  true  values  in  terms  of  AB^  may 
)e  made  to  any  required  degree  of  accuracy,  by  extending  the  extraction  of  the  square 
tMi  of  5  to  any  number  of  decimals. 

To  ascertain  the  meaning  of  the  other  result  x  =  —  ^^—^ —  .  a. 

In  the  equation  aifi  —  x)r=z  a?', 
for  x  write  —  jp,  then  a  (a  +  a?)  =  j:*, 

which  when  translated  into  words  gives  the  following  problem. 

To  find  the  length  a  given  line  must  be  produced  so  that  the  rectangle  contained 
by  the  given  line  and  the  line  made  up  of  the  given  line  and  the  part  produced,  may 
be  equal  to  the  square  of  the  part  produced. 

Or,  the  problem  may  also  be  expressed  as  follows : 

To  find  two  lines  having  a  given  difference,  such  that  the  rectangle  contained  by 
the  diffiroice  and  one  of  them  may  be  equal  to  the  square  of  the  other. 

Prop.  XII.    Algebraically. 

Assuming  the  truth  of  Prop.  47,  Book  i.  Algebraically. 

Let  BC^  CA^  AB  contain  a,  5,  c  linear  units  respectively, 

and  let  CD,  DA^  contain  m,  n  units, 

then  BD  contains  a  +  m  units. 

And  therefore,  d^  =  {a  -^  mf  j^  n^,  from  the  right-angled  triangle  ABDy 

also    6«  =  w»  +  n«  from  ^Ci); 

=  a"  +  2am  +  m'  —  w' 
s  ci'  +  2af», 
.•.   c«  =  6«  +  a«  +  2a«i, 
that  is,  c"  is  greater  than  h^  +  a'  by  2am. 

Prop.  XIII.    Case  ii  may  be  proved  more  simply  as  follows,  in  the  same  manner 
«  Case  I. 

Since  BD  is  divided  into  two  parts  in  the  point  Z>, 
tbeiefore  the  squares  of  CB,  BD  are  equal  to  twice  the  rectangle  contained  by  CBy 
BD  and  the  square  of  CD ;    (ii.  7*) 

add  the  square  of  AD  to  each  of  these  equals ; 
therefore  the  squares  of  CB^  BD,  DA  are  equal  to  twice  the  rectangle  CB,  BD,  and 
the  squares  of  CD  and  DA, 
but  the  squares  of  BD^  DA  are  equal  to  the  square  of  AB^    (i.  47*) 
and  the  squares  of  CDy  DA  are  equal  to  the  squares  of  AC^ 
therefore  the  squares  of  CB^  BA  are  equal  to  the  square  of  AC,  and  twice  the 
rectangle  CB,  BD. 

That  is,  &c. 
Prop.  XIII.    Algebraically. 

Let  BC,  CA^  AB  contain  respectively  a,  b,  c  linear  units,  and  let  BD  and  AD  also 
contain  m  and  n  units. 

Case  I.    Then  DC  contains  a  —  tn  units. 
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Therefore    c^  =>  n'  +  m>  tram  the  right-angled  triangle  ABD, 
and    ft«=  n«+  (a  -  fn)«  from  -4Z)C; 
.'.  c«-6"  =  f»»-(a-f»)2 

=  m*—  a*+  2am  —  m* 
t=  — a*+  2flm, 
.%  a«+c»s=ft'+2awi, 
or    &"+ 2am  =  a« -♦•(:«, 

that  is,  fi'  is  less  than  a^+(^  by  2am. 
Case  II.    DC  ^m  —  a  units, 

•*.  c*ssm'  +  n'  from  the  right-angled  triangle  ABD, 
and    J"  =  (m  -  a)*  +  n»  ftom  ^Ci>, 

am'  —  m*  +  2am  —  a* 
K  2am  —  a', 
.•.  fl«  +  c»=:J^  +  2am, 
or    J^  +  2am  =  a'  +  c*, 
that  is,  5'  is  less  than  a?  +  <^  hj  2am, 
Case  III.    Here  m  is  equal  to  a. 

And  ^  +  a'  -  c^,  from  the  right-angled  triangle  ^BC. 

Add  to  each  of  these  equals  a% 

.-.   J«  +  2a9  =  (J»  +  a«, 

that  is,  h*  is  less  than  (^  +  a'  by  2a',  or  2aa. 
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DEFINITIONS. 


I. 

Equal  circles  are  those  of  which  the  diameters  are  equals  or  from 
the  centres  of  which  the  straight  lines  to  the  circumferences  are  equal. 

This  is  not  a  definition,  but  a  theorem,  the  truth  of  which  is  evident ;  for,  if  the 
circles  be  applied  to  one  another,  so  that  their  centres  coincide,  the  circles  must  likewise 
coincide,  since  the  straight  lines  iirom  the  centres  are  equal. 

II. 

A  straight  line  is  said  to  touch  a  circle^  when  it  meets  the  circle^ 
and  being  produced  does  not  cut  it. 


III. 

Circles  are  said  to  touch  one  another^  which  meet,  but  do  not  cut  one 
Another. 

IV. 

Straight  lines  are  said  to  be  equally  distant  from  the  centre  of  a 
circle,  when  the  perpendiculars  drawn  to  them  from  the  centre  are 

equal. 


V. 

And  the  straight  line  on  which  the  greater  perpendicular  falls,  is 
said  to  be  farther  from  the  centre. 

VI. 

A  segment  of  a  circle  is  the  figure  contained  by  a  straight  line,  and 
the  circumference  which  it  cuts  off. 
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VII. 

The  angle  of  a  segment  is  that  which  is  contained  by  the  straight 
line  and  the  circumference. 

VIII. 

An  angle  in  a  segment  is  the  angle  contained  by  two  straight  lines 
drawn  from  any  point  in  the  circumference  of  the  segment^  to  the  extre- 
mities of  the  straight  line  which  is  the  base  of  the  segment. 

IX. 

An  angle  is  said  to  insist  or  stand  upon  the  circumference  intercepted 
between  the  straight  lines  that  contain  the  angle. 


X. 

A  sector  of  a  circle  is  the  figure  contained  by  two  straight  lines 
drawn  from  the  centre,  and  the  circumference  between  them. 


XI. 

Similar  segments  of  circles  are  those  in  which  the  angles  are  equal, 
or  which  contain  equal  angles. 
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PROPOSITION  I.    PROBLEM. 

To  jind  the  centre  of  a  given  circle. 

Let  ABC  be  the  given  circle. 
It  is  required  to  find  its  centre. 


Draw  within  it  any  straight  line  AB,  and  bisect  AB  in  D ;     (i.  10.) 
from  the  point  D  draw  DC  dX  right  angles  to  AB,     (i.  11.) 
produce  CD  to  E,  and  bisect  CE  in  F. 
Then  the  point  F  shall  be  the  centre  of  the  circle  ABC. 
For,  if  it  be  not,  let,  if  possible,  G  be  the  centre,  and  join  GA,  GD,  GB. 
Then,  because  DA  is  equal  to  DB,  (constr.)  and  DG  common  to  the 
two  triangles  ADG,  BDG,  the  two  sides  AD,  DGy  are  equal  to  the  two 
BD,  DG,  each  to  each ; 

and  the  base  GA  is  equal  to  the  base  GB,     (i.  def.  15.) 
because  they  are  drawn  from  the  centre  G : 
therefore  the  angle  ADG  is  equal  to  the  angle  GDB:     (i.  8.) 
but  when  a  straight  line  standing  upon  another  straight  bne  makes 
the  adjacent  angles  equal  to  one  another,  each  of  the  angles  is  a  right 
angle;     (i.  def.  10.) 

therefore  the  angle  GDB  is  a  right  angle : 

but  FDB  is  likewise  a  right  angle ;     (constr.) 

wherefore  the  angle  FDB  is  equal  to  the  angle  GDB,     (ax.  1.) 

the  greater  equal  to  the  less,  which  is  impossible ; 

therefore  G  is  not  the  centre  of  the  circle  ABC, 

In  the  same  manner  it  can  be  shewn  that  no  other  point  out  of  the 

Kne  CE  is  the  centre  ; 

and  since  CE  is  bisected  in  F, 
any  other  point  in  CE  divides  CE  into  unequal  parts,  and  cannot 
be  the  centre. 
Therefore  no  point  but  F  is  the  centre  of  the  circle  ABC, 

Which  was  to  be  found. 
Cor.     From  this  it  is  manifest,  that  if  in  a  circle  a  straight  line 
bisects  another  at  right  angles,  the  centre  of  the  circle  is  in  the  line 
which  bisects  the  other. 


PROPOSITION  II.    THEOREM. 


If  any  two  points  be  taken  in  the  circumference  of  a  circle,  the  straight 
line  which  Joins  them  shall  Jail  within  the  circle. 

Let  ABC  be  a  circle,  and  A,  B  any  two  points  in  the  circumference. 
The  straight  line  drawn  from  A  to  B  shall  fall  within  the  circle. 
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For  if  AB  do  not  fall  within  the  circle, 
let  it  fall^  if  possible,  without,  as  AEB ; 
find  D  the  centre  of  the  circle  ABC^  (lu,  1.)  and  join  DA,  DB; 
in  the  circumference  AB  take  any  point  F,  join  DF,  and  produce  it 
to  meet  AB  in  E. 

Then,  because  DA  is  equal  to  DB,    (i.  def.  15.) 
therefore  the  angle  DAB  is  equal  to  the  angle  DBA ;    (i.  5.) 
and  because  AE,  a  side  of  the  triangle  DAE,  is  produced  to  6, 
the  exterior  angle  DEB  is  greater  than  the  interior  and  opposite 
angle  DAE;    (i.  16.) 

but  DAE  was  proved  equal  to  the  angle  DBE; 

therefore  the  angle  DEB  if  greater  than  the  angle  DBE ; 

but  to  the  greater  angle  the  greater  side  is  opposite^     (i.  I9.) 

therefore  DB  is  greater  than  DJE: 
but  DB  is  equal  to  DF;    (i.  def  15.) 
wherefore  DF  is  greater  than  DE,  ihe  less  than  the  greater^  which 
is  impossible ; 

therefore  the  straight  line  drawn  from  AtoB  does  not  fall  without 
the  circle. 
In  the  same  manner,  it  may  be  demonstrated  that  it  does  not  fall 
upon  the  circumference; 

therefore  it  falls  within  it. 
Wherefore,  if  any  two  points,  &c.     Q.B.D. 


PROPOSITION  III.    THEOREM. 

If  a  straight  line  drawn  through  the  centre  of  a  circle  bisect  a  straight 
line  in  which  it  does  not  pass  through  the  centre,  it  shall  cut  it  at  right 
angles:  and  conversely^  if  it  cuts  it  at  right  angles,  it  shall  bisect  it. 

Let  ABC  be  a  circle;  and  let  CD,  a  straight  line  drawn  through 
the  centre,  bisect  any  straight  line  AB,  which  does  not  pass  through  £e 
centre,  in  the  point  F. 

Then  CD  shall  cut  AB  at  right  angles. 


Take  E  the  centre  of  the  circle,  (iii.  1.)  and  join  EA,  EB. 
Then,  because  AF  is  equal  to  FB,  (hyp.)  and  FE  common  to  the 
two  triangles  AFE,  BFE, 

there  are  two  sides  in  the  one  equal  to  two  sides  in  the  other^  each 
to  each; 
and  the  base  EA  is  equal  to  the  base  EBi    (i.  def.  15.) 
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therefore  the  angle  AFE  is  e^ual  to  the  angle  BFE:    (i,  8.) 
but  when  a  straight  line  standing  upon  anodier  straight  line  makes 
the  adjacent  angles  eqaal  to  one  anotner^  each  of  them  is  a  right  angle ; 
(i.  def  10.) 

therefore  each  of  the  angles  AFE^  BFE,  is  a  right  angle : 
wherefore  the  straight  line  CD,  drawn  through  the  centre,  bisecting 
another  AB  that  does  not  pass  through  the  centre^  cuts  the  same  at 
right  angles. 

But  let  CD  cut  AB  at  right  angles. 
Then  CD  shall  also  bisect  AB,  that  is,  AF  shall  be  equal  to  FB. 

The  same  construction  being  made. 
Because  EA,  EB,  from  the  centre  are  equal  to  one  another,   (i.  def.  1 5.) 

the  angle  EAF  is  equal  to  the  angle  EBF;    (i.  5.) 
and  the  right  angle  AFE  is  equal  to  the  right  angle  BFE :    (i.  def.  10.) 

therefore,  in  the  two  triangles,  EAF,  EBF, 
there  are  two  angles  in  the  one  equal  to  two  angles  in  the  other, 

each  to  each ; 
and  the  side  EF,  which  is  opposite  to  one  of  the  equal  angles  in 
each,  is  common  to  both ; 

therefore  the  other  sides  are  equal ;     (i.  26.) 

therefore  AF  is  equal  to  FB. 

Wherefore,  if  a  straight  line,  &c.    q.e.d. 


PROPOSITION  IV.    THEOREM. 

If  in  a  circle  two  straight  lines  cut  one  another,  which  do  not  both 
pass  through  the  centre,  they  do  not  bisect  each  other. 

Let  ABCD  be  a  circle,  and  AC,  BD  two  straight  lines  in  it  which 
cut  one  another  in  the  point  E,  and  do  not  both  pass  through  the  centre. 
Then  AC,  BD,  shall  not  bisect  one  another. 


For,  if  it  is  possible,  let  AE  be  equal  to  EC,  and  BE  to  ED. 

If  one  of  the  lines  pass  through  the  centre, 
it  is  plain  that  it  cannot  be  bisected  by  the  other  which  does  not 
pass  through  the  centre : 

but  if  neither  of  them  pass  through  the  centre, 
take  Fitie  centre  of  the  circle,  (iii.  1.)  and  join  EF. 
Then  because  FE,  a  straight  line  drawn  through  the  centre,  bisects 
another  AC  which  does  not  pass  through  the  centre,     (hyp.) 
therefore  FE  cuts  AC  at  right  angles :     (iii.  3.) 
wherefore  FEA  is  a  right  angle. 
Again,  because  the  straight  line  FE  bisects  the  straight  line  BD, 
which  does  not  pass  through  the  centre,     (h3rp.) 

therefore  FE  cuts  BD  at  right  angles :    (iii.  3.) 

wherefore  FEB  is  a  right  angle : 

but  FEA  was  shewn  to  be  a  right  angle ; 
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therefore  the  angle  FEA  is  equal  to  the  angle  FEB,  (ax.  1.) 
the  less  equal  to  the  greater,  which  is  impossible : 
therefore  AC,  BD  do  not  bisect  one  another. . 
Wherefore^  if  in  a  circle^  &c.    Q.E.D. 


PROPOSITION  V.    THEOREM. 


If  two  circles  cut  one  another,  they  shall  not  have  the  same  centre. 

Let  the  two  circles  ABC,  CDG,  cut  one  another  in  the  points  B,  C. 

They  shall  not  have  the  same  centre. 


For,  if  it  be  possible,  let  E  be  their  centre : 

join  EC,  and  draw  any  straight  line  EFG  meeting  them  in  F  and  6. 

And  because  E  is  the  centre  of  the  circle  ABC, 

therefore  EC  is  equal  to  EF:  (i.  def.  15.) 

again,  because  £  is  the  centre  of  the  circle  CDG, 

therefore  EC  is  equal  to  -EG:     (i.  def.  15.) 

but  EC  was  shewn  to  be  equsd  to  EF ; 

therefore  EF  is  equal  to  EG,    (ax.  1.) 

the  equal  less  to  the  greater,  which  is  impossible. 

Therefore  E  is  not  the  centre  of  the  circles  ABC,  CDG. 

Wherefore,  if  two  circles,  &c.    q.  e.  d. 


PROPOSITION  VL    theorem. 

If  one  circle  touch  another  internally,  they  shall  not  have  the  same  centre* 

Let  the  circle  CDE  touch  the  circle  ABC  internally  in  the  point  C. 

They  shall  not  have  the  same  centre. 


For,  if  they  have,  let  it  be  F: 

join  FC,  and  draw  any  straight  line  FEB,  meeting  them  in  E  and  B. 

And  because  F  is  the  centre  of  the  circle  ABC, 

FC  is  equal  to  FB ;     (i.  def.  15.) 

also,  because  -F  is  the  centre  of  the  circle  CDE 

FC  is  equal  to  FE :     (i.  def.  Ib) 

but  FC  was  shewn  to  be  equal  to  FB; 
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therefore  FE  is  equal  to  FB,  (ax.  1.) 

the  less  equal  to  the  greater,  which  is  impossible : 

therefore  F  is  not  the  centre  of  the  circles  ABC,  CDH, 

Therefore,  if  two  circles,  &c.    Q.  e.  d. 


PROPOSITION  VII.    THEOREM. 

If  any  point  he  taken  in  the  diameter  of  a  circle  which  is  not  the 

centre,  of  all  the  straight  lines  which  can  be  drawn  from  it  to  the  cir^ 

cumference^  the  greatest  is  that  in  which  the  centre  is^  and  the  other  part 

of  that  diameter  is  the  least;  and,  of  any  others,  thai  which  is  nearer  to 

the  line  which  passes  through  the  centre  is  always  greater  than  one  more 

remote :    and  from  the  same  point  there  can  be  drawn  only  two  equal 

ilraight  lines  to  the  circumference,  one  upon  each  side  of  the  diameter. 

Let  ABCD  be  a  circle,  and  AD  its  diameter,  in  which  let  any  point 
F  be  taken  which  is  not  the  centre : 

let  the  centre  be  E. 
Then,  of  all  the  straight  lines  FB,  FC,  FG,  &c.  that  can  be  drawn 
from  F  to  the  circumference, 

FA,  that  in  which  the  centre  is,  shall  be  the  greatest,  and  FD,  the 

other  part  of  the  diameter  AD,  shall  be  the  least: 
and  of  the  others,  FB,  the  nearer  to  FA,  shall  be  greater  than  FC, 
the  more  remote,  and  FC  greater  than  FG, 

B     A 

c 
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Join  BE,  CE,  GE. 
And  because  two  sides  of  a  triangle  are  greater  than  the  third,    (i.  20.) 

therefore  BE,  EF  are  greater  than  BF: 

but  AE  is  equal  to  BE ;     (i.  def.  15.) 

therefore  AE,  EF,  that  is,  AF  is  greater  than  BF. 

Again,  because  BE  is  equal  to  CE, 

and  FE  common  to  the  triangles  BEF,  CEF, 

the  two  sides  BE,  EF  are  equal  to  the  two  CE,  EF,  each  to  each  ; 

but  the  angle  BEF  is  greater  than  the  angle  CEF;     (ax.  p.) 

therefore  3ie  base  BFis  greater  than  the  base  CF.    (i,  24.) 

For  the  same  reason  CF  is  greater  than  GF. 

Again,  because  GF,  FE  are  greater  than  EG,    (i.  20.) 

and  EG  is  equal  to  ED ; 

therefore  GF,  FE  are  greater  than  EDz 

take  away  the  common  part  FE, 

and  the  remainder  GF  is  greater  than  the  remainder  FD.    (ax.  5.) 

Therefore,  FA  is  the  greatest,  and  FD  the  least  of  all  the  straight 

lines  from  F  to  the  circumference  ; 

and  BF  is  greater  than  CF,  and  CF  than  GF. 
Also,  there  can  be  drawn  only  two  equal  straight  lines  from  the  point 
F  to  the  tircumference,  one  upon  each  side  of  the  diameter. 
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At  tihe  point  E,  in  the  straight  line  EF,  make  the  angle  FEH  equal 
to  the  angle  FEGy  (i.  23.)  and  join  FH. 

Then,  because  GE  is  equal  to  EH,    (i.  def.  15.) 

and  EF  common  to  the  two  triangles  GEF,  HEF; 

the  two  sides  GE,  EF  are  equal  to  the  two  HE,  EF,  each  to  eadi ; 

and  the  angle  GEF  is  equal  to  the  angle  HEF;     (constr.) 

therefore,  the  base  FG  is  equal  to  the  base  FH:     (i.  4.) 

but,  besides  FH,  no  other  straight  line  can  be  drawn  from  F  to  the 

circumference  equal  to  FG : 

for,  if  there  can,  let  it  be  FK: 
and^  because  FK  is  equal  to  FG,  and  FG  to  FH, 
therefore  FK  is  equal  to  FH;     (ax.  1.) 
that  is^  a  line  nearer  to  that  which  passes  through  the  centre^  is 
equal  to  one  which  is  more  remote ; 

which  has  been  proved  to  be  impossible^ 
Therefore^  if  any  point  be  taken,  &c. '  q.e.d. 


PROPOSITION  Vni.     THEOREM. 

If  any  point  he  taken  without  a  circle,  and  straight  lines  be  drawn 
Jrom  it  to  the  circumference^  whereof  one  passes  through  the.  centre^  of 
those  which  fall  upon  the  concave  circumference^  the  greatest  is  thflt  which 
passes  through  the  centre;  and  of  the  rest,  thai  which  is  nearer  to  tfie  one 
passing  through  the  centre  is  always  greater  than  one  mor^  remote :  but 
of  those  which  fall  upon  the  convex  circumference,  the  least  is  that  between 
the  point  without  the  circle  and  the  diameter;  and  of  the  rest,  that  which 
is  nearer  to  the  least  is  always  less  than  one  more  remote :  and  only  two 
equal  straight  lines  can  he  drawn  from  the  same  point  to  the  circumference, 
one  upon  each  side  of  the  line  which  passes  through  the  centre. 

"Let  ABC  be  a  circle,  and  D  any  point  without  it,  from  which  let 
the  straight  lines  DA,  DE,  DF,  DC  be  drawn  to  the  circumference> 
whereof  DA  passes  through  the  centre. 

Of  those  which  fall  upon  the  concave  part  of  the  circumference 
AEFC, 

the  greatest  shall  be  DA,  which  passes  through  the  centre; 

and  any  line  nearer  to  it  shall  be  greater  than  one  more  remote, 

viz.  DE,  shall  be  greater  than  DF,  and  DF  greater  than  DC: 

but  of  those  which  fall  upon  the  convex  circumference  HLKG, 

the  least  shall  be  DG  between  the  point  D  and  the  diameter  AG; 

and  any  line  nearer  to  it  shall  be  less  than  one  more  remote^ 

viz.  DK  less  than  DL,  and  DL  less  than  DH. 
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Take  M  the  centre  of  the  circle  ABC,    (iii.  1.) 

and  join  ME,  MF,  MC,  MK,  ML,  MH. 

And  because  AM  is  equal  to  ME, 

add  MD  to  each  of  these  equals, 

therefore  AD  is  equal  to  EM,  MB :     ^ax.  2.) 

but  EM,  MB  are  greater  than  EB ;     ?i.  20.) 

therefore  also  AB  is  greater  than  EB. 

Again,  because  ME  is  equal  to  MF,  and  MB  common  to  the  tri<* 

angles  EMB,  FMB; 

EM,  MB,  are  equal  to  FM,  MB,  each  to  each : 

but  the  angle  EMB  is  greater  than  the  angle  FMB ;    (ax.  9.) 

therefore  the  base  EB  is  greater  than  the  base  FB,    (i.  24.) 

In  like  manner  it  may  be  shewn  that  FD  is  greater  than  CD. 

Therefore,  BA  is  the  greatest ; 

and  DE  greater  than  DF,  and  DF  greater  than  DC. 

And,  because  MK,  KD  are  greater  than  MD,    (i.  20.) 

and  MK  is  equal  to  MG,    (i.  def.  15.) 

the  remainder  KD  is  greater  than  the  remainder  GD,    (ax.  5.) 

that  is,  GD  is  less  than  KD : 
and  because  MLD  is  a  triangle,  and  from  the  points  M,  D,  the 
extremities  of  its  side  MD,  the  straight  lines  MK,  DK  are  drawn  to  the 
point  K  within  the  triangle, 

therefore  MK,  KD  are  less  than  ML,  LD:    (i.  21.) 

but  MK  is  equal  to  ML  ;     (i.  def.  15.) 

therefore,  the  remainder  DK  is  less  than  the  remainder  DL.    (ax.  5.) 

In  like  manner  it  may  be  shewn,  that  DL  is  less  than  Dti. 
Therefore,  DG  is  the  least,  and  DK  less  than  DL,  and  DL  less  than  DJ7. 
Also,  there  can  be  drawn  only  two  equal  straight  lines  from  the 
point  D  to  the  circumference,  one  upon  each  side  of  me  line  through  the 
centre. 

At  the  point  M,  in  the  straight  line  MD, 
make  the  angle  DMB  equal  to  the  angle  DMK,  (i.  23.)  and  join  DB. 
And  because  MK  is  equal  to  MB,  and  MD  common  to  the  triangles 
KMD,  BMD, 

the  two  sides  KM,  MD  are  equal  to  the  two  BM,  MD,  each  to  each ; 
and  the  angle  KMD  is  equal  to  the  angle  BMD ;    (constr.) 
therefore  the  base  DK  is  equal  to  the  base  DB :     (i.  4.) 
but,  besides  DB^  there  can  be  no  straight  line  drawn  from  D  to 
the  circumference  equal  to  DK: 

for,  if  there  can,  let  it  be  DN: 
and  because  DK  is  equal  to  DJV,  and  also  to  DB, 
therefore  DB  is  equal  to  DN; 
that  is,  a  line  nearer  to  the  least  is  equal  to  one  more  remote,  which 
has  been  proved  to  be  impossible. 

If,  therefore,  any  point.  Sec.    Q.E.D. 

PROPOSITION  IX.    THEOREM. 
\  If  a  point  he  taken  within  a  circle,  from  which  there  fall  more  than 

im  equal  straight  lines  to  the  circuinference,  that  point  %s  the  centre  of 
the  circle. 

Let  the  point  D  be  taken  within  the  circle  ABC, 
from  which  to  the  circumference  there  fall  more  than  two  equal 
straight  lines,  viz.  DA,  DB,  DC. 

Then  the  point  D  shall  be  the  centre  of  the  circle. 
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For,  if  not,  let  E  be  the  centre : 
join  DJE,  and  produce  it  to  the  circumference  ih  F,  G; 
then  FG  is  a  diameter  of  the  circle  ABC:    (i.  def.  l?-) 
and  because  in  FG,  the  diameter  of  the  circle  ABC,  there  is  taken 

the  point  D,  which  is  not  the  centre, 

therefore  DG  is  the  greatest  line  from  it  to  the  circumference, 

and  DC  is  greater  than  DB,  and  DB  greater  than  DA :     (iii.  7*) 

but  they  are  likewise  equal,  (hyp.)  which  is  impossible : 

therefore  E  is  not  the  centre  of  the  circle  ABC* 

In  like  manner  it  may  be  demonstrated, 

that  no  other  point  but  D  is  the  centre ; 

D  therefore  is  the  centre. 

Wherefore,  if  a  point  be  taken,  &c.    q.e.d. 


PROPOSITION  X.    THEOREM. 
One  circumference  of  a  circle  cannot  cut  another  in  more  than  two  points. 

If  it  be  possible,  let  the  circumference  FAB  cut  the  circumference 
DEF  in  more  than  two  points,  viz.  in  B,  G,  -F. 


Take  the  centre  K  of  the  circle  ABC^  (in.  S.)  and  loin  KB,  KG,  KF. 

Then  because  K  is  the  centre  of  the  circle  ABC, 

therefore  KB,  KG,  KF  are  all  equal  to  each  other:     (i.  def.  15.^ 

and  because  within  the  circle  DEF  there  is  taken  the  point  K,  Kom 

which  to  the  circumference  DEF  fall  more  than  two  equal  straight  lines 

KB,  KG,  KF, 

therefore  the  point  K  is  the  centre  of  the  circle  DEF:     (in.  9.) 

but  K  is  also  the  centre  of  the  circle  ABC ;    (constr.) 
therefore  the  same  point  is  the  centre  of  two  circles  that  cut  one 

another,  which  is  impossible,     (in.  5.) 
Therefore,  one  circumference  of  a  circle  cannot  cut  another  in  more 
than  two  points.    -0.  e.  d. 


PROPOSITION  XL    THEOREM. 

If  one  circle  touch  another  internally  in  any  point,  the  straight  line 
which  joins  their  centres  being  produced  shall  pass  through  that  point  of 
contact. 

Let  the  circle  ADE  touch  the  circle  ABC  internally  in  the  point  A ; 
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and  let  F  be  the  centre  of  the  circle  ABC,  and  G  the  centre  of 

the  circle  ADE; 
then  the  straight  line  which  joins  the  centres  F,  G,  being  produced^ 

shall  pass  through  the  point  A. 


For,  if  FG  produced  do  not  pass  through  the  point  A, 
let  it  fall  otherwise,  if  possible,  as  FGDH,  and  join  AF,  AG, 
Then,  because  two  sides  of  a  triangle  are  together  greater  than  th6 
third  side,  (i.-20.) 

therefore  FG,  GA  are  greater  than  FA : 

but  FA  is  equal  to  FH ;     (i.  def.  15.) 

therefore  FG,  GA  are  greater  than  FH : 

take  away  iProm  these  unequals  the  common  part  FG ; 

therefore  the  remainder  ^G  is  greater  than  the  remainder  GH ;  (ax.  5.) 

but  AG  is  equal  to  GD;     (i.  def.  15.) 
therefore  GD  is  greater  than  GH, 
the  less  than  the  greater,  which  is  impossible. 
Therefore  the  straight  line  which  joins  the  points  F,  G,  being  pro« 
duced^  cannot  fall  otherwise  than  upon  the  point  A, 

that  is,  it  must  pass  through  it. 
Therefore,  if  one  circle,  &c.    q.e.d. 


PROPOSITION  XII.    THEOREM. 

Tf  two  circles  touch  each  other  exiemaUy  in  any  point,  the  sttaight 
line  which  joins  their  centres  shall  pass  through  that  point  of'  contact. 

Let  the  two  circles  ABC,  ADE,  touch  each  other  externally  in  th^ 
point  A; 

and  let  F  be  the  centre  of  the  circle  ABC,  and  G  the  centre  of  ADE, 
Then  the  straight  line  which  joins  the  points  F,  G,  shall  pass 
through  the  point  of  contact  A. 


For,  if  not,  let  it  pass  otherwise,  if  possible,  as  FCDG,  and  join  FA,  AG^ 
And  because  F  is  the  centre  of  the  circle  ABC, 

FA  is  equal  to  jFC: 
also,  because  G  is  the  centre  of  the  circle  ADE, 

GA  is  equal  to  GD : 

therefore  FA,  AG  are  equal  to  FC,  DG ;    (ax.  2.) 

wherefore  the  whole  -FG  is  greater  than  FA,  AG: 

but  FG  is  less  than  FA,  AG;  (i.  20.)    which  is  impossible : 
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therefore  the  straight  line  which  joins  the  points  F,  G,  cannot  pass 
otherwise  than  through  the  point  of  contact  J, 
that  is^  FG  must  pass  through  the  point  A, 
Therefore^  if  two  circles^  &c.    Q.B.D. 


PROPOSITION  Xin.    THEOREM. 

One  circle  cannot  touch  another  in  more  points  than  one,  whether  it 
touches  it  on  the  inside  or  outside. 

For^  if  it  be  possible^  let  the  circle  EBF  touch  the  circle  ABC  in 
more  points  than  one^ 

and  first  on  the  inside^  in  the  points  B,  JD« 


Join  BD,  and  draw  GH  bisecting  BD  at  right  angles,     (i.  11.) 
Because  the  points  B,  D  are  in  the  circumferences  of  each  of  Uie  circles^ 
therefore  me  straight  line  BD  falls  within  each  of  them ;    (iii.  2.) 
therefore  their  centres  are  in  the  straight  line  GH  which  bisects 

BD  at  right  angles;     (iii.  Cor.  1.) 
therefore  GH  passes  through  the  point  of  contact:     (iii.  11.) 

but  it  does  not  pass  through  it, 
because  the  points  B,  D  are  without  the  straight  line  GH; 

which  IS  absurd : 
therefore  one  circle  cannot  touch  another  on  the  inside  in  more 
points  than  one. 
Nor  can  two  circles  touch  one  another  on  the  outside  in  more  than 
one  point. 

For,  if  it  be  possible, 
let  the  circle  ACK  touch  the  circle  ABC  in  the  poitlts  A,  C; 

join  ACt 


Because  the  two  points  A,  C  are  in  the  circumference  of  the 
circle  ACK, 

therefore  the  straight  line  AC  which  joins  them^  falls  within  the 
circle  ACK:     (iii.  2.) 

but  the  circle  ACK  is  without  the  circle  ABC;     (hyp.) 
therefore  the  straight  line  AC  is  without  this  last  circle : 
but,  because  the  points  J,  C  are  in  the  circumference  of  the  circle  ABC, 
the  straight  line  AC  must  be  within  the  same  circle,    (iii.  2.) 

which  is  absurd; 
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therefore  one  circle  cannot  touch  another  on  the  outside  in  more 

than  one  point: 
and  it  has  been  shewn^  that  they  cannot  touch  on  the  inside  in 

more  points  than  one. 

Therefore^  one  cirde^  &c.    q.e.d. 


PROPOSITION  XIV.    THEOREM. 

Equal  straight  lines  in  a  circle  are  equally  distant  from  the  centre; 
and  conversely,  those  which  are  equally  distant  from  the  centre,  are  equal 
to  one  another. 

Let  the  straight  lines  JB,  CD,  in  the  circle  ABDC,  be  equal  to 
one  another. 

Then  AB  and  CD  shall  be  equally  distant  from  the  centre. 


Take  E  the  centre  of  the  circle  ABDC,    (iii.  1.) 
from  E  draw  EF,  EG  perpendiculars  to  AB,  CD,  (i.  12.)  and 

join  EA,  EC. 
Then^  because  the  straight  line  EF,  passing  through  the  centre^ 
cuts  the  straight  line  AB,  which  does  not  pass  through  the  centre^ 
at  right  angles^ 

it  also  bisects  it :     (iii.  3.) 

therefore  AF  is  equal  to  FB,  and  AB  double  of  AF. 

For  the  same  reason  CD  is  double  of  CG : 

but  AB  is  equal  to  CD :     (hyp.) 

therefore  AF  is  equal  to  CG.     (ax.  7-) 

And  because  AE  is  equal  to  EC,     (i.  def.  15.) 

the  square  of  ^£  is  equal  to  the  square  of  ECi 

but  the  squares  of  AF,  FE  are  equal  to  the  square  of  AE,    (i.  47.) 

because  the  angle  AFE  is  a  right  angle ; 

and^  for  the  like  reason^  the  squares  of  EG,  GC  are  equal  to 

the  square  of  EC; 
therefore  the  squares  of  AF,  FE  are   equal  to  the  squares  of 
CG,  GE:    (ax.  1.) 
but  the  square  of  AF  is  equal  to  the  square  of  CG, 
because  AF  is  equal  to  CG ; 
therefore  the  remaining  square  of  EF  is  equal  to  the  remaining 
square  of  EG,    (ax.  3.\ 

and  the  straight  line  EF  is  therefore  equal  to  .EG : 
but  straight  lines  in  a  circle  are  said  to  be  equally  distant  from 
the  centre,  when  the  perpendiculars  drawn  to  them  from  the  centre 
are  equal :    (in.  def.  4.) 

therefore  AB,  CD  are  equally  distant  from  the  centre. 
Next,  let  the  straight  lines  AB,  CD  be  equally  distant  from  the 
centre^    (in.  def.  4.) 

that  is,  let  FE  be  equal  to  EG; 
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then  JB  shall  be  equal  to  CD, 
Tor,   the   same  construction   being   made,   it  may,  as  before^  be 
demonstrated^ 

that  AB  is  double  of  AF,  and  CD  double  of  CG, 
and  that  the  squares  of  EF,  FA  are  equal  to  the  squares  of  EG,  GC: 
but  the  square  of  FE  is  equal  to  the  square  of  EG, 
because  FE  is  equal  to  EG ;     (hyp.) 
therefore  the  remaining  square  of  AF  is  equal  to  the  remaining 
square  of  CG :     (ax.  3.) 
and  the  straight  line  aF  is  therefore  equal  to  CG : 
but  AB  was  shewn  to  be  double  of  AF,  and  cD  double  of  CG; 
wherefore  AB  is  equal  to  CD.    (ax.  6.) 
Therefore  equal  straight  lines,  &c,    q.e.d. 


PROPOSITION  XV.    THEOREM. 

The  diameter  is  the  greatest  straight  line  in  a  circle;  and,  of  aU 
others,  that  which  is  nearer  to  the  centre  is  always  greater  than  one 
more  remote:  and  the  greater  is  nearer  to  the  centre  than  the  less. 

Let  ABCD  be  a  circle^  of  which  the  diameter  is  AD,  and  the  centre  E; 

and  let  BC  be  nearer  to  the  centre  than  FG, 
Then  AD  shall  be  greater  than  any  straight  line  BC,  which  is  not 
a  diameter^  and  BC  shall  be  greater  than  FG, 

A  B 


From  the  centre  E  draw  EH,  EK  perpendiculars  to  BC,  FG,     (i.  12) 

and  join  EB,  EC,  EF. 

And  because  AE  is  equal  to  EB,  and  ED  to  EC,    (i.  def.  15.) 

therefore  AD  is  equal  to  EB,  EC:    (ax.  2.) 

but  EB,  EC  are  greater  than  BC ;    (i.  20.) 

wherefore  also  AD  is  greater  than  BC, 

And^  because  BC  is  nearer  to  the  centre  than  FG,    (hyP") 

therefore  EH  is  less  than  EK :     (lu.  def.  5.) 

but,  as  w^s  dem^jastrated  in  the  precedmg  proposition, 

BC  is  double  of  BH,  and  FG  double  of  FK, 

and  the  squares  o^  EH,  HB  are  equal  to  the  squares  oi  EK,  KF: 

but  the  square  of  EH  is  less  than  the  square  of  EK, 

because  EH  is  less  than  EK; 

therefore  the  square  of  BH  is  greater  than  the  square  of  fK^ 

and  the  straight  line  BH  greater  than  FK, 

and  therefore  BC  is  greater  than  FG. 

Next,  let  BC  be  greater  than^JPG ; 

then  BC  shall  be  nearer  to  the  centre  than  FG,  that  is,  the  sam^ 

construction  being  made,  ^/f  shall  be  less  than  j^JiC.  (iii.  def.  5.) 

Because  BC  is  greater  than  FG, 

BH  likewise  is  greater  than  KF : 

and  the  squares  of  BH,  HE  are  equal  to  the  squares  of  FK,  KE; 
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of  which  the  square  of  BH  is  greater  than  the  square  of  FK, 

because  BH  is  greater  than  FK: 

therefore  the  square  of  FJH  is  less  than  the  square  of  EK, 

and  the  straight  line  JSH  less  than  JEK: 

and  therefore  BC  is  nearer  to  the  centre  than  FG,    (iii.  def.  5.) 

Wherefore  the  diameter,  &c.    q.e.d« 


PROPOSITION  XVI.    THEOREM. 

The  straight  line  drawn  at  right  angles  to  the  diameter  of  a  circle, 
from  the  extremity  of  it,  falls  without  the  circle;  and  no  straight  line 
can  be  drawn  from  the  extremity  between  that  straight  line  and  the  cir^ 
cumference,  so  as  not  to  cut  the  circle;  or,  which  is  the  same  things  no 
Hraight  line  can  make  so  great  an  acute  angle  with  the  diameter  at  its 
extremity^  or  so  small  an  angle  with  the  straight  line  which  is  at  righf 
angles  to  it,  as  not  to  cut  the  circle. 

Let  ABC  be  a  circle,  the  centre  of  which  is  D,  and  the  diameter  AB. 
Then  the  straight  line  drawn  at  ri^ht  angles  to  AB  from  its  extre- 
mity A,  shall  fall  without  the  arcle. 


For,  if  it  does  not,  let  it  fall,  if  possible,  within  the  circle,  as  AC ; 

and  draw  DC  to  the  point  C,  where  it  meets  the  circumference. 

And  because  DA  is  equal  to  DC,    (i.  def.  15.) 

the  angle  DAC  is  equal  to  the  angle  ACD :     (i.  5.) 

but  DAC  is  a  right  angle  ;     (hyp.) 

therefore  ACD  is  a  right  angle ; 

and  therefore  the  angles  DAC,  ACD  are  equal  to  two  right  angles ; 

which  is  impossible :     (i.  17«) 
therefore  the  straight  line  drawn  from  A  at  right  angles  to  BA, 
does  not  fall  within  the  circle. 

In  the  same  manner  it  may  be  demonstrated, 

that  it  does  not  fall  upon  the  circumference ; 

therefore  it  must  fall  without  the  circle,  as  AE, 

Also,  between  the  straight  line  AE  and  the  circumference,  no  straight 

^e  can  be  drawn  from  the  point  A  which  does  not  cut  the  circle. 

For,  if  possible,  let  AF  be  between  them. 


I 

I 


From  the  point  D  draw  DG  perpendicular  to  AF,     (i.  12.) 
and  let  it  meet  the  circumference  in  H, 
And  because  AGD  is  a  right  angle,  and  DAG  \e»8  than  a  right 
angle,    (i.  17.) 
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therefore  DA  lA  greater  than  2X7 :    (i.  IQ.) 
but  DA  is  equal  to  DH;    (i,  def.  15.) 
therefore  I)H  is  greater  tnan  DG, 
the  less  than  the  greater^  which  is  impossible : 
therefore  no  straight  line  can  be  drawn  from  me  point  A^  between 
AE  and  the  circumference^  which  does  not  cut  the  circle : 
or^  which  amounts  to  the  same  things  however  great  an  acute  angle 
a  straight  line  makes  with  the  diameter  at  the  point  A,  or  however 
small  an  angle  it  makes  with  AE,  the  circumference  must  pass  between 
that  straight  line  and  the  perpendicular  AE. 

'^  And  this  is  all  that  is  to  be  understood^  when^  in  the  Greek  text, 
and  translations  from  it^  the  angle  of  the  semicircle  is  said  to  be  greater 
than  any  acute  rectilineal  angle^  and  the  remaining  angle  less  than  any 
rectilineal  angle."    q.  e  .  d. 

Cor.  From  this  it  is  manifest^  that  the  straight  line  which  is  drawn 
at  right  angles  to  the  diameter  of  a  circle  from  the  extremity  of  it, 
touches  the  circle ;  (iii.  def.  2.)  and  that  it  touches  it  only  in  one  point, 
because,  if  it  did  meet  the  circle  in  two,  it  would  fall  witnin  it.  (iii.  2.) 
/^Also,  it  is^  evident,  that  there  can  be  but  one  straight  line  which 
touches  the  circle  in  the  same  point.'* 


PROPOSITION  XVII.     PROBLEM. 


To  draw  a  straight  line  from  a  given  pointy  either  without  or  in  the 
circumference,  which  shall  touch  a  given  circle. 

First,  let  J  be  a  given  point  without  the  given  circle  BCD ; 
it  is  required  to  draw  a  straight  line  from  A  which  shall  touch  the  circle. 


Find  the  centre  U  of  the  circle,  (iii.  1.)  and  join  AE; 
and  from  the  centre  £J,  at  the  distance  EA,  describe  the  circle  AFG; 
from  the  point  D  draw  DF  at  right  angles  to  EA,  (i.  11.)  and  joint 
EBF,  AB. 
Then  AB  shall  touch  the  circle  BCD  in  the  point  B. 
Because  E  is  the  centre  of  the  circles  BCD,  AFG, 
therefore  EA  is  eqjual  to  EF,  (i.  def.  15.)  and  £2)  to  EB; 
therefore  the  two  sides  AE,  EB,  are  equal  to  the  two  FE,  ED, 
each  to  each ; 
and  they  contain  the  angle  at  E  common  to  the  two  triangles  J£B,  FED  9 
therefore  the  base  DF  is  equal  to  the  base  AB,    (i.  4.) 
and  the  triangle  FED  to  the  triangle  AEB, 
and  the  other  angles  to  the  other  angles : 
therefore  the  angle  EBA  is  equal  to  the  angle  EDFx 
but  EDF  is  a  right  angle,     (constr.) 
wherefore  EBA  is  a  right  angle:     (ax.  1.) 
and  EB  is  drawn  from  the  centre : 
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but  a  straight  line  drawn  from  the  extremity  of  a  diameter^  at  right 
angles  to  it»  touches  the  circle:    (iii.  I6.  Cor.) 
therefore  AB  touches  the  circle; 
and  it  is  drawn  from  the  given  point  A, 
But  if  the  given  point  be  in  the  circumference  of  the  circle^ 

as  the  point  D, 

draw  DJE  to  the  centre  JEJ,  and  DF  at  right  angles  to  DBz 

DF  touches  the  circle,    (iii.  I6.  Cor.)   «.s.f« 

PROPOSITION  XVIII.    THEOREM. 

If  a  straight  line  touches  a  circle,  the  straight  line  drawn  from  the 
cetUre  to  the  point  of  contact^  shall  be  perpendicular  to  the  line  touting 
the  circle. 

Let  the  straight  line  DB  touch  the  circle  ABC  in  the  point  C; 
take  the  centre  F,  and  draw  the  straight  line  FC.    (iii.  1.) 
.  Then  FC  shall  be  perpendicular  to  DK 

A 


OE 

For,  if  it  be  not,  frdtn  the  point  F  draw  FBG  perpendicular  to  DE. 

And  because  FGC  is  a  right  angle, 

therefore  GCF  is  an  acute  angle ;    (i.  17.) 

and  to  the  greater  angle  the  greater  side  is  opposite :   (i.  19.) 

therefore  FC  is  greater  than  FG : 

but  FC  is  equal  to  FB ;    (i.  def.  1 5.) 

.  therefore  FB  is  greater  than  FG, 

the  less  than  the  greater,  which  is  impossible : 

therefore  FG  is  not  perpendicular  to  DB. 

In  the  same  manner  it  may  be  shewn, 

that  no  other  is  perpendicular  to  DB  besides  FC, 

that  is,  FC  is  perpendicular  to  DFJ. 

Therefore,  if  a  straight  line,  &c.     q.e.d. 


.i 
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*% 

ir  If  a  straight  line  touches  a  circle^  and  from  the  point  of  contact  a 
I  ^ra^ht  line  be  drawn  at  right  angles  to  the  touching  line,  the  centre  of 
^  circle  shall  be  in  that  line. 


;l 


Let  the  straight  line  DB  touch  the  circle  ABC  in  C, 

and  from  C  let  CA  be  drawn  at  right  angles  to  DB. 

Then  the  centre  of  the  circle  shall  be  in  CA. 
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For^  if  not>  let  JP  be  the  centre,  ifpossible,  and  join  CF.    • 
Because  DE  touches  the  curcle  ABC,  and  FC  is  drawn  from  the 
centre  to  the  point  of  contact, 

therefore  FC  is  perpendicular  to  DE;    (iii.  18.) 

therefore  FCE  is  a  right  angle : 

but  ACE  is  also  a  right  angle ;    (hyp.) 

therefore  the  angle  FCE  is  equal  to  the  angle  ACE,    (ax.  1.) 

the  less  to  the  greater,  which  is  impossible:. 

therefore  F  is  not  the  centre  of  the  arcle  ABC. 

In  the  same  manner  it  may  be  shewn, 

that  no  other  point  which  is  not  in  CA,  is  the  centre; 

that  is,  the  centre  of  the  circle  is  in  CA»    • 

Therefore,  if  a  straight  line,  &c.    Q.B,i>« 


PROPOSITION  XX,     THEOREM. 

The  angle  at  the  centre  of  a  circle  is  double  of  the  angle  at  the  dr* 
cumference  upon  the  same  base^  that  isy  upon  the  same  part  of  the  dr* 
cumference* 

Let  ABC  be  a  circle,  and  BEC  an  angle  at  the  centre,  and  BACsn 
angle  at  the  circumference,  which  have  the  same  circumference  BC  for 
their  base* 

Then  the  angle  BEC  shall  be  double  of  the  angle  BAC. 


Join  AE,  and  produce  it  to  JP. 
First,  let  the  centre  of  the  circle  be  within  the  angle  BAC. 

Because  EA  is  equal  to  EB, 

therefore  the  an^le  EAB  is  equal  to  the  angle  EBA  ;    (i,  5.) 

therefore  the  angles  EAB,  EBA  are  double  of  the  angle  EA6: 

but  the  angle  BEF  is  equal  to  the  angles  EAB,  EBA ;    (i.  32.) 

therefore  also  the  angle  BEF  is  double  of  the  angle  EAB : 

for  the  same  reason,  the  angle  FECis  double  of  the  angle  EAC: 

therefore  the  whole  angle  BEC  is  double  of  the  whole  angle  BAC. 

Again,  let  the  centre  of  the  circle  be  without  the  angle  BAC, 


It  may  be  demonstrated,  as  in  the  first  case, 
that  the  angle  FEC  is  double  of  the  angle  FAC, 
and  that  FEB,  a  part  of  the  first,  is  double  of  FAS,  a  part  of  the  other; 
therefore  the  remaining  angle  BEC  is  double  of  the  remaining 
angle  BAC, 

Therefore  the  angle  at  the  centre,  &c.    q.b.d. 
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PROPOSITION  XXI.    THEOREM. 
The  angles  in  the  same  segment  of  a  circle  are  equal  to  one  another. 

Let  ABCD  be  a  circle, 

and  BAD,  BED  angles  in  the  same  segment  BAED. 

Then  the  angles  BAD,  BED  shall  be  equal  to  one  another. 

First,  let  the  segment  BAED  be  greater  than  a  semicircle. 

A E 


Take  F,  the  centre  of  the  circle  ABCD,  (iii.  1.)  and  join  BF,  FD. 
And  because  the  angle  BFD  is  at  the  centre,  and  the  angle  BAD 
at  the  circumference,  and  that  they  have  the  same  part  of  the  circum- 
ference, viz.  BCD  for  their  base ; 

therefore  the  angle  BFD  is  double  of  the  angle  BAD :    (iii.  20.) 

for  the  same  reason  the  angle  BFD  is  double  of  the  angle  BED: 

therefore  the  angle  BAD  is  equal  to  the  angle  BED.    (ax.  7.) 

Next,  let  the  segment  BAED  be  not  greater  than  a  semicircle. 


A  E 


Draw  AF  to  the  centre,  and  produce  it  to  C,  and  join  CE. 

Therefore  the  segment  BADC  is  greater  than  a  semicircle ; 

and  the  angles  in  it  BAC,  BEC  are  equal,  by  the  first  case: 

for  the  same  reason,  because  CBED  is  greater  than  a  semicircle, 

the  angles  CAD,  CED,  are  equal : 
therefore  the  whole  angle  BAD  is  equal  to  the  whole  angle  BED.  (ax.  2.) 
Wherefore  the  angles  in  the  same  segment,  &c.    q.e.  d. 


PROPOSITION  XXII.    THEOREM. 


The  opposite  angles  of  any  quadrilateral  Jigure  inscribed  in  a  circle, 
^t  together  equal  to  two  right  armies. 

Let  ABCD  be  a  quadrilateral  figure  in  the  circle  ABCD. 
Then  any  two  of  its  opposite  angles  shall  together  be  equid  to  two 
right  angles. 
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Join  AC,  BD. 
And  because  the  three  angles  of  every  triangle  are  equal  to  two 
right  angles^     (i.  32.) 

the  three  angles  of  the  triangle  CAB,  viz.  the  angles  CAB,  ABC, 
BCA,  are  equal  to  two  right  angles: 
but  the  angle  CAB  is  equal  to  the  angle  CDB,    (iii.  SI.) 
because  they  are  in  the  same  segment  CD  An; 
and  the  angle  ACB  is  equal  to  ^e  angle  ADB, 
because  they  are  in  the  same  segment  ADCB : 
therefore  the  two  angles  CAB,  ACB  are  together  equal  to  the 
whole  angle  ADC:    (ax.  2.) 

to  each  of  these  equals  add  the  angle  ABC ; 
therefore  the  three  angles  ABC,   CAB,  BCA  are  equal  to  the 
two  angles  ABC,  ADC:    (ax.  2.) 
but  ABC,  CAB,  BCA,  are  equal  to  two  right  angles ; 
therefore  also  the  angles  ABC,    ADC  are  equal  to  two   right 

angles,    (ax.  1.) 
In  the  9ame  manner^  the  angles  BAD,  DCB,  may  be  shewn  to  be 
equal  to  two  right  angles. 

Therefore^  the  op])osite  angles^  &c.    q.b.i>« 


PBOPOSITION  XXIII.    THEOREM. 

Upon  ike  same  straight  line,  and  upon  the  same  side  of  U,  there 
cannot  he  two  similar  segments  of  circles,  not  coinciding  with  one  another. 

If  it  be  possible^  upon  the  same  straight  line  AB,  and  upon  the 
same  side  of  it^  let  there  be  two  similar  segments  of  circles^  ACB,  ADB, 
not  coinciding  with  one  another. 


Then^  because  the  circle  ACB  cuts  the  circle  ADB  in  the  two  points  A,  B, 

they  cannot  cut  one  another  in  any  other  point :     (iii.  10.) 

therefore  one  of  the  segments  must  fall  within  the  other : 

let  ACBM\  withm  ADB: 

draw  the  straight  line  BCD,  and  join  CA,  DA. 

And  because  the  segment  ACB  is  similar  to  the  segment  ADB,    (hyp.^ 

and  that  similar  segments  of  circles  contain  equal  angles ;  (iii.  def.  11.) 

therefore  the  angle  ACB  is  equal  to  the  angle  ADB, 

the  exterior  to  the  interior^  which  is  impossible,    (i.  l6.) 

Therefore^  there  cannot  be  two  similar  segments  of  circles  upon  the. 

same  side  of  the  siame  line,  which  do  not  coincide,    q,  e.d. 


PROPOSITION  XXrV.    THEOREM. 
Similar  segments  of  circles  upon  equal  straight  lines  are  equal  to  one  another. 

Let  AEB,  CFD  be  similar  segments  of  circles  upon  the  equal 
straight  lines  AB,  CD. 

Then  the  segment  AEB  shall  be  equal  to  the  segment  CFD. 


\ 
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For  if  die  segment  AEB  be  applied  to  the  segment  CFD,    . 
so  that  the  point  A  may  be  on  C,  and  the  straight  Une  AB  upon  CD, 
then  the  point  B  shall  coincide  with  the  point  D, 

because  AB  is  equal  to  CD : 
therefore,  the  straight  line  AB  coinciding  with  CD,  > 

the  segment  AEB  must  coincide  with  the  segment  CFD,  (iii.  23.) 
ana  therefore  is  equal  to  it.    (ax.  8.) 

Wherefore  similar  segments,  &c.    q.e.d. 


PROPOSITION  XXV.    PROBLEM. 

A  segment  of  a  circle  being  given,  to  describe  the  circle  of  whifih  it 
is  the  segment.  ' 

Let  ABC  be  the  given  segment  of  a  circle. 
It  IS  required  to  describe  the  circle  of  which  it  is  the  segment. 
Bisect  ^C  in  D,  (i.  10.)  and  from  the  point  D  draw  DB  at  right 
angles  to  AC,  (i.  11.)  and  join  AB, 

Firsts  let  the  angles  A6D,  BAD  be  equal  to  one  another: 


then  the  straight  line  BD  is  equal  to  DA,  (i.  6.)  and  therefore,  to  DC; 
and  because  the  three  straight  lines  DA,  DB,  DC  are  all  equal, 

therefore  D  is  the  centre  of  the  circle,     (iii.  Q.) 
From  the  centre  D,  at  the  distance  of  any  of  the  three,  DA,  DB, 
BC,  describe  a  circle ; 

this  shall  pass  through  the  other  points ; 
^  and  the  circle  of  which  ABC  is  a  segment  is  described : 

and  because  the  centre  D  is  in  AC,  the  segment  ABC  is  a  semicircle. 
But  if  the  angles  ABD,  BAD  are  not  equal  to  one  another. 

B 


^' 


u) 


1  ^^f^« 

-  ADC 


At  the  point  A,  in  the  straight  line  AB,  make  the  angle  BAE  equal 
to  the  angle  ABD,    (i.  23.) 

and  produce  BD,  if  necessary,  to  meet  AE  in  E,  and  join  EC, 
And  because  the  angle  ABE  is  equal  to  the  angle  BAE, 
therefore  the  straight  line  BE  is  equal  to  EA :     (i.  6.) 
and  because  AD  is  equal  to  DC,  and  JDE  common  to  the  triangles 
ADE,  CDE, 

the  two  sides  AD,  DE,  are  equal  to  the  two  CD,  DE,  each  to  each ; 
and  the  angle  ADE  is  equal  to  the  angle  CDE, 
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for  each  of  them  is  a  right  angle ;    (constr.) 

therefore  the  hase  AE  is  equal  to  the  base  EC:    (i.  4.) 

but  AE  was  shewn  to  be  equal  to  EB ; 

wherefore  also  BE  is  equal  to  EC;     (ax.  1^ 

and  therefore  the  three  straight  lines  AE,  EB,  EC  are  equal  to 

one  another: 

wherefore  E  is  the  centre  of  the  circle,    (iii.  9.) 
From  the  centre  E,  at  the  distance  of  any  of  the  three  aE,  EB,  EC, 
describe  a  circle; 

this  shall  pass  through  the  other  points  ; 
and  the  circle^  of  which  ABC  is  a  segment^  is  described. 
And  it  is  evident^  that  if  the  angle  ABD  be  greater  than  the  angle 
BAD,  the  centre  E  falls  without  the  segment  ABC,  which  therefore  is 
less  than  a  semicircle : 

but  if  the  angle  ABD  be  less  than  BAD,  the  centre  E  falls  within 
the  segment  ABC,  which  is  therefore  greater  than  a  semicircle. 

Wherefore  a  segment  of  a  circle  being  given^  the  circle  is  described 
of  which  it  is  a  segment,    q.  e.  f. 


PROPOSITION  XXVI.    THEOREM. 


In  equal  circles,  equal  angles  stand  upon  equal  circumferences,  nheiher 
they  he  at  the  centres  or  circumferences. 

Let  ABC,  DEF  be  equal  circles^ 

and  let  the  angles  BGC,  EHF  at  their  centres^ 

and  BAC,  EDF  at  their  circumferences  be  equal  to  each  other. 

The  ^rcumference  BKC  shall  be  equal  to  the  circumference  ELF. 


Join  BC,  EF. 
And  because  the  circles  ABC,  DEF  are  equals 
the  straight  lines  drawn  from  their  centres  are  equal:     (iii.  def.  I.) 
therefore  the  two  sides  BG,  GC,  are  equal  to  the  two  EH,  HFp 
each  to  each : 

and  the  angle  at  G  is  equal  to  the  angle  at  H;    (h3rp.^ 
therefore  uie  base  BC  is  equal  to  the  base  EF.     (i.  4.) 
And  because  the  angle  at  A  is  equal  to  the  angle  at  D,    (h3rp.) 
the  segment  BAC  is  similar  to  the  segment  EDF;    (iii.  def.  11.) 
and  they  are  upon  eaual  straight  lines  BC,  £F: 
but  similar  segments  of  circles  upon  equal  straight  lines^  are  equal 
to  one  another,    (iii.  24.) 
therefore  the  segment  BAC  is  equal  to  the  segment  EDF: 
but  the  whole  circle  ABC  is  equal  to  the  whole  DEF;    (h3rp.) 
therefore  the  remaining  segment  BKC  is  equal  to  die  remaining 
segment  ELF,     (ax.  3.) 

and  the  circumference  BKC  to  the  circumference  ELF. 
Wherefore,  in  equal  circles,  &c.    q.e.d. 
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PROPOSITION  XXVII.    THEOREM. 

In  equal  circles,  the  angles  which  stand  upon  equal  circumferences  are 
equal  to  one  another,  whether  they  he  at  the  centres  or  circumferences. 

Let  ABC,  DEF  be  equal  circles^ 
and  let  the  angles  BGC,  EHF  at  their  centres, 
and  BAC,  EDF  at  their  circumferences,  stand  upon  the  equal 
circumferences  BC,  EF. 
The  angle  BGC  shall  be  equal  to  the  angle  EHF,  and  the  angle 
BAC  to  the  angle  EDF. 

A  D 
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If  the  angle  BGC  be  equal  to  the  angle  EHF, 
it  is  manifest  that  the  angle  BAC  is  also  equal  to  EDF.    (iii.  20. 
and  I.  ax.  7.) 

But^  if  not^  one  of  them  must  be  greater  than  the  other : 

let  BGC  be  the  greater, 
and  at  the  point  G,  in  the  straight  line  BG,  make  the  angle  BGK 
equal  to  the  angle  EHF.     (i.  23.) 
Then  because  the  angle  BGK  is  equal  to  the  angle  EHF, 
and  that  equal  angles  stand  upon  equal  circumferences,  when  they 
are  at  the  centres ;     (in.  26.) 
therefore  the  circumference  BK  is  equal  to  the  circumference  EF: 

but  EF  is  equal  to  BC ;     (hyp.) 
therefore  also  BK  is  equal  to  BC,  the  less  to  the  greater, 

which  is  impossible :     (ax.  1.) 
therefore  the  angle  BGCis  not  unequal  to  the  angle  EHF; 

that  is,  it  is  equal  to  it : 

but  the  angle  at  A  is  half  of  the  angle  BGC,    (in.  20.) 

and  the  angle  at  D  half  of  the  angle  EHF; 

therefore  the  angle  at  A  is  equal  to  the  angle  at  X>.     (ax.  7*) 

Wherefore,  in  equal  circles,  &c.     q.e.d. 


PROPOSITION  XXVIII.    THEOREM. 

In  equal  circles,  equal  straight  lines  cut  off  equal  circumferences,  the 
P'^ater  equal  to  the  greater,  and  the  less  to  the  less. 

Let  ABC,  DEF  be  equal  circles, 
and  BC,  EF  equal  straight  lines  in  them,  which  cut  off  the  two 
greater  circumferences  BAC,  EDF^  and  the  two  less  BGC,  EHF, 
Then  the  greater  circumference  BAC  shall  be  equal  to  the  greater  EDF, 

and  the  less  BGC  to  the  less  EHF. 
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Take  K,  L,  the  centres  of  the  circles,  (iii.  1 .)  and  join  BK^  KC^  EL,  L 
Because  the  circles  ABC,  DEF  are  equals  the  straight  lines  frc 
their  centres  are  eq&al:     (iii.  def.  1.) 

therefore  nK,  KC  are  equal  to  EL,  LF,  each  to  each : 
and  the  base  -BC  is  equal  to  the  base  EF ;     (hyp.) 
therefore  the  angle  BKC  is  equal  to  the  angle  ELF:    (i.  8.) 
but  equal  angles  stand  upon  equal  circumferences^  when  they  a 
at  the  centres ;     (in.  2(5.) 
therefore  the  circumference  BGC  is  equal  to  the  circumference  EHI 
but  the  whole  circle  ABC  is  equal  to  the  whole  EDF;    (hyp.) 
therefore  the  remaining  part  of  the  circumference, 
viz.  BAC,  is  equal  to  the  remaining  part  EDF.    (ax.  3.) 
Therefore^  in  equal  circles^  &c.    q.e.d. 


PROPOSITION  XXIX.    THEOREM. 

In  equal  circles^  equal  circumferences  are  subtended  by  equal  straight  linn 

Let  ABC,  DEF  be  equal  circles, 
and  let  the  circumferences  BGC,  EHF  also  be  equal; 

and  join  BC,  EF. 
Then  the  straight  line  BC  shall  be  equal  to  the  straight  line  EF» 

A  D 


Take  K,  L,  (in.  1 .)  the  centres  of  the  circles,  and  join  BK,  KC,  EL,  Li 

and  because  the  circumference  jSGC  is  equal  to  the  circumference  £Hi 

therefore  the  angle  BKC  is  equal  to  the  angle  ELF:     (ui.  27.) 

and  because  the  circles  ABC,  DEF,  are  equal, 

the  straight  lines  from  their  centres  are  equal;     (in.  def.  1.) 

therefore  BK,  KC,  are  equal  to  EL,  LF,  each  to  each : 

and  they  contain  equal  angles ; 

therefore  the  base  BC  is  equal  to  the  base  EF.     (i.  4.) 

Therefore,  in  equal  circles,  &c.     q.e.d. 


PROPOSITION  XXX.    PROBLEM. 

To  bisect  a  given  circumference,  that  is,  to  divide  it  into  two  equal  part 

Let  ADB  be  the  given  circumference. 
It  is  required  to  bisect  it. 
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Join  AB,  and  bisect  it  in  C;     (i.  10.) 

from  the  point  C  draw  CD  at  right  angles  to  AB.     (i.  11.) 

Then  the  circumference  ADB  shall  be  bjsected  in  the  point  Z>. 

Join  AD,  DB. 
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And  because  JC  is  equal  to  CB,  and  CD  common  to  the  triangles 
JCD,  BCD, 

the  two  sides  AC,  CD  are  equal  to  the  two  BC,  CD,  each  to  each  ; 

and  the  angle  ACD  is  equal  to  the  angle  BCD, 

because  each  of  them  is  a  right  angle : 

therefore  the  base  AD  is  equal  to  the  base  BD,     (i.  4.) 

But  equal  straight  lines  cut  off  equal  circumferences,     (iii.  ^8.) 

the  greater  equal  to  the  greater,  and  the  less  to  the  less ; 

and  AD,  DB  are  each  of  them  less  than  a  semicircle ; 

because  DC  passes  through  the  centre:     (iii.  1.  Cor.) 

therefore  the  circumference  AD  is  equal  to  the  circumference  DB^ 

Therefore  the  given  circumference  is  bisected  in  X>.     «.e.f. 


PROPOSITION  XXXI.    THEOREM. 

In  a  circle^  the  angle  in  a  semicircle  is  a  right  angle;  but  the  angle 
in  a  segment  greater  than  a  semicircle  is  less  than  a  right  angle ;  and  the 
angle  in  a  segment  less  than  a  semicircle  is  greater  than  a  right  angle. 

Let  ABCD  be  a  circle,  of  which  the  diameter  is  BC,  and  centre  E ; 
and  draw  CA^  dividing  the  circle  into  the  segments  ABC,  ADC, 

and  join  BA,  AD,  DC. 
Then  the  angle  in  the  semicircle  BAC  shall  be  a  right  angle  ; 
and  the  angle  in  the  segment  ABC,  which  is  greater  than  a  semi- 
circle, shall  be  less  than  a  right  angle ; 
and  the  angle  in  the  segment  ADC,  which  is  less  than  a  semicircle, 
shall  be  greater  than  a  right  angle. 


Join  AE,  and  produce  BA  to  F, 
And  because  BE  is  equal  to  EA,     (i.  def.  15.) 
the  angle  EAB  is  equal  to  EBA ;     (i.  5.) 
also,  because  AE  is  equal  to  EC, 
the  angle  EAC  is  equal  to  EC  A ; 
wherefore  the  whole  angle  BAC  is  equal  to  the  two  angles  ABC^ 
ACB:     (ax.  2.) 
fe  but  FAC,  the  exterior  angle  of  the  triangle  ABC,  is  equal  to  the 

i  two  angles  ABC,  ACB;     (i.  32.) 

therefore  ti&c  angle  BAC  is  equal  to  the  angle  FAC;     (ax.  1.) 
and  therefore  each  of  them  is  a  right  angle :     (i.  def.  10.) 
wherefore  the  angle  BAC  in  a  semicircle  is  a  right  angle. 
And  because  the  two  angles  ABC,  BAC  of  the  triangle  ABC  are 
^gether  less  than  two  right  angles,     (i.  17.) 

and  that  BAC  has  been  proved  to  be  a  right  angle; 
therefore  ABC  must  be  less  than  a  right  angle : 
and  therefore  the  angle  in  a  segment  ^^C  greater  than  a  semicircle, 
is  less  than  a  right  angle. 
And  because  ABCD  is  a  quadrilateral  figure  in  a  circle, 

7—2 
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Any  two  of  Its  opposite  angles  are  equal  to  two  right  angles :     (iii.  22. 
therefore  the  angles  ABC,  ADC,  are  equal  to  two  right  an^es: 
and  ABC  has  been  proved  to  be  less  than  a  right  angle ; 
wherefore  the  other  ADC  is  greater  than  a  right  angle. 
Besides^  it  is  manifest,  that  the  circumference  of  the  greater  segmeni 
ABC  falls  without  the  right  angle  CAB ;  but  the  circumference  of  th< 
less  segment  ADC  falls  within  the  right  angle  CAF,     '^  And  this  Is  al 
that  is  meant,  when  in  the  Greek  text,  and  the  translations  from  it,  th< 
angle  of  the  greater  segment  is  said  to  be  greater,  and  the  angle  of  th< 
less  segment  is  said  to  be  less,  than  a  right  angle." 

.  Cor.  From  this  it  is  manifest,  that  if  one  angle  of  a  triangle  b 
equal  to  the  other  two,  it  is  a  right  angle :  because  the  angle  adjacen 
to  it  is  equal  to  the  same  two ;  (i.  32.)  and  when  the  adjacent  angles  ar< 
equal,  they  are  right  angles,     (i.  def.  10.) 

PROPOSITION  XXXIL    THEOREM. 

If  a  straight  line  touches  a  circle,  and  from  the  point  of  contact  * 
straight  line  be  drawn  cutting  the  circle;  the  angles  which  this  line  make 
with  the  line  touching  the  circle^  sJiall  he  equal  to  the  angles  which  are  i 
the  alternate  segments  of  the  circle. 

Let  the  straight  line  EF  touch  the  circle  A  BCD  in  B, 
and  from  the  point  B  let  the  straight  line  BD  be  drawn,  cutting 
the  circle. 
Then  the  angles  which  BD  makes  with  the  touching  line  EF,  shall 
be  equal  to  the  angles  in  the  alternate  segments  of  the  circle ; 

that  is,  the  angle  DBF  shall  be  equal  to  the  angle  which  is  in  the 
segment  DAB, 
and  the  angle  DBE  shall  be  equal  to  the  angle  in  the  segment  DCB> 
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From  the  point  B  draw  BA  at  right  angles  to  EF,     (i.  11.) 
and  take  any  point  C  in  the  circumference  DB,  and  join  AD,  DC,  CB' 
And  because  the  straight  line  EF  touches  the  circle  ABCD  in  the 
point  B, 

and  BA  is  drawn  at  right  angles  to  the  touching  line  from  the  point 
of  contact  B, 

the  centre  of  the  circle  is  in  BA :     (in.  I9.) 
therefore  the  angle  ADB  in  a  semicircle  is  a  right  angle :     (iii.  31.) 
and  consequently  the  other  two  angles  BAD,  ABD,  are  equal  to  a 
right  angle ;     (i.  32.) 

but  ABF  is  likewise  a  right  angle ;    (constr.) 
therefore  the  angle  ABF  is  equal  to  tiie  angles  BAD,  ABD :     (ax.  1.) 

take  from  these  equals  the  common  angle  ABD : 

therefore  the  remaining  angle  DBF  is  equal  to  the  angle  BAD,   (ax.  3.] 

which  is  in  the  alternate  segment  of  the  circle. 

And  because  ABCD  is  a  quadrilateral  figure  in  a  circle, 

the  opposite  angles  BAD,  BCD  are  equal  to  two  right  angles :  (in.  22." 
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but  the  angles  DBF,  DBE  are  likewise  equal  to  two  right  angles ;  (r.  1 3.) 
therefore  the  angles  DBF,  DBE  are  equal  to  the  angles  BAD, 
BCD,     (ax.  1.) 

and  DBF  has  been  proved  equal  to  BAD; 
therefore  the  remaining  angle  DBE  is  equal  to  the  angle  BCD  ia' 
the  alternate  segment  of  the  circle,     (ax.  2.) 

Wherefore,  if  a  straight  line,  &c.    q.e.d. 

PROPOSITION  XXXIII.    PROBLEM. 

Upon  a  given  straight  line  to  describe  a  segment  of  a  circle,  which  shall 
contain  an  angle  equal  to  a  given  rectilineal  angle. 

Let  AB  be  the  given  straight  line, 
and  the  angle  at  C  the  given  rectilineal  angle. 
It  is  required  to  describe  upon  the  given  straight  line  AB,  a  segment 
of  a  circle,  which  shall  contain  an  angle  equal  to  the  angle  C 

First,  let  the  angle  at  C  be  a  right  angle. 
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^  Bisect  AB  in  F,   (i.  10.) 

and  from  the  centre  F,  at  the  distance  FB,  describe  the  semicircle  AHB. 
^  Therefore  the  angle  A  HB  in  a  semicircle  is  equal  to  the  right  angle 

;     atC.  (ill.  31.) 
J  But,  if  the  angle  C  be  not  a  right  angle. 
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At  the  point  A,  in  a  straight  line  AB,  make  the  angle  BAD  equal 
to  the  angle  C,  (i.  23.) 

and  from  the  point  A  draw  AE  at  right  angles  to  AD;  (i.  11.) 

bisect  AB  in  F,  (i.  10.) 
and  from  F  draw  FG  at  right  angles  to  AB,  (i.  II.)  and  join  GB, 
And  because  ^jP  is  equal  to  FB,  and  FG  common  to  the  triangles 
AFG,BFG, 
the  two  sides  AF,  FG  are  equal  to  the  two  BF,  FG,  each  to  each :. 
and  the  angle  AFG  is  equal  to  the  angle  BFG ;     (i.  def.  10.) 

therefore  the  base  ^G  is  equal  to  the  base  GB;     (i.  4.) 
and  therefore  the  circle  described  from  the  centre  G,  at  the  dis- 
tance GA,  shall  pass  through  the  point  B : 

let  this  be  the  circle  AHB, 
The  segment  AHB  shall  contain  an  angle  equal  to  the  given  rectili« 
neal  angle  C. 

Because  from  the  point  A,  the  extremity  of  the  diameter  AE,  AD  is 
drawn  at  right  angles  to  AE, 

therefore  AD  touches  the  circle :     (iii.  l6.  Cor.) 
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and  because  AB,  drawn  from  the  point  of  contact  A,  cuts  the  circle, 
the  angle  DAB  is  equal  to  the  angle  in  the  alternate  segment 
AHB :     (ill.  32.) 

but  the  angle  DAB  is  equal  to  the  angle  C ;    (constr.) 
therefore  the  angle  C  is  equal  to  the  angle  in  the  segment  ^HB.  (ax.  1.) 
Wherefore^  upon  the  given  straight  line  AB,  the  segment  AHB  of  a 
circle  is  described,  which  contains  an  angle  equal  to  the  given  angle 

at  C      Q.E.F. 


PROPOSITION  XXXIV.    PROBLEM. 

From  a  given  circle  to  cut  off  a  segment^  rvhich  shall  contain  an  angle 
equal  to  a  given  rectilineal  angle. 

Let  ABC  be  the  given  circle,  and  D  the  ^ven  rectilineal  angle. 
It  is  required  to  cut  off  from  the  circle  ABC  a  segment  tha^  shall 
contain  an  angle  equal  to  the  given  angle  D. 


Draw  the  straight  line  EF  touching  the  circle  ABC  in  the  point  B, 

(IIL  17.) 

and  at  the  point  B,  in  the  straight  line  BF, 
make  the  angle  FBC  equal  to  the  angle  D.     (i.  23.) 
Then  the  segment  BAC  shall  contain  an  angle  equal  to  the  given 
angle  D. 

Because  the  straight  line  EF  touches  the  circle  ABC, 
and  BC  is  drawn  from  the  point  of  contact  B, 
therefore  the  angle  FBC  is  equal  to  the  angle  in  the  alternate  seg- 
ment BAC  of  the  circle :     (iii.  32.) 
but  the  angle  FBC  is  equal  to  the  angle  D ;     (constr.) 
therefore  the  angle  in  the  segment  BAC  is  equal  to  the  angle  Z).  (ax.  1.) 
Wherefore  from  the  given  circle  ABC,  the  segment  BAC  is  cut  ofG 
containing  an  angle  equal  to  the  given  angle  D,    q.e.f. 


PROPOSITION  XXXV.     THEOREM. 

If  two  straight  lines  cut  one  another  within  a  circle^  the  rectangle  con^ 
tained  hy  the  segments  of  one  of  them,  is  equal  to  the  rectangle  contained 
by  the  segments  of  the  other. 

Let  the  two  straight  lines  AC,  BD,  cut  one  another  in  the  point  E^ 
within  the  circle  ABGD, 

Then  the  rectangle  contained  by  AE,  EC  shall  be  equal  to  the  rect^ 
angle  contained  by  BE,  ED, 
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If  ACy  BD  pass  each  of  tbem  through  the  centre,  so  that  E  is  the 
centre. 

It  is  evident  that  since  AE,  EC,  BE,  ED,  being  all  equal,    (i.  def.  15.) 
therefore  the  rectangle  AE,  EC,  is  equal  to  the  rectangle  BE,  ED. 

But  let  one  of  them  BD  pass  through  the  centre,  and  cut  the  other 
AC,  which  does  not  pass  through  the  centre,  at  right  angles,  in  the 
point  £. 
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Then,  if  BD  be  bisected  in  F, 
F  is  the  centre  of  the  circle  A  BCD : 

join  AF. 
And  because  BD  which  passes  through  the  centre,  cuts  the  straight 
line  AC,  which  does  not  pass  through  the  centre,  at  right  angles  in  jE, 

therefore  AE  is  equal  to  EC:     (in.  3?) 
and  because  the  straight  line  BD  is  cut  into  two  equal  parts  in  the 

point  F,  and  into  two  unequal  parts  in  the  point  E, 
therefore  the  rectangle  BE,  ED,  together  with  the  square  of  EF, 
is  equal  to  the  square  of  FB ;     (ii.  5.) 

that  is,  to  the  square  of  FA  : 
but  the  squares  of  AE,  EF,  are  equal  to  the  square  of  FA ;     (i.  47.) 
therefore  the  rectangle  BE,  ED,  together  with  the  square  of  EF, 
is  equal  to  the  squares  of  AE,  EF:     (ax.  1.) 

take  away  the  common  square  of  EF, 
and  the  remaining  rectangle  BE,  ED  is  equal  to  the  remaining 
square  of  AE;     (ax.  3.) 

that  is,  to  the  rectangle  AE,  EC. 
Next,  let  BD,  which  passes  through  the  centre,  cut  the  other  AC^ 
'vhich  does  not  pass  through  the  centre,  in  E,  but  not  at  right  angles. 


Then^  as  before,  if  BD  be  bisected  in  F, 

F  is  the  centre  of  the  circle. 

Join  AF,  and  from  F  draw  FG  perpendicular  to  AC ;     (i.  12.) 

therefore  AG  is  equal  to  GC;     (iii.  3.) 
wherefore  the  rectangle  AE,  EC,  together  with  the  square  of  EG, 
is  equal  to  the  square  of  AG:     (ii.  5.) 

to  each  of  these  equals  add  the  square  of  GF ; 
therefore  the  rectangle  AE,  EC,  together  with  the  squares  of  EG, 
GF,  is  equal  to  the  squares  of  ^G,  GF;     (ax.  2.) 
bat  the  squares  of  EG,  GF,  are  equal  to  the  square  of  EF ;    (i.  47.) 
and  the  squares  of  AG,  GF  are  equal  to  the  square  of  AF : 
therefore  the  rectangle  AE,  EC.  together  with  the  square  of  EF, 
is  equal  to  the  square  of  AF ; 

that  is,  to  the  square  of  FB : 
but  the  square  of  FB  is  equal  to  the  rectangle  BE,  ED,  together 
with  the  square  of  EF ;     (ii.  5.) 
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therefore  the  rectangle  AE,  EC,  together  with  the  square 
EFy  is  equal  to  the  rectangle  BE<,  ED,  together  with  the  square 
EF;     (ax.  1.) 

take  away  the  common  square  of  EF, 
and  the  remaining  rectangle  AE,  EC,  is  thereifore  equal  to 
remaining  rectangle  BE,  ED,     (ax.  3.) 
Lastly^  let  neither  of  the  straight  lines  AC,  BD  pass  through  the  cent 


Take  the  centre  F,    (iii.  1.^ 
and  through  j^  the  intersection  of  the  straignt  lines  AC,  DB, 

draw  the  diameter  GEFH. 
And  because  the  rectangle  AE,  EC,  is  equal  as  has  been  shown 
the  rectangle  GE,  EH; 

and  for  the  same  reason^  the  rectangle  BE,  ED  is  equal  to  t 
same  rectangle  GE,  EH; 
therefore  the  rectangle  AE,  EC  is  equal  to  the  rectangle  BE,  ED.  (ax. 

Wherefore  if  two  straight  lines^  &c.     q.e.d. 


PROPOSITION  XXXVI.    THEOREM. 

If  from  any^  point  without  a  circle  two  straight  lines  he  drawn,  one 
which  cuts  the  circle,  and  the  other  touches  it ;  the  rectangle  contained 
the  wliole  line  which  cuts  the  circle,  and  the  part  of  it  without  the  aire 
shall  be  equal  to  the  square  of  the  line  which  touches  it. 

Let  D  be  any  point  without  the  circle  ABC, 

and  let  DCA,  DB  be  two  straight  lines  drawn  from  it, 

of  which  DCA  cuts  the  circle,  and  DB  touches  the  same. 

Then  the  rectangle  AD,  DC  shall  be  equal  to  the  square  of  DB, 

Either  DCA  passes  through  the  centre,  or  it  does  not : 

first,  let  it  pass  through  the  centre  E. 


Join  EB, 
therefore  the  angle  EBD  is  a  right  angle,     (iii.  18.) 
And  because  the  straight  line  ^C  is  bisected  in  E,  and  produced 

the  point  D, 
therefore  the  rectangle  AD,  DC,  together  with  the  square  of  E 
is  equal  to  the  square  of  ED :     (ii.  (5.) 

but  CE  is  equal  to  EB; 
therefore  the  rectangle  AD,  DC,  together  with  the  square  of  E 
is  equal  to  the  square  of  ED : 
but  the  square  of  ED  is  equal  to  the  squares  of  EB,  BD,    (i.  47-) 
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because  JEJBD  is  a  right  angle : 
therefore  the  rectangle  JD,  DC,  together  with  the  square  of  £B, 
is  equal  to  the  squares  o£  £JB,  BD :     (ax.  1.) 
take  away  the  common  square  of  JEJB ; 
therefore  the  remaining  rectangle  JD,  DC  is  equal  to  the  square 

of  the  tangent,  DB,     (ax.  3.) 
But  if  DC  J  does  not  pass  through  the  centre  of  the  circle  ABC. 
Take  £/  the  centre  of  the  circle,    (iii.  1.) 


draw  EF  perpendicular  to  AC,  (i.  12.)  and  join  JEB,  EC,  ED. 
And  because  the  straight  line  EF,  which  passes  through  the  centre, 
cuts  the  straight  line  AC,  which  does  not  pass  through  the  centre,  at 
right  angles. 

Therefore  EF  also  bisects  AC ;    (in.  3.) 
therefore  AF  is  equal  to  FCi 
and  because  the  straight  line  JC  is  bisected  in  F,  and  produced  to  D, 
the  rectangle  AD,  DC,  together  with  the  square  of  FC  is  equal  to 
the  square  of  FD :     (ii.  6.) 

to  each  of  these  equals  add  the  square  of  FE; 
therefore  the  rectangle  AU,  DC,  together  with  the  squares  of  CF, 
FE  is  equal  to  the  squares  of  DF,  FE:     (ax.  2.) 
but  the  square  of  ED  is  equal  to  the  squares  of  DF,  FE,    (i.  47.) 

because  EFD  is  a  right  angle ; 
and  for  the  same  reason, 
the  square  of  EC  is  equal  to  the  squares  of  CF,  FE ; 
therefore  the  rectangle  AD,  DC,  together  with  the  square  of  EC, 
is  equal  to  the  square  of  ED :     (ax.  1.) 

but  CE  is  equal  to  EB; 
therefore  the  rectangle  AD,  DC,  together  with  the  square  of  EB, 
is  equal  to  the  square  of  ED : 
hut  the  squares  of  EB,  BD  are  equal  to  the  square  of  ED,    (i.  47.) 

because  EBD  is  a  right  angle : 
therefore  the  rectangle  AD,  DC,  together  with  the  square  of  EB, 
is  equal  to  the  squares  of  EB,  BD ; 

take  away  the  common  square  of  EB ; 
therefore  the  remaining  rectangle  AD,  DC  is  equal  to  the  square 
of  DB.     (ax.  3.) 

Wherefore,  if  from  any  point,  &c.    q.e.d. 
Cor.    If  from  any  point  without  a  circle,  there  be  drawn  two 
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straight  lines  cutting  ii>  as  AB,  AC,  the  rectangles  contained  by  the 
whole  lines  and  the  parts  of  them  without  the  circle^  are  equal  to  one 
another,  viz.  the  rectangle  BA,  AE,  to  the  rectangle  CA,  AF:  for  each 
of  them  is  equal  to  the  square  of  the  straight  line  AD,  which  touches 
Che  circle. 


PROPOSITION  XXXVII.      THEOREM. 

If  from  a  point  without  a  circle  there  be  drawn  two  straight  lines,  one 
of  which  cuts  the  circle,  and  the  other  meets  it ;  if  the  rectangle  contained 
by  the  whole  line  which  cuts  the  circle,  and  the  part  of  it  without  the  circle, 
be  equal  to  the  square  of  the  line  which  meets  it,  the  line  which  meets 
shall  touch  the  circle. 

Let  any  point  D  be  taken  without  the  circle  ABC, 
and  from  it  let  two  straight  lines  DC  A  and  DB  be  drawn^  of  which 

DC  A  cuts  the  circle,  and  DB  meets  it. 
If  the  rectanp^le  AD,DC  be  equal  to  the  square  of  DB ;  then  DB 
shall  touch  the  circle. 


Draw  the  straight  line  DE,  touching  the  circle  ABC,  in  the  point 

B;    (III.  17.) 

find  F,  the  centre  of  the  circle,     (iii.  1.) 

and  join  FE,  FB,  FD. 

Then  FED  is  a  right  angle :     (in.  18.) 

and  because  DE  touches  the  circle  ABC,  and  DC  A  cuts  it, 

therefore  the  rectangle  AD,  DC  is  equal  to  the  square  of  DE:  (iii.36.) 

but  the  rectangle  AD,  DC  is,  by  hypothesis,  equal  to  the  square  of  Di^i 

therefore  the  square  of  DE  is  equal  to  the  square  of  DB ;     (ax.  1.) 

and  the  straight  line  DE  equal  to  the  straight  line  DB : 

and  FE  is  equal  to  FB;     (i.  def.  15.) 

wherefore  DE,  EF  are  equal  to  DB,  BF,  each  to  each ; 

and  the  base  FD  is  common  to  the  two  triangles  DEF,  DBF; 

therefore  the  angle  DEF  is  equal  to  the  angLe  DBF :     (i.  8.) 

but  DEF  was  shewn  to  be  a  right  angle ; 

therefore  also  DBF  is  a  right  angle  :     (ax.  1.) 

and  BF,  if  produced,  is  a  diameter ; 

and  the  straight  line  which  is  drawn  at  right  angles  to  a  diamete; 

from  the  extremity  of  it,  touches  the  circle;     (in.  I6.  Cor.) 

therefore  DB  touches  the  circle  AbC, 

Wherefore,  if  from  a  point,  &c.     q.e.d. 


NOTES   TO   BOOK  III. 


I 

I 


In  the  third  Book  of  the  Elements  are  demonstrated  the  pvoperties  of  the  circle^ 
assuming  all  the  properties  of  figures  demonstrated  in  the  first  and  second  books. 

A  new  conception  is  introduced  in  the  thud  hook,  namely,  that  of  HmilarUy,  and 
applied  to  the  proof  of  properties  connected  with  shnilar  segments  of  circles. 

It  may  be  worthy  of  remark,  that  the  word  circle  will  be  found  sometimes  taken 
to  mean  the  turjhce  included  within  the  circumference,  and  sometimes  the  circumfirence 
itself,  A  circle  is  said  to  be  given  in  position  when  the  position  of  its  centre  is  known, 
and  in  magnitude  when  its  radius  is  known. 

Def.  I  states  the  criterion  of  equal  circles.  Simson  calls  it  a  theorem ;  and  Euclid 
leems  to  have  considered  it  as  one  of  those  theoiems,  or  definitions  involving  an  axiom, 
which  might  be  admitted  as  a  basis  for  reasoning  on  the  equality  of  circles. 

Def.  Ti,  X.  An  arc  of  a  circle  is  any  portion  of  the  circumference ;  and  a  diord 
is  the  straight  line  joining  the  extremities  of  an  arc  Every  chord  except  a  diameter 
divides  a  circle  into  two  unequal  segments,  one  greater  than,  and  the  other  less  than 
a  semicircle.  And  in  the  same  manner,  two  radii  drawn  from  the  centre  to  the  cir- 
cumference, divide  the  circle  into  two  unequal  sectors,  which  become  equal  when  the 
two  radii  are  in  the  same  straight  line.  A  quadrant  is  a  sector  whose  radii  are  per- 
pendicular to  one  another,  and  contains  a  fourth  part  of  the  circle. 

Prop.  I.  If  the  point  G  be  in  the  diameter  CM,  but  not  coinciding  with  the  point 
F,  the  demonstration  given  in  the  text  does  not  hold  good.  At  the  same  time,  it  is 
obvious  that  G  cannot  be  the  centre  of  the  circle,  because  GC  is  not  equal  to  GE. 

Prop.  II.    In  this  proposition,  the  circumference  of  a  circle  is  proved  to  be  essen- 
tially difiTerent  from  a  straight  line,  by  shewing  that  every  straight  line  joining  any 
two  points   in   the  arc  falls  entirely  within  the  circle,  and  can  neither  coincide  with 
any  part  of  the  circumference,  nor  meet  it  except  in  the  two  assumed  points.    From 
which  follows  the  corollary,  that,   "a  straight  line  cannot  cut  the  circumference  of  a 
aide  in  more  points  than  two." 

Commandine*s  direct  demonstration  of  Prop,  ii  depends  on  the  following  axiom, 
"If  a  point  be  taken  nearer  to  the  centre  of  a  circle  than  the  circumference,  that  point 
falls  within  the  circle.'* 

Take  any  point  E  in  AS,  and  join  DA^  DE,  DB. 

Then  because  DA  is  equal  to  DB  in  the  triangle  DAB ; 

therefore  the  angle  DAB  is  equal  to  the  angle  DEB  ;    (v.  1.) 

but  since  the  side  AE  of  the  triangle  DAE  is  produced  to  2>, 

therefore  the  exterior  angle  DEB  is  greater  than  the  interior  and  opposite  angle  DAE ; 

but  the  angle  DAE  is  equal  to  the  angle  DBE, 

therefore  the  angle  DEB  is  greater  than  the  angle  DBE, 

And  in  every  triangle  the  greater  side  is  subtended  by  the  greater  angle ; 

therefore  the  side  DB  is  greater  than  the  side  DE ; 

but  DB  from  the  centre  meets  the  circumference  of  the  circle, 

therefore  DE  does  not  meet  it. 

^^Tierefore  the  point  E  falls  within  the  circle. 

And  E  is  any  point  in  the  straight  line  AB, 

therefore  the  straight  line  AB  falls  within  the  circle. 


J 


108  Euclid's  £leii£NT8. 

Prop.  Tii  and  Prop,  viii  exhibit  the  same  property ;  in  the  fonner,  die  point  is 
taken  in  the  diameter,  and  in  the  Utter^  in  the  diameter  prodaoed* 

Prop.  XI  and  Prop.  xii.  In  the  enundatioos  it  is  not  asserted  that  the  contact  of 
two  circles  is  confined  to  a  single  point.  The  meaning  appears  to  be,  that  supposing 
two  circles  touch  each  other  in  any  point,  the  straight  line  which  joins  their  centres 
being  produced  shall  pass  through  that  point  in  which  the  ctrdes  touch  each  other. 

In  Prop.  XIII,  it  is  proved  that  a  circle  cannot  touch  another  in  more  points  than 
one^  by  assuming  two  points  of  contact,  and  proving  that  this  is  impossible* 

Prop.  XV  and  xvi.    The  converse  of  these  propositions  are  not  proved  by  Eudid. 

Prop.  XVI  may  be  demonstrated  directly  by  assuming  the  following  axiom;  *<If 
a  point  be  taken  further  from  the  centre  of  a  circle  than  the  drcumfevenoey  tluit  point 
falls  without  the  circle.** 

Prop.  XVII.  When  the  given  point  is  without  the  circumference  of  the  given 
drde,  it  is  obvious  that  two  equal  tangents  may  be  drawn  from  the  given  point  to 
touch  the  circle,  as  may  be  seen  from  the  diagram  to  Prop.  viii. 

Circles  are  caUed  concentric  circlet  when  they  have  the  same  centre. 

Prop,  xviii  appears  to  be  nothing  more  than  a  corollary  to  Prop.  xvi.  Because 
a  tangent  to  any  point  of  the  circumference  of  a  drde  is  a  straight  line  at  rig^t  angles 
at  the  extremity  of  the  diameter  which  meets  the  drcumference  in  that  point* 

In  Prop.  XVI,  AE  is  proved  to  be  perpendicular  to  AB^  and  in  Prop.  xviii» 
AB  IB  proved  to  be  perpendicular  to  AE\  which. is  the  same  thing. 

Prop.  XX.  This  proposition  is  proved  by  Euclid  only  in  the  case  in  which  the 
angle  at  the  circumference  is  less  than  a  right  angle,  and  the  demonstration  is  ftee 
from  objection.  If,  however,  the  angle  at  the  circumference  be  a  right  angle,  the  angle 
at  the  centre  disappears  by  the  two  straight  lines  from  the  centre  to  the  extremities 
of  the  arc  becoming  one  straight  line.  And,  if  the  angle  at  the  circumference  be  an 
obtuse  angle,  the  angle  formed  by  the  two  lines  firom  the  centre,  does  not  stand  ao 
the  same  arc,  but  upon  the  are  which  the  assumed  are  wants  of  the  whole  circumference. 

If  Euclid*s  definition  of  an  angle  be  strictly  observed.  Prop,  xx  is  geometricsllj 
true  only  when  the  angle  at  the  centre  is  less  than  a  right  angle.  If,  however,  the 
defect  of  an  angle  from  four  right  angles  may  be  regarded  as  an  angle,  the  proposition 
is  universally  true,  as  may  be  proved  by  drawing  a  line  from  the  angle  in  the  dr- 
cumference through  the  centre,  and  thus  forming  two  angles  at  the  centre  in  £udid*s 
strict  sense  of  the  term. 

In  the  first  case,  it  is  assumed  that,  if  there  be  four  magnitudes,  such  that  the 
first  is  double  of  the  second,  and  the  third  double  of  the  fourth,  then  the  first  sod 
third  together  shall  be  double  of  the  second  and  fourth  together:  also  in  the  second 
case,  that  if  one  magnitude  be  double  of  another,  and  a  part  taken  from  the  first  be 
double  of  a  part  taken  from  the  second,  the  remainder  of  the  first  shall  be  double  the 
remainder  of  the  second,  which  is,  in  fact,  a  particular  case  of  Prop.  6,  Book  v. 

Prop.  XXI.  Hence,  the  locus  of  the  vertices  of  all  triangles  upon  the  same  base, 
and  which  have  the  same  vertical  angle,  is  a  circular  arc 

Prop.  XXXI  suggests  a  method  of  drawing  a  line  at  right  angles  to  another  when 
the  given  point  is  at  the  extremity  of  the  given  line. 

Prop.  XXXV.  It  is  possible  to  prove  the  most  general  case  of  this  proposition,  and 
from  it  to  deduce  the  other  cases.     The  converse  of  Prop,  xxxv  is  not  proved  by  Euclid. 

The  properties  of  the  circle  demonstrated  in  the  third  book  may  be  divided  under 
three  heads.  1.  Those  which  relate  to  the  centre.  2.  To  similar  segments.  3.  To 
the  equal  rectangles  contained  by  the  segments  of  the  lines  which  intersect  each  other 
within  and  without  the  cirde. 


BOOK    IV. 


DEFINITIONS. 

I. 

A  RECTILINEAL  figure  is  said  to  be  inscribed  in  another  rectilineal 
figure,  when  all  the  angles  of  the  inscribed  figure  are  upon  the  sides  of 
the  figure  in  which  it  is  inscribed,  each  upon  each. 


II. 

In  like  manner,  a  figure  is  said  to  be  described  about  another  figure, 
when  all  the  sides  of  the  circumscribed  figure  pass  through  the  angular 
points  of  the  figure  about  which  it  is  described,  each  through  each. 

III. 

A  rectilineal  figure  is  said  to  be  inscribed  in  a  circle,  when  all  the 
angles  of  the  inscribed  figure  are  upon  the  circumference  of  the  circle. 


-  i 


A  rectilineal  figure  is  said  to  be  described  about  a  circle,  when  each 
side  of  the  circumscribed  figure  touches  the  circumference  of  the  circle. 


V. 

In  like  manner,  a  circle  is  said  to  be  inscribed  in  a  rectilineal  figure, 
"when  the  circumference  of  the  circle  touches  each  side  of  the  figure. 

VI. 

A  circle  is  said  to  be  described  about  a  rectilineal  figure,  when  the 
circumference  of  the  circle  passes  through  all  the  angular  points  of  the 
%ure  about  which  it  is  described. 


VII. 

A  straight  line  is  said  to  be  placed  in  a  circle,  when  the  extremities 
of  it  are  in  the  circumference  of  the  circle. 
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PROPOSITION  I.      PROBLEM. 


In  a  given  circle  to  place  a  straight  line,  equal  to  a  given  stray 
line  which  is  not  greater  than  the  diameter  of  the  circle. 

Let  ABC  be  the  given  circle,  and  D  the  given  straight  line^  : 
greater  than  the  diameter  of  the  circle. 

It  is  required  to  place  in  the  circle  ABC  a  straight  line  eqaal  to  j 


Draw  EC  the  diameter  of  the  circle  ABC. 

Then,  if  BC  is  equal  to  D,  the  thin^  required  is  done ; 

for  in  the  circle  ABC  a  straight  line  BC  is  placed  eqttal  to  2). 

But,  if  it  is  not,  BC  is  greater  than  Z) ;     (hyp.) 

make  CE  equal  to  D,     (i.  3.) 

and  from  the  centre  C,  at  the  distance  CE,  describe  the  circle  AE 

and  join  CA. 

Then  CA  shall  be  equal  to  D, 

Because  C  is  the  centre  of  the  circle  AEF, 

therefore  CA  is  equal  to  CE :     (i.  def.  15.) 

but  CE  is  equal  to  D  ;  (constr.) 

therefore  D  is  equal  to  C^.     (ax.  1.) 

Wherefore  in  the  circle  ABC,  a  straight  line  CA  is  placed  equal 

the  given  straight  line  D,  which  is  not  greater  than  the  diameter  of 

circle,    q.e.f. 


PROPOSITION  IL    PROBLEM. 

In  a  given  circle  to  inscribe  a  triangle  equiangular  to  a  given  trian^ 

Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle. 
It  is  required  to  inscribe  in  the  circle  ABC  a  triangle  equiangi 
to  the  triangle  DEF. 

G' 


1) 


E 


Draw  the  straight  line  GAH  touching  the  circle  in  the  point  A,    (ill. 

and  at  the  point  A,  in  the  straight  line  AH, 

make  the  angle  HAC  equal  to  the  angle  DEF;     (i.  23.) 

and  at  the  point  A,  in  the  straight  line  AG, 

make  the  angle  GAB  equal  to  the  angle  DFE ; 

and  join  BC :  then  ABC  shall  be  the  triangle  required. 

Because  HAG  touches  the  circle  ABC^ 

and  AC  18  drawn  from  the  point  of  contact. 
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therefore  the  angle  HAC  is  equal  to  the  angle  ABC  in  the  alternate 
segment  of  the  circle  :     (iii.  32.) 

but  HAC  is  equal  to  the  angle  DEF;     (constr.) 
therefore  also  the  angle  ABC  is  equal  to  DEF:    (ax.  1,) 
for  the  same  reason,  the  angle  ABC  is  equal  to  the  angle  DFE : 
therefore  the  remaining  angle  BAC  is  equal  to  the  remaining  angle 

EDF:     (i.  32  and  ax.  1.) 
wherefore  the  triangle  ABC  is  equiangular  to  the  triangle  DEF, 
and  it  is  inscribed  in  the  circle  ABC,    q.e.f. 


PROPOSITION  III.     PROBLEM. 


About  a  given  circle  to  describe  a  triangle  equiangular  to  a  given  triangle. 

Let  ABC  be  the  given  circle,  and  DEF  the  given  triangle. 
It  is  required  to  describe  a  triangle  about  the  circle  ABC  equi- 
angular to  the  triangle  DEF, 


M       B 


Produce  EF  both  ways  to  the  points.  G,  H  ; 
find  the  centre  K  of  the  cirde  ABC,    (iii.  1 .) 
and  from  it  draw  any  straight  Knc  aB  ; 
at  the  point  K  in  the  straight  line  KB, 
make  the  angle  BKA  equal  to  the  angle  DEG,    (i.  23.) 
and  the  angle  BKC  equal  to  the  angle  DFH ; 
and  through  the  points  A,  B,  C,  draw  the  straight  lines  LAM, 
MBN,  NCL,  touching  the  circle  ABC.    (iii.  17.) 
Then  LMN  shall  be  the  triangle  required. 
Because  LM,  MN^  NL  toudi  the  circle  ABC  in  the  points  A,  B,  C, 
to  which  from  the  centre  are  drawn  KA,  KB,  KC, 
Aerefbre  the  angles  at  tlie  points  A,  B,  C  are  right  angles:    (in.  18.) 
and  because  the  four  angles  of  the  quadrilateral  figure  AMBK  are 
equal  to  four  right  angles, 

for  it  can  be  divided  into  two  triangles ; 
and  that  two  of  them  KAM,  KBM  are  right  angles^ 
therefore  the  other  two  AKB,  AMB  are  equal  to  two  right  angles : 

(ax.  3.) 
but  the  angles  DEG,  DEF  are  likewise  equal  to  two  right  angles; 

(i.  13.) 
therefore  the  angles  AKB,  AMB  are  equal  to  the  angles  DEG, 
DEF;    (ax.  1.) 

of  which  AKB  is  equal  to  DEG ;     (constr.) 
wherefore  the  remaining  angle  AMB  is  equal  to  the  remaining 

angle  DEF.     (ax.  3.) 
In  like  manner^  the  angle  LNM  may  be  demonstrated  to  be  equal 
toDF£;  ^ 
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and  therefore  the  remaining  angle  MLN  is  equal  to  the  remaining 
angle  EDFi     (i.  32  and  ax.  3.) 
therefore  the  triangle  LMN  is  equiangular  to  the  triangle  DEF: 
and  it  is  described  about  the  circle  ABC,    q.b.f. 


PROPOSITION  IV.    PROBLEM. 

To  inscribe  a  circle  in  a  given  triangle. 

Let  the  given  triangle  be  ABC, 
It  is  required  to  inscribe  a  circle  in  ABC, 


Bisect  the  angles  ABCy  BCA  by  the  straight  lines  BD,  CD  meeting 
one  another  in  the  point  i>,     (i.  9«) 

from  which  draw  2)JB,  BF,  DG  perpendiculars  to  AB,  BC,  CA.  (i.  12.) 
And  because  liie  angle  EBD  is  equal  to  the  angle  FBD, 
for  the  angle  ABC  is  bisected  by  BD, 
and  that  the  right  angle  BED  is  equal  to  the  right  angle  BFD ;  (ax.  11.) 
therefore  me  two  triangles  EBD,  FBD  have  two  angles  of  the  one 

equal  to  two  angles  of  the  other>  each  to  each ; 
and  the  side  BD,  which  is  opposite  to  one  of  die  equal  angles  in 
each^  is  common  to  both ; 

therefore  their  other  sides  are  equal ;    (i.  26.) 

wherefore  DE  is  equal  to  DF: 

for  the  same  reason,  DG  is  equal  to  DF: 

therefore  DE  is  equal  to  DG:     (ax.  1.) 

therefore  the  three  straight  lines  DE,  DF,  DG  are  equal  to  one  another; 

and  the  circle  described  from  the  center  D,  at  the  distance  of  any  of 

them,  will  pass  through  the  extremities  of  the  other  two^  and  touch  the 

straight  lines  AB,  BC,  CA, 

because  the  angles  at  the  points  E,  F,  G  are  right  angles, 
and  the  straight  line  which  is  drawn  from  the  extremity  of  a  dia- 
meter at  right  angles  to  it,  touches  the  circle:     (iii.  l6,) 
therefore  the  straight  lines  AB,  BC,  CA  do  each  of  them  touch  the  circle, 
and  therefore  the  circle  EFG  is  inscribed  in  the  triangle  ABC.    q.e.f. 


PROPOSITION  V.    PROBLEM. 

To  describe  a  circle  about  a  given  triangle. 

Let  the  given  triangle  be  ABC. 
It  is  required  to  describe  a  circle  about  ABC, 
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Bisect  AB,  AC  in  the  points  A  E,    (i.  10.) 
and  from  these  points  draw  DF,  EF  at  right  angles  to  AB,  AC;  (i*  11.) 

DFy  EF  produced  meet  one  another : 
for^  if  they  do  not  meet>  they  are  parallel, 
wherefore  AB,  AC,  which  are  at  right  angles  to  them,  are  parallel; 
which  is  absurd : 

let  them  meet  in  F,  and  join  FA ; 
also,  if  the  point  F  be  not  in  BC,  join  BF,  CF. 
Then,  because  AD  is  equal  to  DB,  and  DF  common,  and  at  right 
angles  to  AB, 

therefore  the  base  AF  is  equal  to  the  base  FB.     (i.  4.) 

In  like  manner,  it  may  be  shewn  that  CF  is  equal  to  FA  ; 

and  therefore  BF  is  equal  to  FC;     (ax.  1.) 

and  FA,  FB,  FC  are  equal  to  one  another : 

wherefore  the  circle  described   from  the  centre  F,  at  the  distance 

of  one  of  them,  will  pass  through  the  extremities  of  the  other  two,  and 

be  described  about  the  triangle  ABC,    q.e.f. 

Cor. — And  it  is  manifest,  that  when  the  centre  of  the  circle  falls 
within  the  triangle,  each  of  its  angles  is  less  than  a  right  angle,  (iii.  31.) 
each  of  them  being  in  a  segment  greater  than  a  semicircle ;  but,  when 
the  centre  is  in  one  of  the  sides  of  the  triangle,  the  angle  opposite  to 
this  side,  being  in  a  semicircle,  (iii.  31.)  is  a  right  angle;  and,  if  the 
centre  falls  without  the  triangle,  the  angle  opposite  to  the  side  beyond 
which  it  is,  being  in  a  segment  less  than  a  semicircle,  (iii.  31.)  is  greater 
than  a  right  angle :  therefore,  conversely,  if  the  given  triangle  be  acute- 
angled,  the  centre  of  the  circle  falls  within  it ;  if  it  be  a  right-angled 
triangle,  the  centre  is  in  the  side  opposite  to  the  right  angle;  and  if  it 
be  an  obtuse-angled  triangle,  the  centre  falls  without  the  triangle,  be- 
yond the  side  opposite  to  the  obtuse  angle. 


PROPOSITION  VI.    PROBLEM. 

To  inscribe  a  square  in  a  given  circle. 

Let  ABCD  be  the  given  circle. 
It  is  required  to  inscribe  a  square  in  ABCD, 


c 

I  Draw  the  diameters,  AC,  BD,  at  right  angles   to  one  another, 

\       ("I.  1  and  I.  11.) 

and  join  AB,  BC,  CD,  DA. 
The  figure  ABCD  shall  be  the  square  required. 

8 


1 
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Because  BE  is  equal  to  ED,  for  E  is  the  centre,  and  that  EA  is 
common^  and  at  right  angles  to  BD ; 

the  base  BA  is  equal  to  the  base  AD :     (i.  4.) 

and,  for  the  same  reason,  BC,  CD  are  each  of  them  equal  to  BA,  or  AD; 

therefore  the  quadrilateral  figure  A  BCD  is  equilateral. 

It  is  also  rectangular ; 
for  the  straight  line  BD  being  the  diameter  of  the  circle  ABCD, 

BAD  is  a  semicircle ; 
wherefore  the  angle  BAD  is  a  right  angle :     (iii.  31.) 
ifor  the  same  reason,  each  of  the  angles  ABC,  BCD,  CD  A  is  a  right 
angle: 

therefore  the  quadrilateral  figure  ABCD  is  rectangular : 

and  it  nas  been  shewn  to  be  equilateral ; 

therefore  it  is  a  square  ;     (i.  def.  SO.) 

and  it  is  inscribed  in  the  circle  ABCD.    q.b.  f. 


PROPOSITION  VII.    PROBLEM. 

To  describe  a  square  about  a  given  circle. 

Let  ABCD  be  the  given  circle. 
It  is  required  to  describe  a  square  about  it. 

G       A       F 


B 


k\2 


D 


C       K 

Draw  two  diameters  AC,  BD  of  the  circle  ABCD,  at  Hght  angles 
to  one  another, 

and  through  the  points  A,  B,  C,  D,  draw  FG,  GH,  HK,  KF 
touching  the  circle,     (iii.  17.) 

The  figure  GHKF  shall  be  the  square  required. 
Because  FG  touches  the  circle  ABCD,  and  EA  is  drawn  from  the 
centre  E  to  the  point  of  contact  A, 

therefore  the  angles  at  A  are  right  angles:     (iii.  18.) 

for  the  same  reason,  the  angles  at  the  points  B,  C,  D  are  right  angles: 

and  because  the  angle  AEB  is  a  right  angle,  as  likewise  is  EBG, 

therefore  GH  is  parallel  to  AC :     (i.  28.) 

for  the  same  reason  ^C  is  parallel  to  FK: 

and  in  like  manner  GF,  HK  may  each  of  them  be  demonstrated 

to  be  parallel  to  BED : 
therefore  the  figures  GK,  GC,  AK,  FB,  BK  are  parallelograms; 
and  therefore  GF  is  equal  to  HK,  and  GH  to  FK:     (i.  34.) 
and  because  ^C  is  equal  to  BD,  and  that  ^C  is  equal  to  each  o^ 
the  two  GH,  FK; 

and  BD  to  each  of  the  two  GF,  HK; 

GH,  FK  are  each  of  them  equal  to  GF,  or  HKi 

therefore  the  quadrilateral  figure  FGHK  is  equilateral. 

It  is  also  rectangular ; 

for  GBEA  being  a  parallelogram,  and  AEB  a  right  angle, 

therefore  AGB  is  likewise  a  right  angle:     (i.  34.) 
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and  in  the  same  manner  it  may  be  shewn  that  the  angles  at  H^  K, 
F  are  right  angles: 

therefore  the  quadrilateral  figure  FGHK  is  rectangular: 

and  it  was  demonstrated  to  be  equilateral ; 

therefore  it  is  a  square ;     (i.  oef.  30.) 

and  it  is  described  about  the  circle  ABCD,    q.e.f. 


PROPOSITION  VIII.     PROBLEM.^ 

To  inscribe  a  circle  in  a  given  square. 

Let  ABCD  be  the  given  square. 
It  is  required  to  inscribe  a  circle  in  ABCD. 


Bisect  each  of  the  sides  AB,  AD  in  the  points  JP,  E,    (i.  10.) 
and  through  E  draw  EH  parallel  to  AB  or  DC,     (i.  31.) 
and  through  F  draw  FK  parallel  to  AD  or  BLi 
therefore  each  of  the  figures  AK,  KB,  AH,  HD,  AG,  GC,  BG,  GD 
is  a  right-angled  parallelogram ; 

and  their  opposite  sides  are  equal:     (i.  34.) 
and  because  AD  is  equal  to  AB^  (i.  def.  30.)  and  that  AE  is  the 
half  of  AD,  and  AF  the  half  of  AB, 

therefore  AE  is  equal  to  AF;    (ax.  7.) 
wherefore  the  sides  opposite  to  these  are  equal,  viz.  FG  to  GE: 
in  the  same  manner  it  may  be  demonstrated  that  GH,  GK  are  each 

of  them  equal  to  i^G  or  GEi 
therefore  the  four  straight  lines  GE,  GF,  GH,  GK  are  equal  to 

one  another ; 
aad  the  circle  described  from  the  centre  G  at  the  distance  of  one  of 
them,  will  pass  through  the  extremities  of  the  other  three,  and  touch 
the  straight  lines  AB,  BC,  CD,  DA ; 

because  the  angles  at  the  points  E,  F,  H,  JT,  are  right  angles,    (i.  29.) 
and  that  the  straight  line  which  is  drawn  from  the  extremity  of  a 
diameter,  at  right  angles  to  it,  touches  the  circle :    (iii.  l6.  Cor.) 
therefore  each  of  the  straight  lines  AB,  BC,  CD,  DA  touches  the  circle^ 
which  therefore  is  inscribed  in  ihe  square  ABCD.    q.e.f. 


PROPOSITION  IX.     PROBLEM. 

To  describe  a  circle  about  a  given  square. 

Let  ABCD  be  the  given  square. 
It  is  required  to  describe  a  circle  about  ABCD, 
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^    Join  ACy  BD,  cutting  one  another  in  £ : 
and  because  DA  is  equal  to  AB,  and  AC  common  to  the  triangles 
DACBAC,    (i.def.30.) 
the  two  sides  DA,  AC  are  equal  to  the  two  BA,  AC,  each  to  each ; 
and  the  base  Du  is  equal  to  the  base  BC; 
wherefore  the  angle  DAC  is  equal  to  the  angle  BAC,    (i.  8.) 

and  the  angle  DAB  is  bisected  by  the  straight  line  AC: 

in  the  same  manner  it  may  be  demonstrated  that  the  angles  ABC, 

BCD,  CD  A  are  severally  bisected  by  the  straight  lines  BD,  AC: 

therefore^  because  the  angle  DAB  is  equal  to  the  angle  ABC,  (i.  def.  SO.) 

and  that  the  angle  EAB  is  the  half  of  DAB,  and  EBA  the  half  of  ABC; 

therefore  the  angle  EAB  is  equal  to  the  angle  EBA ;    (ax.  7.) 

wherefore  the  side  EA  is  equal  to  the  side  EB :    (i.  6.) 
in  the  same  manner  it  may  be  demonstrated,  that  the  straight  lines 

EC,  ED  are  each  of  them  equal  to  EA  or  EB: 
therefore  the  four  straight  lines  EA,  EB,  EC,  ED  are  equal  to 
one  another; 
and  the  circle  described  from  the  centre  E,  at  the  distance  of  one  of 
them^  will  pass  through  the  extremities  of  the  other  three^  and  be 
described  about  the  square  ABCD.    q.e.f. 


PROPOSITION  X.    PROBLEM. 

To  describe  an  isosceles  triangle,  having  each  of  the  angles  at  the  base 
double  of  the  third  angle. 

Take  any  straight  line  AB,  and  divide  it  in  the  point  C,    (11.  11.) 

so  that  the  rectangle  AB,  BC  may  be  equal  to  the  square  of  CA ; 

and  from  the  centre  A,  at  the  distance  AB,  describe  the  circle  BDE, 

in  which  place  the  straight  line  BD  equal  to  AC,  which  is  not 

greater  than  the  diameter  of  the  circle  BDE;    (iv.  1.) 

and  join  DA, 
Then  the  triangle  ABD  shall  be  such  as  is  required^ 
that  is,  each  of  the  angles  ABD,  ADB  shall  be  double  of  the  angle  BAD. 


Join  DC,  and  about  the  triangle  ADC  describe  the  circle  ACD.   (iv.  5.) 

And  because  the  rectangle  AB,  BC  is  equal  to  the  square  of  AC, 

and  that  AC  is  equal  to  BD,    (constr.) 

the  rectangle  AB,  BC  is  equal  to  the  sauare  of  BD :     (ax.  1.) 

and  because  from  the  point  o,  without  the  circle  A  CD,  two  straight 

lines  BCA,  BD  are  drawn  to  the  circumference,  one  of  which  cuts,  and 

the  other  meets  the  circle,  and  that  the  rectangle  AB,  BC,  contained  b^ 

the  whole  of  the  cutting  line,  and  the  part  of  it  without  the  circle,  is 

equal  to  the  square  of  BD  which  meets  it; 

therefore  the  straight  line  BD  touches  the  circle  ACD :    (in.  37-) 
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and  because  BD  touches  the  circle^  and  DC  is  dratim  from  the 

point  of  contact  D, 
the  angle  BDC  is  equal  to  the  angle  DAC  in  the  alternate  segment 
of  the  circle :     (iii.  32.) 

to  each  of  these  add  the  angle  CD  A ; 
therefore  the  whole  angle  BDA  is  equal  to  the  two  angles  CDA^ 
DAC:     (ax.  2^ 
but  the  exterior  angle  JBCD  is  equal  to  the  angles  CD  A,  DAC  ;   (i.  32.) 
.therefore  aUso  BDA  is  equal  to  BCD:     (ax.  1.) 
but  BDA  is  equal  to  the  angle  CBD,     (i.  5.) 
because  the  side  AD  is  equal  to  the  side  AB; 
therefore  CBD,  or  DBA,  is  equal  to  BCD ;    (ax.  1.) 
and  consequently  the  three  angles  BDA,  DBA,  BCD  are  equal  to 
one  another : 

and  because  the  angle  DBC  is  equal  to  the  angle  BCD, 

the  side  BD  is  equal  to  the  side  DC :     (i.  6.) 

but  BD  was  made  equal  to  CA  ; 

therefore  also  CA  is  equal  to  CD,    (ax.  1.) 

and  the  angle  CD  A  equal  to  the  angle  DAC ;     (i.  5.) 

therefore  the  angles  CD  A,  DAC  together,  are  double  of  the  ansle  DAC: 

but  BCD. is  equal  to  the  angles  CD  A,  DAC;    (i.  32.) 

therefore  also  BCD  is  double  of  DAC: 

and  BCD  was  proved  to  be  equal  to  each  of  the  angles  BDA,  DBA ; 

therefore  each  of  the  angles  BDA,  DBA  is  double  of  the  angle  DAB, 

Wherefore  an  isosceles  triangle  ABD  is  described,  having  each  of 
the  angles  at  the  base  double  of  Sie  third  angle,    q.  e.  f. 


PROPOSITION  XI.    PROBLEM. 
To  inscribe  an  equilateral  and  equiangular  pentagon  in  a  given  circle^ 

Let  ABCDE  be  the  given  circle. 
It  is  required  to  inscribe  an  equilateral  and  equiangular  pentagon 
in  the  circle  ABCDE. 


Describe  an  isosceles  triangle  FGH,  having  each  of  the  angles  at  Gy 
■^double  of  the  angle  at  F;    (iv.  10.) 

and  in  the  circle  ABCDE  inscribe  the  triangle  -4  CD  equiangular 
to  the  triangle  FGH,     (iv.  2.) 

so  that  the  angle  CAD  may  be  equal  to  the  angle  at  jF, 
.    and  each  of  the  angles  ACD,  CD  A  equal  to  the  angle  at  G  or  jHT; 
therefore  each  of  the  angles  ACD,  CD  A  is  double  of  the  angle  CAD. 
Bisect  the  angles  ACD,  CD  A  by  the  straight  lines  CE,  DB;    (i.  9.) 

and  join  AB,  BC,  DE,  EA. 
Then  ABCDE  shall  be  the  pentagon  required. 
i  '  Because  each  of  the  angles  ACD,  CD  A  is  double  of  CA  D, 

and  that  they  ar^  bisected  by  the  straight  lines  CE,  DB; 
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therefore  the  five  angles  DAC,  ACE,  ECD,  CDS,  BDA  are  equal 

to  one  another : 
but  equal  angles  stand  upon  equal  drcumferences ;     (iii.  26.) 
therefore  the  five  circumferences  AB,  BC,  CD,  DE,  EA  are  equal 
to  one  another : 
and  equal  circumferences  are  subtended  by  equal  straight  lines;  (iii.  29.) 
therefore  the  five  straight  \ine&  AB,  BC,  CD,  DE,  EA  are  equal  to 
one  another. 

Wherefore  the  pentagon  ABCDE  is  equilateral. 

It  is  also  equiangular : 

for^  because  the  circumference  AB  is  equal  to  the  dreumference  DE, 

if  to  each  be  added  BCD, 

the  whole  ABCD  is  equal  to  the  whole  EDCB :     ^az.  2.) 

but  the  angle  AED  stands  on  the  circumference  ABCD; 

and  the  angle  BAE  on  the  circumference  EDCB ; 

therefore  the  angle  BAE  is  equal  to  the  angle  AED:     (iii.  27*) 

for  the  same  reason^  each  of  the  angles  ABC,  BCD,  CDE  is  equal 

to  the  angle  BAE,  or  AED : 

therefore  the  pentagon  ABCDE  is  equiangular ; 
and  it  has  been  shewn  that  it  is  equilateral: 
wherefore^  in  the  given  circle^  an  equilateral  and  equiangular 
pentagon  has  been  described.    q.e.f. 


PROPOSITION  XIL     PROBLEM. 
To  describe  an  equilateral  and  equiangular  pentagon  about  a  given  circle* 

Let  ABCDE  be  the  given  circle. 
It  is  required  to  describe  an  equilateral  and  equiangular  pentagon 
about  the  circle  ^^CDJB. 


Let  the  angles  of  a  pentagon,  inscribed  in  the  circle,  by  the  last 
proposition,  be  in  the  points  A,  B,  C,  D,  E, 

so  that  the  circumferences  AB,  BC,  CD,  DE,  EA  are  equal;     (iv.  11.) 
.   and  through  the  points  A,  B,  C,  D,  E  draw  GH,  HK,  KL,  LM, 
iHG  touching  the  circle;     (iii.  17.) 
the  figure  GHKLM  shall  be  the  pentagon  required. 
Take  the  centre  F,  and  join  FB,  FK,  FC,  FL,  FD. 
And  because  the  straight  Ime  KL  touches  the  circle  ABCDE  in  the 
point  C,  to  which  FC  is  drawn  from  the  centre  F, 

FC  is  perpendicular  to  KL,     (iii.  18.) 

therefore  each  of  the  angles  at  C  is  a  right  angle : 

for  the  same  reason,  the  angles  at  the  points  B,  2)  are  right  angles  : 

and  because  FCK  is  a  right  angle, 
the  square  of  FK  is  equal  to  the  squares  offC,  CK:    (i.  47.) 
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for  the  same  reason,  the  square  of  FK  is  equal  to  the  squares  of 

FB,  BK: 
therefore  the  squares  of  FC,  CK  are  equal  to  the  squares  of  FB, 
BK;    (ax.  1.) 
of  which  the  square  of  FC  is  equal  to  the  square  of  FB ; 
therefore  the  remaining  square  of  CK  is  equal  to  the  remaining 
square  of  BK,     (ax.  3.) 

and  the  straight  line  CK  equal  to  BK : 
and  because  FB  is  equsd  to  FC,  and  FK  common  to  the  triangles 

BFK,  CFK, 
the  two  BF,  FK  are  equal  to  the  two  CF,  FK,  each  to  each; 

and  the  base  BK  was  proved  equal  to  the  base  KC; 

therefore  the  angle  BFK  is  equal  to  the  angle  KFC,    (i.  8.) 

and  the  angle  BKF  to  FKC:     (i.  4.) 

wherefore  the  angle  BFC  is  double  of  the  angle  KFC, 

and  BKC  double  of  FKC : 
for  the  same  reason^  the  angle  CFD  is  double  of  the  angle  CFL, 

and  CLD  double  of  CLF : 

and  because  the  circumference  BC  is  equal  to  the  circumference  CD, 

the  angle  BFC  is  equal  to  the  angle  CFD ;    (iii.  27-) 

and  BFC  is  double  of  the  angle  KFC, 

and  CFD  double  of  CFL  ; 

therefore  the  angle  KFC  is  equal  to  the  angle  CFL :    (ax.  7.) 

and  the  right  angle  FCK  is  equal  to  the  rieht  angle  FCL ; 
therefore,  in  the  two  triangles  FKC,  FLC,  mere  are  two  angles  of 

the  one  equal  to  two  angles  of  the  other,  each  to  each  ; 
and  the  side  FC,  which  is  i^jacent  to  the  equal  angles  in  each,  is 

common  to  both ; 
therefore  the  other  sides  are  equal  to  the  other  sides,  and  the  third 

angle  to  the  third  angle :     (i.  26.) 
therefore  the  straight  line  KC  is  equal  to  CL,  and  the  angle  FKC 
to  the  angle  FLC : 

and  because  KC  is  equal  to  CL, 
KL  is  double  of  KC. 
In  the  same  manner  it  may  be  shewn  that  HK  is  double  of  BKz 
and  because  BK  is  equal  to  KC,  as  was  demonstrated, 
and  that  KL  is  double  of  KC,  and  HK  double  o£BK, 
therefore  HK  is  equal  to  KL :    (ax.  6.) 
in  like  manner  it  may  be  shewn  that  GH,  GM,  ML  are  each  of 
them  equal  to  HK,  or  KL : 

therefore  the  pentagon  GHKLM  is  equilateral. 

It  is  also  equiangular: 

for,  since  the  angle  FKC  is  equal  to  the  angle  FLC, 

and  that  the  angle  HKL  is  double  of  the  angle  FKC, 

and  KLM  double  of  FLC,  as  was  before  demonstrated; 

therefore  the  angle  HKL  is  equal  to  KLM:     (ax.  6.) 

and  in  like  manner  it  may  be  shewn, 

that  each  of  the  angles  KHG,  HGM,  GML  is  equal  to  the  angle 

HKL  or  KLM: 
therefore  the  five  angles  GHK,  HKL,  KLM,  LMG,  MGH,  being 
equal  to  one  anoQier, 

the  pentagon  GHKLM  is  equiangular : 

and  it  is  equilateral,  as  was  demonstrated  ; 

and  it  is  described  about  the  circle  ABCDE.    q.b.f. 
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PROPOSITION  XIIL    PROBLEU. 

To  aueribe  a  drcte  in  a  given  equiialeral  amd  equiangular  fentagm. 

Let  ABCDE  be  the  given  equilateral  and  equiaiignlar  pentwm. 
It  ia  required  to  inscribe  a  circle  in  the  pentagon  ABCDE. 


Biaect  the  anflea  BCD,  CDE  by  the  straight  linea  CF,  DF,    (i.  9-) 
and  fVom  uie  point  F,  in  which  they  meet,  draw  the  straight  line) 

FB,  FA,  FE: 
therefore  dnce  BC  is  equal  to  CD,  (hyp.)  and  CF  ccmtmon  to  the 
triangle*  BCF,  DCF, 
die  two  silks  BC,  CF  are  equal  to  the  two  DC,  CF,  each  to  each; 
and  the  angle  BCF  is  equal  to  the  angle  DCF ;     (constr.) 
therefore  the  base  BF  ia  equal  to  the  base  FD,     (i.  4.) 
and  the  other  angles  to  the  other  angles,  to  which  the  equal  tidti 
are  opposite; 
therefore  the  angle  CBF  is  equal  to  the  angle  Ci)^: 

and  because  the  angle  CI)E  is  double  of  CDF, 
and  that  CDE  is  equal  to  CBA,  and  CDF  to  CBF; 

CBA  is  also  double  of  the  angle  CBF; 

therefore  the  angle  ABF  is  equal  to  the  angle  CBF; 

wherefore  the  angle  ABC  ia  bisected  by  the  straight  line  BF: 

in  the  same  manner  it  may  be  demonstrated, 

that  the  angles  BAE,  AED,  are  bisected  by  the  straight  lines  AF,  FE. 

From  the  point  F,  draw  FG,  FH,  FK,  FL,  FM  perpeudiculan  » 

the  straight  Lues  AB,  BC,  CD,  DE,  EA  :     (i.  12.) 

and  because  the  angle  HCF  is  equal  to  KCF,  and  the  right  angle 
FHC  equal  to  the  right  angle  FKC; 
'..    .  therefore  in  the  triangles  FHC,  FKC,  there  are  two  angles  of  die 
one  equal  to  two  angles  of  the  other,  each  to  each ; 
and  the  side  FC,  which  is  apposite  to  one  of  the  equal  angles  in 
each,  is  common  to  both; 
therefore  the  other  sides  are  equal,  each  to  each  ;    (i,  S6.) 
wherefore  the  perpendicular  FH  is  equal  to  the  perpeDi£calar  FKi 
in  the  same  manner  it  may  be  demonstrated,  Uiat  FL,  FM,  FG  are 

each  of  them  equal  to  FH,  or  FK: 
therefore  the  five  straight  lines  FG,  FH,  FK,  FL,  FM  are  equal 
to  one  another ; 
wherefore  the  circle  described  from  the  centre  F,  at  the  distance  of 
one  of  these  five,  will  pass  through  the  extremities  of  the  other  four,  and 
touch  the  straight  lines  AB,  BC,  CD,  DE,  EA, 

because  the  angles  at  the  points  G,  H,  K,  L,  M  are  right  angles, 
and  that  a  straight  line  drawn  from  the  extremity  of  the  (Oanieter 
of  a  circle  at  right  angles  to  it,  touches  the  circle:    {iii.  !&} 
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therefore  each  of  the  straight  lines  AB,  BC,  CD,  DE,  EA  touches 
the  circle : 
-wherefore  it  is  inscribed  in  the  pentagon  ABODE.  .  q.e.f. 


PROPOSITION  XIV.    PROBLEM. 

To  describe  a  circle  about  a  given  equilateral  and  equiangular  pentagon. 

Let  ABCDE  be  the  given  equilateral  and  equiangular  pentagon. 
It  is  required  to  describe  a  circle  about  AnCDE. 


Bisect  the  angles  BCD,  CDE  by  the  straight  lines  CF,  FD,    (i.  9.) 
and  from  the  point  F,  in  which  they  meet,  draw  the  straight  lines 

FB,  FA,  FE,  to  the  points  B,  A,  E. 
It  may  be  demonstrated,  in  the  same  manner  as  in  the  preceding 
proposition, 

that  the  angles  CBA,  BAE,  AED  are  bisected  by  the  straight  lines 
FB,  FA,  FE. 

And  because  the  angle  BCD  is  equal  to  the  angle  CDE, 

and  that  FCD  is  the  half  of  the  angle  BCD, 

and  CDF  the  half  of  CDE ; 

therefore  the  angle  FCD  is  equal  to  FDC;     (ax.  7.)  * 

wherefore  the  side  CF  is  equal  to  the  side  FD :     (i.  o.) 

in  like  manner  it  may  be  demonstrated, 
that  FB,  FA,  FE,  are  each  of  them  equal  to  FC  or  FD : 
therefore  the  five  straight  lines  FA,  FB,  FC9  FD,  FE  are  equal  to 

one  another; 
and  the  circle  described  from  the  centre  F,  at  the  distance  of  one  of 
^^,  will  pass  through  the  extremities  of  the  other  four,  and  be  described 
^out  the  equilateral  and  equiangular  pentagon  ABCDE.    q.  e.  f. 


PROPOSITION  XV.    PROBLEM. 
To  inscribe  an  equilateral  and  equiangular  hexagon  in  a  given  circle. 

Let  ABCDEF  be  the  given  circle. 
It  is  required  to  inscribe  an  equilateral  and  equiangular  hexagon  in  it. 

A 

F> 


Find  the  centre  G  of  the  circle  ABCDEF,  and  draw  the  diameter 
^GD;  .  (ill.  L) 
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and  fi^m  D,  as  a  centre^  at  the  distance  DG,  describe  the  circle 
EGCH, 

join  EG,  CG,  and  produce  them  to  the  points  B,  F; 

and  join  AB,  BC,  CD,  BE,  EF,  FA  : 

the  hexagon  ABCDEF  shall  be  equilateral  and  equiangular. 

Because  G  is  the  centre  of  the  circle  ABCDEF, 

GE  is  equal  to  GD : 
and  because  D  is  the  centre  of  the  circle  EGCH, 

DE  is  equal  to  DG: 
wherefore  GE  is  equal  to  ED,    (ax.  1.) 
and  the  triangle  EGD  is  equilateral ; 
and  therefore  its  three  angles  EGD,  GDE,  DEG,  are  equal  to  one 
another :    (i.  5.  Cor.) 
but  the  three  angles  of  a  triangle  are  equal  to  two  right  angles ;  (i.  St) 
therefore  the  angle  EGD  is  the  third  part  of  two  right  angles : 

in  the  same  manner  it  may  be  demonstrated^ 
that  the  angle  DGC  is  also  the  third  part  of  two  right  angles : 
and  because  the  straight  line  GC  makes  with  EB  the  adjacent 

angles  EGC,  CGB  equal  to  two  right  angles ;     (i.  IS.) 
the  remaining  angle  CGB  is  the  third  part  of  two  right  angles  : 
therefore  the  angles  EGD,  DGC,  CGB  are  equal  to  one  another: 
and  to  these  are  equal  the  vertical  opposite  angles  BGA,  AGF, 

FGE :     (i.  15.) 
therefore  the  six  angles  EGD,  DGC,  CGB,  BGA,  AGF,  FGE,  are 
equal  to  one  another : 
but  equal  angles  stand  upon  equal  circumferences;    (iil26.) 
therefore  the  six  circumferences  AB,  BC,  CD,  DJS,  EF,  FA  are 
equal  to  one  another: 
and  equal  circumferences  are  subtended  by  equal  straight  lines :  (iii.  29*) 
therefore  the  six  straight  lines  are  equal  to  one  another^ 
and  the  hexagon  ABCDEF  is  equilateral. 
It  is  also  equiangular : 
for^  since  the  circumference  AF  is  equal  to  ED, 
to  each  of  these  equals  add  the  circumference  ABCD ; 
therefore  the  whole  circumference  FABCD  is  equal  to  the  whole 

EDCBA : 
and  the  angle  FED  stands  upon  the  circumference  FABCD, 
and  the  angle  AFE  upon  EDCBA ; 
therefore  the  angle  aFE  is  equal  to  FED :     (in.  27.) 
in  the  same  manner  it  may  be  demonstrated 
that  the  other  angles  of  the  hexagon  ABCDEF  are  each  of  them 
equal  to  the  angle  AFE  or  FED : 

therefore  the  hexagon  is  equiangular ; 

and  it  is  equilateral,  as  was  shewn ; 

and  it  is  inscribed  in  the  given  circle  ABCDEF.     q.  e.f. 

Cor. — From  this  it  is  manifest,  that  the  side  of  the  hexagon  is  equal 

to  the  straight  line  from  the  centre,  that  is,  to  the  semi-diameter  of  the 

circle. 

And  if  through  the  points  A,  B,  C,  D,  E,  F  there  be  drawn  straight 
lines  touching  the  circle,  an  equilateral  and  equiangular  hexagon  will  be 
described  about  it,  which  may  be  demonstrated  from  what  has  been  said 
of  the  pentagon :  and  likewise  a  circle  may  be  inscribed  in  a  given 
equilateral  and  equiangular  hexagon,  and  circumscribed  about  it,  by  A 
method  like  to  that  used  for  the  pentagon. 
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PROPOSITION  XVI.    PROBLEM. 

0  inscribe  an  equilateral  and  equiangular  quindecagon  in  a  given  circle. 

Let  ABCD  be  the  given  circle. 
It  is  required  to  inscribe  an  equilateral  and  equiangular  quindecagon 

1  the  circle  ABCD. 


ietAChe  the  side  of  an  equilateral  triangle  inscribed  in  the  circle,(iv.  2.) 
and  AB  the  side  of  an  equilateral  and  equiangular  pentagon  inscribed 

in  the  same :     (iv.  11.) 
therefore,  of  such  equal  parts  as  the  whole  circumference  ABCDF 
contains  fifteen, 
he  circumference  ABC,  being  the  third  part  of  the  whole,  contains  five  ; 
and  the  circumference  AB,  which  is  the  fifth  part  of  the  whole, 

contains  three ; 
therefore  BC,  their  difference,  contains  two  of  the  same  parts  : 

bisect  J?C  in  JB;     (iii.  SO.) 
therefore  BE,  EC  are,  each  of  them,  the  fifteenth  part  of  the  whole 

circumference  ABCD : 
therefore  if  the  straight  lines  BJE,  BC  be  drawn,  and  straight  lines 
qoal  to  them  be  placed  round  in  the  whole  circle,  (iv.  1.)  an  equilateral 
nd  equiangular  quindecagon  will  be  inscribed  in  it.     q.e.  f. 

And  in  the  same  manner  as  was  done  in  the  pentagon,  if  through  the 
K)ints  of  division  made  by  inscribing  the  quindecagon,  straight  lines  be 
bawn  touching  the  circle,  an  equilateral  and  equiangular  quindecagon 
mH  be  described  about  it:  and  likewise,  as  in  the  pentagon,  a  circle  may 
i)e  inscribed  in  a  given  equilateral  and  equiangidar  quindecagon,  and 
circumscribed  about  it. 


NOTES  TO  BOOK  IV. 


The  fourth  book  of  the  Elements  contains  some  particular  cases  of  four  genenl 
problems  on  the  inscription,  and  the  circumscription  of  triangles  and  regular  figam 
in  and  about  circles.  Euclid  has  not  given  any  instances  of  the  inscription  or  circum- 
scription of  rectilinear  figures  in  and  about  other  rectilinear  figures. 

Any  rectilinear  figure,  of  five  sides  and  angles,  is  called  a  pentsgon ;  of  seven  lidei 
and  angles,*  a  heptagon ;  of  eight  sides  and  angles,  an  octagon ;  of  nine  sides  sod 
angles,  a  nonagon ;  of  ten  sides  and  angles,  a  decagon ;  of  twelve  sides  and  angles,  t 
duodecagon ;  of  fifteen  sides  and  angles,  a  quindecagon,  &c 

These  figures  are  included  under  the  general  name  of  polygons;  and  are  caUed 
equilateral,  when  their  sides  are  equal;  and  equiangular^  when  their  angles  are  equal; 
also  when  both  their  sides  and  angles  are  equal,  they  are  called  regular  jpolygotu. 

Prop.  III.  An  objection  has  been  raised  to  the  construction  of  this  problem.  It 
is  said  that  in  this  and  other  instances  of  a  similar  kind,  the  lines  which  touch  the 
circle,  at  A,  B,  and  C,  should  be  prove^to  meet  one  another.  This  may  be  done  bj 
joining  AB,  and  then  since  the  angles  KAM^  KBM  are  equal  to  two  right  angki 
(hi.  18.),  therefore  the  angles  BAM^  ABM  are  less  than  two  right  angles,  and  con- 
sequently (ax.  12.),  AM  and  BM  muBi  meet  one  another,  when  produced  far  eooogfa. 
Similarly,  it  may  be  shewn  that  AL  and  CL,  as  also  CN  and  BN  meet  one  another. 

Prop.  v.  The  corollary  to  this  proposition  appears  to  have  been  already  demes* 
strated  in  Prop.  31,  Book  xii. 

Prop.  VI,  VII.  It  is  obvious  that  the  square  described  about  a  drde  Is  eqnsl  to 
double  the  square  inscribed  in  the  same  circle.  Also  that  the  circumscribed  squsie  ii 
equal  to  the  square  of  the  diameter,  or  four  times  the  square  of  the  radius  of  the  drde^  • 

Prop.  VII.  It  is  manifest  that  a  square  is  the  only  right-angled  paiaUelognus 
which  can  be  circumscribed  about  a  circle,  but  that  both  a  rectangle  and  a  squav 
may  be  inscribed  in  a  circle. 

Prop.  X.  By  means  of  this  proposition,  a  right  angle  may  be  divided  into  in 
equal  parts. 

Prop.  XVI.  The  arc  subtending  a  side  of  the  quindecagon,  may  be  found  by 
placing  in  the  circle  from  the  same  point,  two  lines  respectively  equal  to  the  sides  of 
the  regular  hexagon  and  pentagon. 

The  centres  of  the  inscribed  and  circumscribed  circles  of  any  regular  polygon  «> 
coincident. 

Besides  the  circumscription  and  inscription  of  triangles  and  regular  polygons  sboot 
and  in  circles,  some  very  important  problems  are  solved  in  the  constructions  lespectiog 
the  division  of  the  circumferences  of  circles  into  equal  parts. 

By  inscribing  an  equilateral  triangle,  a  square,  a  pentagon,  a  hexagon,  &c.  in  t 
circle,  the  circumference  is  divided  into  three,  four,  five,  six,  &c.  equal  parts.  In 
Prop.  XXVI,  Book  iii,  it  has  been  shewn  that  equal  angles  at  the  centres  of  eqail 
circles,  and  therefore  at  the  centre  of  the  same  circle,  subtend  equal  arcs ;  by  bisectiog 
the  angles  at  the  centre,  the  arcs  which  are  subtended  by  them  are  also  bisected,  and 
hence,  a  sixth,  eighth,  tenth,  twelfth,  &c  part  of  the  circumference  of  a  circle  may 
be  found. 
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By  the  aid  of  the  first  coroUary  to  Prop.  32,  Book  i,  may  be  found  the  magnitude 

>f  an  interior  angle  of  any  regular  polygon  whatever. 

Liet  6  denote  the  magnitude  of  one  of  the  interior  angles  of  a  regular  polygon 

>f  n  sides, 

then  nO  is  the  sum  of  all  the  interior  angles. 

But  all  the  interior  angles  of  any  rectilinear  figure  together  with  four  right  angles, 
ire  equal  to  twice  as  many  right  angles  as  the  figure  has  sides, 

that  is^  if  we  agree  to  assume  or  to  designate  two  right  angles, 

.•.  nd  +  2ir  =  nir, 

and    nO  =  nir  —  2ir  s=  (n  —  2) .  «*, 

•'.   V  = •  ir, 

n  ' 

Jie  magnitude  of  an  interior  angle  of  a  regular  polygon  of  n  sides. 

By  taking  n  =  3,  4,  5,  6,  &c.  may  be  found  the  magnitude,  in  terms  of  two  right 
ingles,  of  an  interior  angle  of  any  regular  polygon  whatever. 

Pythagoras  was  the  first,  as  Proclus  informs  us  in  his  commentary,  who  discovered 
that  a  multiple  of  the  angles  of  three  regular  figures  only,  namely,  the  trigon,  the 
square,  and  the  hexagon,  can  fill  up  space  round  a  point  in  a  plane. 

It  has  been  shewn  that  the  interior  angle  of  any  regular  polygon  of  n  sides  in 

terms  of  two  right  angles,  is  expressed  by  the  equation 

«     n-2 

e  = .  ir. 

n 

Let  Oa  denote  the  magnitude  of  the  interior  angle  of  a  regular  figure  of  3  sides. 

Q 2     or 

Then    63  =  — ^ —  "=  o  =  one  third  of  two  right  angles, 
o         o 

•*•   Sug  s=  ir, 
and    603  =  2ir, 
that  is,  six  angles  each  equal  to  the  interior  angle  of  an  equilateral  triangle  are  equal 
to  fimr  light  angles,  and  therefore  six  equilateral  triangles  may  be  placed  so  as  com- 
pletely to  fill  up  the  space  round  the  point  at  which  they  meet  in  a  plane. 

In  a  similar  way,  it  may  be  shewn  that  four  squares  and  three  hexagons  may  be 
placed  so  as  completely  to  fill  up  the  space  round  a  point. 

Also  it  will  appear  from  the  results  deduced,  that  no  other  regular  figures  besides 
these  three,  can  be  made  to  fill  up  the  space  round  a  point :  for  any  multiple .  of  the 
interior  angles  of  any  other  regular  polygon,  will  be  found  to  be  in  excess  above,  or  in 
defect  from  four  right  angles. 

The  equilateral  triangle  or  trigon,  the  square  or  tetragon,  the  pentagon,  and  the 
bexagon,  were  the  only  regular  polygons  known  to  the  Greeks,  capable  of  being  inscribed 
in  circles,  besides  those  which  may  be  derived  from  them. 

M.  Gauss  in  his  Disquisitiones  Arithmetics,  has  extended  the  number  by  shewing 
^  in  general,  a  regular  polygon  of  2*  +  1  sides  is  capable  of  being  inscribed  in  a 
citde  by  means  of  straight  lines  and  circles,  in  those  cases  in  which  2"  +  1  is  a 
P^e  number. 
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DEFINITIONS. 


I. 

A  LESS  magnitude  is  said  to  be  a  part  of  a  greater  magnitude  when 
the  less  measures  the  greater ;  that  is^  ^  when  the  less  is  contained  a 
certain  number  of  times  exactly  in  the  greater.' 

II. 

A  greater  magnitude  is  said  to  be  a  multiple  of  a  less,  when  the 
greater  is  measured  by  the  less^  that  is^  '  when  the  greater  contains  the 
less  a  certain  number  of  times  exactly.' 

III. 

"  Ratio  is  a  mutual  relation  of  two  magnitudes  of  the  same  kind  to 
one  another,  in  respect  of  quantity." 

IV. 

Magnitudes  are  said  to  have  a  ratio  to  one  another,  when  the  leaf 
can  be  multiplied  so  as  to  exceed  the  other. 

V. 

The  first  of  four  magnitudes  is  said  to  have  the  same  ratio  to  tbe 
second^  which  the  third  has  to  the  fourth^  when  any  equimultiples 
whatsoever  of  the  first  and  third  being  taken^  and  any  equimultiples 
whatsoever  of  the  second  and  fourth ;  if  the  multiple  of  the  first  be 
less  than  that  of  the  second,  the  multiple  of  the  third  is  also  less  than 
that  of  the  fourth :  or,  if  the  multiple  of  the  first  be  equal  to  that  d 
the  second,  the  multiple  of  the  third  is  also  equal  to  that  of  the  fourth: 
or,  if  the  multiple  of  the  first  be  greater  than  that  of  the  second,  the 
multiple  of  the  third  is  also  greater  than  that  of  the  fourth. 

VI. 

Magnitudes  which  have  the  same  ratio  are  called  proportionah. 
'N.6.  When  four  magnitudes  are  proportionals,  it  is  usually  ezpressedbf 
saying,  the  first  is  to  the  second,  as  the  third  to  the  fourth.' 

VII. 

When  of  the  equimultiples  of  four  magnitudes  (taken  as  in  the  fifth 
definition),  the  multiple  of  the  first  is  gi^ater  than  that  of  the  second, 
but  the  multiple  of  the  third  is  not  greater  than  the  multiple  of  tbe 
fourth ;  then  the  first  is  said  to  have  to  the  second  a  greater  ratio  thfli 
the  third  magnitude  has  to  the  fourth  :  and,  on  the  contrary,  the  third  is 
said  to  have  to  the  fourth  a  less  ratio  than  the  first  has  to  the  second. 

VIII. 
"  Analogy,  or  proportion,  is  the  similitude  of  ratios." 

IX. 
Proportion  consists  in  three  terms  at  least. 
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X. 

When  three  magnitudes  are  proportionals^  the  first  is  said  to  have  to 
he  third  the  duplicate  ratio  of  that  which  it  has  to  the  second. 

XI. 

When  four  magnitudes  are  continual  proportionals^  the  first  is  said 
o  have  to  the  fourth  the  triplicate  ratio  of  that  which  it  has  to  the 
lecond,  and  so  on^  quadruplicate,  &c.  increasing  the  denomination  still 
)y  unity^  in  any  number  of  proportionals. 

Definition  A,  to  wit^  of  compound  ratio. 
When  there  are  any  number  of  magnitudes  of  the  same  kind^  the 
irst  is  said  to  have  to  the  last  of  them  the  ratio  compounded  of  the  ratio 
which  the  first  has  to  the  second,  and  of  the  ratio  which  the  second  has 
o  the  third,  and  of  the  ratio  which  the  third  has  to  the  fourth^  and  so 
n  unto  the  last  magnitude. 

For  example,  i£  A,  B,  C^  D  be  four  magnitudes  of  the  same  kind,  the  first  A  is  said 
>  have  to  the  last  D  the  ratio  compounded  of  the  ratio  of  A  to  B,  and  of  the  ratio  of 
r  to  C,  and  of  the  ratio  of  C  to  /> ;  or,  the  ratio  of  ^  to  Z>  is  said  to  be  compounded  of 
le  ratios  of  ^  to  J?,  £  to  C,  and  C  to  Z>. 

And  if  A  has  to  B  the  same  ratio  which  E  has  to  F ;  and  B  to  C  the  same  ratio  that 
'  has  to  H;  and  C  to  D  the  same  that  K  has  to  L ;  then^  by  this  definition,  A  is  said 
'  have  to  D  the  ratio  compounded  of  ratios  which  are  the  same  with  the  ratios  of 
'  to  f^  G  to  H,  and  K  to  L.  And  the  same  thing  is  to  be  understood  when  it  is 
ore  briefly  expressed  by  saying,  A  has  to  D  the  ratio  compounded  of  the  ratios  of 
toF^  G  to  H,  and  K  to  L, 

In  like  manner,  the  same  things  being  supposed,  if  jif  has  to  iV  the  same  ratio  which 
luM  to  D ;  then,  for  shortness  sake,  M  is  said  to  have  to  iV  the  ratio  compounded  of 
m  ratios  of  £  to  F,  G  to  ^,  and  JT  to  L, 

XII. 

In  proportionals^  the  antecedent  terms  are  called  homologous  to  one 
lother^  as  also  the  consequents  to  one  another. 

*  Geometers  make  use  of  the  following  technical  words,  to  signify 
STtain  ways  of  changing  either  the  order  or  magnitude  of  proportionals, 
J  that  they  continue  still  to  be  proportionals.' 

XIII. 

Fermutando,  or  altemando,  by  permutation  or  alternately.  This 
7Cfrd  is  used  when  there  are  four  proportionals,  and  it  is  inferred  that 
he  first  has  the  same  ratio  to  the  third  which  the  second  has  to  the 
barth  ;  or  that  the  first  is  to  the  third  as  the  second  to  the  fourth :  as  is 
hown  in  Prop.  xvi.  of  this  fifth  book. 

XIV. 

Invertendo,  by  inversion ;  when  there  are  four  proportionals,  and  it 
s  inferred,  that  the  second  is  to  the  first,  as  the  fourth  to  the  third. 
Prop.  B.  Book.  v. 

XV. 

Componendo,  by  composition ;  when  there  are  four  proportionals, 
ind  it  is  inferred  that  the  first  together  with  the  second,  is  to  the  second^ 
as  the  third  together  with  the  fourth,  is  to  the  fourth.  Prop.  18,  Book  v. 

XVI. 

Dividendo,  by  division ;  when  there  are  four  proportionals,  and  it  is 
Inferred,  that  the  excess  of  the  first  above  the^^second,  is  to  the  second. 
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as  the  excess  of  the  third  above  the  fourth,  is  to  the  fourth.     Prop.  17, 
Book  V. 

XVII. 

Convertendo^  by  conversion ;  when  there  are  four  proportioiials^  and 
it  is  inferred,  that  the  first  is  to  its  excess  above  the  second,  as  the  third 
to  its  excess  above  the  fourth.    Prop.  £.  Book  v. 

XVIII. 

Ex  aequali  (sc  distantia),  or  ex  aeouo,  from  equality  of  diatmoe: 
when  there  is  any  number  of  magnituaes  more  than  two,  and  as  many 
others,  such  that  they  are  proportionals  when  taken  two  and  two  of  ea<m 
rank,  and  it  is  inferred,  tnat  the  first  is  to  the  kst  of  the  first  rank  of 
magnitudes,  as  the  first  is  to  the  kst  of  the  others :  'Of  this  there  are 
the  two  following  kinds,  which  arise  from  the  difierent  order  in  whidi 
the  magnitudes  are  taken,  two  and  two.' 

XIX. 

Ex  asquali,  from  equality.  This  term  is  used  simply  by  itself,  when 
the  first  magnitude  is  to  the  second  of  the  first  rank,  as  the  first  to  the 
second  of  the  other  rank ;  and  as  the  second  is  to  the  third  of  die  first 
rank,  so  is  the  second  to  the  third  of  the  other;  and  so  on  in  order :  and 
the  inference  is  as  mentioned  in  the  preceding  definition  ;  whence  this 
is  called  ordinate  proportion.     It  is  demonstrated  in  Prq».  22,  Book  v. 

XX. 

Ex  aequali  in  proportione  perturbati  sen  inordinate,  fixmi  equalitf 
in  perturbate  or  oisorderly  proportion*.  This  term  is  used  whoithe 
first  magnitude  is  to  the  second  of  the  first  rank,  as  the  last  but  <»ie  is 
to  the  last  of  the  second  rank ;  and  as  the  second  is  to  the  third  of  the 
first  rank,  so  is  the  last  but  two  to  the  last  but  one  of  the  second  rank; 
and  as  the  third  is  to  the  fourth  of  the  first  rank,  so  is  the  third  firom 
the  last  to  the  last  but  two  of  the  second  rank ;  and  so  on  in  a  cross 
order :  and  the  inference  is  as  in  the  18th  definition.  It  is  demonstrated 
in  Prop.  23,  Book  v. 


AXIOMS. 

I. 

Equimultiples  of  the  same,  or  of  equal  magnitudes,  are  equal  ta 
one  another. 

II. 

Those  magnitudes,  of  which  the   same  or  equal  magnitudes  are 
equimultiples,  are  equal  to  one  another. 

III. 

A  multiple  of  a  greater  magnitude  is  greater  than  the  same  multiple 
of  a  less. 

IV. 

That  magnitude,  of  which  a  multiple  is  greater  than  the  sam^ 
multiple  of  another,  is  greater  than  that  other  magnitude. 

*  Prop.  4.  Lib.  ii.  Archimedis  de  sphsr^  et  cylindro. 
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PROPOSITION  I.    THEOREM. 

If  any  number  of  jnagnitudes  be  equimultiples  of  as  many,  each  of 
ach  ;  what  multiple  soever  any  one  of  them  is  of  its  part,  the  same  muU 
Iple  shall  all  the  first  magnitudes  be  of  all  the  other. 

Let  any  number  of  magnitudes  AB^  CD  be  equimultiplesof  as  many 
•thers  JS,  F,  each  of  each. 

Then  whatsoever  multiple  il^  is  of  jB> 
die  same  multiple  shalljl^  and  CD  together  be  of  ^  and  F  together. 


A 

C 

G- 

£ 

H. 

B 

D 

Because  ^^  is  the  same  multiple  of  JE  that  CD  is  of  F, 
as  many  magnitudes  as  there  are  in  AB  equal  to  j^;,  sd  many  are 
there  in  CD  equal  to  F, 

Divide  AB  into  mi^itudes  equal  to  JB/,  viz.  A  G,  GB ; 
and  CD  into  CH,  HD,  equal  each  of  them  to  F : 
therefore  the  number  of  the  magnitudes  CH,  HD  shall  be  equal  to 
the  number  of  the  others  A  G,  GB : 

and  because  AG  is  equal  to  JS,  and  CH  to  F, 

therefore  AG  and  CH  together  are  equal  to  j^ and  F  together :  (i.  ax.  2.) 

for  the  same  reason^  because  GB  is  equal  to  E,  and  HD  to  F; 

GB  and  HD  together  are  equal  to  E  and  F  together  ; 
wherefore  as  many  magnitudes  as  there  are  in  AB  equal  to  E, 
80  many  are  there  in  AB,  CD  together^  equal  to  £/  and  F  together : 
therefore,  whatsoever  multiple  AB  is  of  E, 
the  same  multiple  is  AB  and  CD  together,  of  JS  and  F  together. 
Therefore,  if  any  magnitudes,  how  many  soever,  be  equimultiples 
of  as  many,  each  of  each ;  whatsoever  multiple  any  one  of  them  is  of 
its  part,  the  same  multiple  shall  all  the  first  magnitudes  be  of  all  the 
others :  '  For  the  same  demonstration  holds  in  any  number  of  magni- 
tudes, which  was  here  applied  to  two.'     q.  e.  p. 


PROPOSITION  II.    THEOREM. 

If  the  first  magnitude  be  the  same  multiple  of  the  second  thai  the  third 
^  of  the  fourth,  and  the  fifth  the  same  multiple  of  the  second  that  the  sixth 
^  of  the  fourth  ;  then  shall  the  first  together  with  the  fifth  be  the  same 
^iple  of  the  second,  that  the  third  together  with  the  sixth  is  of  the  fourth. 

Let  AB  the  first  be  the  same  multiple  of  C  the  second,  that  DE  the 
third  is  of  F  the  fourth  : 

and  BG  the  fifth  the  same  multiple  of  C  the  second,  that  EH  the 
sixth  is  of  F  the  fourth. 

Then  shall  A  G,  the  first  together  with  the  fifth,  be  the  same  multiple 
oi^C  the  second,  that  DH,  the  third  together  with  the  sixth,  is  of  uP  the 
fourth. 
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G    C  H    F 

Because  ^^  is  the  Bime  moltiple  of  Ctliat  DJF is  of  F; 
there  are  as  many  magnitudes  in  AB  equal  to  C,  as  there  are  in  DE 

equal  to  F: 
in  like  manner,  as  many  as  there  are  in  BG  equal  to  C^  so  numy 
are  there  in  BH  equal  to  F: 
therefixe  aM  many  as  there  are  in  the  whole  A6  equal  to  C, 

so  many  are  there  in  the  whole  DH  equal  to  Fz 
therefore  J  G  is  the  same  multi|^  of  Cthat  DH  is  of  i^; 
that  is,  AG,  the  first  and  fifth  together,  is  the  same  multiple  of  the 
second  C, 
that  DH,  the  third  and  sixth  together,  is  of  the  fourth  F. 
If  therefore,  the  first  be  the  same  mcdtiple,  &c.    q.  e.  d. 
Cob.    From  this  it  is  plain,  that  if  any  number  of  magnitudes  AB, 
BG,  GH  be  multiples  of  another  C; 

and  as  many  DE,  EK,  KL  be  the  same  multiples  of  F,  each  of  each: 
then  the  whole  of  the  first,  viz.  AH,  b  the  same  multiple  of  C, 
that  the  whole  of  the  last,  vis.  DL,  haf  F. 


B. 


G- 


I   1 

HCL  F 


Iftk 


PROPOSITION  in.     THEOREM. 

If  the  first  he  ike  tame  multiple  of  ike  second,  wkick  tke  iJdrd  is  ofih^ 
fourtk;  and  if -of  the  first  and  tkird  there  be  taken  equimultiples;  ihes^ 
skall  be  equimultiples,  tke  one  of  tke  second,  and  tke  oiker  of  tke  fourth- 

Let  A  the  first  be  the  same  multiple  of  B  the  second,  that  C  tH^ 
third  is  of  D  the  fourth ; 

and  of  ^,  C  let  equimultiples  EF,  GH  be  taken. 
Then  EF  shall  be  the  same  multiple  of  ^,  that  GH  is  of  D. 

H 


K- 


I 

B    A    B    G     C    D 

Because  EF  is  the  same  multiple  of  Ay  that  GH  is  of  C, 
there  are  as  many  magnitudes  in  EF  equal  to  ^,  as  there  are  ^^ 
GH  equal  to  C: 
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let  EF  be  divided  into  the  magnitudes  EK,  KF,  each  equal  to  A; 
and  GH  into  GL,  LH,  each  equal  to  C: 
therefore  the  number  of  the  magnitudes  EK,  KF  shall  be  equal  to 
the  number  of  the  others  Gl,,  LH: 
and  because  A  is  the  same  multiple  of  B,  that  C  is  of  D, 

and  that  EK  is  equal  to  A,  and  GL  equal  to  C; 

therefore  EK  is  the  same  multiple  of  B,  that  GL  is  of  D : 

for  the  same  reason,  KF  is  the  same  multiple  of  B,  that  LH  is  of  Z): 

and  so,  if  there  be  more  parts  in  EF,  GH,  equal  to  A^C: 

therefore,  because  the  first  EK  is  the  same  multiple  of  the  second 

B,  which  the  third  GL  is  of  the  fourth  D, 
and  that  the  fifth  KF  is  the  same  muftiple  of  the  second  B,  which 

the  sixth  LH  is  of  the  fourth  D; 
EF  the  first,  together  with  the  fifUi,  is  the  same  multiple  of  the 

second  B,    (v.  2.) 
which  GH  the  third,  together  with  the  sixth,  is  of  the  fourth  D, 

If,  therefore,  the  first,  &c.    q.b.d. 


PROPOSITION  IV.    THEOREM. 

Ifthejirst  of  four  magnitudes  has  the  same  ratio  to  the  second  which 
the  third  has  to  the  fourth;  then  any  equimultiples  whatever  of  thejirst 
and  third  shall  have  the  same  ratio  to  any  equimultiples  of  the  second  and 
fourth,  viz,  ^  the  equimultiple  of  the  first  shaU  have  the  same  ratio  to  that 
of  the  second,  which  the  equimultiple  of  the  third  has  to  that  of  the  fourth' 

Let  A  the  first  have  to  B  the  second^  the  same  ratio  which  the  third 
C  has  to  the  fourth  D  : 
and  of  A  and  C  let  there  be  taken  any  equimultiples  whatever  E,  F; 
and  of  B  and  D  any  equimultiples  whatever  G,  H, 
Then  E  shall  have  the  same  ratio  to  G,  which  F  has  to  H, 


X 


K  £  A  B  6  M 
L   F   C   D  H  N 


Take  of  E  and  F  any  equimultiples  whatever  K,  L, 

and  of  G,  H  any  equimultiples  whatever  M,  Ni 

then  because  E  is  the  same  multiple  of  A,  that  F  is  of  C; 

and  of  E  and  F  have  been  taken  equimultiples  K,  L ; 

therefore  K  is  the  same  multiple  of  A,  that  L  is  of  C:     (v.  3.) 

lor  the  same  reason,  M  is  the  same  multiple  of  B,  that  N  is  o£I). 
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And  because^  as  ^  is  to  ^^  so  is  C  to  D^     O^ypO 

and  of  A  and  C  have  been  taken  certain  equimultiples  K,  L, 

and  of  B  and  D  have  been  taken  certain  equimultiples  M,  N; 

therefore  if  K  be  greater  than  M,  L  is  greater  tnan  N; 

and  if  equals  equal;  if  less^  less :     (v.  def.  5.) 

but  K,  L  are  any  equimultiples  whatever  of  E,  F,    (constr.) 

and  M,  N  any  whatever  of  G,  H; 

therefore  as  £  is  to  G^  so  is  jF  to  JET.     (v.  def.  5.) 

Therefore,  if  the  firsts  &c.    q.b.d. 

Cor.     Likewise^  if  the  first  has  the  same  ratio  to  the  second,  which 

the  third  has  to  the  fourth^  then  also  any  equimultiples  whatever  of  the 

first  and  third  shall  have  the^same  ratio  to  the  second  and  fourth;  and 

in  like  manner,  the  first  and  the  third  shall  have  the  same  ratio  to  any 

equimultiples  whatever  of  the  second  and  fourth. 

Let  A  the  first  have  to  B  the  second  the  same  ratio  which  the  third 
C  has  to  the  fourth  D, 

and  of  A  and  C  let  E  and  F  be  any  equimultiples  whatever. 

Then  E  shall  be  to  5  as  JF'  to  D. 
Take  of  E,  F  any  equimultiples  whatever  K,  Zr, 
and  of  B,  D  any  equimultiples  whatever  G,  H: 
then  it  may  be  demonstrated,  as  before,  that  K  is  the  same  multiple 
of  A,  that  L  is  of  C : 

and  because  ^  is  to  ^,  as  C  is  to  D,  (hyp.) 

and  of  A  and  C  certain  equimultiples  have  been  taken,  viz.  K  and  L; 

and  of  B  and  D  certain  equimultiples  G,  H; 

therefore,  if  K  be  greater  than  G,  L  is  greater  than  H; 

and  if  equal,  equal ;  if  less,  less :     (v.  def.  5.) 

but  -K,  L  are  any  equimultiples  whatever  of  E,  F,    (constr.) 

and  G,  H  any -whatever  of  B,  D ; 

therefore,  as  ^  is  to  fe,  so  is  F  to  D.     (v.  def.  5.) 

And  in  the  same  way  the  other  case  is  demonstrated. 


PROPOSITION  V.    THEOREM. 

If  one  magnitude  be  the  same  multipk  of  another,  which  a  magnitude 
taken  from  thejirst  is  of  a  magnitude  taken  from  the  other;  the  remainder 
shall  be  the  same  multiple  of  the  remainder ,  thai  the  whole  is  of  the  whole. 

Let  the  magnitude  AB  be  the  same  multiple  of  CD,  that  AE  taken 
from  the  first,  is  of  CF  taken  from  the  other. 

The  remainder  j^J?  shall  be  the  same  multiple  of  the  remainder  FD, 
that  the  whole  AB  is  of  the  whole  CD. 


E- 


1 


I) 


Take  AG  the  same  multiple  of  FD,  that  AE  is  of  CF: 
therefore  AE  is  the  same  multiple  of  CF,  that  -EG  is  of  CD:     (v.  1.) 
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but  AEi  by  the  hypothesis^  is  the  same  multiple  of  CF^  that  AB 

is  of  CD; 
therefore  EG  is  the  same  multiple  of  CD  that  AB  is  of  CD ; 
wherefore  JSG  is  equal  to  AB :     (v.  ax.  1.) 
take  firom  each  of  them  the  common  magnitude  AB; 
and  the  remainder  ^G  is  equal  to  the  remainder  EB. 
Wherefore^  since  AJS  is  the  same  multiple  of  CF,  that  AG  is  of 
FD,    (constr.) 

and  that  AG  has  been  proved  equal  to  EB ; 

therefore  AE  is  the  same  multiple  of  CF,  that  EB  is  of  FD : 

but  AE  is  the  same  multiple  of  CF  that  AB  is  of  CD :     (hyp.) 

therefore  EB  is  the  same  multiple  of  FD,  that  AB  is  of  CD, 

Therefore^  if  one  magnitude^  &c.    Q*  e.  n. 

PROPOSITION  VI.     THEOREM. 

If  two  magnitudes  be  equimultiples  of  two  othersy  and  if  equimultiples 
of  these  he  taken  from  the  first  two;  the  remainders  are  either  equal  to 
these  others,  or  equimultiples  of  them. 

Let  the  two  magnitudes  AB,  CD  be  equimultiples  of  the  two  E,  F, 
and  let  AG^  C/f  taken  from  the  first  two  be  equimultiples  of  the 
same  E^  F, 
Then  the  remainders  GB,  HD  shall  be  either  equal  to  E^  F,  or 
equimultiples  of  them. 

*  K 


6- 


H- 


B  D  E  F 


First,  let  GB  be  equal  to  E: 

HD  shall  be  equal  to  F. 

Make  CK  equal  to  F: 

and  because  AG  is  the  same  multiple  of  jB,  that  CH  is  o£  F:     (hyp.) 

and  that  GB  is  equal  to  E,  and  CK  to  F; 

therefore  AB  is  the  same  multiple  of  E^  that  KH  is  of  F: 

but  AB,  by  the  hypothesis^  is  the  same  multiple  of  E,  that  CD  is  o£  F; 

therefore  Em  is  the  same  multiple  ofF,  that  CD  is  of  jP: 

wherefore  KH  is  equal  to  CD:     (v.  ax.  1.) 

take  away  the  common  magnitude  CH, 

then  the  remainder  KC  is  equal  to  the  remainder  HD : 

but  KC  is  equal  to  F ;     (constr.) 

therefore  HD  is  equal  to  F, 

Next  let  GB  be  a  multiple  of  E, 

Then  HD  shall  be  the  same  multiple  of  i^. 


G- 


H- 
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Make  CK  the  same  multiple  of  JP,  that  GB  is  of  £: 

and  because  ^G  is  the  same  multiple  of  JS,  that  CH  is  of  F;    (hyp.) 

and  GB  the  same  multiple  of  E,  that  CK  is  of  F ; 

therefore  AB  is  the  same  multiple  of  JS,  that  KH  is  of  F :     (v.  2.) 

but  AB  is  the  same  multiple  of  JE,  that  CD  is  of  F;     (hyp.) 

therefore  XH  is  the  same  multiple  of  F^  that  CD  is  of  F; 

wherefore  KH  is  equal  to  CD:    (v.  ax*  1.) 

take  away  CH  from  both ; 

therefore  the  remainder  AC  is  equal  to  the  remiunder  HD : 

and  because  GB  is  the  same  multiple  of  B,  that  KC  is  of  F,    (constr.) 

and  that  KC  is  equal  to  HD; 

therefore  HD  is  the  same  multiple  of  F,  that  GB  is  of  E* 

If,  therefore,  two  magmtudes,  &c.    q.e.d. 


PROPOSITION  A.     THEOREM. 

If  thejirst  of  four  magnitudes  has  the  same  ratio  to  the  second,  whkH 
the  third  has  to  the  fourth;  then,  if  the  Jirst  he  greater  than  the  seconds 
the  third  is  also  greater  than  the  fourth;  and  if  equal,  equal;  if  less,  lesf* 

Take  any  equimultiples  of  each  of  them,  as  the  doubles  of  each : 
then,  by  def.  5th  of  this  book,  if  the  double  of  the  first  be  greateie 
than  the  double  of  the  second,  the  double  of  the  third  is  greater  thac^ 
the  double  of  the  fourth : 

but,  if  the  first  be  greater  than  the  second, 
the  double  of  the  first  is  greater  than  the  double  of  the  second ; 
wherefore  also  the  double  of  the  third  is  greater  than  the  doubI« 
of  the  fourth ; 

therefore  the  third  is  greater  than  the  fourth : 
in  like  manner,  if  the  first  be  equal  to  the  second,  or  less  than  it, 
the  third  can  be  proved  to  be  equal  to  the  fourth,  or  less  than  it. 

Therefore,  if  the  first,  &c.    q.  e.  d. 


PROPOSITION  B.    theorem. 

If  four  magnitudes  are  proportionals,  they  are  proportionals  also  w) 
taken  inversely. 

Let  ^  be  to  B,  as  C  is  to  D. 
Then  also  inversely,  B  shall  be  to  ^,  as  D  to  C. 


G  A  B  E 
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Take  of  J?  and  D  any  equimultiples  whatever  E  and  F; 

and  of  A  and  C  any  equimultiples  whatever  G  and  H. 

First,  let  E  be  greater  than  G,  then  G  is  less  than  E : 

and  because  A  is  to  B,  as  Cis  to  D,    (hyp.) 

ind  of  A  and  C,  the  first  and  third,  G  and  H  are  equimultiples ; 

1  of  £  and  D,  the  second  and  fourth,  JB  and  F  are  equimultiples ; 

d  that  G  is  less  than  B,  therefore  H  is  less  than  F ;    (v.  def.  5.) 

that  is,  F  is  greater  than  H  ; 
if,  therefore,  ^  be  greater  than  G, 

jF  is  greater  than  H; 

in  like  manner,  if  E  be  equal  to  G, 

F  may  be  shewn  to  be  equal  to  H; 

and  if  less,  less ; 

•ut  E,  F,  are  any  equimultiples  whatever  of  B  and  D,    (constr.) 

and  G,  H  any  whatever  of  ^  and  C; 

therefore,  as  B  is  to  A,  so  is  D  to  C     (v.  def.  5.) 

Therefore,  if  four  magnitudes,  &c.    q.e.i). 


PROPOSITION  C.    THEOREM. 

f  the^first  he  the  same  multiple  of  the  second^  or  the  same  pari  of  it, 
the  third  is  of  the  fourth;  thejirst  is  to  the  second,  as  the  third  is  to 
'lurth. 

Let  the  first  A  be  the  same  multiple  of  the  second  B, 
that  the  third  C  is  of  the  fourth  D. 
Then  A  shall  be  to  jB  as  C  is  to  D. 


A  B  C  D 
£  6  F  H 


Take  of  A  and  C  any  equimultiples  whatever  E  and  F ; 

and  of  B  and  D  any  equimultiples  whatever  G  and  H. 

en,  because  A  is  the  same  multiple  of  B  that  (7  is  of  D ;   (hyp.) 

nd  that  E  is  the  same  multiple  of  Ay  that  F  is  of  (7 ;     (constr.) 

therefore  E  is  the  same  multiple  of  ^,  that  FisofD ;    (v.  3.) 

that  is,  ^  and  F  are  equimultiples  of  £  and  JD : 

but  G  and  H  are  equimultiples  of  B  and  D ;    (constr.) 

therefore,  if  jB'  be  a  greater  multiple  of  B  than  G  is  of  B, 

F  18  a  greater  multiple  of  D  than  H  is  o£  D ; 

that  is,  if  E  be  greater  than  G, 

jF  is  greater  than  H : 

in  like  manner,  if  E  be  equal  to  G,  or  less  than  it, 

F  may  be  shewn  to  be  equal  to  H,  or  less  than  it : 
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but  E,  F  are  equimultiples^  any  whatever,  of  A,  C;    (cc 
and  Gf  H  any  equimultiples  whatever  o£  B,  D; 
therefore  -4  is  to  J?,  as  C  is  to  D.     (v.  def.  5.) 
Next,  let  the  first  A  be  the  same  part  of  the  second  B,  tha' 
C  is  of  the  fourth  D. 

Then  A  shall  be  to  ^,  as  C  is  to  D. 


A  B 


il 


For  since  A  is  the  same  part  of  B  that  C  is  of  D, 

therefore  B  is  the  same  multiple  of  A,  that  2>  is  of  £ 

wherefore,  by  the  preceding  case,  £  is  to  J.,  as  D  is  to 

and  therefore  inversely  J.  is  to  ^,  as  C  is  to  D.     (v.  i 

Therefore,  if  the  first  be  the  same  multiple,  &c.    q.  b. 


PROPOSITION  D.    THEOREM. 

//'  the  first  he  to  the  second  as  the  third  to  the  fourth,  t 
first  he  a  multiple,  or  a  part  of  the  second  ;  the  third  is  the  san 
or  the  same  part  of  the  fourth. 

Let  ^  be  to  J?  as  (7  is  to  D : 

and  first  let  ^  be  a  multiple  of  B. 

Then  C  shall  be  the  same  multiple  of  D. 


A  B  c  D 
B       F 


Take  E  equal  to  A, 
and  whatever  multiple  ^  or  J?  is  of  B,  make  i^  the  same  mul' 
then,  because  Jl  is  to  ^,  as  (7  is  to  D ;     (hyp.) 
and  of  B  the  second,  and  D  the  fourth,  equimultiples 
taken,  E  and  F ; 

therefore  -4  is  to  -B,  as  (7  to  jP  :     (v.  4.  Cor.) 
but  A  is  e^ual  to  E,    (constr.) 
therefore  C  is  equal  to  F :    (v.  a.) 
and  F  is  the  same  multiple  of  2>,  that  A  is  of  B;     (coi 
therefore  C  is  the  same  multiple  of  D,  that  A  is  of  j 
Next,  let  A  the  first  be  a  part  of  B  the  second. 
Then  C  the  third  shall  be  the  same  part  of  D  the  foui 
Because  A  is  to  B,  as  C  is  to  D  ;     (hyp.) 
then,  inversely,  B  is  to  A,  as  D  to  C:     (v.  b.) 
but  AistL  part  of  B,  therefore  £  is  a  multiple  of  ^  :     ( 
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therefore,  by  the  preceding  case,  D  is  the  same  multiple  of  C; 

that  is,  C  is  the  same  part  of  D,  that  A  is  of  d. 

Therefore,  if  the  first,  &c.    q.e.d. 


PROPOSITION  VII.     THEOREM. 

Equal  magnitudes  have  the  same  ratio  to  the  same  magnitude:  and 
the  same  has  the  same  ratio  to  equal  magnitudes. 

Let  A  and  B  be  equal  magnitudes,  and  C  any  other. 

Then  A  and  B  shall  each  of  them  have  the  same  ratio  to  Ci 

and  C  shall  have  the  same  ratio  to  each  of  the  magnitudes  A  and  B. 


D  A 
E  B 


c  F 


Take  of  A  and  B  any  equimultiples  whatever  D  and  E, 
and  of  C  any  multiple  whatever  F. 
Then,  because  D  is  the  same  multiple  of  A,  that  E  is  of  B,    (constr.) 

and  that  A  is  equal  to  B :      (hyp.) 

therefore  D  is  equal  to  E:    (v.  ax.  1.) 

therefore,  if  D  be  greater  than  jP,  E  is  greater  than  F ; 

and  if  equal,  equal ;  if  less,  less ; 

but  jD,  E  are  any  equimultiples  of  Ay  B,     (constr.) 

and  F  is  any  multiple  of  C ; 

therefore,  as  A  is  to  C,  so  is  5  to  C     (v.  def.  5.) 

Likewise  C  shall  have  the  same  ratio  to  A,  that  it  has  to  B. 

For  having  made  the  same  construction, 

D  may  in  like  manner  be  shewn  to  be  equal  to  E : 

therefore,  if  F  be  greater  than  D, 

it  is  likewise  greater  than  E; 

and  if  equal,  equal;  if  less,  less : 

but  -F  is  any  multiple  whatever  of  C, 

and  D,  E  are  any  equimultiples  whatever  o£  A,  B; 

therefore,  C  is  to  -^4  as  C  is  to  B,     (v.  def.  5.) 

Therefore,  equal  magnitudes,  &c.    q.e.i). 


PROPOSITION  VIII.    THEOREM. 


Of  two  unequal  magnitudes,  the  greater  has  a  greater  ratio  to  any 
^^r  magnitude  than  the  less  has :  and  the  same  magnitude  has  a  greater 
^^*o  to  the  less  of  ttvo  other  magnitudes^  than  it  has  to  the  greater. 
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Let  AB,  BC  be  two  unequal  magnitudes^  of  which  ABis  the  greater, 

and  let  D  be  any  other  magnitude. 

Then  AB  shall  have  a  greater  ratio  to  2)  than  BChas  to  Di 

and  D  shall  have  a  greater  ratio  to  BC  than  it  has  to  AB. 


Fiff.  1. 


Fig.  2. 


Fig.  8. 
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If  the  magnitude  which  is  not  the  greater  of  the  two^C,  CBy  be  not 
less  than  D, 

take  EFy  FG,  the  doubles  of  AC,  CB,  (as  in  fig.  1.) 
But  if  that  which  is  not  the  greater  of  the  two  AC,  CB,  be  less  than  D, 
(as  in  fig.  2  and  3.)  this  magnitude  can  be  multiplied^  so  as  to 
become  greater  than  D,  whether  it  be  -4  C  or  CB, 
Lid  it  be  multiplied  until  it  become  greater  than  D, 
and  let  the  other  be  multiplied  as  often ; 
and  let  FF  be  the  multiple  thus  taken  •f  AC, 
and  FG  the  same  multiple  of  CB : 
therefore  EF  and  FG  are  each  of  them  greater  than  D : 
and  in  every  one  of  the  cases^ 
take  H  the  double  of  D,  K  its  triple^  and  so  on, 
till  the  multiple  of  D  be  that  which  first  becomes  greater  than  FG : 
let  L  be  that  multiple  of  2)  which  is  first  greater  than  FG, 
and  K  the  multiple  of  D  which  is  next  less  than  L, 
Then  because  L  is  the  multiple  of  D,  which  is  the  first  that  becomes 
greater  than  FG, 

the  next  preceding  multiple  K  is  not  greater  than  FGi 
.  •  that  is,  FG  is  not  less  than  K : 

and  since  EF  is  the  same  multiple  of  AC,  that  FG  is  of  CB;    (constr.) 
therefore  FG  is  the  same  multiple  of  CB,  that  EG  is  of  AB ;   (v.  1.) 
that  is,  EG  and  FG  are  equimultiples  of  AB  and  CB : 
and  since  it  was  shewn,  that  FG  is  not  less  than  K, 
and,  by  the  construction,  EF  is  greater  than  D ; 
therefore  the  whole  jBG  is  greater  than  K  and  D  together ; 
but  K  together  with  D  is  equal  to  L ;     (constr.) 
therefore  EG  is  greater  than  L : 
but  FG  is  not  greater  than  L :     (constr.) 
and  EG,  FG  were  proved  to  be  equimultiples  of  AB,  BC; 
and  L  is  a  multiple  of  D ;     Cconstr.) 
therefore  AB  has  to  X)  a  greater  ratio  than  BC  has  to  D.     (v.  def.  7*) 
Also  D  shall  have  to  BC  a,  greater  ratio  than  it  has  to  AB. 
For  having  made  the  same  construction, 
it  may  be  shewn,  in  like  manner,  that  L  is  greater  than  FG, 
but  that  it  is  not  greater  than  EG : 
and  L  is  a  multiple  of  D ;     (constr.) 
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and  jPG,  EG  were  proved  to  be  equimultiples  of  CB^  AB : 
srefore  X)  has  to  CB  a  greater  ratio  than  it  has  to  AB.    (v.  def.  7.) 
Wherefore^  of  two  unequal  magnitudes^  &c.     q.  e.  n. 


PROPOSITION  IX.    THEOREM. 

Magnitudes  which  have  the  same  ratio  to  the  same  magnitude  are  equal 
ne  another :  and  those  to  which  the  same  magnitude  has  the  same  ratio 
equal  to  one  another. 

Let  A,  B  have  each  of  them  the  same  ratio  to  C 
Then  A  shall  be  equal  to  B. 

D 

A 

cl  F 

b' 


•r^  if  they  are  not  equal,  one  of  them  must  be  greater  than  the  other : 

let  A  be  the  greater : 
then,  by  what  was  shewn  in  the  preceding  proposition, 
sre  are  some  equimultiples  of  A  and  B,  and  some  multiple  of  C,  such, 
that  the  multiple  of  A  is  greater  than  the  multiple  of  C, 
but  the  multiple  of  B  is  not  greater  than  that  of  C 
Let  these  multiples  be  taken ; 
and  let  D,  E  be  the  equimultiples  of  A,  B, 
and  F  the  multiple  of  C, 
such  that  D  may  be  greater  than  F,  but  £/  not  greater  than  F. 
Then,  because  if  is  to  C  as  ^  is  to  C,     (hyp.) 
and  of  A,  B,  are  taken  equimultiples  t>,  E, 
and  of  C  is  taken  a  multiple  F; 
and  that  D  is  greater  than  F; 
therefore  E  is  also  greater  than  F:     (v.  def.  5.) 
but  E  is  not  greater  than  F;  (constr.)  which  is  impossible : 
therefore  A  and  B  are  not  unequal ;  that  is,  thev  are  equal, 
ext,  let  C  have  the  same  ratio  to  each  of  the  magmtudes  A  and  B. 

Then  A  shall  be  equal  to  B. 
'>  if  they  are  not  equal,  one  of  them  must  be  greater  than  the  other : 

let  A  be  the  greater : 

therefore,  as  was  shewn  in  Prop.  viii. 

there  is  some  multiple  F  of  C, 

and  some  equimultiples  E  ana  D  o£  B  and  A  such, 

that  F  is  greater  than  E,  but  not  greater  than  D : 

and  because  C  is  to  B,  as  C  is  to  A,     (hyp.) 

and  that  F  the  multiple  of  the  first,  is  greater  than  E  the  multiple 

of  the  second; 
therefore  F  the  multiple  of  the  third,  is  greater  than  D  the  multiple 
of  the  fourth :     (v.  def.  5.) 

but  F  is  not  greater  than  D  (hyp.)  ;  which  is  impossible : 

therefore  A  is  equal  to  B, 
Wherefore,  magnitudes  which,  &c.     q.e.d. 
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PROPOSITION  X.   theobem: 

Thai  magnitude  which  has  a  greater  ratio  than  another  has  unto  the 
same  magnitude,  is  the  greater  of  the  two  :  and  that  magnitude  to  which 
the  same  has  a  greater  ratio  than  it  has  unto  another  magnitude,  is  Ihe 
lesser  of  the  two. 

Let  A  have  to  C  a  greater  ratio  than  B  has  to  C 
Then  A  shall  be  greater  than  B. 


1 

For^  because  A  has  a  greater  ratio  to  C,  than  B  has  to  C, 
there  are  some  emiimnltiples  of  A  and  B,  and  some  multiple  of  C 
such,    (v.  def.  7-) 

that  Uie  multiple  of  ^  is  greater  than  the  multiple  of  C, 

but  the  multiple  of  B  is  not  greater  than  it : 

let  them  be  taken ; 

and  let  D,  JE  be  the  equimultiples  of  A,  B,  and  JP  the  multiple  of  C; 

such,  that  D  is  greater  than  F,  but  B  is  not  greater  than  F : 

therefore  D  is  greater  than  E : 

and,  because  D  and  E  are  equimultiples  of  A  and  B, 

and  that  D  is  greater  than  E ; 

therefore  A  is  greater  than  B.    (v.  ax.  4.) 

Next,  let  C  have  a  greater  ratio  to  B  than  it  has  to  A, 

Then  S  shall  be  less  than  A, 

For  there  is  some  multiple  F  of  C,    (v.  def.  7.) 

and  some  equimultiples  E  and  D  o£  B  and  A  such, 

that  F  is  greater  than  E,  but  not  greater  than  D : 

therefore  E  is  less  than  D: 

and  because  E  and  D  are  equimultiples  of  B  and  A, 

and  that  E  is  less  than  D, 

therefore  B  is  less  than  A,    (v.  ax.  4.) 

Therefore,  that  magnitude,  &c.    q.  b.d. 


proposition  XI.    THEOREM. 

Ratios  that  are  the  same  to  the  same  ratio,  are  the  same  to  one  anothe: 

Let  Aheto  B  as  CistoD; 
and  as  C  to  X),  so  let  £  be  to  F. 


G H K- 

A c B- 


B D F- 

L M N- 


Then  A  shall  be  to  5,  as  jB  to  jP. 
Take  of  A,  C,  £,  any  equimultiples  whatever  G,  H,  K; 
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and  of  B,  D,  F,  any  equimultiples  whatever  L,  M,  N. 

Therefore^  since  ^  is  to  ^  as  C  to  D, 

and  G,  H  are  taken  equimultiples  of  A,  C, 

and  L,  M,  of  B,D; 

if  Qhe  greater  than  L,  H  is  greater  than  M; 

and  if  equal,  equal ;  and  if  less,  less.     (v.  def.  5.) 

Again,  because  C  is  to  X),  as  jB  is  to  jP, 

and  H,  K  are  taken  equimultiples  of  C,  E  ; 

and  M,  Nyo£  D,F; 

if  H  be  greater  than  M,  K  is  greater  than  N; 

and  if  equal,  equal;  and  if  less,  less: 

but  if  G  be  greater  than  L, 

it  has  been  shewn  that  H  is  greater  than  M; 

and  if  equal,  equal ;  and  if  less^  less : 

therefore,  if  G  he  greater  than  L, 

K  is  greater  than  N;  and  if  equal,  equal ;  and  if  less,  less : 

and  G,  K  are  any  equimultiples  whatever  o£  A,  E ; 

and  L,  N  any  whatever  of  B,  F: 

therefore,  as  if  is  to  i?,  so  is  ^  to  F.    (v.  def.  .5.) 

Wherefore,  ratios  that,  &c.     q.b.d. 


PROPOSITION  XII.    THEOREM. 

If  any  number  of  magnitudes  he  proportionals ^  as  one  of  the  aniece" 
^nls  is  to  its  consequent,  so  shall  all  the  antecedents  taken  together  he  to 
^  the  consequents, 

i-et  any  number  of  magnitudes  A,  B,  C,  D,  E,  F,  be  proportionals ; 
that  is,  as  ^  is  to  £,  so  C  to  D,  and  E  to  F, 
Then  as  ^  is  to  ^^  so  shall  A,  C,  E  together,  be  to  B,  D,  F  together. 


o H K- 

A c B- 

B D F- 


L M N- 


Take  of  A,  C,  E  any  equimultiples  whatever  G,  H,  K; 

and  of  B,  D,  F  any  equimultiples  whatever,  L,  M,  N, 

Then,  because  A  is  to  B,  as  C  is  to  X>,  and  as  E  to  F ; 

and  that  G,  H,  K  are  equimultiples  of  A,  C,  JS, 

and  L,  M,  N,  equimultiples  of  B,  D,  F  ; 

therefore,  if  G  be  greater  than  L, 

H  is  greater  than  M,  and  K  greater  than  N; 

and  if  equal,  equal ;  and  if  less,  less :     (v,  def.  5.) 

wherefore  if  G  be  greater  than  L, 

then  G,  JET,  K  together,  are  greater  than  L,  M,  N  together ; 

and  if  equaJ,  equal ;  and  if  less,  less : 
but  G,  and  G,  JET,  K  together,  are  any  equimultiples  of  A,  and  A,  C, 

jB^  together; 
because  if  there  be  any  number  of  magnitudes  equimultiples  of  as 
^^ny,  each  of  each,  whatever  multiple  one  of  them  is  of  its  part,  the 
^^e  multiple  is  the  whole  of  the  whole:     (v.  1.) 
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for  the  same  reason  L,  and  L,  M,  N  are  any  equimultiples  of  B, 

mdB,D,F: 
therefore  as^  is  to  £»  so  are  A^  C^  J^ together  to  B,  D,  /^together. 

(v.  def.  5.) 

Wherefore^  if  any  number,  &c.    q.e.d. 


PROPOSITION  XIIL    THEOREM. 

If  ihejirsi  has  to  the  second  the  same  ratio  which  the  third  has  to  ike 
fourth,  hut  the  third  to  the  fourth  a  greater  ratio  than  thejifth  has  to  the 
sixth  ;  the  first  shaU  also  have  to  the  second  a  greater  ratio  than  the  fifth 
has  to  the  sixth. 

Let  A  the  first  have  the  same  ratio  to  B  the  second^  which  Cthe 
third  has  to  D  the  fourth^  but  C  the  third  a  greater  ratio  to  D  the 
fourth,  than  JE  the  fifth  has  to  F  the  sixth. 

Then  also  the  first  A  shall  have  to  the  second  B,  a  greater  ratio  than 
the  fifth  E  has  to  the  sixth  F. 


M G H 


c E- 


B D F- 

N K L 


Because  C  has  a  greater  ratio  to  D,  than  JStoF, 
there  are  some  equimultiples  of  C  and  E,  and  some  of  D  and  F 
such,  that  the  multiple  of  C  is  greater  than  the  multiple  of  D,  but  the 
multiple  of  JE  is  not  greater  than  the  multiple  of  F :    (v.  def.  7.) 

let  these  be  taken, 
and  let  G,  jFf  be  equimultiples  of  C,  E, 
and  Ky  L  equimultiples  of  D,  F,  such  that  D  may  be  greater  than 
Ky  but  H  not  greater  than  L  : 
and  i;?hatever  multiple  G  is  of  C,  take  M  the  same  multiple  of  A ; 
and  -whatever  multiple  K  is  of  JD,  take  N  the  same  multiple  of  ^: 
then,  because  ^  is  to  ^,  as  C  to  D,     (hyp.) 
and  of  ^  and  C,  M  and  G  are  equimultiples; 
and  of  B  and  D,  N  and  K  are  equimultiples ; 
therefore,  if  M  be  greater  than  N,  G  is  greater  than  K; 
and  if  equal,  equal;  and  if  less,  less :     (v.  def.  5.) 
but  G  is  greater  than  K;    (constr.) 
therefore  M  is  greater  than  N: 
but  H  is  not  greater  than  L :     (constr.) 
and  M,  H  are  equimultiples  of  A,  E ; 
and  N,  L  equimultiples  of  B,  F; 
therefore  A  has  a  greater  ratio  to  B^  than  E  has  to  F.    (v.  def.  7-) 

Wherefore,  if  the  first,  &c.    q.e.d. 

Cob.    And  if  the  first  have  a  greater  ratio  to  the  second,  than  the 

third  has  to  the  fourth,  but  the  third  the  same  ratio  to  the  fourth,  which 

the  fifth  has  to  the  sixth ;  it  may  be  demonstrated,  in  like  manner,  that 

the  first  has  a  greater  ratio  to  the  second,  than  the  fifth  has  to  the  sixth. 
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PROPOSITION  XIV.    THEOREM. 

If  the  first  has  the  same  ratio  to  the  second  which  the  third  has  to 
the  fourth  ;  then,  if  the  first  be  greater  than  the  third,  the  second  shall  he 
greater  than  the  fourth;  and  if  equal,  equal;  and  if  less,  less. 

Let  tbe  first  A  have  the  same  ratio  to  the  second  B  which  the  third 
C  has  to  the  fourth  D. 

If  A  be  greater  than  C,  B  shall  be  greater  than  D. 


A  B  c  D 


A  B  C  D 


3 


A  B  C  D 


Because  A  is  greater  than  C,  and  B  is  any  other  magnitude^ 

A  has  to  f  a  greater  ratio  than  C  hai^  to  B :     (v.  8.) 

but,  as  J.  is  to  -B,  so  is  C  to  D ;     (hyp.) 

therefore  also  C  has  to  D  a  greater  ratio  than  C  has  to  Bi    (v.  13.) 

but  of  two  magnitudes,  that  to  which  the  same  has  the  greater  ratio 

is  the  less :     (v.  10.) 

therefore  D  is  less  than  B ; 
that  is,  B  is  greater  than  D. 
Secondly,  if  ^  be  equal  to  C, 

then  B  shall  be  equal  to  D. 
For  AisXo  B,  as  C,  that  is,  ^  to  D : 
therefore  B  is  equal  to  D.     (v.  9.) 
Thirdly,  if  A  be  less  than  C, 

then  B  shall  be  less  than  D. 

For  C  is  greater  than  A  ; 

and  because  C  is  to  D,  as  ^  is  to  B, 

therefore  D  is  greater  than  B,  by  the  first  case ; 

that  is,  B  is  less  than  2). 

Therefore,  if  the  first,  &c.    q.  e.  d. 


PROPOSITION  XV.    THEOREM. 

Magnitudes  have  the  same  ratio  to  one  another  which  their  equi' 

multiples  have. 

Let  AB  be  the  same  multiple  of  C,  that  DB  is  of  F, 
Then  C  shall  be  to  F,  as  AB  to  DB. 


G 
H 


D 
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Because  AB  is  the  same  multiple  of  C,  that  DJS  is  of  F; 
there  are  as  many  magnitudes  in  AB  equal  to  C,  as  there  are  in 
I  DB  ejqual  to  -F : 

^^  AB  be  divided  into  magnitudes,  each  equal  to  C,  viz.  AG,  GH,  HB; 
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and  DE  into  magnitudes,  each  equal  to  Fy  viz.  DK,  KJL,  LE : 
then  the  number  of  the  first  AG,  GH,  HB,  is  equal  to  the  number 
of  the  last  DK,  KL,  LE: 

and  because  AG,  GH,  HB  are  aU  equals 
and  that  DK,  KL,  LE,  are  also  equal  to  one  another  ; 
therefore  ^G  is  to  DK  as  GHto  KL^  and  as  HB  to  LE:    (v.  7.) 
but  as  one  of  the  antecedents  is  to  its  consequent^  so  are  all  the  ante- 
cedents together  to  all  the  consequents  together^    (v.  12.) 
wherefore,  as  AG  is  to  DK,  so  is  AB  to  DEi 
but  AG  is  equal  to  C,  and  DK  to  F; 
therefore,  as  (7  is  to  F,  so  is  AB  to  DE. 
Therefore,  magnitudes,  &c.    Q.E.D. 


PROPOSITION  XVI.     THEOREM. 

If  four  masnitudes  of  the  same  kind  he  proportionals,  they  shall  also 
be  proportionals  when  taken  altemateltf. 

Let  A,  B,  C,  D  be  four  magnitudes  of  the  same  kind,  which  are 
proportionals,  viz.  as  J  to  £,  so  C  to  D. 

They  shall  also  be  proportionals  when  taken  alternately  ; 
that  is,  A  shall  be  to  C,  as  £  to  D. 


E G- 

A C- 


B D- 

F H- 


Take  o£A  and  B  any  equimultiples  whatever  E  and  F; 
and  of  C  and  D  take  any  equimultiples  whatever  G  and  H: 

and  because  E  is  the  same  multiple  of  A,  that  F  is  o£  B, 
and  that  magnitudes  have  the  same  ratio  to  one  another  which  their 
equimultiples  have ;     (v.  15.) 

therefore  ^  is  to  ^,  as  j&  is  to  F: 

but  as  ^  is  to  ^  so  is  C  to  D;     (hjrp.) 

wherefore  as  C  is  to  D,  so  is  j&  to  F:     (v.  llj 

again,  because  G,  H  are  equimultiples  of  C,  D, 

merefore  as  C  is  to  2>,  so  is  G  to  Jf:     (v.  15.) 

but  it  was  proved  that  as  C  is  to  D,  so  is  J?  to  ^; 

therefore,  as  £  is  to  F,  so  is  G  to  H.    (v.  11.) 

But  when  four  magnitudes  are  proportionals,  if  the  first  be  greater 

than  the  third,  the  second  is  greater  than  the  fourth  ; 

and  if  equal,  equal;  if  less,  less;    (v.  14.) 
therefore,  if  £  be  greater  than  G,  F  likewise  is  greater  than  H; 

and  if  equal,  equal ;  if  less,  less : 
and  E,  F  are  any  equimultiples  whatever  of  ^,  B;    (constr.) 

and  G,  H  any  whatever  of  C,  D : 

therefore  ^  is  to  C  as  J?  to  D,     (v.  def.  5.) 

If,  then,  four  magnitudes,  &c.    q.  e.  d. 
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..  PROPOSITION  XVII.    THEOREM. 

7/*  magnitudes^  taken  jointly,  be  proporlionaU,  they  shall  also  be  pro- 
Trtumals  when  taken  separately:  that  is,  if  two  magnitudes  together  have 
)  one  of  them,  the  same  ratio  which  two  others  have  to  one  of  these,  the 
miaintng  one  of  the  first  two  shall  have  to  the  other  the  same  ratio  which 
le  remaining  one  of  the  last  two  has  to  the  other  of  these, 

'Let  AB,  BE,  CD,  DF  be  the  magnitudes,  taken  jointly  which  are 
roportionals ; 

that  is,  as  ^5  to  BE,  so  let  CD  be  to  DF. 

Then  they  shall  also  be  proportionals  taken  separately, 

viz.  as  AE  to  EB,  so  shall  CF  be  to  FD. 


K 
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Take  of  AE,  EB,  CF,  FD  any  equimultiples  whatever  GH,  HK, 

IM,  MN; 

and  again,  of  EB,  FD  take  any  equimultiples  whatever  KX,  NP. 

Then  because  GH  is  the  same  multiple  o£AE,  that  HK  is  of  EB, 

therefore  GH  is  the  same  multiple  of  AE,  that  GK  is  o£AB:   (v.  1.) 

but  GH  is  the  same  mul^tiple  of  AE,  that  LM  is  of  CF; 

therefore  GK  is  the  same  multiple  of  AB,  that  LM  is  of  CF. 

Again,  because  LM  is  the  same  multiple  of  CF,  that  MN  is  of  FD ; 

therefore  LM  is  the  same  multiple  of  CF,  that  LN  is  of  CD :     (v.  1.) 

ut  LM  was  shewn  to  be  the  same  multiple  of  CF,  that  GK  is  of  AB ; 

therefore  GK  is  the  same  multiple  of  AB,  that  LN  is  of  CD ; 

that  is,  GK,  LN  are  equimultiples  of  AB,  CD, 

Next,  because  HK  is  the  same  multiple  of  EB,  that  MN  is  of  FD; 

and  that  KX  is  also  the  same  multiple  of  EB,  that  NP  is  of  FD; 

therefore  HX  is  the  same  multiple  of  EB,  that  MP  is  of  FD,    (v.  2.) 

And  because  AB  is  to  BE  as  CD  is  to  DF,    (hyp.) 

and  that  of  AB  and  CD,  GK  and  LN  aie  equimultiples, 

and  of  EB  and  FD,  HX  and  MP  are  equimultiples ; 

therefore  if  GK  be  greater  than  HX,  then  LN  is  greater  than  MP; 

and  if  equal,  equal ;  and  if  less,  less :  (v.  def.  5.) 

but  if  GH  be  greater  than  KX, 
then,  by  adding  the  common  part  HK  to  both, 
Ga  is  greater  than  HX ;    (i.  ax.  4.) 
wherefore  also  LN  is  greater  than  MP  ; 
and  by  taking  away  MN  from  both, 
LM  is  greater  than  NP  ;    (i.  ax.  5.) 
therefore,  if  GH  be  greater  than  KX, 

LM  is  greater  than  NP, 

In  like  manner  it  may  be  demonstrated, 

that  if  GH  be  equal  to  KX, 

10 
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LM  is  equal  to  XP;  jnd  if  lew,  lets: 

bat  GH,  LM  an  Mij  mamiMpleB  whatbtrtr  ei  AE,  CF,   (oonst 

jnd  KX,  yp  mie  auf  yKhaiewa  a£ EB,  FDz 

fhenSxe,  m  AB  is  to  BB,  90  uCF  to  FD.    (r.  det  5.) 

If Ifaca,  mignifdriy  Ac    Q.B.D. 


PBOFOSITION  XVm.     THEOREX. 

If  magniiudet,  iaktm  separaidy,  be  proporikmals,  they  shall  als 
proportionals  wkem  iakem  Joimily  :  thai  is,  if  the  first  be  to  the  secom 
the  third  to  thefottrth,  thejirsi  and  second  together  shall  he  to  the  sec 
as  the  third  and  fourth  together  to  thefomrth. 

Let  AB,  EB,  CF,  FD  be  proportioiials ; 

that  'u,MAEto  EB,  so  let  CF  be  to  FD. 

Then  they  shall  also  be  proportioiials  when  taken  Jointly ; 

that  is,  asABto  BB,  so  shall  CD  be  to  DF. 

"I 

J        'A- 


I. 


B,-    f1. 

J     cl     L 

Take  of  AB,  BE,  CD,  DF  any  eqoimuhiples  whatever  GH,  I 

LM,  MN; 

and  again,  of  BE,  DF,  take  any  eqnimulttples  whatever  KO,  NT 

and  because  KO,  NP  are  equimultiples  of  BE,  DF, 

and  that  KH,  NM  are  likewise  equimultiples  o£ BE,  DF; 

therefore  if  KO,  the  multiple  of  BE,  be  greater  than  KH,  wl 

is  a  multiple  of  the  same  BE, 
then  NP^  the  multiple  of  DF,  is  also  greater  than  NM,  the  multi 
of  the  same  DF; 

and  if  JTO  be  equal  to  KH, 
NP  is  equal  to  NM;  and  if  less,  less. 
First,  let  KO  be  not  greater  than  KH; 

therefore  NP  is  not  greater  than  NM: 
and  because  GH,  HK,  are  equimultiples  of  AB,  BB,  and  that 
is  greater  than  BE, 

therefore  GH  is  greater  than  HK;    (v.  ax.  3.) 
but  KO  is  not  greater  than  KH; 
therefore  GH  is  greater  than  KO. 
In  like  manner  it  may  be  shewn,  that  LM  is  greater  than  NP, 

Therefore,  if  KO  be  not  greater  than  KH, 
ihenGJf,  the  multiple  o£ABy  is  always  greater  than^O,the  mult 

of^iS^; 
and  likewise  LM,  the  multiple  of  CD,  is  greater  than  NP, 
multiple  of  DF. 
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Next>  let  KO  be  greater  than  KH ; 
therefore^  as  has  been  shewn^  NP  is  greater  than  NM. 
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And  because  the  whole  GH  is  the  same  multiple  of  the  whole  AB, 
iSaaHHK  is  of  BE, 

therefore  the  remainder  GK  is  the  same  multiple  of  the  remainder 
AE  that  GH  is  of  AB.    (v.  6.) 

which  is  the  same  that  LM  is  of  CD. 
In  like  manner^  because  LM  is  the  same  multiple  of  CD,  that  MN 
hoiDEy 

therefore  the  remainder  LN  is  the  same  multiple  of  the  remainder 
CFy  that  the  whole  LM  is  of  the  whole  CD :     (v.  5.) 
but  it  was  shewn  that  LM  is  the  same  multiple  of  CD,  that  GK  is  of  AE; 
therefore  GK  is  the  same  multiple  of  AE,  that  LN  is  of  CF; 
that  is,  GK,  LN  are  equimultiples  of  AJE,  CF. 
And  because  KO,  NP  are  equimultiples  of  BE,  DF, 
therefore  if  from  KO,  NP  there  be  taken  KH,  NM,  which  are 

likewise  equimultiples  of  BE,  DF, 
the  remainders  HO,  MP  are  either  equal  to  BE,  DF,  or  equimultiples 
of  them.    (v.  6.) 

First,  let  HO,  MP  be  equal  to  BE,  DF: 

then  because  AE  is  to  EB,  as  CF  to  FD,    (hyp.) 

and  that  GK,  LN  are  equimultiples  of  AE,  CF ; 

therefore  GK  is  to  EB,  as  LN  to  FD :     (v.  4.  Cor.) 

but  HO  is  equal  to  EB,  and  MP  to  FD; 

wherefore  GK  is  to  HO,  as  LN  to  MP: 

therefore  if  GK  be  greater  than  HO,  LN  is  greater  than  MP; 

and  if  equal,  equal ;  and  if  less,  less. 

But  let  HO,  MP  be  equimultiples  of  EB,  FD. 

Then  because  AE  is  to  EB,  as  CF  to  FD,    (hyp.) 
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and  that  of  AB,  CF  are  taken  equimultiples  GK,  LN; 

and  orjSB,  FD,  the  equimultiples  HO,  MP; 

if  GK  be  greater  than  HO,  LN  is  greater  than  MP; 

and  if  equal,  equal ;  and  if  less,  less ;    (v.  def.  5.) 

which  was  likewise  shewn  in  the  preceding  case. 

But  if  GH  be  greater  thaoi  KO, 

10—2 
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taking  KH  from  both,  GK  is  greater  than  HOi     (i.  ax.  5.) 

wherefore  also  LN  is  greater  than  MP ; 

and  consequently  adding  NM  to  both, 

LM  is  greater  than  NPz     (i.  ax.  4.) 

therefore,  if  GH  be  greater  than  KO, 

LM  is  greater  than  NP. 

In  like  manner  it  may  be  shewn,  that  if  GH  be  equal  to  KO, 

LM  is  equal  to  NP ;  and  if  less^  less. 

And  in  the  case  m  which  KO  is  not  greater  than  KH, 

it  has  been  shewn  that  GH  is  alwavs  greater  than  KO, 

and  likewise  LM  greater  than  NP: 

.  but  GH,  LM  are  any  equimultipks  whatever  of  AB,  CD,    (constr.) 

and  KO,  NP  are  any  whatever  of  BE,  DF; 

therefore,  as  ^ J?  is  to  BE,  so  is  CD  to  DF.    (v.  def.  5.) 

If  then  magnitudes,  &c.     q.  b.  n. 


PROPOSITION  XIX.    THEOREM. 

If  a  whole  magnitude  he  to  a  whole,  as  a  magnitude  taken  from  the 
Jinl  is  to  a  magnitude  taken  from  the  other;  the  remainder  shall  be  to  ik 
remainder  as  the  whole  to  the  whole. 

Let  the  whole  AB  be  to  the  whole  CD,  as  AE  a  magnitude  taken 
from  ^jB  is  to  CF  a  magnitude  taken  from  CD, 

Then  the  remainder  EB  shall  be  to  the  remainder  FD,  as  the  whole 
^jB  to  the  whole  CD. 
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Because  AB  is  to  CD,  BsAEto  CF: 
therefore  alternately,  BA  is  to  AE,  as  DC  to  CF:     (v.  l6.) 
and  because  if  magnitudes  taken  jointly  be  proportionals,  they  ar^ 
also  proportionals,  when  taken  separately;     (v.  17-) 
therefore,  as  BE  is  to  EA,  so  is  DF  to  FC; 
and  alternately,  as  BE  is  to  DF,  so  is  EA  to  FC: 
but,  as  AE  to  CF,  so,  by  the  hypothesis,  is  AB  to  CD ; 
therefore  also  BE  the  remainder  is  to  the  remainder  DF,  as  tb^ 
whole  AB  to  the  whole  CD.    (v.  11.) 

Wherefore,  if  the  whole,  &c.    q.e.d. 

Cor.— If  the  whole  be  to  the  whole,  as  a  magnitude  taken  from  th^ 

first  is  to  a  magnitude  taken  from  the  other ;  the  remainder  shall  like^ 

wise  be  to  the  remainder,  as  the  magnitude  taken  from  the  first  to  th»'^ 

taken  from  the  other.   The  demonstration  is  contained  in  the  preceding'' 

PROPOSITION  E.    THEOREM. 

If  four  magnitudes  be  proportionals,  they  are  also  proportionals  bf0 
conversion  ;  that  is,  thejirst  is  to  its  excess  above  the  second,  as  the  thirt^ 
to  its  excess  above  the  fourth. 
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Let  AB  be  to  BE,  as  CD  to  DF. 
Then  BA  shall  be  to  AE,  as  DC  to  CF. 
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Because  AB  is  to  BE,  as  CD  to  DF, 

therefore  by  division  •JE  is  to  EB,  as  CF  to  FD ;    (v.  17) 

and  by  inversion^  BE  is  to  EA,  as  DF  to  FC;    (v.  b.) 

wherefore,  by  composition,  BA  is  to  AE/as  DC  is  to  CF.    (v.  18.) 

If  therefore  four,  &c.    q.e.d. 


PROPOSITION  XX.    THEOREM. 


If  there  be  three  magnitudes,  and  other  three,  which,  taken  two  and 
vo,  have  the  same  ratio  ;  then  if  the  first  he  greater  than  the  third,  the 
rurlh  shall  be  greater  than  the  sixth  ;  and  if  equal,  equal;  and  if  less. 


!M. 


Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  other  three,  which 
taken  two  and  two  have  the  same  ratio, 

viz.  as  ^  is  to  £,  so  is  D  to  E; 

and  as  B  to  C,  so  is  E  to  F. 

If  A  be  greater  than  C,  D  shall  be  greater  than  F; 

and  if  equal,  equal ;  and  if  less,  less. 


ABU 
DBF 


Because  A  is  greater  than  C,  and  B  is  any  other  magnitude, 
and  that  the  greater  has  to  the  same  magnitude  a  greater  ratio  than 
the  less  has  to  it ;     (v.  8.) 
therefore  A  has  to  B  a  greater  ratio  than  C  has  to  B : 
but  as  D  is  to  £,  so  is  -4  to  B;     (hyp.) 
therefore  D  has  to  E  a  greater  ratio  than  C  to  Bi    (v.  13.) 
and  because  J?  is  to  C,  as  £  to  F, 
by  inversion,  C  is  to  B,  as  F  is  to  J? :     (v.  b.) 
and  D  was  shewn  to  have  to  E  a  greater  ratio  than  C  to  B: 
therefore  D  has  to  £  a  greater  ratio  than  JP  to  JB :     (v.  13.  cor.) 
but  the  magnitude  which  has  a  greater  ratio  than  another  to  the 
same  magnitude,  is  the  greater  of  the  two;     (v.  10.) 
therefore  D  is  greater  than  F, 
Secondly,  let  A  be  equal  to  C. 

Then  D  shall  be  equal  to  F. 
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ii 


DBF 


Because  A  and  C  are  equal  to  one  another^ 

^  IS  to  jB^  as  C  is  to  £ :    (v.  7.) 

but  ^  is  to  ^,  as  D  to  Er  (hyp.) 

and  C  is  to  ^^  as  F  to  E;     (hjrp.; 

wherefore  D  is  to  £^  as  F  to  E ;    (v«  H*  «nd  v.  b.) 

and  therefore  D  is  equal  to  F.    (v.  9*) 

Next^  let  A  be  less  than  C 

Then  D  shall  be  less  than  F. 


ABC 
D  E  F 


For  C  is  greater  than  A ; 

and  as  was  shewn  in  the  first  case^  C  is  to  B^  as  F  to  £^ 

and  in  like  manner^  ^istOil^asEtoD; 

therefore  F  is  greater  than  D,  by  the  first  case ; 

that  is^  D  is  less  than  F. 

Therefore,  if  there  be  three,  &c.     q.e.d. 


PROPOSITION  XXI.     THEOREM. 

If  there  be  three  masnitudes,  and  other  three,  which  have  the  i 
ratio  taken  two  and  two,  but  in  a  cross  order ;  then  if  the  first  magni 
be  greater  than  the  third,  the  fourth  shall  be  greater  than  the  sixth; 
if  equal,  equal ;  and  if  less,  less. 

Let  A,  B,  C  be  three  magnitudes,  and  D,  E,  F  other  three,  vr 
have  the  same  ratio,  taken  two  and  two,  but  in  a  cross  order, 

viz.  as  A  is  to  ^,  so  is  £  to  F, 

and  as  £  is  to  C,  so  is  D  to  E. 

1£A  be  greater  than  C,  D  shall  be  greater  than  F; 

and  if  equal,  equal ;  and  if  less,  less. 


ABC 
DBF 
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Because  A  is  greater  than  Cy  and  B  is  any  other  magnitude, 

A  has  to  ^  a  greater  ratio  than  C  has  to  Bi    (v.  8.) 

but  B&  EXjo  FySois  AXjoB;    (hj^*) 

therefore  E  has  to  jP  a  greater  ratio  than  C  to  ^ :    (v.  13.) 

and  because  B  is  to  C,  as  D  to  £ ;     (hyp.) 

by  inversion,  C  is  to  ^,  as  j^  to  J3 : 

and  E  was  shewn  to  have  to  F  a  greater  ratio  than  C  has  toB; 

therefore  E  has  to  -F  a  greater  ratio  than  E  has  to  D :     ^v.  13.  Cor.) 

but  the  magnitude  to  which  the  same  has  a  greater  ratio  than  it  has 

to  another,  is  the  less  of  the  two :     (v.  10.) 

therefore  F  is  less  than  D ; 
that  is,  D  is  greater  than  F. 
Secondly,  Let  A  be  equal  to  C; 

D  shall  be  equal  to  jP. 


ABC 
DBF 


Because  A  and  C  are  equal, 

A  is  to  B,  as  C  is  to  Bi    (v.  7.) 

but  ^isto^,  asJ^tof";     (hyp.) 

and  Cisto^,  asJ^toD; 

wherefore  jE^  is  to  f  ,  as  £  to  D ;     (v.  11.) 

and  therefore  D  is  equal  to  J^.     (v.  9*) 

Next,  let  A  be  less  than  C: 

D  shall  be  less  than  F, 


B  c 
v.  F 


For  C  is  greater  than  A ; 

and,  as  was  shewn,  C  is  to  ^,  as  J?  to  D, 

and  in  like  manner  BistoAyasFtoE; 

therefore  F  is  greater  than  JD,  by  case  first ; 

that  is,  D  is  less  than  F, 

Therefore,  if  there  be  three,  &c.    q.e.d. 

PROPOSITION  XXII.    THEOREM. 

If  there  be  any  number  of  magnitudes,  and  as  many  others,  which 
^ken  two  and  two  in  order ^  have  the  same  ratio;  the  first  shall  have  to  the 
^  of  the  first  magnitudes^  the  same  ratio  which  the  first  has  to  the  last  of 
^^  others.     N,  B,     This  is  usually  cited  by  the  words  **  ex  aequali,"  or 
"ex  aequo." 

First,  let  there  be  three  magnitudes  A,  B,  C,  and  as  many  others 
A  £,  F,  which  taken  two  and  two  in  order,  have  the  same  ratio. 
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that  is^  such  that  ilisto^asDtoJ^; 

and  as  J?  is  to  C^  so  is  jE  to  F. 

Then  A  shall  be  to  C,  as  D  to  F. 


II  Jii 

6  K  M     H  L  N 


Take  of  A  and  T)  any  equimultiples  whatever  G  and  H ; 

and  of  B  and  E  any  equimultiples  whatever  K  and  h ; 

and  of  C  and  F  any  whatever  M  and  'Ni 

then  because  ^  is  to  J?^  as  D  to  £^ 

and  that  G^  H  are  equimultiples  of  A,  D, 

and  K,  L  equimultiples  o£  B,  E  ; 

therefore  as  G  is  to  X^  so  is  iFT  to  L :    (v.  4.) 

for  the  same  reason^  XistoMasLto^: 

and  because  there  are  three  magnitudes  G,  K^  M,  and  other  three 

Hy  L,  N,  which  two  and  two,  have  the  same  ratio ; 

therefore  if  G  be  greater  than  M,  H  is  greater  than  N; 

and  if  equals  equal ;  and  if  less,  less ;    (v.  20.) 

but  G,  H  are  any  equimultiples  whatever  of  A,  D, 

and  My  N  are  any  equimultiples  whatever  o£  C,  F ;     (constr.) 

therefore,  as  A  is  to  C,  so  is  D  to  F.    (v.  def.  5.) 

Next,  let  there  be  four  magnitudes,  A^  B^  C,  D, 

and  other  four  J5,  F,  G,  H,  which  two  and  two  have  the  same  ratio, 

viz.  as  ^  is  to  £,  so  is  £  to  jP  ; 

and  as  £  to  C,  so  F  to  G  ; 

and  as  C  to  D,  so  G  to  H : 

Then  A  shall  be  to  D,  as  £  to  H. 


A.B.C.D 
E.F.G.H 


Because  A,  B,  C  are  three  magnitudes,  and  E,  F,  G  other  three, 
which  taken  two  and  two,  have  the  same  ratio ; 

therefore  by  the  foregoing  case,  A  is  to  C,  as  £  to  G : 

but  C  is  to  D,  as  G  is  to  H ; 

wherefore  again,  by  the  first  case,  ^  is  to  D,  as  £  to  fi" : 

and  so  on,  whatever  be  the  number  of  magnitudes. 

Therefore,  if  there  be  any  number,  &c.    q.b.d. 


PROPOSITION  XXIIL    THEOREM. 

If  there  be  any  number  of  magnitudes^  and  as  many  others,  which 
taken  two  and  two  in  a  cross  order,  have  the  same  ratio;  the  first  shall 
have  to  the  last  of  the  Jirst  magnitudes  the  same  ratio  which  the  Jirst 
has  to  the  last  of  the  others,  N,  B»  This  is  usually  cited  by  the  words 
*^  ex  eequali  in  proportione  perturbata ;"  or  ^*  ex  cequo  perturbato." 


BOOK  V.       PROP.  XXIII. 


153 


First,  let  there  be  three  magnitudes  A,  B,  C,  and  other  three  D,  E,  F, 
which  taken  two  and  two  in  a  cross  order  have  the  same  ratio, 

that  is^  such  that  AistoB,  asEtoF; 

and  as  J?  is  to  C,  so  is  D  to  ^. 

Then  A  shall  be  to  C,  as  D  to  F. 


B  C      DBF 


G  H  L 


B 

K  M  N 


Take  of  A,  J?,  D  any  equimultiples  whatever  G,  H,  K; 
and  of  Cy  E,  F  any  equimultiples  whatever  L,  M,  N: 
and  because  6,  H  are  equimultiples  of  A,  B, 
and  that  magnitudes  have  the  same  ratio  which  their  equimultiples 
have ;     (v.  15.) 

therefore  as  ^  is  to  ^,  so  is  G  to  H: 
and  for  the  same  reason,  as  £  is  to  JP,  so  is  M  to  ^: 
but  as  il  is  to  B,  so  is  E  to  F;     (hyp.) 
therefore  as  G  is  to  jFT,  so  is  M  to  A":     (v.  11.) 
and  because  as  B  is  to  C,  so  is  D  to  E,    (hyp.) 
and  that  H,  K  are  equimultiples  of  B,  D,  and  L,  M  of  C,  E ; 
therefore  as  H*  is  to  L^  so  is  IT  to  M :     (v.  4.) 
and  it  has  been  shewn  that  G  is  to  H,  as  Mto  N: 
therefore,  because  there  are  three  magnitudes  G,  H,  L,  and  other 
^hree  K,  M,  N,  which  have  the  same  ratio  taken  two  and  two  in  a  cross 
order; 

if  G  be  greater  than  L,  K  is  greater  than  N: 

and  if  equal,  equal ;  and  if  less,  less :     (v.  21.) 

but  G,  K  are  any  equimultiples  whatever  of  A,  D;     (constr.) 

and  i,  N  any  whatever  of  C,  F ; 
therefore  as  -4  is  to  C,  so  is  D  to  F.    (v.  def.  5.) 
Next,  let  there  be  four  magnitudes  A,  B,  C,  D,  and  other  four  E, 
^)  G,  H,  which  taken  two  and  two  in  a  cross  order  have  the  same  ratio^ 

viz.  A  to  B,  SLS  G  to  H; 

Bto  C,  as-FtoG; 

and  C  to  A  as  jE  to  F. 

Then  A  shall  be  to  2),  as  J?  to  Jf. 


A.B.C.D 
E.F.6.H 


Because  Ay  B,  C  are  three  magnitudes,  and  F,  G,  H  other  three^ 
vhich  taken  two  and  two  in  a  cross  order  have  the  same  ratio ; 

by  the  first  case,  A  is  to  C,  as  F  to  H ; 

but  C  is  to  D,  as  £  is  to  F; 

wherefore  again,  by  the  first  case,  ^  is  to  D^  as  £  to  jFf ; 

and  so  on^  whatever  be  the  number  of  magnitudes. 

Therefore,  if  there  be  any  number,  &c.    q.e.d. 


\ 
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PROPOSITION  XXIV.     THEOREM. 

If  the  first  has  to  the  second  the  same  ratio  which  the  third  has  to  the 
fourth  ;  and  thejlfth  to  the  second  the  same  ratio  which  the  sixth  has  to 
the  fourth  ;  the  Jirst  andjijth  together  shall  have  to  the  second,  the  same 
ratio  which  the  third  and  sixth  together  have  to  the  fourth. 

Let  AB  the  first  have  to  C  the  second  the  same  ratio  which  BE  the 
third  has  to  F  the  fourth ; 

and  let  BG  the  fifth  have  to  C  the  second  the  same  ratio  which  EH 
the  sixth  has  to  F  the  fourth. 
Then  AG,  the  first  and  fifth  together^  shall  have  to  C  the  second, 
the  same  ratio  which  DH,  the  third  and  sixth  together^  has  to  F  the 
fourth. 


B 


H 

E 


i 


A   C   D  F 

Because  BG  is  to  C,  as  EH  Xjo  F ; 

by  inversion^  C  is  to  BG,  as  -F  to  EHi    (v.  b.) 

and  because,  as  AB  is  to  C,  so  is  DE  to  F;     (hyp.) 

and  as  C  to  BG,  so  F  to  EH; 
ex  asquali,  AB  is  to  BG,  as  DE  to  EHz    (v.  22.) 
and  because  these  magnitudes  are  proportionals  when  taken  separately^ 
they  are  likewise  proportionals  wnen  taken  jointly ;    (v.  18.) 
therefore  as  AG  is  to  GB,  so  is  DH  to  HE : 
but  as  GB  to  C,  so  is  HE  to  F:     (hyp.) 
therefore,  ex  sequali,  as  ^G  is  to  C,  so  is  DH  to  F.     (v.  22.) 
Wherefore,  if  the  first,  &c.     q.  e.i>. 
Cor.  1. — If  the  same  h3rpothesis  be  made  as  in  the  proposition,  the 
excess  of  the  first  and  fiflh  shall  be  to  the  second,  as  tne  excess  of  the 
third  and  sixth  to  the  fourth.     The  demonstration  of  this  is  the  same 
with  that  of  the  proposition,  if  division  be  used  instead  of  composition. 
Cob.  2.^ — The  proposition  holds  true  of  two  ranks  of  magnitudes,  what^ 
ever  be  their  number,  of  which  each  of  the  first  rank  has  to  the  second 
magnitude  the  same  ratio  that  the  corresponding  one  of  the  second  ranlc 
has  to  a  fourth  magnitude :  as  is  manifest. 


PROPOSITION  XXV.    THEOREM. 


If  four  magnitudes  of  the 'same  kind  are  proportionals,  the  greatest 
and  least  of  them  together  are  greater  than  the  other  two  together. 

Let  the  four  magnitudes  AB,  CD,  E,  F  be  proportionals, 

viz.  AB  to  CD,  as  E  to  F; 
and  let  J 1?  be  the  greatest  of  them,  and  consequently  F  the  least' 


(v.  14.  and  A.) 
AB 


Then  AB  together  with  F  shall  be  greater  than  CD  together  with  £. 
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B 
G 


-  D 
H 


A  C   B   F 


Take  AG  equal  to  E,  and  CH  equal  to  F. 

Then  because  as  AD  is  to  CD,  so  is  J?  to  F, 

and  that  ^G  is  equal  to  E,  and  CH  equal  to  F, 

therefore  AB  is  to  CD,  sls  AG  to  CH :     (v.  11,  and  7.) 

and  because  AB  the  whole,  is  to  the  whole  CD,  as  ^  G  is  to  CH, 

likewise  the  remainder  GB  is  to  the  remainder  HD,  as  the  whole 

AB  is  to  the  whole  CD:     (v.  I9.) 

but  AB  18  greater  than  CD  ;     (hyp.) 
therefore  GB  is  greater  than  HD :    (v.  a.)  * 
and  because  ^G  is  equal  to  E,  and  CH  to  F ; 
AG  and  F  together  are  equal  to  CH  and  E  together :     (i.  ax.  2.) 
therefore  if  to  the.  unequal  magnitudes  GB,  HD,  of  which  GB  is 
the  greater,  there  be  added  equal  magnitudes,  viz.  to  GB  the  two  AG 
and  F,  and  CH  and  E  to  HD  ; 

AB  and  F  together  are  greater  than  CD  and  E.     (i.  ax.  4.) 
Therefore,  if  four  magnitudes,  &c,    q.e.d. 


PROPOSITION  F.    THEORJEM. 

Ratios  which  are  compounded  of  the  same  ratios,  are  the  same  to  one  another. 

Let  A  be  to  J5,  as  D  to  JS ;  and  JB  to  C,  as  JB  to  F. 
Then  the  ratio  which  is  compounded  of  the  ratios  oi  AXx>  B,  and  BtoC^ 
which,  by  the  definition  of  compound  ratio,  is  the  ratio  o€  Ato  C, 
shall  be  the  same  with  the  ratio  of  D  to  F,  which,  by  the  same 
definition,  is  compounded  of  the  ratios  of  D  to  £,  and  E  to  F. 


A.B.C 
D.E.F 


Because  there  are  three  magnitudes  A,  B,  C,  and  three  others  D,  E,  F, 
which,  taken  two  and  two,  in  order,  have  the  same  ratio; 

ex  sequali  A  is  to  C,  as  D  to  F,     (v.  22.) 
Next,  let  A  be  to  B,  as  E  to  J^,  and  BtoC,a8DtoE: 


A.B.C 
D.E.F 


therefore,  ex  cequali  in  proportione  perturbatd,     (v.  23.) 

A  is  to  C,  asDto  F; 
that  is,  the  ratio  of  A  to  C,  which  is  compounded  of  the  ratios  of  A 
to  B,  and  B  to  C,  is  the  same  with  the  ratio  of  D  to  F,  which  is  com- 
pounded of  the  ratios  of  D  to  E,  and  E  to  F, 

And  in  like  manner  the  proposition  may  be  demonstrated,  whatever 
oe  the  number  of  ratios  in  either  case. 
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PROPOSITION  G.    THEOREM. 

Jf  several  ratios  be  the  same  to  several  ratios,  each  to  each;  the  ratio 
which  is  compounded  of  ratios  which  are  the  same  to  the  Jirst  ratios,  each 
to  each,  shau  be  the  same  to  the  ratio  compounded  of  ratios  which  are  the 
same  to  the  other  rcUios,  each  to  each. 

Let  ^  be  to  JB,  as  j^  to  F;  and  C  to  A  as  G  to  jST: 
and  let  J  be  to  J?^  as  X  to  L ;  and  C  to  D^  as  X  to  M. 

Then  the  ratio  of  A:  to  M, 
by  the  definition  of  compound  ratio^  is  compounded  of  the  ratios  of 
K  to  L,  and  L  to  M,  which  are  the  same  with  the  ratios  of  ^  to  ^^  and 
CtoD. 
Again,  as  jE  to  F,  so  let  iV  be  to  0;  and  as  G  to  H,  so  let  O  be  to  P. 
Then  the  ratio  of  iV  to  P  is  compounded  of  the  ratios  o£  N  to  0, 
and  0  to  P^  which  are  the  same  with  the  ratios  of  B  to  F,  and  GtoH: 
and  it  is  to  be  shewn  that  the  ratio  o£  Kto  M,  is  the  same  with  the 
ratio  of  ^to  P; 

or  that  A  is  to  M^  as  ^  to  P. 


A.B.C.D.  K.L.M. 
E.F.G.H.  N.O.P. 


Because  Kisto  L,  as  (A  to  B,  that  is^  2ls  EXo  F,  that  is>  as)  ^  to  0: 

and  as  L  to  M^  so  is  (C  to  D,  and  so  is  G  to  H,  and  so  is)  0  to  P: 

ex  aequali  jBT  is  to  M,  as  A"  to  P.     (v.  22.) 

Therefore^  if  several  ratios^  &c.     q.e.d. 


PROPOSITION  H.     THEOREM. 

If  a  ratio  which  is  compounded  of  several  ratios  be  the  same  to  a 
ratio  which  is  compounded  of  several  other  ratios;  and  if  one  of  the  frH 
ratiosy  or  the  ratio  which  is  compounded  of  several  of  them^  be  the  same 
to  one  of  the  last  ratios,  or  to  the  ratio  which  is  compounded  of  several 
of  them;  then  the  remaining  ratio  of  the  first,  or,  if  there  be  more  than 
one,  the  ratio  compounded  of  the  remaining  ratios,  shall  be  the  same  to 
the  remaining  ratio  of  the  last,  or,  if  there  be  more  than  one,  to  the 
ratio  compounded  of  these  remaining  ratios. 

Let  the  first  ratios  be  those  o£  A  to  B,  B  to  C,  (7  to  D,  DtoE, 
and  F  to  F; 

and  let  the  other  ratios  be  those  of  G  to  H,  H  to  K,  KtoL, 
and  L  to  M: 

also^  let  the  ratio  of  A  to  F,  which  is  compounded  of  the  first  ratios, 
be  the  same  with  the  ratio  of  G  to  M,  which  is  compounded  of  the 
other  ratios; 

and  besides,  let  the  ratio  of  A  to  D,  which  is  compounded  of  the 
ratios  of  A  to  B,  B  to  C,  C  to  D,  be  the  same  with  the  ratio  ofGtoK, 
which  is  compounded  of  the  ratios  of  G  to  H,  and  H  to  K. 

Then  the  ratio  compounded  of  the  remaining  first  ratios^  to  wit,  of 
the  ratios  of  D  to  E,  and  F  to  F,  which  compounded  ratio  is  the  ratio 
of  D  to  i^,  shall  be  the  same  with  the  ratio  o£  Kto  M,  which  is  com- 
pounded of  the  remaining  ratios  of  K  to  L,  and  L  to  M  of  the  other 
ratios. 
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A.B.C.D.E.F. 


Because^  by  the  hjrpothesis^  il  is  to  D^  as  G  to  X^ 

by  inversion;,  D  is  to  il^  as  iC  to  G ;     (v.  b.) 

and  as  il  is  to  F^  so  is  (r  to  M;    (h^.) 

therefore,  ex  sequali,  D  is  to  F,  as  £^  to  M.     (v.  22.) 

If,  therefore,  a  ratio  which  is,  &c.     q.b.d. 


PROPOSITION  K.    THEOREM. 

If  there  be  any  number  of  ratios^  and  any  number  of  other  ratios 
such^  that  the  ratio  which  is  compounded  of  ratios  which  are  the  same 
to  tkejirst  ratios^  each  to  each,  is  the  same  to  the  ratio  which  is  com^ 
founded  of  ratios  which  are  the  same,  each  to  each^  to  the  last  ratios; 
and  if  one  of  the  first  ratios,  or  the  ratio  which  is  compounded  of  ratios 
nhkh  are  the  same  to  several  of  the  first  ratios,  each  to  each,  be  the 
fame  to  one  of  the  last  ratios^  or  to  the  ratio  which  is  compounded  of 
ratios  which  are  the  same,  each  to  each,  to  several  of  the  last  ratios; 
then  the  remaining  ratio  of  the  first,  or,  if  there  be  more  than  one,  the 
ratio  which  is  compounded  of  ratios  which  are  the  same  each  to  each 
to  the  remaining  ratios  of  the  first,  shall  be  the  same  to  the  remaining 
ratio  of  the  last,  or,  if  there  be  more  than  one,  to  the  ratio  which  ts 
compounded  qf  ratios  which  are  the  same  each  to  each  to  these  remaining 
ratios. 

Let  the  ratios  o£  Ato  B,  CXo  D,  Eto  F,  be  the  first  ratios : 
and  the  ratios  ofGtoH,  Kto  L,  M  to  N,  O  to  P,  Qto  R,  be  the 

other  ratios : 
and  let  i4  be  to  jB,  as  5'  to  T;  and  C  to  D,  as  T  to  V;  andEtoF, 

as  F  to  X: 
therefore,  by  the  definition  of  compound  ratio,  the  ratio  of  ^S'  to  X  is 
compoun|ded  of  the  ratios  of  ^^  to  2*,  T  to  F,  and  F  to  X,  which  are  the 
same  to  die  ratios  o£  Ato  B,  CtoD,EtoF:  each  to  each. 

Also,  as  G  to  Jf,  so  let  F  be  to  Z ;  and  iC  to  L,  as  Z  to  a;  M  to  N^ 
a8ato6;  OtoP,  as6toc;  and  Q  to  22,  as  c  to  cf : 

therefore,  by  ihe  same  definition,  the  ratio  of  Ytod  is  compounded 
of  the  ratios  of  Y  to  Z,  Z  to  a,  a  to  b,  b  to  c,  and  c  to  d,  which  are  the 
«une,  each  to  each,  to  the  ratios  o£  G  to  H,  Kto  L,  M  to  N,  Oto  P, 
andQtoiZ: 

therefore,  by  the  hypothesis,  S  is  to  X,  as  Y  to  d. 
Also,  let  the  ratio  of  Ato  B,  that  is,  the  ratio  of  S  to  T,  which  is  one 
<)f  the  first  ratios,  be  the  same  to  the  ratio  of  e  to  g,  which  is  compounded 
of  the  ratios  of  e  tof,  and /to  g,  which,  by  the  ^pothesis,  are  the  same 
to  the  ratios  of  G  to  fZ,  and  K  to  L,  two  of  the  other  ratios; 

and  let  the  ratio  of  A  to  /  be  that  which  is  compounded  of  the  ratios 
of  A  to  k,  and  k  to  /,  which  are  the  same  to  the  remaining  first  ratios, 
viz.  of  C  to  D,  and  JS^  to  jP; 

also,  let  the  ratio  of  m  to  /?,  be  that  which  is  compounded  of  the 
1^08  of  m  to  It,  11  to  o,  and  o  to  p,  which  are  the  same,  each  to  each,  to 
the  remaining  other  ratios,  viz.  of  3f  to  ^,  O  to  P,  and  Q  to  22. 

Then  the  ratio  of  A  to  /  shall  be  the  same  to  the  ratio  o£  mtop;  or 
h  shall  be  to  /,  as  9it  to  /7. 
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X.  B:  C.  D;  K  F.           S.  T.  T.  X 
Cv  H;  K,  L;  X.  X:  a  F;  a  B.    T.  Z.  a.  K  c.  C. 
<;>  t  g- ■■  ■>  c^  »■ 

Becanae  eutof,9s{GtoH,  that  is.  »)  F  to  Z ; 

and  fUtog,M»{KtoL,  that  k,  aa)  Z  to  c; 
tfierefiire,  ex  cquaii,  «  is  to  ^^  as  F  to  «:     (t.  22.) 
azid  by  the  fajpodiesis,  A  is  to  B,  that  is»  5  to  F,  as  c  to  g; 
wlimfore  5  is  to  F,  as  F to  a;     (t.  11.) 
azid  by  'mrernaa  F  is  to  5,  as  a  to  F:    (r.  m.) 
bat  '9  is  to  X,  as  F  to  D;    (hjp.) 
therefore^  ex  arauali,  F  is  to  X«  as  a  to  ^: 
$ho,  becanae  ii  is  to  /^  as  (C  to  A  that  is,  as)  F  to  F;    (hyp.) 
and  /^  is  to  /  as  (^ to  F,  that  is,  as)  Fto  X; 
therefore^  ex  teqnali,  A  is  to  /,  as  F  to  x: 
in  like  manner^  it  majr  be  demonstrated,  that  aiistop,asatotf; 
and  it  has  been  shewn^  that  F  is  to  ![,  as  a  to  ^; 
therefore  ii  is  to  /,  as  m  to  p.     (t.  11.)     q.b.bu 
The  propositions  G  and  K  are  usually^  for  the  sake  cf  harAcj, 
expressed  in  the  same  terms  with  propositions  F  and  JJ:  and  therefore 
it  was  proper  to  shew  the  true  meaning  of  them  irfien  they  are  » 
expressed ;  especiallj  since  they  are  vay  frequently  made  me  cf  bf 
geometers. 
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Im  the  first  four  books  of  the  Elements  are  considered,  only  the  absolute  equality  and 
quality  of  Geometrical  magnitudes.  The  fifth  book  contahis  an  exposition  of  the 
iiciples  whereby  a  more  definite  comparison  may  be  instituted  of  the  relation  of  magni- 
les,  besides  their  simple  equality  or  inequality. 

Def.  I,  II.  In  the  first  four  books  the  word  part  is  used  in  the  same  sense  as  we  find 
in  the  ninth  axiom,  "The  whole  is  greater  than  its  part : "  where  the  word  part  means 
Y  portion  whatever  of  any  whole  magnitude :  but  in  the  fifth  book,  the  word  part  is 
itricted  to  mean  that  portion  of  magnitude  which  is  contained  an  exact  number  of  times 
the  whole.    For  instance,  if  any  straight  line  be  taken  two,  three,  four,  or  any  number 

times  another  straight  line,  by  Euc.  i.  3 ;  the  less  line  is  called  a  part,  or  rather  a 
bmultiple  of  the  greater  line;  and  the  greater,  a  multiple  of  the  less  line.  The 
altiple  is  composed  of  a  repetition  of  the  same  magnitude,  and  these  definitions 
tppose  that  the  multiple  may  be  divided  into  its  parts,  any  one  of  which  is  a  measure  of 
«  multiple.    And  it  is  also  obvious  that  when  there  are  two  magnitudes,  one  of  which 

a  multiple  of  the  other,  the  two  magnitudes  must  be  of  the  same  kind,  that  is^  they 
lust  be  two  lines,  two  angles,  two  surfaces,  or  two  solids. 

Euclid  does  not  seem  to  consider  one  triangle  a  part  or  multiple  of  another,  except 
'ben  both  ,are  between  the  same  parallels ;  and  a  triangle  is  doubled,  trebled,  &c,  by 
oabling,  trebling,  &c.  the  base.  The  same  may  be  said  of  parallelograms.  Also  the 
Rs  of  two  circles  are  not  considered  as  part  and  multiple,  unless  the  circles  have  equal 
>dii.  Angles,  arcs,  and  sectors  of  equal  circles  may  be  doubled,  trebled,  or  any  multi- 
les  found  by  Prop,  xxvi — xxxix,  Book  iii. 

Two  magnitudes  are  said  to  be  commenturdble  when  a  third  magnitude  of  the  same 
^  can  be  found  which  will  measure  both  of  them ;  and  this  third  magnitude  is  called 
beir  common  measure :  and  when  it  is  the  greatest  magnitude  which  wUl  measure  both  of 
hem,  it  is  called  the  greatest  common  measure  of  the  two  magnitudes  :  also  when  two 
^utgnitudes  of  the  same  kind  have  no  common  measure,  they  are  said  to  be  incommen^ 
arable.    The  same  terms  are  also  applied  to  numbers. 

Unity  has  no  magnitude,  properly  so  called,  but  may  represent  that  portion  of  every 
^d  of  m^nitude  which  is  assumed  as  the  measure  of  all  magnitudes  of  the  same  kind. 
Hie  composition  of  unities  cannot  produce  Geometrical  magnitude ;  three  units  are  more 
'^number  than  one  unit,  but  still  as  much  different  from  magnitude  as  unity  itself, 
bombers  may  be  considered  as  quantities,  for  we  consider  every  thing  that  can  be 
^dy  measured,  as  a  quantity. 

Unity  is  a  common  measure  of  all  rational  numbers,  and  all  numerical  reasonings 
^oceed  upon  the  h3rpothe8is  that  the  unit  is  the  same  throughout  the  whole  of  any  par- 
^ular  process.  Euclid  has  not  fixed  the  magnitude  of  any  unit  of  length,  nor  made 
^etenoe  to  any  unit  of  measure  of  angles,  surfaces,  or  volumes.  Hence  arises  an  essen- 
d  difference  between  number  and  magnitude ;  unity,  being  invariable,  measures  all  rational 
^bers ;  but  though  any  quantity  be  assumed  as  the  unit  of  magnitude,  it  is  impossible 
assert  that  this  assumed  unit  will  measure  all  other  magnitudes  of  the  same  kind. 

AU  whole  numbers  therefore  are  commensurable ;  for  unity  is  their  common  measure : 
Kk  all  rational  fractions  proper  or  improper,  are  commensurable ;  for  any  such  frac- 
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tioni  may  be  reduced  to  other  equivalent  fractions  having  one  common  depcmfaatof, 
and  that  fraction  whoie  denominator  is  the  common  denominator^  and  whose  nmnentor 
is  unity^  will  measure  any  one  of  the  fractions.  Two  magnitudes  having  a  eommon 
measure  can  be  represented  by  two  numbers  which  express  the  number  of  times  die 
common  measure  is  contained  in  both  the  magnitudes. 

But  two  incommensurable  magnitudes  cannot  be  exactly  represented  by  any  two 
whole  numbers  or  fractions  whatever ;  ta,  for  instance,  the  side  of  a  square  is  incom- 
mensurable to  the  diagonal  of  the  square.  For,  it  may  be  shewn  numcricslly,  thst  if 
the  side  of  the  square  contain  one  unity  of  length,  the  diagonal  contains  moie  ika 
one,  but  less  than  2  units  of  length.  If  the  side  be  divided  into  10  units,  the  disgooal 
contains  more  than  14,  but  less  than  15  such  units.  Also  if  the  side  contain  100  unitiy 
the  diagonal  contains  more  than  141,  but  less  than  142  of  such  units.  It  is  also  obviogi, 
that  as  the  side  is  successively  divided  into  a  greater  number  of  equal  parts,  the  enor  in 
the  magnitude  of  the  diagonal  will  be  diminished  continually,  but  never  can  be  entixdy 
exhausted ;  and  therefore  into  whatever  number  of  equal  psrts  the  side  of  a  square  be 
divided,  the  diagonal  will  never  contain  an  exact  number  of  such  parts.  Thus  the 
diagonal  and  side  of  a  square  having  no  common  measure,  cannot  be  exactly  xepKsented 
by  any  two  numbers. 

The  term  equimultiple  in  Geometry  is  to  be  understood  of  magnitudes  of  the  nme 
kind,  or  of  different  kinds,  taken  an  equal  number  of  times,  and  implies  oalj  a  diTiooo 
of  the  magnitudes  into  the  same  number  of  equal  parts.  Thus,  if  two  given  lioci  m 
trebled,  the  trebles  of  the  lines  are  equimuUiplet  of  the  two  lines :  and  if  a  given  Use 
and  a  given  angle  or  triangle  be  trebled,  the  trebles  of  the  line  and  angle  or  triangle  an 
equimultiples  of  the  line  and  angle  or  triangle :  as  (fig.  vi.  1.)  the  straight  line  HC 
and  the  triangle  AHC  are  equimultiples  of  the  line  BC  and  the  triangle  ABC:  aod 
(fig.  vi.  33.)  the  arc  EN  and  the  angle  EHN  are  equimultiples  of  the  arc  EF  sad  the 
angle  EHF. 

Def.  III.     Aoyo*  kcrrl  ivo  /iryeOcSv  ifioytv&v  i}  Kara  trriXucSTnTa  m-pdt  S)0^ 
nroid  o^£<ri«.      By  this  definition  of  ratio  is  to  be  understood  the  conception  of  the 
mutual  relation  of  two  magnitudes  of  the  same  kind,  as  two  straight  lines,  two  sn^t 
two  surfjEu^es,  or  two  solids.    To  prevent  any  misconception,  Def.  xv.  lays  down  the 
criterion,  whereby  it  may  be  known  what  kinds  of  magnitudes  can  have  a  ratio  to  one 
another;   namely,  Aoyop  Ix^iv  nrp6^  SKKrika  fieyeQri  Xeyerat^  a  iOvarai  oroXXorXa- 
aiaXpfitva  dXKifiXtav  vTTtpix^iv,    **  Magnitudes  are  said  to  have  a  ratio  to  one  anodier, 
which,  when  they  are  multiplied,  can  exceed  one  another  ;*'  in  other  words,  the  msgni- 
tudes  which  are  capable  of  mutual  comparison  must  be  of  the  same  kind.    The  fbimer 
of  the  two  terms  is  called  the  antecedent ;  and  the  latter,  the  consequent  of  the  ratio* 
If  the  antecedent  and  consequent  are  equal,  the  ratio  is  called  a  ratio  of  equality;  bai 
if  the  antecedent  be  greater  or  less  than  the  consequent,  the  ratio  is  called  a  ratio  O^ 
greater  or  less  inequality.    Care  must  be  taken  not  to  ODnfound  the  expiessions  **rati^ 
of  quality"  and  « equality  of  ratio  :"  the  former  is  applied  to  the  terms  of  a  ratio  whe^ 
they,  the  antecedent  and  consequent,  are  equal  to  one  another,  but  the  latter,  to  the  ration 
when  they  are  equal.  ^ 

Arithmetical  ratio  has  been  defined  to  be  the  relation  which  one  number  bean  *>^ 
another  with  respect  to  quotity ;  the  comparison  being  made  by  considering  what  maX' 
tiple,  part  or  parts,  one  number  is  of  the  other. 

An  arithmetical  ratio,  therefore,  is  represented  by  the  quotient  which  arises  bvt^ 
dividmg  the  antecedent  by  the  consequent  of  the  ratio ;  or  by  the  fbustion  which  h^ 
the  antecedent  for  its  numerator  and  the  consequent  for  its  denominator.  Hence  ^^ 
will  at  once  be  obvious  that  the  properties  of  arithmetical  ratios  will  be  made  tfO 
depend  on  the  properties  of  fractions. 
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It  must  ever  be  borne  in  mind  that  the  subject  of  Geometry  is  not  number,  but  the 
magnitude  of  lines,  angles,  surfaces,  and  solids ;  and  its  object  is  to  demonstrate  their 
properties  by  a  comparison  of  their  absolute  and  relatiye  magnitudes. 

Also,  in  Geometry,  multiplication  is  only  a  repeated  addition  of  the  same  magnitude  ;, 
and  divisiofi  is  only  a  repeated  subtraction,  or  the  taking  of  a  less  magnitude  successively 
from  a  greater,  until  there  be  either  no  remainder,  or  a  renuunder  less  than  the  magnitude 
irfiich  is  successively  subtracted. 

The  Geometrical  ratio  of  any  two  given  magnitudes  of  the  same  kind  will  obviously 
be  represented  by  the  magnitudes  themselves ;  thus,  the  ratio  of  two  lines  is  repre* 
sented  by  the  lengths  of  the  lines  themselves ;  and,  in  the  same  manner,  the  ratio  of 
two  angles,  two  surfaces,  or  two  solids,  will  be  properly  represented  by  the  magnitudes 
themselves. 

In  measuring  any  magnitude,  it  is  obvious  that  a  magnitude  of  the  same  kind  must 
be  used;  but  the  ratio  of  two  magnitudes  may  be  measured  by  every  thing  which  has 
the  property  of  quantity.  Two  straight  lines  will  measure  the  ratio  of  two  triangles,  or 
two  paralldograms  (fig.  vi.  1 .) :  and  two  triangles,  or  two  parallelograms  will  measure 
the  ratio  of  two  straight  lines.  It  would  manifestly  be  absurd  to  speak  of  the  line  as 
measuring  the  triangle,  or  the  triangle  measuring  the  line.  (See  Notes  on  Book  ii. 
p.  68.) 

The  ratio  of  any  two  quantities  depends  on  their  relative  and  not  their  absolute  mag- 
nitudes ;  and  it  is  possible  for  the  absolute  magnitude  of  two  quantities  to  be  changed, 
and  their  relative  magnitude  to  continue  the  same  as  before ;  and  thus,  the  same  ratio 
may  subsist  between  two  given  magnitudes,  and  any  other  two  of  the  same  kind. 

In  this  method  of  measuring  Geometrical  ratios,  the  measures  of  the  ratios  are  the 
same  in  number  as  the  magnitudes  themselves.  It  has  however  two  advantages ;  first,  it 
enables  us  to  pass  from  one  kind  of  magnitude  to  another,  and  thus,  independently  of 
any  numerical  measure,  to  institute  a  comparison  between  such  magnitudes  as  cannot  be 
directly  compared  with  one  another :  and  secondly,  the  ratio  of  two  magnitudes  of  the 
ume  kind  may  be  measured  by  two  straight  lines,  which  form  a  simpler  measure  of 
ratios  than  any  other  kind  of  magnitude. 

But  the  simplest  method  of  all  would  be,  to  express  the  measure  of  the  ratio  of  two 
magnUudes  by  one;  but  this  cannot  be  done,  unless  the  two  nuignitudes  are  commensu- 
rable. If  two  lines  AB,  CD,  one  of  which  AB  contams  12  units  of  any  length,  and  the 
jother  CjD  contains  4  units ;  then  the  ratio  of  the  line  AB  to  the  line  CD,  is  the  same 
u  the  ratio  of  the  number  12  to  4.  Thus,  two  numbers  may  represent  the  ratio  of  two 
lines  when  the  lines  are  commensurable.  In  the  same  manner,  two  numbers  may  repre- 
sent the  ratio  of  two  angles,  two  surfaces,  or  two  solids. 

Thus,  the  ratio  of  any  two  magnitudes  of  the  same  kind  may  be  expressed  by  two 
Bombers,  when  the  magnitudes  are  commensurable.  "^  By  this  means,  the  consideration  of 
the  ratio  of  two  magnitudes  is  changed  to  the  consideration  of  the  ratio  of  two  numbers, 
ud  when  one  number  is  divided  by  the  other,  the  quotient  will  be  a  single  number,  or  a 
ffoctiony  which  will  be  a  measure  of  the  ratio  of  the  two  numbers,  and  therefore  of  the  two 
quantities.  If  12  be  divided  by  4,  the  quotient  is  3,  which  measures  the  ratio  of  the  two 
Qombers  12  and  4.  Agam,  if  besides  the  ratio  of  the  lines  AB  and  CD  which  contam 
12  and  4  units  respectively,  we  consider  two  other  lines  £F  and  GH  which  contain 
9  and  3  units  respectivdy;  it  is  obvious  that  the  ratio  of  the  line  EF  to  GH  is  the 
lune  as  the  ratio  of  the  number  9  to  the  number  3.  And  the  measure  of  the  ratio  of 
9  to  3  is  3.  That  is,  the  numbers  9  and  3  have  the  same  ratio  as  the  numbers  12  and  4. 
But  this  is  a  numerical  measure  of  ratio,  and  can  only  be  applied  strictly  when  the 
ttteoedent  and  consequent  are  to  one  another  as  one  number  to  another. 

And  generally,  if  the  two  lines  A  B,  CD  contain  a  and  5  units  respectively,  and  q  be 
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Ibe  quotient  which  indicitei  the  number  of  timei  the  number  h  im 
b  the  measufe  of  die  ntio  of  the  two  numben  a  and  ht  and  if  £F 
e  and  d  units,  and  the  number  d  be  contained  q  timea  in  c,    Tht 
tame  ratio  as  die  number  e  has  to  i{. 

This  is  die  numerical  definition  of  proportion^  whidi  is  thus  Lxynjmui  in  BidiA 
Elements,  Boole  yii,  definition  20.  «<  Four  numbers  aie  proportiflnnin  wha  thefini  ii 
the  same  multiple  of  the  second,  or  the  same  part  or  parta  of  it,  ns  Ae  AU  k  «f  Ik 
franh.**   This  definition  of  the  proportiaD  of  four  numbers,  leads  al 


for,  since  a  contains  i,  jf  times  $  r  =  9  • 

and  since  c  contains  d,  a  times ;  -^  =  9 : 

a 

therefore  t  -  -^  9    ^  fundamental  equation  upon  which  aU  naaonlpgB  ob  Ae  ps- 

portion  of  numbers  depend. 

Sometimes  a  proportion  is  defined  to  be  the  epialUy  of  two  iatk«. 

But  we  are  anticipating  the  subject  of  the  sixth  and  eighth  definitiona. 

Def.  VIII  declares  the  meaning  of  the  term  analogy  or  proportion.  The  nik  if 
two  lines,  two  angles,  two  surfaces  or  two  solids,  means  nothing  more  than  their  idstife 
magnitude  in  contradistinction  to  their  absolute  magnitudes;  and  a  afmiltcads  «r  Bk^ 
ness  of  ratios  implies,  at  least,  the  two  ratios  of  the  four  magnitudes  whkh  oowlitBli 
the  analogy  or  proportion. 

Def.  IX  states  that  a  proportion  consists  in  three  terms  at  kast;  Iha  msari^gif 
which  is,  that  the  second  magnitude  is  repeated,  being  made  the  «*">— q'l'"^  «f  Ae 
first,  and  the  antecedent  of  the  second  ratio.  It  is  also  obrious  tiiat  when  n  pwpflrfia 
consists  of  tiiree  magnitudes,  all  three  are  of  the  same  kind.  Def.  Ti  appean  crif  H 
be  a  fUrtiier  explanation  of  what  is  implied  in  Def.  viii. 

Def.  T.  Proportion  haring  been  defined  to  be  the  HmUUude  qf  f«fkv,  ihi  M 
definition  lajrs  down  a  criterion  by  which  two  ratios  may  be  known  to  be  sfanDaK^ « 
four  magnitudes  proportionals,  without  inyolving  any  enquiry  respecting  die  fbur  qoM- 
tities,  whether  the  antecedents  of  the  ratios  contdn  or  are  contained  in  disk  ooBseqnam 
exactiy ;  or  whether  there  are  any  magnitudes  which  measure  the  tetma  of  die  tit 
ratios.  The  criterion  only  requires,  that  the  relation  of  the  equimnltipki  expniH' 
should  hold  good,  not  merely  for  any  particular  multiples,  as  tlie  doaUea  or  twbki) 
but  for  any  multiples  whaterer,  whether  large  or  small. 

This  criterion  of  proportion  may  be  applied  to  all  Geometrical  magnitudes  wUdi  as 
be  multiplied,  tiiat  is,  to  all  whidi  can  be  doubled,  trebled,  quadrupled,  Ac  Bat  It 
must  be  borne  in  mind,  that  tills  criterion  does  not  exhibit  a  definite  meaauie  fi«  eidiff 
of  the  two  ratios  whidi  constitute  the  proportion,  but  only,  an  undetermined  measait 
for  die  sameness  or  similarity  of  the  two  ratios.  The  nature  of  the  proportisa  d 
Geometrical  magnitudes  neither  requires  nor  admits  of  a  definite  measure  of  either  if 
the  two  ratios,  for  this  would  be  to  suppose  diat  all  magnitudes  are  oonunensmalikb 
Though  we  know  not  the  definite  measure  of  either  of  the  ratios,  furdier  than  diat  tliey 
are  both  similar,  and  one  may  be  taken  as  the  measure  of  the  other,  yet  particolit 
conclusions  may  be  arrived  at  by  diis  method :  for  by  die  test  of  proportionality  hei0 
laid  down,  it  can  be  proved  that  one  magnitude  is  greater  than,  equal  to,  or  kss  thas 
another :  that  a  third  proportional  can  be  found  to  two,  and  a  fourth  piqportlonsl  to 
three  straight  lines,  also  that  a  mean  proportional  can  be  found  between  two  stn4gli< 
lines :  and  further,  diat  which  is  here  stated  of  straight  lines  may  be  extended  to  oditf 
(}eometrical  magnitudes. 

With  respect  to  this  test  or  criterion  of  the  proportionality  of  four  magnitnckh  i< 
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has  been  objected,  that  it  is  utterly  imposiible  to  make  trial  of  00  the  possible  equi« 
multiples  of  the  first  and  third  magnitudes,  and  also  of  the  second  and  fourth.  It 
may  b6  replied,  that  the  point  in  question  is  not  determined  by  making  such  trials, 
Imt  by  shewing  ftom  the  nature  of  the  magnitudes,  that  whateyer  be  the  multipliers, 
if  the  multiple  of  the  first  exceeds  the  multiple  of  the  second  magnitude,  the  multiple 
of  the  third  wiU  exceed  the  multiple  of  the  fourth  magnitude,  and  if  equal,  tdU  be 
equal ;  and  if  less,  will  be  less,  in  any  case  which  may  be  taken. 

The  Arithmetical  definition  of  proportion  in  Book  vii,  Bef.  20,  even  if  it  were 

equally  general  with  the  Geometrical  definition  in  Book  t,  Def.  5,  is  by  means  uniyer- 

islly  applicable  to  the  subject  of  Geometrical  magnitudes.    The  Geometrical  criterion  is 

founded  on  multiplication  whidi  is  always  possible.    When  the  magnitudes  are  com- 

mensurable,  the  multiples  of  the  first  and  second  may  be  equal  or  unequal ;  but  when 

die  magnitudes  are  incommensurable,  any  multiples  whatever  of  the  first  and  second 

must  be  unequal ;  but  the  Arithmetical  criterion  of  proportion  is  founded  on  divisioii^ 

which  is  not  alwajrs  possible.    Euclid  has  not  shewn  how  to  take  any  part  of  a  line  or 

otiber  magnitude^  or  that  the  two  terms  of  a  ratio  have  a  common  measure,  and  there- 

fixe  the  numerical  definition  could  not  be  strictly  applied,  even  in  the  limited  way 

b  which  it  may  be  applied. 

Number  and  Magnitude  do  not  correspond  in  all  their  relations;  and  hence  the 
distinction  between  Geometrical  ratio  and  Arithmetical  ratio;  the  former  is  a  oom- 
pnison  Kara  xifXiicf^ra,  according  to  quantity,  but  the  latter,  according  to  quotity. 
The  fiwmer  gives  an  undetermined,  though  definite  measure,  in  magnitudes ;  but  the 
Wtter  attempts  to  give  the  exact  value  in  numbers. 

The  fifth  book  exhibits  no  method  whereby  two  magnitudes  may  be  determined  to 
lie  commensurable,  and  the  Geometrical  conclusions  deduced  from  the  multiples  of 
Biigiiitudes  are  too  general  to  furnish  a  numerical  measure  of  ratios,  being  all  independent 
of  the  oommensurability  or  incommensurability  of  the  magnitudes  tfaemsdves. 

It  is  the  numerical  ratio  of  two  magnitudes  which  will  more  certainly  discover 
vliether  they  axe  conmiensurable  or  incommensurable,  and  hence,  recourse  must  be  had 
to  the  forms  and  properties  of  numbers.  All  numbers  and  fractions  are  either  rationid 
oinationaL  It  has  been  seen  that  rational  numbers  and  fractions  can  expreu  the 
ados  of  Geometrical  magnitudes,  when  they  are  commensurable.  Similar  relations  of 
ineonunensurable  magnitudes  may  he  expressed  by  irrational  numbers,  if  the  Algebraical 
ciptessions  for  such  numbers  may  be  assumed  and  employed  in  the  same  manner  as 
tstioDal  numbers.  The  irrational  expressions  being  considered  the  exact  and  definite, 
^Mmgh  undet^mined,  values  of  the  ratios,  to  which  a  series  of  ratiimal  numbers  may 
BQeeessively  approximate. 

Though  two  incommensurable  magnitudes  have  not  an  assignable  numerical  ratio 
to  one  another,  yet  they  have  a  certain  definite  ratio  to  one  another,  and  two  other 
iBagnitades  may  have  the  same  ratio  as  the  first  two :  and  it  will  be  found,  that,  when 
Rfisenoe  is  made  to  the  numerical  value  of  the  ratios  of  four  incommensurable  mag- 
^tsdes,  that  the  same  irrational  number  appears  in  the  two  ratios. 

The  sides  and  diagonals  of  squares  can  be  shewn  to  be  proportionals,  and  though 
^  ratio  of  the  side  to  the  diagonal  is  represented  Geometrically  by  the  two  lines 
^ch  form  the  side  and  the  diagonal,  there  is  no  rational  number  or  fraction  whidi 
^  measure  exactly  their  ratio. 

If  the  side  of  a  square  contain  a  units,  the  ratio  of  the  diagonal  to  the  side  is 
i^QQiaically  as  y/2  to  1 ;  and  if  the  side  of  another  square  contain  b  units,  the  ratio 
^  ^  diagonal  to  the  side  will  be  found  to  be  in  the  ratio  of  V^  to  1.  Again,  tlie 
^0  parts  of  any  number  of  lines  which  may  be  divided  in  extreme  and  mean  ratio 
^  be  found  to  be  respectively  in  the  ratio  of  the  irrational  number  y/d  - 1  to 
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3  -  y/5.    Alio,  the  ndof  of  the  diagonals  of  cabet  to  the  diagonals  of  one  of  die  fiues 
will  be  fonnd  to  be  in  the  irrational  or  incommensiirate  ratio  of  >/3  to  y/%, 

nins  it  will  be  found  that  the  ratios  of  all  inoommensorable  magnitndef  which  are 
proportionals  do  inyoWe  the  same  inational  numbers,  and  these  may  be  used  as  the 
numerical  measures  of  ratios  in  the  same  manner  as  rational  numbers  and  ftactioos. 

Jht,  Tii  is  analogous  to  Def.  ▼,  and  lays  down  the  criterion  whereby  the  rsdo  of 
two  magnitudes  of  the  same  kind  may  be  known  to  be  greater  at  le$$  than  the  ratio  of 
two  other  magnitudes  of  the  same  kind. 

Def.  XI  includes  Def.  x,  as  three  magnitudes  may  be  continual  proportionals,  ai 
well  as  four  or  more  than  four.  In  continual  proportionals,  all  the  terms  except  the 
first  and  last,  are  made  successiTely  the  consequent  of  one  ratio,  and  the  antecedoit  of 
the  next;  whereas  in  other  proportionals,  this  is  not  the  case. 

A  series  of  numbers  or  Algebraical  quantities  in  continued  proportion,  ia  csUed  i 
Geometrical  progrettioriy  from  the  analogy  they  bear  to  a  series  of  Geometrical  mapii- 
tndes  in  continued  proportion. 

Def.  A.  Tlie  term  compound  ratio  was  devised  for  die  purpose  of  avoiding  dr- 
eumlocution,  and  no  difficulty  can  arise  in  the  use  of  it,  if  its  exact  meaning  be 
strictly  attended  to. 

With  respect  to  the  Geometrical  measures  of  compound  ratios,  three  strai^t  lioei  | 
may  measure  the  ratio  of  four,  as  in  Prop.  23,  Book  ti.  For  K  to  L  measurei  the 
ratio  of  BC  to  CG,  and  L  to  M  measures  the  ratio  of  DC  to  CE ;  and  the  ratio 
of  IT  to  JIf  is  that  which  is  said  to  be  compounded  of  the  ratios  of  JT  to  Z,  and  I 
to  JIf,  which  is  the  same  as  the. ratio  which  is  compounded  of  the  ratios  of  the lidei 
of  the  parallelograms. 

Both  duplicate  and  triplicate  ratio  are  species  of  compound  ratio. 

Duplicate  ratio  is  a  ratio  compounded  of  two  equal  ratios ;  and  in  the  case  of 
three  magnitudes  which  are  continual  proportionals,  means  the  ratio  of  the  fint  to  a 
third  proportional  to  the  first  and  second. 

It  will  be  hereafter  seen,  that  the  ratio  of  two  triangles,  when  they  have  the  same 
altitude,  are  to  one  another  as  their  bases ;  (Prop.  1,  Book  vi.)  and,  when  their  baie^ 
are  equal,  they  are  to  one  another  as  their  altitudes ;  but  when  neither  thehr  bases  nor 
altitudes  are  equal,  they  are  to  each  other  in  a  ratio  compounded  of  their  bases  an3- 
altitudes.    And  if  the  ratio  of  their  altitudes  be  the  same  as  the  ratio  of  their  bsie^ 
or  the  triangles  be  similar,  they  are  to  each  other  in  the  duplicate  ratio  of  their  alti" 
tudes  or  bases.  (Prop.  19,  Book  vi.)    In  the  same  manner,  the  ratio  of  two  squar^^ 
will  be  to  each  other  in  the  ratio  compounded  of  the  ratios  of  their  sides,  and  tlierefoi."^ 
in  the  duplicate  ratio  of  their  sides.    And  generally,  that  all  similar  figures  are  i^ 
the  duplicate  ratio  of  their  homologous  sides.    (Prop.  20,  Book  vi.) 

Triplicate  ratio,  in  the  same  manner,  is  a  ratio  compounded  of  three  equal  ratio*  ' 
and  in  the  case  of  four  magnitudes  which  are  continual  proportionals,  the  triplicate  nt^^ 
of  the  first  to  the  second  means  the  ratio  of  the  first  to  a  fourth  proportional  to  the  firs  ^ 
second,  and  third  magnitudes.  Instances  of  the  composition  of  three  ratios,  and  ^^ 
triplicate  ratio  will  be  found  in  the  eleventh  and  twelfth  books. 

The  product  of  the  fractions  which  represent  or  measure  the  ratios  of  number^ 
corresponds  to  the  composition  of  Geometrical  ratios  of  magnitudes. 

It  has  been  shewn  that  the  ratio  of  two  numbers  is  represented  by  a  fraction,  where^' 
the  numerator  is  the  antecedent,  and  the  denominator  the  consequent  of  the  ratio ;  ai^^ 
if  the  antecedents  of  two  ratios  be  multiplied  together,  as  also  the  consequents,  the  n^  '^ 
ratio  thus  formed  is  said  to  be  compounded  of  these  two  ratios ;  and  in  the  same  mann^'^' 
if  there  be  more  than  two.  It  is  also  obvious,  that  the  ratio  compounded  of  two  equ^^ 
ratios  is  equal  to  the  ratio  of  the  squares  of  one  of  the  antecedents  to  its  consequent  ^ 
also  when  there  are  three  equal  ratios,  tlie  ratio  compounded  of  the  three  ratios  is  e<]a^ 
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the  ntio  of  the  cuhes  of  any  one  of  the  antecedents  to  its  consequent.  And  further,  it 
y  he  obsenredy  that  when  several  numbers  axe  continual  proportionals,  the  ratio  of 
I  first  to  the  last  is  equal  to  the  ratio  of  the  product  of  all  the  antecedents  to  the 
iduct  of  all  the  consequents. 

It  may  be  here  remarked,  that,  though  the  constructions  of  the  propositions  in 
ok  ▼  are  exhibited  by  straight  lines,  the  enunciations  are  expressed  of  magnitude 
general,  and  are  equally  true  of  angles,  triangles,  parallelograms,  arcs,  sectors,  &c 

Prop.  c.  This  is  frequently  made  use  of  by  geometers,  and  is  necessary  to  the 
I  and  6th  Propositions  of  the  lOth  Book.     Clavius,  in  his  notes  subjoined  to 

8th  def.  of  Book  5,  demonstrates  it  only  in  numbers,  by  help  of  some  of  the 
^positions  of  the  7th  Book ;  in  order  to  demonstrate  the  property  contained  in  the 
1  definition  of  the  5th  Book,  when  applied  to  numbers,  from  the  property  of  pro- 
rtionals  contained  in  the  20th  def.  of  the  7th  Book :  and  most  of  the  commentators 
Ige  it  difficult  to  prove  that  four  magnitudes  which  are  proportionals  according  to 
i  20th  def.  of  the  7th  Book,  are  also  proportionals  according  to  the  5th  def.  of  the 
I  Book.    But  this  is  easily  made  out  as  follows: 

first,  if  Ay  By  C,  D,  be  four  magnitudes,  such  that  ^  is  the  same  multiple,  or 

i  same  part  of  By  which  C  is  of  /> : 

Then  A,  B,  C,  Z>,  are  proportionals : 

this  is  demonstrated  in  proposition  (c). 

Secondly,  if  AB  contain  the  same  parts  of  CD  that  EF  does  of  GH ; 

in  this  case  likewise  AB  is  to  CD,  as  EF  to  GH, 

F 
B 


A     C     £     G 

Let  CK  be  a  part  of  CD,  and  GL  the  same  part  of  GHt 

and  let  AB  be  the  same  multiple  of  CKy  that  EF  is  of  GL  : 

therefore,  by  Prop,  c,  of  Book  v,  AB  is  to  CS^  as  EF  to  GL : 

and  CDy  GH,  are  equimultiples  of  CJT,  GLy  the  second  and  fourth ; 

wherefore,  by  Ck)r.  Prop.  4,  Book  v,  AB  is  to  CDy  as  EF  to  GH. 

And  if  four  magnitudes  be  proportionals  according  to  the  5th  def.  of  Book  v, 

they  are  also  proportionals  according  to  the  20th  def.  of  Book  yii. 

First,  if  ^  be  to  £,  as  C  to  Z> ; 

then  if  ^  be  any  multiple  or  part  of  B,  C  is  the  same  multiple  or  part  of  Z>, 

by  Prop.  D,  Book  v. 

Next,  if  AB  be  to  CD,  as  EF  to  GB  : 

then  if  AB  contains  any  part  of  CD,  EF  contains  the  same  part  of  GH : 

F 
H 


C     £     0  M 

for  let  CK  be  a  part  of  CDy  and  GL  the  same  part  of  GHy  and  let  AB  be 
a  multiple  of  CKz 

EF  is  the  same  multiple  of  GL : 

take  M  the  same  multiple  of  GL  that  AB  is  of  CK; 

therefore,  by  Prop,  c,  Book  y,  AB  is  to  CJT,  as  ilf  to  GL : 
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and  CD^  GHy  aie  eqaimultiplet  of  CK^  GL ; 
wherefore,  by  Cor.  Prop.  4,  Book  v,  AB  is  to  CDy  as  JIf  to  G/f. 

And,  by  the  hypothesis,  AB  is  to  CD,  as  EF  to  GHi 
therefore  M  is  equal  to  EF  by  Prop.  0,  Book  ▼. 
and  consequently,  EF  is  the  same  multiple  of  GL  that  AB  is  of  CK, 
This  is  the  method  by  which  Simson  shews  that  the  Geometrical  definition  of  pro- 
portion is  a  consequence  of  the  Arithmetical  definition^  and  oonyersdy. 

o     c 
It  may  howeyer  be  shewn  by  employing  the  equation  7  =  3,  and  taking  ma,  me 

any  equimultiples  of  a  and  c  the  first  and  third,  and  nhy  nd  any  equimultiples  of  h 
and  d  the  second  and  fourth. 

Prop,  zyiii,  being  the  converse  of  Prop,  xyii,  has  been  demonstrated  indirectly. 

Let  AEy  EBy  CF^  FD  be  proportionals,  that  is,  as  AE  to  EB,  to  let  CF  he  to  FD. 

Then  these  shall  be  proportionals  also  when  taken  jointly ; 

that  is,  as  AB  to  BEy  so  shall  CD  be  to  DF, 

B 


£ 


F 
Q 


A    b 

For  if  the  ratio  of  ^^  to  BE  be  not  the  same  as  the  ratio  of  CD  to  DF; 
the  ratio  of  AB  to  BE  is  either  greater  than,  or  less  than  the  ratio  of  CD  to  DF, 
First,  let  AB  haye  to  BE  a  greater  ratio  than  CD  has  to  DF; 
and  let  DQ  be  taken  so  that  AB  has  to  BE  the  same  ratio  as  CD  to  DQ. 
And  since  magnitudes  when  taken  jointly  are  proportionals, 
are  also  proportionals  when  taken  separately ;    (v.  17*) 
therefore  AE  has  to  EB  the  same  ratio  as  CQ  to  QD ; 
but,  by  the  hypothesis,  AE  has  to  EB  the  same  ratio  as  CF  to  FD ; 
therefore  the  ratio  of  CQ  to  QD  is  the  same  as  the  ratio  of  CF  to  FD.    (v.  11.) 
And  when  four  magnitudes  are  proportionals,  if  the  first  be  greater  than  the  second 
the  third  is  greater  than  the  fourth ;  and  if  equal,  equal ;  and  if  less,  less ;    (v.  14.) 

but  CQ  is  less  than  CF, 
therefore  QD  is  less  than  FD ;  which  is  absurd. 
Wherefore  the  ratio  of  AB  to  BE  is  not  greater  than  the  ratio  of  CD  to  DF; 
that  is,  AB  has  the  same  ratio  to  BE  as  CD  has  to  DF, 
Secondly.    By  a  similar  mode  of  reasoning,  it  may  likewise  be  shewn,  that  AB  has 
the  same  ratio  to  BE  as  CD  has  to  DF,  if  AB  be  assumed  to  have  to  BE  a  less  ratio 
than  CD  has  to  DF. 

For  further  information  on  the  very  important  subject  of  Ratio  and  ProportioD) 
reference  may  be  made  to  Dr.  Barrow's  Mathematical  Lectures ;  Professor  De  Morgan*! 
Connexion  of  Number  and  Magnitude ;  and  the  fourth  chapter  of  Professor  Peacock's 
Algebra. 
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DEFINITIONS. 


I. 

Similar  rectilineal  figures  are  those  which  have  their  several  angles 
iqaad,  each  to  each,  and  the  sides  about  the  equal  angles  proportionals. 


:^ 


II. 

'^  Reciprocal  figures^  viz.  triangles  and  parallelograms^  are  such  as 
bave  their  sides  about  two  of  their  angles  proportionals  in  such  a 
oaaimer^  that  a  side  of  the  first  figure  is  to  a  side  of  the  other,  as  the 
remaining  side  of  this  other  is  to  the  remaining  side  of  the  first." 

III. 

A  straight  line  is  said  to  be  cut  in  extreme  and  mean  ratio,  when 
^e  whole  is  to  the  greater  segment,  as  the  greater  segment  is  to  the 

iess. 

IV. 

The  altitude  of  any  figure  is  the  straight  line  drawn  from  its  vertex 
perpendicular  to  the  base. 
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PROPOSITION  L    THEOREM. 

Triangles  and  parallelograms  of  the  same  altitude  are  ome  to  another 
as  their  oases. 

Let  the  triangles  ABC,  ACDy  and  the  parallelograms  EC,  CF,  have 
the  same  altitude^ 
viz.  the  perpendicular  drawn  from  the  point  A  to  BD  or  BD  produced. 

As  the  base  BC  is  to  the  base  CD,  so  shall  the  triangle  ABC  be  to 
the  triangle  ACD, 

and  the  parallelogram  EC  to  the  parallelogram  CF. 


B    A    F 


UGB  C 


Produce  BD  both  ways  to  the  points  H,  L, 
and  take  any  number  of  straight  lines  BG,  GH^  each  equal  to  the 
base  BCf;    (i.  3.) 
and  DK,  KL,  any  number  of  them^  each  eq|ual  to  the  base  CD; 

and  join  AG,  AM,  AK,  AjL, 

Then,  because  CB,  BG,  GH,  are  aU  equals 

the  triangles  AHG,  AGB,  ABC,  are  all  equal :    (i.  S%^ 

therefore,  whatever  multiple  the  base  HC  is  of  the  oase  BCy 

the  same  multiple  is  the  triangle  AHC  of  the  triangle  ABC: 

for  the  same  reason^  whatever  multiple  the  base  LC  is  of  the  base  CD, 

the  same  multiple  is  the  triangle  ALC  of  the  triangle  ADC: 

and  if  the  base  HC  be  equal  to  the  base  CL, 
the  trianffle  AHC  is  also  equal  to  the  triangle  ALC:     (i.  38.) 

and  if  the  base  HC  be  greater  than  me  base  CL, 
likewise  the  triangle  AHC  is  greater  than  the  triangle^LC; 

and  if  less^  less : 
therefore,  since  there  are  four  magnitudes, 
viz.  the  two  bases  BCy  CD,  and  the  two  triangles  ABC^  ACD; 
and  of  the  base  BC,  and  the  triangle  ABC  the  first  and  third,  any 
equimultiples  whatever  have  been  taken, 

viz.  the  base  HC  and  the  triangle  AHC; 
and  of  the  base  CD  and  the  triangle  ACD,  the  second  and  fourth; 
have  been  taken  any  equimultiples  whatever, 
viz.  the  base  CL  and  the  triangle  ALC; 
and  since  it  has  been  shewn,  that,  if  the  base  HC  be  greater  than 
the  base  CLy 
the  triangle  AHC  is  greater  than  the  triangle  ALC; 
and  if  equal,  equal;  and  if  less,  less: 
therefore,  as  the  base  BC  is  to  the  base  CD^  so  is  the  triangle  ABC 
to  the  triangle  ACD.    (v.  def.  5.) 
And  because  the  parallelogram  CE  is  double  of  the  triangle  ABC,  (i.  41.) 
and  the  parallelogram  CF  double  of  the  triangle  ACD^ 
and  that  magnitudes  have  the  same  ratio  which  their  equimultiples 

have;     (v.  15.) 
as  the  triangle  ABC  is  to  the  triangle  ACDy  so  is  the  parallelogram 
EC  to  the  parallelogram  CF; 
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and  because  it  has  been  shewn,  that,  as  the  base  BC  is  to  the  base 

CDy  so  is  the  triangle  ABC  to  the  triangle  ACD; 
and  as  the  triangle  ABC  is  to  the  triangle  ACD^  so  is  the  paral- 
lelogram EC  to  the  parallelogram  CF; 
therefore,  as  the  base  BC  is  to  the  base  CD,  so  is  the  parallelogram 
EC  to  the  parallelogram  CF.     (v.  11.) 

Wherefore,  triangles,  &c.    q.e.d. 
Cob.    From  this  it  is  plain,  that  triangles  and  parallelograms  that 
we  equal  altitudes,  are  one  to  another  as  their  haaes. 

Let  the  figures  be  placed  so  as  to  have  their  bases  in  the  same 
raight  line;  and  having  drawn  perpendiculars  from  the  vertices  of 
le  triangles  to  the  bases,  the  straight  line  which  joins  the  vertices  is 
arallel  to  that  in  which  their  bases  are,  (i.  33.)  because  the  perpen- 
iculars  are  both  equal  i^id  parallel  to  one  another,  (i.  28.)  Then,  if 
le  same  construction  be  made  as  in  the  proposition,  the  demonstration 
rill  be  the  same. 


PROPOSITION  II.    THEOREM. 

If  a  straight  line  be  drawn  parallel  to  one  of  the  sides  of  a  triangle, 
t  shall  cut  the  other  sides,  or  these  produced,  proportionally:  and  conversely, 
f  the  sides,  or  the  sides  produced,  he  cut  proportionally,  the  straight  line 
vkich  joins  the  points  of  section  shaU  he  parallel  to  the  remaining  side  of 
he  triangle, 

Ut  DE  be  drawn  parallel  to  BC,  one  of  the  sides  of  the  triangle  ABC. 

llien  BD  shall  be  to  DA,  as  CE  to  EA. 


Join  BE,  CD. 
Then  the  triangle  BDE  is  equal  to  the  triangle  CDF,    (i.  3?.) 
because  they  are  on  the  same  base  DE,  and  between  the  same 
parallels  DE,  BC: 

but  ADE  is  another  triangle ; 
'i^d  equal  magnitudes  have  the  same  ratio  to  the  same  magnitude ;  (v.  7.) 
therefore,  as  the  triangle  BDE  is  to  the  triangle  ADE,  so  is  the 
triangle  CDE  to  the  triangle  ADE: 
>ut  as  the  triangle  BDE  to  the  triangle  ADE,  so  is  BD  to  DA,     (vi.  1.) 
because,  having  the  same  altitude,  viz.  the  perpendicular  drawn 
from  the  point  E  to  AB,  they  are  to  one  another  as  their  bases ; 
and  for  the  same  reason,  as  the  triangle  CDE  to  the  triangle  ADE, 
so  is  CE  to  EA : 

therefore,  as  BD  to  DA,  so  is  CE  to  EA.    (v.  11.) 
Next,  let  the  sides  AB,  AC  of  the  triangle  ABC,  or  these  sides 
^foduced,  be  cut  proportionally  in  the  points  D,  E,  that  is,  so  that  BD 
oay  be  to  D^  as  CE  to  EA,  and  join  DE. 

Then  DE  shall  be  parallel  to  BC. 
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The  same  construction  being  made, 

because  as  BD  to  DA,  so  is  CE  to  EA  ; 

and  as  BD  to  DA,  so  is  the  triangle  BDE  to  the  triangle  ADE;    (vi,  1.) 

and  as  CE  to  EA,  so  is  the  triangle  CDE  to  the  triangle  ADE; 

therefore  the  triangle  BDE  is  to  the  triangle  ADE,  as  the  triinigle 

CDE  to  the  triangle  ADE ;    (v.  11) 
that  is>  the  triangles  BDE,   CDE  have  the  same  ratio  to  the 
triangle  ADE: 
therefore  the  triangle  BDE  is  equal  to  the  triangle  CDEi    (y,  9.) 

and  they  are  on  the  same  base  DE : 
but  equal  triangles  on  the  same  base  and  on  the  same  side  of  it^  are 
between  the  same  parallels ;  (i.  39*) 

therefore  DE  is  parsdlel  to  BC 
Wherefore^  if  a  straight  line^  &c.    q.  b.  d. 


PROPOSITION  III.    THEOREM. 

If  the  angle  of  a  triangle  be  divided  into  two  equal  angles,  by  a  straight 
line  which  also  cuts  the  base;  the  segments  of  the  base  shall  haoe  the  same 
ratio  tvhich  the  other  sides  of  the  triangle  have  to  one  another  :  and  con^ 
versefy,  if  the  segments  of  the  base  have  the  same  ratio  tvhich  the  other 
sides  of  the  triangle  have  to  one  another;  the  straight  line  drawn  from  the 
vertex  to  the  point  of  section,  divides  the  vertical  angle  into  two  equal  anf^ 

Let  ABC  be  a  triangle^  and  let  the  angle  BAC  be  divided  into  two 
equal  angles  by  the  straight  line  AD. 

Then  BD  shall  be  to  DC,  aaBAto  AC. 


Through  the  point  C  draw  CE  parallel  to  DA^     (i,  31.) 

and  let  BA  produced  meet  CE  in  E. 

Because  the  straight  line  AC  meets  the  parallels  AD,  EC, 

the  angle  ACE  is  equal  to  the  alternate  angle  CAD :    (i.  29.) 

but  CAD,  by  the  n3rpothesis>  is  equal  to  the  angle  BAD ; 

wherefore  BAD  is  equal  to  the  angle  ACE,    (ax.  1.^ 

Again^  because  the  straight  line  BAE  meets  the  parallels  aD,  EC, 

the  outward  angle  BAD  is  equal  to  the  inward  and  opposite  angle 

AEC:    (1.29.) 
but  the  angle  ACE  has  been  proved  equal  to  the  angle  BAD; 

therefore  also  ACE  is  equal  to  the  angle  AEC,    (ui.  1.) 
and  consequently  the  side  AE  is  equal  to  the  side  ACi    (i.  6.) 
and  because  AD  is  drawn  parallel  to  EC,  one  of  the  sides  of  the  tri' 
angle  BCE, 

therefore  BD  is  to  DC,  as  BA  to  AE:    (vi. 2.) 

but  AE  is  equal  to  AC; 
therefore^  as  BD  to  DC,  so  is  BA  to  AC.    (v-  7.) 
Next,  let  BD  be  to  DC,  as  BA  to  AC,  and  join  AD. 
Then  the  an^le  BAC  shall  be  divided  into  two  equal  angles  by  tbe 
straight  Ime  AD. 


i 
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The  same  construction  being  made ; 
because^  as  BD  to  DC,  so  is  BA  to  AC; 
nd  as  BD  to  DC,  so  is  BA  to  AE,  because  AD  is  parallel  to  EC ;  (vi.  2.) 
therefore  BA  is  to  AC,  an  BA  to  AEi    (v.  11.) 
consequently  AC  is  equal  to  AEy     (v.  9-) 
and  therefore  the  angle  AEC  is  equal  to  the  angle  ACE :     (i.  5.) 
but  the  angle  AEC  is  equal  to  the  outward  and  opposite  angle  BAD ; 
and  the  angle  ACE  is  equal  to  the  alternate  angle  CAD:     (i.  29.) 
wherefore  sJso  the  angle  BAD  is  equal  to  the  angle  CAD;     (ax.  1.) 
that  is^  the  angle  BAC  is  cut  into  two  equal  angles  by  the  straight 
line  AD. 

Therefore^  if  the  angle^  &c    q.  b.  d. 


PROPOSITION  A.    THEOREM. 

If  ike  outward  angle  of  a  triangle  made  by  producing  one  of  its  sides, 
he  divided  into  two  equal  angles,  by  a  straight  line,  which  also  cuts  the 
base  produced ;  the  segments  between  the  dividing  line  and  the  extremities 
of  the  base,  have  the  same  ratio  which  the  other  sides  of  the  triangle  have 
to  one  another :  and  conversely,  if  the  segments  of  the  base  produced  have 
ike  same  ratio  which  the  other  sides  of  this  triangle  havei  the  straight  line 
drawn  from  the  vertex  to  the  point  of  section  divides  the  outward  angle  of 
tte  triangle  into  two  equal  angles. 

Let  ABC  be  a  triangle^  and  let  one  of  its  sides  BA  be  produced  to  E ; 
and  let  the  outward  angle  CAE  be  divided  into  two  equal  an^es 
by  the  straight  line  AD  which  meets  the  base  produced  in  D. 
Then  BD  shall  be  to  DC,  s^BAtoAC. 


Through  C  draw  CF  parallel  to  AD.    (i.  31.) 

And  because  the  straight  line  AC  meets  the  parallels  AD,  FC, 

the  angle  ACF  is  equal  to  the  alternate  angle  CAD :     (i.  29.) 

but  CAD  is  equal  to  the  angle  DAE;    fl^yp.) 

therefore  also  DAE  is  equal  to  the  angle  ACF.     (ax.  1.) 

Again^  because  the  straight  line  FAE  meets  the  parallels  AD,  FC, 

the  outward  angle  DAE  is  equal  to  the  inwaroi  and  opposite  angle 

CFAi    (1.29.) 

but  the  angle  ACF  has  been  proved  equal  to  the  angle  DAE ; 

therefore  also  the  angle  ACF  is  equal  to  the  angle  CFA  ;    (ax.  i.) 

and  consequently  the  side  AFi&  equal  to  the  side  AC.     (i.  6.) 

and  because  AD  is  parallel  to  FC,  a  side  of  the  triangle  BCF, 

therefore  BD  is  to  DC,  s^BAtoAF :     (vi.  2.) 

but  AFi&  equal  to  AC; 

therefore,  as  BD  is  to  DC,  so  is  BA  to  AC.    (v.  7.) 

Next,  let  BD  be  to  DC^  B&BAto  AC,  and  join  AD. 

The  angle  CAD  shall  be  equal  to  the  angle  DAE. 

The  same  construction  being  made, 

because  BD  is  to  DC,  as  BA  to  AC; 
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and  that  BD  is  also  to  DC,  as  BA  to  AF;    (yi.  2.) 

therefore  BA  is  to  AC,  aaBAio  AF:    (v.  11.) 

wherefore  ACis  equal  to  AF,    (v. 9.) 

and  the  anfrle  AFC  equal  to  the  angle  ACF:    (i.  5.) 

but  the  angle  AFC  is  equal  to  the  outward  angle  BAD,     (i.  29.) 

and  the  angle  ACF  to  the  alternate  angle  CAD  ; 

therefore  also  EAD  is  equal  to  the  angle  CAD.    (ax.  1.) 

Wherefore^  if  the  outward^  &c    q.e.ii. 

PROPOSITION  IV.    TH£OREM. 

The  sides  about  the  equal  angles  of  equiangular  triangles  are  propof' 
tionals;  and  those  mhich  are  opposite  to  the  equal  angles  are  hoimo* 
gous  sides,  that  is,  are  the  antecedents  or  consequents  of  the  ratios. 

Let  ABC,  DCE  be  equiangular  triangles,  having  the  angle  ABC 
equal  to  the  angle  DCE,  and  the  angle  ACB  to  the  angle  DEC;  and 
consequently  the  angle  BAG  equal  to  the  angle  CDS.  (i.  82.) 

The  sides  about  the'  equal  angles  of  the  triangles  ABC,  DCE  shall 

be  proportionals; 
and  those  shall  be  the  homologous  sides  which  are  opposite  to  the 
equal  angles. 


Let  the  triangle  DCFhe  placed,  so  that  its  side  CE  may  be  contiga" 
ous  to  BC,  and  in  the  same  straight  line  with  it.    (i.  22.3 
Then,  because  the  angle  BCA  is  equal  to  the  angle  CJEV,    (hyp.) 

add  to  each  the  angle  ABC; 
therefore  the  two  angles  ABC,  BCA  are  equal  to  the  two  angl^ 
ABC,CEDi    (ax.  2.) 
but  the  angles  ABC,  BCA  are  together  less  than  two  right  angles ;  (i.  IT*) 
therefore  the  angles  ABC,  CED  are  also  less  than  two  right  angles : 
wherefore  BA,  ED  if  produced  will  meet :     (i.  ax.  12.) 
let  them  be  produced  and  meet  in  the  point  F : 
then  because  the  angle  ABC  is  equal  to  the  angle  DCE,    (hyp.) 

BF  is  parallel  to  CD ;    (i.  28.) 

and  because  the  angle  ACB  is  equal  to  the  angle  DEC, 

AC  is  parallel  to  FE :     (i.  28.) 

therefore  FACD  is  a  parallelogram ; 

and  consequently  AF  is  equal  to  CD,  and  AC  to  FD :     (i.  34.) 

and  because  ^Cis  parallel  to  FE,  one  of  the  sides  of  the  triangle  tBE) 

BA  is  to  AF,  as  BC  to  CE:    (vi.  2.) 

but  AF  is  equal  to  CD ; 

therefore,  as  BA  to  CD^  so  is  BC  to  CEi     (v.  7.) 

and  alternately,  as  AB  to  BC,  so  is  DC  to  CE ;     (v.  I6.) 

again,  because  CD  is  parallel  to  BF, 

as  BC  to  CE,  so  is  FD  to  DE  2     (vi.  2.) 

but  FD  is  equal  to  AC ; 

therefore,  as  J5C  to  CE,  so  is  AC  to  DE;    (v.  7.) 


i 
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and  alternately,  as  BC  to  CA,  so  CEtoED:    (v.  l6.) 
erefore,  because  it  has  been  proved  that  AB  is  to  BC,  as  DC  to  CB, 

and  as  BC  to  CA,  so  CJE  to  ED, 

ex  squall,  J5^  is  to  ^C,  as  CD  to  D^.    (v.  22.) 

Therefore  the  sides,  &c.    q.e.d. 


PROPOSITION  V.    THEOREM. 

If  the  sides  of  two  triangles,  about  each  of  their  angles,  he  proportionals^ 
triangles  shall  be  equiangular;  and  the  equal  angles  shall  he  those 
ich  are  opposite  to  the  homologous  sides, 

Liet  the  triangles  ABC,  DEF  have  their  sides  proportionals, 
so  that  AB  is  to  BC,  as  DE  to  EF; 
and  BC  to  CA,  as  EF  to  FD ; 
and  consequently,  ex  eequali,  BA  to  AC,  as  ED  to  DF» 
Then  the  triangle  ABC  shall  be  equiangular  to  the  triangle  DEF, 
d  the  angles  which  are  opposite  to  the  homologous  sides  shall  be  equal, 
s.  the  angle  ABC  equal  to  the  angle  DEF,  and  BCA  to  EFD,  and  also 
dC  to  EDF. 


A 

A 

B  C 


At  the  points  E,  F,  in  the  straight  line  EF,  make  the  angle  FEG 
lual  to  the  angle  ABC,  and  the  angle  EFG  equal  to  BCA :     (i.  23.) 
wherefore  the  remaining  angle  EGF,  is  equal  to  the  remainmg 
angle  BAC,    (i.  32.) 
and  the  triangle  GEF  is  therefore  equiangular  to  the  triangle  ABC: 
consequently  they  have  their  sides  opposite  to  the  equal  angles 
proportionals :     (vi.  4.) 

wherefore,  as  AB  to  BC,  so  is  GE  to  EF; 
but  as  AB  to  BC,  so  is  DE  to  EF ;    (hyp.) 
therefore  as  DE  to  EF,  so  GE  to  EjP;     (v.  lU 
that  is,  Dj^and  G£  have  the  same  ratio  to  EF, 
and  consequently  are  equal ;     (v.  90 
for  the  same  reason,  DF  is  equal  to  FG : 
and  because,  in  the  triangles  DEF,  GEF,  DE  is  equal  to  EG,  and 
JSF  is  common, 
the  two  sides  DB,  BF  are  equal  to  the  two  GB,  BF,  each  to  each; 
and  the  base  DF  is  equal  to  the  base  GF ; 
therefore  the  angle  DBF  is  equal  to  the  angle  GBF,    (i.  8.) 
and  the  other  angles  to  the  other  angles  which  are  subtended  by  the 
equal  sides;     (i.  4.) 
lerefore  the  angle  DFBis  equal  to  the  angle  GFB,  and  BDF  to  BGF: 
and  because  the  angle  DBF  is  equal  to  the  angle  GBF, 
and  GBF  equal  to  the  angle  ABC;    (constr.) 
therefore  the  angle  ABC  is  equal  to  the  angle  DBF:     (ax.  i.) 
for  the  same  reason,  the  angle  ACB  is  equal  to  the  angle  DFB, 

and  the  angle  at  A  equal  to  the  angle  at  D : 
therefore  the  triangle  ABC  is  equiangular  to  the  triangle  DBF. 

Wherefore,  if  the  sides,  &c,    q.e.d. 
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PROPOSITION  VI.    THEOREM. 

If  two  irianeles  have  one  angle  of  the  one  equal  to  one  angle  of  the 
other,  and  the  eiaes  about  the  equal  angles  proportioMfU,  the  triangles  shall 
be  equiangular^  and  shall  have  those  angles  equal  tvhich  are  opposite  to  the 
homologous  sides. 

Let  the  triangles  ABC,  DBF  have  the  angle  BAC  in  the  one  equal 
to  the  angle  BDF  in  the  other^  and  the  sides  about  those  angles  pro- 
portionals; 

that  is,  BA  to  AC,  asED  to  DF. 

Then  the  triangles  ABC,  DEF  shall  be  equiangular,  and  shall  have 
the  angle  ABC  equal  to  the  angle  DEF,  and  ACB  to  DFE. 


E        F 


If  two  triangles  have  one  angle  of  the  one  equal  to  one  angle  of  th^ 
other,  and  the  sides  about  two  other  angles  proportionals;  then,  if  each  ^ 
the  remaining  angles  be  either  less,  or  not  less,  than  a  right  angle,  of  V 


At  the  points  D,  F,  in  the  straight  line  DF,  make  the  angle  FDG 
equal  to  either  of  the  angles  BAC,  EDF;    (i.  23.) 

and  the  angle  DFG  equal  to  the  angle  ACB: 

wherefore  the  remaining  angle  at  B  is  equal  to  the  remaining  angle 

at  G:     (i.  32.) 

and  consequently  the  triangle  DGF  is  equiangular  to  the  triangle  if  ^C; 

therefore  as  BA  to  AC,  so  is  GD  to  DF:    (vi.  4.). 

but,  by  the  h3rpothesis,  as  BA  to  AC,  so  is  ED  to  DF; 

therefore  as  £D  to  DF,  so  is  GD  to  DF;    (v.  11.)  / 

wherefore  ED  is  equal  to  DG ;    (y.  90  I 

and  DF  is  common  to  the  two  triangles  ijDF,  6DF : 

therefore  the  two  sides  ED,  DF  are  equal  to  the  two  sides  GD,  DF, 

each  to  each ; 

and  the  angle  EDF  is  equal  to  the  angle  GDF ;    (oonstr.) 

wherefore  the  base  Br  is  equsd  to  the  base  FG,    (i.  4.) 

and  the  triangle  BDF  to  the  triangle  GDF, 

and  the  remaining  angles  to  the  remaining  angles,  each  to  each; 

which  are  subtended  by  the  equal  sides : 

therefore  the  angle  DFG  is  equal  to  the  angle  DFE, 

and  the  angle  at  G  to  the  anffle  at  S; 

but  the  angle  DFG  is  equal  to  the  angle  ACB ;    (constr.) 

therefore  the  angle  ACB  is  equal  to  the  angle  DFE;    (ax.  1.) 

and  the  angle  ^ifC  is  e^ual  to  the  angle  i^DF:     (hyp.) 
wherefore  also  the  remainmg  angle  at  jf  is  equal  to  the  remaining 

angle  at  E;    (i.  82.) 
therefore  the  triande  AbC  is  equiangular  to  the  triangle  DEF. 
Wherefore,  if  two  triangles,  &c    q.b.d. 


PROPOSITION  VII.     THEOREM. 


\ 
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me  cf  them  he  a  right  angle  ;  the  triangles  shall  be  equiangular^  and  shaU 
have  those  angles  equal  about  which  the  sides  are  proportionals. 

Let  the  two  triangles  ABC,  DJEFhave  one  angle  in  the  one  equal  to 
one  angle  in  the  other^ 

viz.  the  angle  BAC  to  the  angle  BDF,  and  the  sides  about  two 
other  angles  ABC,  DEF  proportionals^ 

so  that  ^J5  is  to  BC,  as  BEtoEF; 
and  in  the  first  case^  let  each  of  the  remaining  angles  at  C^  F  be 

less  than  a  right  angle. 
The  triangle  ABC  shall  be  equiangular  to  the  triangle  DEF, 

viz.  the  angle  ABC  shiul  be  equal  to  the  anffle  DEF, 
and  the  remaining  angle  at  C  equal  to  the  remaimng  angle  at  F, 

A  D 

z\ 

£       F 


1« 
B^     C 

For  if  the  angles  ABC,  DEF  be  not  equal, 

one  of  them  must  be  greater  than  the  other : 
•»  let  ABC  be  the  greater^ 

and  at  the  point  B,  in  the  straight  line  AB, 

make  the  angle  ABG  equal  to  the  an^e  DEF ;    (i.  23.) 

and  because  the  angle  at  A  is  equal  to  the  angle  at  D,    (hjrp*) 

and  the  angle  ABG  to  the  angle  DEF; 
the  remaining  angle  AGB  is  equal  to  the  remaining  angle  DFE: 

therefore  the  triangle  ABG  is  equiangular  to  the  triangle  DEF : 

wherefore  as  AB  is  to  BG,  so  is  DE  to  EF :    (vi.  4.) 

but  as  DE  to  EF,  so,  by  hypothesis,  is  AB  to  BC; 

therefore  as  AB  to  BC,  so  is  AB  to  BG :     (v.  11.) 

and  because  AB  has  the  same  ratio  to  each  of  the  lines  BC,  BG, 

BC  is  equal  to  BG ;    (v.  9.) 

and  therefore  the  angle  BGC  is  equal  to  the  angle  BCG :     (i.  5.) 

but  the  angle  BCG  is,  by  h3rpomesis,  less  thiui  a  right  angle ; 

therefore  also  the  angle  6gC  is  less  than  a  right  angle ; 

and  theref<Mre  the  adjacent  angle  AGB  must  be  greater  than  a  right 

angle ;     (i.  13.) 

but  it  was  proved  that  the  angle  AGB  is  equal  to  the  angle  at  F; 

therefore  the  ansle  at  F  is  greater  than  a  right  angle : 

l>ut,  by  the  hypothesis,  it  is  less  than  a  right  angle ;  which  is  absurd. 

Therefore  the  angles  ABC,  DEF  are  not  unequal, 

that  is,  they  are  equal : 
and  the  angle  at  A  is  equal  to  the  angle  at  D :    (hyp.) 
wherefore  the  remaining  angle  at  C  is  equal  to  the  remaining  angle 

at  F:     (i.  32.)  ^  . 

therefore  the  triangle  ABC  is  equiangular  to  the  triangle  DEF, 
Next,  let  each  of  the  angles  at  C,  F  be  not  less  than  a  right  angle. 
Then  the  triangle  ABC  shall  also  in  this  case  be  equiangular  to  the 
*>fiangle  DEF. 


£ 
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Tiis  msMt  ctmrtructiop  liring 
It  vuj  be  profad  in  like  immnfr  tbat  BC  is  eqioil  t»  AG« 

juod  tlierefare  die  angle  at  C  equal  to  tiie  awle  BCKz 
but  tile  angle  at  C  is  not  leas  thini  a  n^^  ao^  ;     ^7P*) 
therebre  the  angle  BGC  is  not  les  than  a  n|^  an^ : 
wfaercfae  two  angles  of  the  triang^  J8CrCapeUiy  tlnrnBtlMithii 
two  right  angles : 

wiiidi  is  impossible  ;    (i.  I7-) 
and  therefore  the  triangle  AbC  msy  be  prared  to  be  eqinangiilsr  to 
the  triangle  DEF,  as  m  the  first  caac 
Lasdj^  let  one  of  the  angles  at  C,  F,  via.  the  angle  ift  Cbemi^^ai^ 
in  this  case  likewise  the  triangle  ABC  smtll  be  eqniaii^iikr  to  tb 
triangle  Z>£F. 


A. 

B       C 


/] 


For,  if  they  be  not  equiangular, 
at  the  point  B  in  the  straight  Hne  AB  make  the  angle  ABG  eqW 
to  the  angle  D£F; 
then  it  may  be  proved,  as  in  the  first  case,  that  BG  is  equal  to  BC: 
and  therefore  the  angle  BCG  equal  to  the  angle  BGCz    (i.  5.) 
bat  the  angle  BCG  is  a  right  angle,    (hyp.) 
therefore  the  angle  J?GC  is  also  aright  angle;    (ax.  1.) 
whence  two  of  the  angles  of  the  triangle  BGC  are  together  not  hi 
than  two  right  angles ; 

which  is  impossible :     (i.  ]?•) 
therefore  the  triangle  ABC  is  equiangular  to  die  triangle  DEF. 
Wherefore,  if  two  triangles,  &c.    q*b«d. 


PROPOSITION  Vin.    THEOREM. 


In  a  righi-^ngled  triangle,  if  a  perpendicular  be  drawn  from  the  rM 
angle  to  the  base  ;  the  triangles  on  each  side  of  it  are  similar  to  the  wU^ 
triangle,  and  to  one  another. 

Let  ABC  be  a  right-angled  triangle,  having  the  right  angle  BAC; 
and  from  the  point  A  let  AD  be  drawn  perpendicular  to  the  base  BC' 
Then  the  triangles  ABD,  ADC  shall  be  similar  to  the  whole  triangle 
ABC,  and  to  one  another. 


D  c 


Because  the  angle  BAC  is  equal  to  the  angle  ADB,  each  of  thciB 
being  a  right  angle,     (ax.  11.) 
and  that  the  angle  at  B  is  common  to  the  two  triangles  ABC,  ABOi 
the  remaining  angle  ACB  is  equal  to  the  remaining  angle  BAP' 
(I.  32.) 


1 
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therefore  the  triangle  ABC  is  equiangular  to  the  triangle  ABD, 
and  the  sides  about  their  equal  angles  are  proportionals ;  (vi.  4.) 
wherefore  the  triangles  are  similar :     (vi.  def.  1.^ 
in  the  like  manner  it  may  be  demonstrated,  that  the  tnangle  ADC 
is  equiangular  and  similar  to  the  triangle  ABC, 
And  the  triangles  ABD,  ACD,  being  both  equiangular  and  similar 
>  ABC,  are  equiangular  and  similar  to  each  other. 

Therefore,  in  a  right-angled,  &c.  q.e.d. 
Cor.  From  this  it  is  manifest,  that  the  perpendicular  drawn  from 
he  right  angle  of  a  right-angled  triangle  to  tne  base,  is  a  mean  propor- 
ional  between  the  segments  of  the  base;  and  also  that  each  of  the  sides 
L8  a  mean  proportional  between  the  base,  and  the  segment  of  it  adjacent 
to  that  side:  because  in  the  triangles  BDA,  ADC;  BD  is  to  DA, 
as  D J  to  DC;    (vi.  4.) 

and  in  the  triangles  ABC,  DBA;  BC  is  to  BA,  as  BA  to  BD ;    (vi.  4.) 
and  in  the  triangles  ABC,  ACD;  BC  is  to  CA,  as  CA  to  CD.    (vi.  4.) 


^PROPOSITION  IX.    PROBLEM. 
From  a  given  straight  line  to  cut  off  any  part  required. 

Let  AB  be  the  given  straight  line. 
It  is  required  to  cut  off  any  part  from  it. 


C 

From  the  point  A  draw  a  straight  line  AC,  making  any  angle  with  AB; 

and  in  ^C  take  any  point  D, 
and  take  AC  the  same  multiple  of  AD,  that  AB  is  of  the  part  which 
is  to  be  cut  off  from  it ; 

join  BC,  and  draw  DB  parallel  to  CB. 

Then  J j^  shall  be  the  part  required  to  be  cut  off. 

Because  ED  is  parallel  to  BC^  one  of  the  sides  of  the  triangle  ABC, 

as  CD  is  to  DA,  so  is  BB  to  EA ;     (vi.  2.) 

and  by  composition,  CA  is  to  AD,  as  BA  to  AE :    (v.  18.) 

but  CA  is  a  multiple  of  AD ;     (constr.) 

therefore  BA  is  the  same  multiple  of  AE:     (v.  d.) 

whatever  part  therefore  AD  is  o£  AC,  AEis  the  same  part  o£  AB: 

therefore,  from  the  straight  line  AB  the  part  required  is  cut  off.    q.e.  f. 


PROPOSITION  X.    PROBLEM. 


To  divide  a  given  straight  line  similarly  to  a  given  divided  straight 
ne,  that  isy  into  parts  that  shall  have  the  same  ratios  to  one  another  which 
^e  parts  of  the  divided  given  straight  line  have, 

12 
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Let  AB  be  the  straight  line  given  to  be  divided,  and  ^(7  the  divided  line. 

It  is  required  to  divide  AB  similarly  to  AC> 


Let  AC  he  divided  in  the  points  D,  B; 
and  let  AB^  AC  be  placed  so  as  to  contain  any  ansle^  and  join  BC, 
and  through  the  points  D,  E  draw  DF,  £G  parallels  to  BC.    (i.  31.) 
Then  AB  shaU  be  divided  in  the  points  F,  G  similarly  Xo  AC, 
Through  D  draw  DJFfA  parallel  to  ABi 
therefore  each  of  the  figures^  FHy  HB  is  a  parallelogram ; 
wherefore  BH  is  equal  to  FQ,  and  HK  to  GB :    (i.  34.) 
and  because  HE  is  parallel  to  KC,  one  of  the  sides  of  the  triangle  DKC, 

OB  CE  to  ED,  so  is  KH  to  HD :    (vi.  2.) 
but  KH  is  equal  to  BG,  and  HD  to  GF; 
therefore,  as  CE  to  ED,  so  is  BG  to  GF:    (v.  7) 
again,  because  FD  is  parallel  to  GE,  one  of  the  sides  &£  the  triangle  AGEf 

as  ED  to  DA,  so  is  GF  to  FA:     (vi.  2.) 
therefore,  as  has  been  proved,  CE  is  to  ED,  so  is  BG  to  GF, 

and  as  ED  to  D^,  so  GF  to  JF^: 
therefore  the  given  straight  line  AB  is  divided  similarly  to  AC.    q.e-  f* 


PROPOSITION  XI.    PROBLEM. 

To  find  a  third  proportional  to  two  given  straight  lines. 

"Let  AB,  AC  he  the  two  given  straight  lines. 
It  is  required  to  find  a  third  proportional  to  AB,  AC. 


Let  A B,  AC  he  placed  so  as  to  contain  any  angle: 

produce  AB,  AC  to  the  points  D,  E; 

and  make  BD  equal  to  AC; 

join  BC,  and  through  D,  draw  DE  parallel  to  BC.    (i.  31.) 

Then  CE  shall  be  a  third  proportional  to  AB  and  AC. 
Because  BC  is  parallel  to  DE,  a  side  of  the  triangle  ADE, 
AB  IS  to  BD,  as  AC  to  CE :    (vi.  2.) 
but  BD  is  equal  to  AC; 
therefore  as  AB  is  to  AC,  so  is  AC  to  CE,     (v.  7.) 
Wherefore,  to  the  two  given  straight  lines  AB^  AC,  a  third  propor- 
tional CE  is  found,    q.e.f. 
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PROPOSITION  Xir.    PROBLEM. 
o^find  a  fourth  proportional  to  three  given  straight  lines. 

Let  A,  B,  C  be  the  three  given  straight  lines. 

It  is  required  to  find  a  fourth  proportional  to  A^  B,  C. 
Take  two  straight  lines  DE,  DF,  containing  any  angle  EDF: 
and  upon  these  make  DG  egual  to  Ay  GE  equal  to  B,  and  DH 

equal  to  C;     (i.  3.) 


join  GH,  and  through  E  draw  EF  parallel  to  it      (i.  31.) 
Then  HF  shall  be  the  fourth  proportional  to  A,  B,  C. 
scause  GH  is  parallel  to  EF,  one  of  the  sides  of  the  triangle  DEF, 

DG  is  to  GE,  as  DH  to  HF;     (vi.  2.) 
but  DG  is  equal  to  A,  GE  to  B,  and  DH  to  C; 
therefore,  as  ^  is  to  ^,  so  is  C  to  HF.    (v.  7.) 
Wherefore  to  the  three  given  straight  lines  A,  B,  C,  a  fourth  pro- 
portional HF  is  found,     q.e.f. 


PROPOSITION  XIII.    PROBLEM. 

To  find  a  mean  proportional  betneen  two  given  straight  lines. 

Let  AB,  BC  be  the  two  given  straight  lines. 
It  is  required  to  find  a  mean  proportional  between  them. 


Place  AB,  BC  in  a  straight  line,  and  upon  AC  describe  the  semi- 
cle  ADC, 

and  from  the  point  B  draw  BD  at  right  angles  to  AC.    (i.  11.) 
Then  BD  shall  be  a  mean  proportional  between  AB  and  BC. 

Join  AD,  DC. 
)d  because  the  angle  ADC  in  a  semicircle  is  a  right  angle,    (iii.  31.) 
and  because  in  the  right-angled  triangle  ADC,  BD  is  drawn  from 

the  right  angle  perpendicular  to  the  base, 
DB  is  a  mean  proportional  between  AB,  BC  the  segments  of  the 

base:     (vi.  8.  Cor.) 
therefore  between  the  two  given  straight  lines  AB,  BC,  a  mean 
proportional  2)^  is  found,    q.e.f. 
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PROPOSITION  XIV.    THEOREM. 

Equal  parallelograms,  which  have  one  angle  of  the  one  equal  ip  one 
angle  of  the  other,  have  their  sides  about  the  equal  angles  reciprocally  pro- 
portional :  and  conversely,  parallelograms  that  have  one  angle  of  the  one 
equal  to  one  angle  of  the  other,  and  their  sides  about  the  equal  angles  red- 
procaUy  proportional,  are  equal  to  one  another. 

Let  AB,  BC  be  equal  parallelograms^  which  have  the  angles  at  B 
equal. 

The  sides  of  the  parallelograms  AB,  BC  about  the  equal  angles, 
shall  be  reciprocally  proportional ; 

that  is,  DB  shall  be  to  BE,  as  GB  to  BF. 


Let  the  sides  DB,  BE  be  placed  in  the  same  straight  line ; 
wherefore  also  FB,  BG  are  in  one  straight  line:     (i.  14.) 
complete  the  parallelogram  FE. 
And  because  the  parallelogram  AB  is  equal  to  BC,  and  that  TE  a 
another  parallelogram, 

AB  is  to  FB,  as  BC  to  FE:     (v.  7.) 
but  as  AB  to  FE,  so  is  the  base  DB  to  BE,     (vi.  1.) 

and  as  BC  to  FB,  so  is  the  base  GB  to  BF ; 
therefore,  as  DB  to  BE,  mis  GB  to  BF.      (v.  11.) 
Wherefore,  the  sides  of  the  parallelograms  AB,  BC  about  their 
equal  angles  are  reciprocally  proportional. 
Next,  let  the  sides  about  the  equal  angles  be  reciprocally  proper 
tional, 

viz.  as  DB  to  BB,  so  GB  to  BF: 
the  parallelogram  AB  shall  be  equal  to  the  parallelogram  BC. 

Because,  as  DB  to  BE,  so  is  G^to  BF; 
and  as  DB  to  BE,  so  is  the  parallelogram  AB  to  the  parallelogran^ 
FE;     (VI.  1.) 
and  as  GB  to  BF,  so  is  the  parallelogram  BC  to  the  parallelogram  F^'f 

therefore  as  AB  to  FE,  so  BC  to  FE:     (v.  11.) 
therefore  the  parallelogram  i^^  is  equal  to  the  parallelogram  BC.  (v.  9*) 
Therefore  equal  parallelograms,  &c.     q.  e.d. 


PROPOSITION  XV.     THEOREM. 

Equal  triangles  which  have  one  angle  of  the  one  equal  to  one  angle  of 
the  other,  have  their  sides  about  the  equal  angles  reciprocally  proportfonah 
and  conversely,  triangles  which  have  one  angle  in  the  one  equal  to  o^ 
angle  in  the  other,  and  their  sides  about  the  equal  angles  reciprocally  prO" 
portional,  are  equal  to  one  another. 

"Let  ABC,  ADE  be  equal  triangles,  which  have  the  angle  BAC  equ^I 
to  the  angle  DAE. 
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Then  the  sides  about  the  equal  angles  of  the  triangles  shall  be 
eciprocally  proportional ; 

that  is^  CA  shall  be  to  AD,  as  EA  to  AB, 


Let  the  triangles  be  placed  so  that  their  sides  CA,  AD  be  in  one 
straight  line ; 

wherefore  also  EA  and  AB  are  in  one  straight  line  ;     (i.  14.) 

and  join  BD. 
Because  the  triangle  ABC  is  equal  to  the  triangle  ADE, 
and  that  ABD  is  another  triangle ; 
therefore  as  the  triangle  CAB,  is  to  the  triangle  BAD,  so  is  the 

triangle  AED  to  the  triangle  DAB ;    (v.  7.) 
but  as  the  triangle  CAB  to  Uie  triangle  BAD,  so  is  the  base  CA  to 

the  base  AD,     (vi.  1.) 
and  as  the  triangle  EAD  to  the  triangle  DAB,  so  is  the  base  EA  to 
the  base  AB;     (vi.  1.) 

therefore  as  CA  to  AD,  so  is  EA  to  AB:    (v.  11.) 
wherefore  the  sides  of  the  triangles  ABC,  ADE^  about  the  equal 

angles  are  reciprocally  proportional. 
Next^  let  the  sides  of  the  triangles  ABC,  ADE  about  the  equal 
mgles  be  reciprocally  proportional, 

viz.  CA  to  AD,  as  EA  to  AB. 
Then  the  triangle  ABC  shall  be  equal  to  the  triangle  ADE. 

Join  BD  as  before. 
Then  because,  as  CA  to  AD,  so  is  EA  to  AB ;  (h}^.) 
a^d  as  CA  to  AD,  so  is  the  triangle  ABC  to  the  triangle  BAD;  (vi.  1.) 
and  as  EA  to  AB,  so  is  the  triangle  EAD  to  the  triangle  BAD;  (vi.  1.) 
therefore  as  the  triangle  BAC  to  the  triangle  BAD,  so  is  the  tri- 
angle EAD  to  the  triangle  BAD  ;    (v.  11.) 
that  is,  the  triangles  BAC,  EAD  have  the  same  ratio  to  the  triangle 
BAD: 
wherefore  the  triangle  ABC  is  equal  to  the  triangle  ADE,    (v.  9.) 
Therefore,  equal  triangles,  &c.    q.e.d. 


PROPOSITION  XVI.    THEOREM. 

If  four  straight  lines  he  proportionals^  the  rectangle  contained  hy  the 
xlremes  is  equal  to  the  rectangle  contained  by  the  means :  and  conversely, 
^  the  rectangle  contained  by  the  extremes  be  equal  to  the  rectangle  con^ 
lined  by  the  means,  the  four  straight  lines  are  proportionals. 

Let  the  four  straight  lines  AB,  CD,  E,  F  be  proportionals, 

viz.  as  AB  to  CD,  so  E  to  F. 
The  rectangle  contained  by  AB,  F,  shall  be  equal  to  the  rectangle 
contained  by  CD,  E^ 
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From  the  points  A,  C  draw  A  G,  CH  at  right  angles  to  AB,  CD ;  (i.  11.) 

and  make  AG  equal  to  F,  and  CH  equal  to  E:     (i.  S.) 

and  complete  the  parallelograms  BG,  DH.     (i.  31.) 

Because,  as  AB  to  CD,  so  is  E  to  F; 

and  that  E  is  equal  to  CH,  and  Fto  AG; 

AB  is  to  CD  as  Cil  to  i4G :    (v.  7) 

therefore  the  sides  of  the  parallelograms  BG,  DH  about  the  equal 

angles  are  reciprocally  proportional ; 
but  parallelograms  which  have  their  sides  about   equal  angles 
reciprocally  proportional,  are  equal  to  one  another ;    (vi.  14.) 
therefore  the  paridlelogram  BG  is  equal  to  the  parallelogram  DH : 
but  the  parallelogram  BG  is  contained  by  the  straight  lines  AB,  F; 

because  ^G  is  equal  to  F; 
and  the  parallelogram  DH  is  contained  by  CD  and  E; 

because  CH  is  equal  to  J&; 
therefore  the  rectangle  contained  by  the  straight  lines  AB,  F,  is 
equal  to  that  which  is  contained  by  CD  and  B, 
And  if  the  rectangle  contained  by  the  straight  lines  ABj  F  be  equal 
to  that  which  is  contained  by  CD,  E; 

these  four  lines  shall  be  proportional^ 

viz,  AB  shall  be  to  CD,  as  jB"  to  JF. 

The  same  construction  being  made, 

because  the  rectangle  contained  by  the  straight  lines  AB,  F,  n 

equal  to  that  which  is  contained  by  CD,  E, 

and  that  the  rectangle  BG  is  contained  by  AB,  F; 

because  ^G^  is  equal  to  F ; 
and  the  rectangle  DH  by  CD,  E;  because  CH  is  equal  to  E; 
therefore  the  parallelogram  BG  is  equal  to  the  parallelogram  DH;  (ax.  !•) 

and  they  are  equiangular : 
but  the  sides  about  the  equal  angles  of  equal  parallelograms  sxe 
reciprocally  proportional :     (vi.  14.) 

wherefore,  as  AB  to  CD,  so  is  CH  to  AG : 

but  CH  is  equal  to  E,  and  AG  to  F; 

therefore  as  AB  is  to  CD,  so  is  ^  to  F.    (v.  7.) 

Wherefore  if  four,  &c.    q.e.d. 


PROPOSITION  XVIL     THEOREM. 

If  three  straight  lines  be  proportionals,  the  rectangle  contained  bjl 
the  extremes  is  equal  to  the  square  of  the  mean;  and  conversely,  if^^ 
rectangle  contained  by  the  extremes  be  equal  to  the  square  of  the  mean) 
the  three  straight  lines  are  proportionals. 

Let  the  three  straight  lines  A,  B,  C  be  proportionals, 

viz.  as  A  to  B,  so  B  to  C. 

The  rectangle  contained  by  A,  C  shall  be  equal  to  the  square  cfB. 
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B- 


c_ 

Take  D  equal  to  B, 
And  because  as  A  to  B,  so  B  to  C^  and  that  B  is  equal  to  D; 

A  is  to  B,  as  D  to  C:    (v.  7.) 
but  if  four  straight  lines  be  proportionals^  the  rectangle  contained 
r  the  extremes  is  equal  to  that  which  is  contained  by  the  means; 
1.16.) 

therefore  the  rectangle  contained  by  A,  C  is  equal  to  that  contained 
by^,D: 

but  the  rectangle  contained  by  B,  D,  is  the  square  of  B, 

because  B  is  equal  to  D ; 
herefore  the  rectangle  contained  by  A,  C,  is  equal  to  the  square  of  B. 
And  if  the  rectangle  contained  by  A,  C,  be  equal  to  the  square  of  B, 

Then  A  shall  be  to  ^  as  £  to  (7. 

The  same  construction  being  made, 

because  the  rectangle  contained  by  A,  C  is  equal  to  the  square  of  B, 

and  the  square  of  B  is  equal  to  the  rectangle  contained  by  B,  D, 

because  B  is  equal  to  D ; 
therefore  the  rectangle  contained  by  A,  C,  is  equal  to  that  contained 

hy  B,D: 
but  if  the  rectangle  contained  by  the  extremes  be  equal  to  that 
mtained  by  the   means^  the  four  straight  lines  are  proportionals: 
^i.  16.) 

therefore  ^  is  to  £^  as  D  to  C: 

but  B  is  equal  to  D; 

wherefore^  as  ^  to  £^  so  ^  to  C. 

Therefore,  if  three  straight  lines,  &c     q.e.d. 


PROPOSITION  XVIII.     PROBLEM. 

Upon  a  given  straight  line  to  describe  a  rectilineal  Jigure  similar,  and 
fnUarl^  situated,  to  a  given  rectilineal  Jigure. 

Let  AB  be  the  given  straight  line,  and  CDEF  the  given  rectilineal 
^re  of  four  sides. 

It  is  required  upon  the  given  straight  line  AB  to  describe  a  rectilineal 
^e  similar,  and  similarly  situated,  to  CDEF. 


E 


C       D 


Join  DJP,  and  at  the  points  A,  B  in  the  straight  line  AB  make  the 
igle  BAG  equal  to  the  angle  at  C,     (i.  23.) 

and  the  angle  ABG  equal  to  the  angle  CDF; 

therefore  the  remaining  angle  A  GB  is  equal  to  the  remaining  angle 
FD :     (i.  32.  and  ax.  3.) 
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therefore  the  triangle  FCD  is  equiangular  to  the  triangle  GAB : 
again^  at  the  points  G,  B,  in  the  straight  line  GB,  make  the  angle 
BGH  equal  to  the  angle  DFE,    (i.  23.) 

and  the  angle  GBH  equal  to  FDE  ; 
therefore  the  remxiining  angle  GHB  is  equal  to  the  remaimng 
angle  FED, 

and  the  triangle  FDE  equiangular  to  the  triangle  GBH: 
then,  because  the  angle  JGJ?  is  equal  to  the  angle  CFD,  and  BGH 
to  DFE, 
the  whole  angle  AGH  is  equal  to  the  whole  CFE;    (ax.  2.) 
for  the  same  reason,  die  angle  ABH  is  equal  to  the  angle  CDE: 
also  the  angle  at  A  is  equal  to  the  angle  at  C,    (oonstr.) 
and  the  angle  GHB  to  FED: 
therefore  the  rectilineal  figure  ABHG  is  equiangular  to  CDEF: 
likewise  these  figures  have  their  sides  about  the  equal  angles  pro- 
portionals; 

because  the  triangles  GAB,  FCD  being  equiangular^ 

BA  is  to  AG,  08  DC  to  CF;    (vi.  4.) 

and  because  AG  is  to  GB,  asCFtoFD; 

and  as  G^  is  to  GH,  bo  is  FD  to  FE, 

by  reason  of  the  equiangular  triangles  BGH,  DFE^ 

therefore,  ex  »quali,  ilG  is  to  GH,  as  CF  to  FE.    (v.  22.) 

In  the  same  manner  it  may  be  proved  that  AB  is  to  BH,  as  CD  to  DE: 

and  GH  is  to  HB,  as  FE  to  ED.    (vi.  4^ 
Wherefore,  because  the  rectilineal  figures  ABHG,  CDEF  are  equi- 
angular, 

and  have  their  sides  about  the  equal  angles  proportionals^ 
they  are  similar  to  one  another,     (vi.  def.  1.) 
Next,  let  it  be  required  to  describe  upon  a  given  straight  line  AB, 
a  rectilineal  figure  similar,  and  similarly  situated,  to  the  rectilineal  figure 
CDKEF  of  five  sides. 

Join  DE,  and  upon  the  given  straight  line  AB  describe  the  rectfli' 
neal  figure  ABHG  similar,  and  similarly  situated,  to  the  quadrilateral 
figure  CDEF,  by  the  former  case : 

and  at  the  points  B,  H,  in  the  straight  line  BH,  make  the  angl^ 
HBL  equal  to  the  angle  EDK, 
and  the  angle  BHL  equal  to  the  angle  DEK; 
therefore  the  remaining  angle  at  L  is  equal  to  the  remaining  angl^ 
at  K.     (i.  3%  and  ax.  3.) 

And  because  the  figures  ABHG,  CDEF  are  similar, 
the  angle  GHB  is  equal  to  the  angle  FED :    (vi.  def.  1.) 

and  BHL  is  equal  to  DEK; 
wherefore  the  whole  angle  GHL  is  equal  to  the  whole  angle  FEK: 

for  the  same  reason  the  angle  ABL  is  equal  to  the  angle  CDK : 

therefore  the  five-sided  figures  AGH  LB,  CFEKD  are  equiangular: 

and  because  the  figures  AGHB,  CFED  are  similar^ 

GH  is  to  HB,  as  FE  to  ED;    (vi.  def.  1.) 

but  as  HB  to  HL,  so  is  ED  to  EK;    (yi.  4.) 

therefore,  ex  tequali,  GH  is  to  HL,  as  FE  to  rJK :    (v.  22.) 

for  the  same  reason,  AB  is  to  BL,  as  CD  to  DKi 

and  BL  is  to  LH,  as  DK  to  KE,    (vi.  4.) 
because  the  triangles  BLH,  DKE  are  equiangular : 
therefore  because  the  five-sided  figures  AGBlS,  CFEKD  are 
equiangular. 
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and  have  their  sides  about  the  equal  angles  proportionals, 
they  are  similar  to  one  another. 
In  the  same  manner  a  rectilineal  figure  of  six  sides  may  be  described 
ipon  a  given  straight  line  similar  to  one  given,  and  so  on*    q.  e.  f. 

PROPOSITION  XIX.    THEOREM. 

Similar  triangles  are  to  one  another  in  the  duplicate  ratio  of  their 
lomologous  sides. 

Let  ABC,  DEF  be  similar  triangles,  having  the  angle  B  equal  to 
he  angle  £J, 

and  let  AB  be  to  BC,  as  DE  to  EF, 
so  that  the  side  BC  may  be  homologous  to  EF.    (v.  def.  12.) 
Then  the  triangle  ABC  shall  have  to  the  triangle  DEF  the  duplicate 
ratio  of  that  which  BC  has  to  EF. 

A  D 


G     c 
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Take  BG  a  third  proportional  to  BC,  EF,     (vi.  11.) 

so  that  BC  may  be  to  EF,  as  EF  to  BG,  and  join  GA. 

Then,  because,  as  AB  to  BC,  so  DE  to  EF; 

alternately,  AB  is  to  DE,  as  BC  to  EF ;   (v.  l6.) 

but  as  BC  to  EF,  so  is  EF  to  BG;     (constr.) 

therefore,  as  AB  to  DE,  so  is  EF  to  BG:     (v.  11.) 

therefore  the  sides  of  the  triangles  ABG,  DEF,  which  are  about 

the  equal  angles,  are  reciprocally  proportional: 
but  triangles,  which  have  the  sides  about  two  equal  angles  recipro- 
cally  proportional,  are  equal  to  one  another ;     (vi.  15.) 
therefore  the  triangle  ABG  is  equal  to  the  triangle  DEF: 
and  because  as  BC  is  to  EF,  so  EF  to  BG  ; 
and  that  if  three  straight  lines  be  proportional,  the  first  is  said  to 
We  to  the  third  the  duplicate  ratio  of  that  which  it  has  to  the  second ; 
(v.  def.  10.) 

therefore  BC  has  to  BG  the  dujJlicate  ratio  of  that  which  BC  has  to  EF: 
but  as  BC  to  BG,  so  is  the  triangle  JIJ5C  to  the  triangle  ABG;    (vi.  1.) 
therefore  the  triangle  ABC  has  to  the  triangle  ABG  the  duplicate 
ratio  of  that  which  BC  has  to  EF: 

but  the  triangle  ABG  is  equal  to  the  triangle  DEF; 
therefore  also  the  triangle  Jl^C  has  to  the  triangle  DEF  the  dupli-» 
cate  ratio  of  that  which  BC  has  to  EF, 

Therefore  similar  triangles,  &c.     q.e.d. 
Cor.     From  this  it  is  manifest,  that  if  three  straight  h'nes  be  pro- 
portionals,  as  the  first  is  to  the  third,  so  is  any  triangle  upon  the  first  to 
a  similar  and  similarly  described  triangle  upon  the  second. 

PROPOSITION  XX.    THEOREM. 

Similar  polygons  may  be  divided  into  the  same  number  of  similar  tri" 
angles,  having  the  same  ratio  to  one  another  that  the  polygons  have ;  and 
the  polygons  have  to  one  another  the  duplicate  ratio  of  that  which  their 
homologous  sides  have. 
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Let  ABODE,  FGHKL  be  similar  polygons^  and  let  AB  be  the 
side  homologous  to  i^G : 

the  polygons  ABCDE,  FGHKL  may  be  divided  into  the  same 
number  of  similar  triangles^  whereof  each  shall  have  to  each  the  same 
ratio  which  the  polygons  have  ; 

and  the  polygon  ABCDE  shall  have  to  the  polygon  FGHKL  the 
duplicate  ratio  of  that  which  the  side  AB  has  to  the  side  FG, 


M 


Join  BE,  EC,  GL,  LH. 
And  because  the  polygon  ABCDE  is  similar  to  the  polygon  FGHKL, 
the  angle  ^AE  is  equal  to  the  angle  GFL,    (vi,  def.  1.) 
and  BA  is  to  AE,  as  GF  to  FL :     (vi.  def.  1.) 
therefore^  because  the  triangles  ABE,  FGL  have  an  angle  in  one 
equal  to  an  angle  in  the  other^  and  their  sides  about  these  equal  angles 
p  oportionals^ 

the  triangle  ABE  is  equiangular  to  the  triangle  FGL  ;    (vi.  6.) 

and  therefore  similar  to  it ;    (yi.  4.) 
wherefore  the  angle  ABE  is  equal  to  the  angle  FGLi 
and^  because  the  polygons  are  similar, 
the  whole  angle  ABC  is  equal  to  the  whole  angle  FGH;    (vi.  def.  1.) 
therefore  the  remaining  angle  EBC  is  equal  to  the  remaining  angle 
LGHi     (i.  32.  and  ax.  3.) 

and  because  the  triangles  ABE,  FGL  are  similar, 

EB  is  to  BA,  SB  LG  to  GF;     (vi.  4.^ 

and  also,  because  the  polygons  are  similar, 

AB  is  to  BC,  as  FG  to  GH ;     (vi.  def.  1.) 

therefore,  ex  eequali,  EB  is  to  BC,  as  LG  to  GH ;     (v.  22.) 

that  is,  the  sides  about  the  equal  angles  EBC,  LGH  are  proportionab; 

therefore,  the  triangle  EBC  is  equiangidar  to  the  triangle  LGB, 

(vi.  6.)  and  similar  to  it ;     (vi.  4.) 
for  the  same  reason,  the  triangle  ECD  likewise  is  similar  to  the 

triangle  LHK: 
therefore  the  similar  polygons  ABCDE,  FGHKL  are  divided  into 
the  same  number  of  similar  triangles. 
Also  these  triangles  shall  have,  each  to  each,  the  same  ratio  which 
the  polygons  have  to  one  another, 

the  antecedents  being  ABE,  EBC,  ECD,  and  the  consequents  FGU 

LGH,  LHK  I 
and  the  polygon  ABCDE  shall  have  to  the  polygon  FGHKL 
the  duplicate  ratio  of  that  which  the  side  AB  has  to  Uie  homologous 
side  FG. 

Because  the  triangle  ABE  is  similar  to  the  triangle  FGL, 
ABE  has  to  FGL,  the  duplicate  ratio  of  that  which  the  side  BE 

has  to  the  side  GL :     (vi.  19.) 
for  the  same  reason,  the  triangle  BEC  has  to  GLH  the  duplicate 

ratio  of  that  which  J^j^has  to  GI^: 
therefore,  as  the  triangle  ABE  is  to  the  triangle  FGL,  so  is  the 
triangle  BEC  to  the  triangle  GLH,    (v.  11.) 
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Again^  because  the  triangle  EBC  is  similar  to  the  triangle  LGH, 
£IBC  has  to  LGH,  the  duplicate  ratio  of  that  which  the  side  EC 

has  to  the  side  LH: 
for  the  same  reason^  the  triangle  ECD  has  to  the  triangle  LHK, 

the  duplicate  ratio  of  that  which  EC  has  to  LH : 
therefore^  as  the  triangle  EBC  to  the  triangle  LGH,  so  is  the 
triangle  ECD  to  the  triangle  LHKi    (v.  11.) 

but  it  has  been  proved^ 
that  the  triangle  EBC  is  likewise  to  the  triangle  LGH,  as  the 
triangle  ABE  to  the  triangle  FGL : 
therefore^  as  the  triangle  ABE  to  the  triangle  FGL,  so  is  the  tri« 
mgle  EBC  to  the  triangle  LGH,  and  the  triangle  ECD  to  the  triangle 
LHK  I 

and  therefore^  as  one  of  the  antecedents  is  to  one  of  the  consequents^ 

so  are  all  the  antecedents  to  all  the  consequents :     (v.  12.) 
that  is,  as  the  triangle  ABE  to  the  triangle  FGL,  so  is  the  polygon 

ABCDE  to  t\ie  polygon  FGHKL I 
but  the  triangle  ABEhas  to  the  triangle  FGL,  the  duplicate  ratio  of 
that  whi<£  the  side  AB  has  to  the  homologous  side  FG;  (vi.  I9.) 
therefore  also  the  polygon  ABCDE  has  to  the  polygon  FGHKL  the 
duplicate  ratio  of  that  which  AB  has  to  the  homologous  side  FG. 
Wherefore  similar  polygons^  &c.     q.e.d. 
Cor.  1.    In  like  manner  it  may  be  proved^  that  similar  four-sided 
figures^  or  of  any  number  of  sides^  are  one  to  another  in  the  duplicate 
ratio  of  their  homologous  sides :   and  it  has  already  been  proved  in 
triangles :  (vi.  19.)  therefore,  universally,  similar  rectilineal  figures  are 
to  one  another  in  me  duplicate  ratio  of  their  homologous  sides. 

Cor.  2.     And  if  to  AB,  FG,  two  of  the  homologous  sides,  a  third 
proportional  M  be  taken,     (vi.  11.) 

AB  has  to  M  the  duplicate  ratio  of  that  which  AB  has  to  FG :  (v.  def.  10.) 
but  the  four-sided  figure  or  polygon  upon  AB^  has  to  the  four- 
sided  figure  or  polygon  upon  FG  likewise  the  duplicate  ratio  of  that 
which  AB  has  to  FG;     (1.  Cor.) 

therefore,  as  AB  is  to  M,  so  is  the  figure  upon  AB  to  the  figure 
upon  jPG:     (v.  11.) 
which  was  also  proved  in  triangles:     (vi.  I9.  Cor.) 
therefore,  universally,  it  is  manifest,  that  if  three  straight  lines  be 
proportionals,  as  the  first  is  to  the  third,  so  is  any  rectilineal  figure  upon 
the  first,  to  a  similar  and  similarly  described  rectilineal  figure  upon  the 
Second. 


PROPOSITION  XXI.    THEOREM. 

Rectilirteal  Jlgures  which  are  similar  to  the  same  rectilineal  Jigure, 
fire  also  similar  to  one  another. 

Let  each  of  the  rectilineal  figures  A,  B  be  similar  to  the  rectilineal 
figure  C 

The  figure  A  shall  be  similar  to  the  figure  B. 


A      A 
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Because  A  is  similar  to  C, 
they  are  equiangular^  and  also  have  their  sides  about  the  equal 
angles  proportional:     (vi.  def.  1.) 

again,  because  B  is  similar  to  C, 
they  are  e(]^uiangular^  and  have  their  sides  about  the  equal  angles 
proportionals :     (vi.  def.  1.) 
therefore  the  figures  A^  B  are  each  of  them  equiangular  to  C,  and 
have  the  sides  about  the  equal  angles  of  each  o£  them  and  of  C  pro- 
portionals. 

Wherefore  the  rectilineal  figures  A  and  C  are  equiangular^  (i.  ax.  I.) 
and  have  their  sides  about  the  equal  angles  proportionals :  (v.  11.) 

therefore  A  is  similar  to  B.    (vi.  def.  1.) 
Therefore  rectilineal  figures^  &c«    q.b.d. 

PROPOSITION  XXII.    THEOREM. 

If  four  straight  lines  he  proportionals^  the  similar  rectilineal  Jigures 
similarly  described  upon  them  shall  also  be  proportionals:  and  convertefy, 
if  the  similar  rectilineal  Jigures  similarly  described  upon  four  stnught 
lines  be  proportionals^  those  straight  lines  shall  be  proportionals. 

Let  the  four  straight  lines  AB,  CD,  EF,  GH  be  proportionals^ 

VIZ.  AB  to  CD,  aaEFto  GH; 
and  upon  AB,  CD  let  the  similar  rectilineal  figures  KAB,  LCD 

be  similarly  described; 
and  upon  EF,  GH  the  similar  rectilineal  figures  MF„  NH,  in 
like  manner: 
the  rectilineal  figwre  KAB  shall  be  to  LCD,  as  MF  to  NH. 

^  A  ^       O  a    o  b 

A  BCD  S  Tf        Jj Jj       y-i 

To  AB,  CD  take  a  third  proportional  X;    (vi.  11.) 

and  to  EF,  GH  a  thircl  proportional  O : 

and  because  AB  is  to  CV  as  EF  to  GH, 

therefore  CD  is  to  X,  as  GH  to  0;    (v.  11.) 

■wherefore,  ex  sequali,  as  AB  to  X,  so  EF  to  0:     (v.  22.) 

but  as  AB  to  X,  so  is  the  rectilineal  figure  KAB  to  the  rectilineal 

figure  LCD, 
and  as  EF  to  0,  so  is  the  rectilineal  figure  MF  to  the  rectilineal 
figure  NH :     (vi.  20.  Cor.  2.) 

therefore,  as  KAB  to  LCD,  so  is  MF  to  NH.    (v.  1 1.) 
And  if  the  rectilineal  figure  KAB  be  to  LCD,  as  MF  to  NH; 
the  straight  line  AB  shall  be  to  CD,  as  EF  to  GH. 
Make  as  AB  to  CD,  so  EF  to  PR,    (vi.  12.) 
and  upon  PR  describe  the  rectilineal  figure  SR  similar  and  sital- 
lariy  situated  to  either  of  the  figures  MF,  NH:     (vi.  18.) 
then,  because  as  AB  to  CV,  so  is  EF  to  PR, 
and  that  upon  AB,  CD  are  described  the  similar  and  similarly 
situated  rectilineals  KAB,  LCD, 
and  upon  EF,  PR,  in  like  manner,  the  similar  rectilineals  MF,  SR'» 
therefore  KAB  is  to  LCD,  as  MF  to  SR : 
but  by  the  hypothesis  KAB  is  to  LCD,  as  MF  to  NH; 


i 
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I 

and  therefore  the  rectilineal  MF  having  the  same  ratio  to  each  of 
the  two  NH,  SR, 

these  are  equal  to  one  another ;    (v,  9*) 
they  are  also  similar^  and  similarly  situated  ; 

therefore  GH  is  equal  to  pR : 

and  because  as  AB  to  CD,  so  is  EF  to  PR, 

and  that  PR  is  equal  to  GH ; 

AB  is  to  CD,  as  EF  to  GH.    (v.  7.) 

If^  therefore^  four  straight  lines,  &c.    q.£.d. 


PROPOSITION  XXIII.    THEOREM. 

Equiangular  parallelograms  have  to  one  another  the  ratio  which  is 
impounded  of  the  ratios  of  their  sides. 

Let  AC,  CF  be  equiangular  parallelograms^  having  the  angle  BCD 
cjual  to  the  angle  ECG. 

Then  the  ratio  of  the  parallelogram  AC  to  the  parallelogram  CF, 
ball  be  the  same  with  the  ratio  which  is  compounded  of  the  ratios  of 
heir  sides. 


KLM         E  F 


Let  BC,  CG  be  placed  in  a  straight  line ; 

therefore  DC  and  CE  are  also  in  a  straight  line ;    (i.  14.) 

and  complete  the  parallelogram  DG; 

and  taking  any  straight  line  K, 

make  as  BC  to  CG,  so  Kto  L;    (vi.  12.) 

and  as  DC  to  CE,  so  make  L  to  M:    (vi.  12.) 

therefore^  the  ratios  of  K  to  L,  and  L  to  M,  are  the  same  with  the 

ratios  of  the  sides, 

viz.  of  BC  to  CG,  and  DC  to  CE  : 
but  the  ratio  of  X  to  M  is  that  which  is  said  to  be  compounded  of 
the  ratios  of  K  to  L,  and  Lto  M;    (v.  def.  a.) 
therefore  K  has  to  M  the  ratio  compounded  of  the  ratios  of  the  sides : 
and  because  as  JBC  to  CG,  so  is  the  parallelogram  AC  to  the  paral- 
lelogram CH;    (vi.  1.) 

but  as  BC  to  CG,  so  is  liC  to  L  ; 
therefore  K  is  to  L,  as  the  parallelogram  AC  to  the  parallelogram 

CH:     (v.  11.) 
again,  because  as  DC  to  CE,  so  is  the  parallelogram  CH  to  the 
parallelogram  CF; 

but  as  DC  to  CE,  so  is  L  to  3f ; 
wherefore  L  is  to  M,  as  the  parallelogram  CH  to  the  parallelogram 
CF;     (v.  11.) 

therefore  since  it  has  been  proved, 
that  as  X  to  L,  so  is  the  parallelogram  AC  to  the  parallelogram  CH ; 
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and  as  L  to  M,  so  is  the  parallelogram  CH  to  the  parallelogram  GF; 
ex  sequali^  X  is  to  M^  as  the  parallelogram  AC  to  the  parallelogram 
CF :     (v.  22.) 
but  X  has  to  M  the  ratio  which  is  compounded  of  the  ratios  of  the  sides; 
therefore  also  the  parallelogram  AC  has  to  the  parallelogram  CF 
the  ratio  which  is  compounded  of  the  ratios  of  the  sides* 
Wherefore*  equiangular  parallelograms^  &c.'    q.e.d. 


PROPOSITION  XXIV.    THEOREM. 

Parallelograms  about  ike  diameter  of  any  paraUelogram,  are  similar 
to  the  whole,  and  to  one  another. 

Let  A  BCD  be  a  parallelogram,  of  which  the  diameter  is  ^C; 

and  EG,  HK  parallelograms  about  the  diameter. 
The  parallelograms  EG,  HK  shall  be  similar  both  to  the  whole 
parallelogram  ABCD,  and  to  one  another. 


A     V. 
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Because  DC,  GF  are  parallels, 

the  angle  ADC  is  equal  to  the  angle  AGF :     (r.  29.) 

for  the  same  reason,  because  BC,  EF  are  parallels, 

the  angle  ABC  is  equal  to  the  angle  aEF  : 

and  each  of  the  angles  BCD,  EFG  is  equal  to  the  opposite  angle 

DAB,     (i.  34.)  1^ 

and  therefore  they  are  equal  to  one  another :  ^ 

wherefore  the  parallelograms  ABCD,  AEFG,  are  equiangular: 

and  because  the  angle  ABC  is  equal  to  the  angle  AEF, 

and  the  angle  BAC  common  to  the  two  triangles  BAC,  EAF, 

they  are  equiangular  to  one  another; 

therefore  as  ^J3  to  BC,  sojsAE  to  EF :    (vi.  4.) 

and  because  the  opposite  sides  o£  parallelograms  are  equal  to  one 

another,     (i.  34.) 

AB  is  to  AD  as  AEto  AG;     (v.  7.) 

and  DC  to  CB,  as  GF  to  FE; 
and  also  CD  to  DA,  as  FG  to  GA  : 
therefore  the  sides  of  the  parallelograms  ABCD,  AEFG  about  the 
equal  angles  are  proportionals ; 
and  they  are  therefore  similar  to  one  another ;     (vi.  def.  1.) 
for  the  same  reason,  the  parallelogram  ABCD  is  similar  to  the 
parallelogram  FHCK: 
wherefore  each  of  the  parallelograms  GE,  KH  is  similar  to  DB: 
but  rectilineal  figures  which  are  similar  to  the  same  rectilineal 
figure,  are  also  similar  to  one  another  :     (vu  21 .)  a 

therefore  the  parallelogram  GE  is  similar  to  KH. 
Wherefore  parallelograms,  &c.    (q.e.d.) 


a 
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PROPOSITION  XXV.    PROBLEM. 

To  describe  a  rectilineal  Jigure  which  shall  be  similar  to  one,  and  equal 
>  another  given  rectilineal  Jigure, 

Let  ABChe^Xhe  given  rectilineal  figure,  to  which  the  figure  to  be 
lescribed  is  required  to  be  similar,  and  2)  that  to  which  it  must  be  equal. 
It  is  required  to  describe  a  rectilineal  figure  similar  to  ABC,  and 
equal  to  D. 


ES      /X 


6  H 

Upon  the  straight  line  BC  describe  the  parallelogram  BE  equal  to 
the  figure  ABC;    (i.  45.  Cor.) 
also  upon  CE  describe  the  parallelogram  CM  equal  to  Z>,     (i.  45.  Cor.) 
and  having  the  angle  FCE  equal  to  the  angle  CBL  : 
therefore  BC  and  CF  are  in  a  straight  line,  as  also  LE  and  EMi 

(i.  29.  and  I.  14.) 
between  BC  and  CF  ^nd  a  mean  proportional  GH,     (vi.  IS.) 
and  upon  GH  describe  the  rectilineal  figure  KGH  similar  and 
similarly  situated  to  the  figure  ABC.     (vi.  18.) 
Because  BC  is  to  GH  as  GH  to  CF, 
and  that  if  three  straight  lines  be  proportionals,  as  the  first  is  to  the 
third,  so  is  the  figure  upon  the  first  to  the  similar  and  similarly  described 
figure  upon  the  second;     (vi.  20.  Cor.  2.) 
therefore,  as  BC  to  CF,  so  is  the  rectilineal  figure  ABC  to  KGH: 
but  as  BC  to  CF,  so  is  the  parallelogram  BE  to  the  parallelogram 

EF;    (VI.  1.) 
therefore  as   the  rectilineal   figure  ABC  is  to  KGH,  so  is  the 
parallelogram  BE  to  the  parallelogram  EF:     (v.  11.) 
and  the  rectilineal  figure  ABC  is  equal  to  the  parallelogram  BE;  (constr.) 
therefore  the  rectilineal  figure  KGH  is  equal  to  the  parallelogram 
EF:     (v.  14.) 

but  EF  is  equal  to  the  figure  D ;    (constr.) 
wherefore  also  KGH  is  equal  to  D :  and  it  is  similar  to  ABC. 
Therefore  the  rectilineal  figure  KGH  has  been  described  similar  to 
the  figure  ABCy  and  equal  to  D.    q.e.f. 


PROPOSITION  XXVI.    THEOREM. 

If  two  similar  parallelograms  have  a  common  angle,  and  be  similarly 
^^uated;  they  are  about  the  same  diameter. 

,   Let  the  parallelograms  ABCD,  AEFG  be  similar  and  similarly 
situated,  and  have  the  angle  DAB  common. 

ABCD  and  AEFG  shall  be  about  the  same  diameter. 
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For,  if  not^  let^  if  possible,  the  parallelogram  BD  have  its  diameter 
AHC  in  a  different  straight  line  from  AF,  the  diame^r  of  the  paral- 
lelogram JSGy 

and  let  GF  meet  AHC  in  H; 
and  through  H  draw  HK  paraWel  to  AD  or  BC: 
therefore  the  parallelograms  ABCD,  AKHG  being  about  the  same 
diameter^  ttiey  are  similar  to  one  another ;     (vi.  24.) 
wherefore  as  DA  to  AB^  so  is  GA  to  AKi    (vi.  def.  1.) 
but  because  ABCD  and  AEFG  are  similar  parallelograms^     (byp*) 

as  DA  is  to  AB,  so  is  GA  to  AE; 

therefore  as  GA  to  AE,  so  GA  to  AK;    (v.  11.) 

that  is,  GA  has  the  same  ratio  to  each  of  the  straight  lines  AE,  AK; 

and  consequently  ^^X  is  equal  to  AE,    (v.  9-) 

the  less  equal  to  the  greater,  which  is  impossible : 

therefore  ABCD  and  AKHG  are  not  about  the  same  diameter : 

wherefore  ABCD  and  AEFG  must  be  about  the  same  diameter. 

Therefore,  if  two  similar,  &c.    q.e.d. 
'  To  understand  the  three  following  propositions  more  easily,  it  is 
to  be  observed: 

1.  'That  a  parallelogram  is  said  to  be  applied  to  a  straight  line, 
when  it  is  described  upon  it  as  one  of  its  sides.  Ex.  gr.  the  paral- 
lelogram ^C  is  said  to  be  applied  to  the  straight  line  AB, 

2.  'But  a  parallelogram  AE  is  said  to  be  applied  to  a  straight 
line  AB,  deficient  bv  a  parallelogram,  when  AD  the  base  of  AE  is  less 
than  AB,  and  therefore  AE  is  less  than  the  parallelogram  AC  described 
upon  AB  in  the  same  angle,  and  between  the  same  parallels,  by  the 
parallelogram  DC;  and  DC  is  therefore  called  the  defect  of  AK 

EC  6 
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3.  '  And  a  parallelogram  AG  is  said  to  be  applied  to  a  straight  Use 
AB,  exceeding  by  a  parallelogram,  when  AF  the  base  of  ^^  G  is  greater 
than  AB,  and  therefore  AG  exceeds  AC  the  parallelogram  described 
upon  AB  in  the  same  angle,  and  between  the  same  parallels,  by  the 
parallelogram  BG/ 

PROPOSITION  XXVII.    THEOREM. 

Of  all  parallelograms  applied  to  the  same  straight  line,  and  deficient 
hy  parallelograms^  similar  and  similarly  situated  to  that  which  is  described 
upon  the  half  of  the  line  ;  that  which  is  applied  to  the  half,  and  is  sitnUa^ 
to  its  defect,  is  the  greatest. 

Let  ABhe  A  straight  line  divided  into  two  equal  parts  in  C; 
and  let  the  parallelogram  AD  be  applied  to  the  half  AC,  which  is 
therefore  deficient  from  the  parallelogram  upon  the  whole  line  AB  by 
the  parallelogram  CE  upon  the  other  half  CB: 
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of  all  the  parallelogramg  applied  to  any  other  parts  of  AS,  aiid  de- 
Rcieat  by  parallelpgrams  that  are  umilar  and  aimilarly  utuated  to  CE, 
AD  shall  be  the  greatest 

Let  AF  be  any  psTallelogram  applied  to  AK,  any  other  part  of  AB 
than  the  half,  so  as  to  be  deficient  from  the  parallelogram  upon  the 
whole  line  AB  by  the  parallelogram  KH  suuilar  and  similarly  situated 
to  CE: 


AD  shall  be  greater  than  AF. 
First,  let  AK  the  base  of  AF,  be  greater  than  AC  the  half  of  AB  i 
and  because  CE  is  similar  to  the  pamllelogram  HK,     (hyp.) 
they  are  about  the  same  Aameter :     (vi.  26.) 
draw  their  diameter  DB,  and  complete  the  scheme : 
then,  because  the  parallelogram  CF  is  equal  to  FE,  (i.  4S.) 
add  KH  to  both; 
therefore  the  whole  CH  is  equal  to  the  whole  KE  t 
but  C/f  is  equal  to  CG,     (i.  36.) 
because  the  base  AC  is  equal  to  the  base  CB; 
therefore  CG  is  equal  to  KE:     (ax.  1.) 
to  each  of  these  equals  add  CF ; 
then  the  whole  AF  is  equal  to  the  gnomon  CHL :     (ax.  2.) 
therefore  CE,  or  the  parallelogram  AD  is  greater  than  the  paral- 
lelogram AF. 

Next,  let  AK  the  base  of  AF  be  less  than  AC: 


tben,  the  same  construction  being  made,  because  BC  is  equal  to  CA, 
therefore  HM  is  equal  to  MG ;     (i.  3*.) 
therefore,  the  parallelograoi  DH  is  equal  to  me  parallelogram  DG  ; 
(I.  36.) 

wherefore  DH  is  greater  than  LG: 

but  DH  is  equal  to  DK;     (i.  43.) 

therefore  Da  is  greater  than  LG : 

toteach  of  these  odd  AL ; 

then  the  whole  AD  ts  greater  than  the  whole  AF. 

Therefore,  of  all  parallelograms  apphed,  &c.    il.fi. n. 

PROPOSITION   XXVIII.     PROBLEM. 


To  a  given  tlraigkl  line  to  appli/  a  parallelogram  equal  to  a  given 
KtiUneal  Jigare,  and  deficient  by  a  parallelogram  similar  to  a  givei' 
P'raUelogram ;  but  the  given  reclilineat  figure  to  which  the  parallel^ar, 
'■  '<  appf  '  ■        •  '         ■      ■  ^  .     ..      .. 
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applied  to  half  of  the  given  line^  having  its  defect  similar  to  the  defect  of 
that  which  is  to  be  applied  ;  that  is,  to  the  given  paraUehgram. 

Let  AB  be  the  given  straight  line,  and  C  the  given  rectilineal  figiure, 
to  which  the  parallelogram  to  be  applied  is  required  to  be  equal,  which 
figure  must  not  be  greater  (vi.  27.)  tnan  the  parallelogram  applied  to  the 
half  of  the  line,  having  its  defect  from  that  upon  the  whole  line  similar 
to  the  defect  of  that  which  is  to  be  apphed; 

and  let  D  be  the  parallelogram  to  which  this  defect  is  required  to 
be  similar. 

It  is  required  to  apply  a  parallelogram  to  the  straight  line  AB, 
which  shall  be  equal  to  the  figure  C,  and  be  deficient  from  the  paral- 
lelogram upon  the  whole  line  by  a  parallelogram  similar  to  D. 

H       6    OF 
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Divide  AB  into  two  equal  parts  in  the  point  E,    (i.  10.)  * 
and  upon  EB  describe    the  parallelogram  EBFG  sinular  and 

similarly  situated  to  D,     (vi.  18.) 
and  complete  the  parallelogram  AG,  which  must  either  be  equal  to 

C,  or  greater  than  it,  by  the  determination. 
If  i^G  be  equal  to  C,  then  what  was  required  is  already  done: 
for,  upon  the  straight  line  AB,  the  parallelogram  ^Gf  is  applied 
equal    to    the    figure    C,    and    deficient    by   the    parallelogram  E^ 
similar  to  JD. 

But,  if  AG  be  not  equal  to  C,  it  is  greater  than  it : 
and  EF  is  equal  to  AG ;     (i.  S6.) 
therefore  EF  also  is  greater  than  C. 
Make  the  parallelogram  KLMN  equal  to  the  excess  of  JSF  above  C, 
and  similar  and  similarly  situated  to  D :     (yi.  25.) 

then,  since  D  is  similar  to  EF,    (constr.) 
therefore  also  KM  is  similar  to  EF :     (vi.  21.) 
let  KL  be  the  homologous  side  to  EG,  and  LM  to  GF: 
and  because  EF  is  equal  to  C  and  KM  together, 
EF  is  greater  than  KM ; 
therefore  the  straight  line  EGIb  greater  than  KL,  and  GF  than  X3/' 
make  GX  eaual  to  LK,  and  GO  equal  to  LM,    (i.  3.) 
and  complete  the  parallelogram  A  GOP :    (i.  31.) 
therefore  XO  is  equal  and  similar  to  KM: 
but  KM  is  similar  to  EF; 
wherefore  also  XO  is  similar  to  EF; 
and  therefore  XO  and  EF  are  about  the  sam^  diameter :     (vi.  S6.] 
let  GPB  be  their  diameter,  and  complete  the  scheme. 
Then,  because  EF  is  equal  to  C  and  KM  together, 
and  XO  a  part  of  the  one  is  equal  to  KM  a  part  of  the  other, 
the  remainder,  viz.  the  gnomon  ERO,  is  equal  to  the  remainder 
C:     (ax.  S.) 
and  because  OR  is  equal  to  XS,  by  adding  SR  to  each,     (i.  43.) 

the  whole  OB  is  equal  to  the  whole  XB : 
but  XB  is  equal  to  TJS,  because  the  base  AE  is  equal  to  the  ba^ 
EB;    (1.36.) 
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wherefore  also  TE  is  equal  to  OB:    (ax.  1.) 
add  XS  to  each^  then  the  whole  TS  is  equal  to  the  whole^  viz.  to 

the  gnomon  ERO : 
but  it  has  been  proved  that  the  gnomon  ERO  is  equal  to  C; 
and  therefore  also  TS  is  equal  to  C 
Wherefore  the  parallelogram  TS,  equal  to  the  given  rectilineal  figure 
is  applied  to  the  given  straight  line  AB,  deficient  by  the  parallelogram 
R,  similar  to  die  given  one  D,  because  SR  is  similar  to  £F,    (vi.  24.) 

E.  F. 


PROPOSITION  XXIX.     PROBLEM. 

To  a  given  straight  line  to  apply  a  parallelogram  equal  to  a  given 
xtilinealjlgure,  exceeding  hy  a  parallelogram  similar  to  another  given. 

Let  AB  be  the  given  straight  line^  and  C  the  given  rectilineal  figure 
)  which  the  parallelogram  to  be  applied  is  required  to  be  equal,  and  D 
tie  parallelogram  to  which  the  excess  of  the  one  to  be  applied  above 
bat  upon  the  given  line  is  required  to  be  similar. 

It  is  required  to  apply  a  parallelogram  to  the  given  straight  line 
iB  which  shall  be  equal  to  the  figure  C,  exceeding  by  a  parallelogram 
imilar  to  2). 

F         L     M  5 ^ 
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Divide  AB  into  two  equal  parts  in  the  point  E,  (i.  10.)  and  upon 
EB  describe  the  parallelogram  EL  similar  and  similarly  situated  to  D: 
[vi.  18.) 

and  make  the  parallelogram  GH  equal  to  EL  and  C  together,  and 
similar  and  similarly  situated  to  D :     (vi.  25.) 

wherefore  GH  is  similar  to  EL :     (vi.  21.) 

let  KH  be  the  side  homologous  to  FL,  and  KG  to  FE : 

and  because  the  parallelogram  GH  is  greater  than  EL, 

therefore  the  side  KH  is  greater  than  FL, 

and  ^G  than  Z^: 

produce  FL  and  FE,  and  make  FLM  equal  to  KH,  and  FEN  to  KG, 

and  complete  the  parallelogram  MN : 
MN  is  therefore  equal  and  similar  to  GHi 
but  GH  is  similar  to  EL ; 
wherefore  MN  is  similar  to  EL; 
^^  consequently  EL  and  MN  are  about  the  same  diameter :     (vi.  26.) 
draw  their  diameter  FX,  and  complete  the  scheme. 
Therefore,  since  GH  is  equid  to  EL  and  C  together, 
and  that  GH  is  equal  to  MN  ; 
MN  is  equal  to  EL  and  Ci 
take  away  the  common  part  EL ; 
then  the  remainder,  viz.  the  gnomon  NOL,  is  equal  to  C. 
And  because  AE  is  equal  to  EB, 
the  parallelogram  ^^  is  equal  to  the  parallelogram  NB,  (i.  36.)  that 
is,  to  BM :     (i.  43.) 
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add  NO  to  each ; 
therefore  the  whole,  viz.  the  parallelogram  AX^  is  equal  to  the 
gnomon  NOL : 

but  the  gnomon  NOL  is  equal  to  C; 
therefore  also  AX  is  equal  to  C 
Wherefore  to  the  straight  line  AB  there  is  applied  the  parallelomm 
AX  equal  to  the  given  r^tilineal  figure  O,  exceeding  by  the  parallelo- 
gram JPO,  which  is  similar  to  D,  because  PO  is  simil^  to  EL.  (vi.24.) 

Q.  B.  F. 

PROPOSITION  XXX.    PROBLEM. 

To  cut  a  given  straight  line  in  extreme  and  mean  ratio. 

Let  AB  be  the  given  straight  line. 
It  is  required  to  cut  it  in  extreme  and  mean  ratio. 


u 


c 
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C       F 

Upon  AB  describe  the  square  BC^    (i.  46.) 
and  to  AC  apply  the  parallelogram  CD,  equal  to  BC,  exceeding  by 
the  figure  AD  similar  to  BC :     (vi.  29.) 

then,  since  BC  is  a  square^ 

therefore  also  AD  is  a  square : 

and  because  BC  is  equal  to  CD, 

by  taking  the  common  part  CE  from  each, 

the  remainder  BF  is  equal  to  the  remainder  AD : 

and  these  figures  are  equiangular, 

therefore  their  sides  about  the  equal  angles  are  reciprocally  proper 

tional :     (vi.  14.) 

therefore,  as  jPJB  to  ED,  so  AE  to  EB : 
but  FE  is  equal  to  ^C,  (i.  34.)  that  is,  to  AB;    (def.  SO.) 

and  ED  is  equal  to  AE  ; 

therefore  as  BA  to  AE,  so  is  AE  to  EB : 

but  AB  is  greater  than  AE\ 

wherefore  AE  is  greater  than  EB :     (v.  14.) 

therefore  the  straight  line  AB  is  cut  in  extreme  and  mean  ratio 

in  jE.    (vi.  def.  S.)    q.e.p. 

Otherwise,  1 

Let  AB  be  the  given  straight  line. 
It  is  required  to  cut  it  in  extreme  and  mean  ratio. 


c       B 


Divide  AB  in  the  ipoint  (7,  so  that  the  rectangle  contained  by  -^^' 
BC,  may  be  equal  to  the  square  of  AC,    (il  11.) 

Then,  because  the  rectangle  AB,  BC  is  equal  to  the  square  of  i^C; 
as  BA  to  AC,  so  is  AC  to  CB :     (vi.  17.) 
therefore  AB  is  cut  in  extreme  and  mean  ratio  in  C.  (vi.  def.  S.)  Q.B«?* 
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PROPOSITION  XXXI.    THEOREM. 

In  right-angled  triangles,  the  rectilineal ^^ure  described  upon  the  side 
fposite  to  the  right  angle,  is  equal  to  the  stmdar  and  similarly  described 
^ures  upon  the  sides  containing  the  right  angle* 

Let  ABC  be  a  riffht-angled  triangle,  having  the  right  angle  BA  C. 
The  rectilineal  figure  described  upon  BC  shall  be  equal  to  the 
similar  and  similarly  described  figures  upon  BA,  AC* 


Draw  the  perpendicular  AD :     (i.  12.) 
therefore,  because  in  the  right-angled  triangle  ABC, 
iD  is  drawn  from  the  right  angle  at  A  perpendicular  to  the  base  BC, 
the  triangles  ABD,  ADC  are  similar  to  the  whole  triangle  ABC, 
and  to  one  another :     (vi.  8.) 

and  because  the  triangle  ABC  is  similar  to  ADB, 
as  CB  to  BA,  so  is  BA  to  BD :     (vi.  4.) 
and  because  these  three  straight  lines  are  proportionals, 
as  the  first  is  to  the  third,  so  is  the  figure  upon  the  first  to  the 
milar  and  similarly  described  figure  upon  the  second :  (vi.  20.  Cor.  2.) 
therefore  as  CB  to  BD,  so  is  the  figure  upon  CB  to  the  similar  and 

similarly  described  figure  upon  BA  : 
and  inversely,  as  DB  to  BC,  so  is  the  figure  upon  BA  to  that  upon 

BC :     (v.  B.) 
for  the  same  reason,  as  DC  to  CB,  so  is  the  figure  upon  CA  to  that 

upon  CB  :\ 
therefore  as  BD  and  DC  together  to  BC,  so  are  the  figures  upon 
BA,  AC  to  that  upon  BC :     (v.  24.) 

but  BD  and  DC  together  are  equal  to  BC; 
therefore  the  figure  described  on  BC  is  equal  to  the  similar  and 
similarly  described  figures  on  BA,  AC.    (v.  a.) 

Wherefore,  in  right-angled  triangles,  &c.     q.e.  d. 


PROPOSITION  XXXII.    THEOREM. 

If  two  triangles  which  have  two  sides  of  the  one  proportional  to  two 
^s  of  the  other,  be  joined  at  one  angle,  so  as  to  have  their  homologous 
^des parallel  to  one  another  ;  the  remaining  sides  shall  be  in  a  straight  tine. 

Let  ABC,  DCE  be  two  triangles  which  have  the  two  sides  BA,  AC 
roportional  to  the  two  CD,  DE, 

viz.  BA  to  AC,  as  CD  to  DE; 
and  let  AB  be  parallel  to  DC,  and  AC  to  DE. 
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Then  BC  and  CE  shall  be  in  a  straight  line. 
Because  AB  is  parallel  to  DC,  and  the  straight  line  AC  meets  them, 
the  alternate  angles  BAC,  ACD  are  equal ;     (i.  29.) 
for  the  same  reason,  the  angle  CDE  is  equal  to  the  angle  ACB ; 
wherefore  also  BAC  is  equal  to  CDE :     (ax.  1.) 
and  because  the  triangles  ABC^  DCE  have  one  angle  at  A  equal  to 
one  at  D,  and  the  sides  about  these  angles  proportionals^ 
viz.  BA  to  AC,  as  CD  to  DE, 
the  triangle  ABC  is  equiangular  to  DCJE:     (vi.  6.) 
therefore  the  angle  ABC  is  equal  to  the  angle  DCE : 
and  the  angle  BAC  was  proved  to  be  equal  to  ACD ; 
therefore  the  whole  angle  ACE  is  equal  to  the  two  angles  ABCi 
BAC:     (ax.  2.) 
add  to  each  of  these  equals  the  common  angle  ACB, 
then  the  angles  ACE,  ACB  are  equal  to  the  angles  ABC,  BAC,  ACB: 
but  ABC,  BAC,  ACB  are  equal  to  two  right  angles :     (i.  32.) 
therefore  also  the  angles  ACE,  ACB  are  equal  to  two  right  angles: 
and  since  at  the  point  C,  in  the  straight  line  AC^  the  two  straight 
lines  BC,  CE,  which  are  on  the  opposite  sides  of  it^  make  the  adjacent 
angles  ACE,  ACB  equal  to  two  right  angles ; 

therefore  BC  and  CE  are  in  a  straight  line.     (i.  14.) 
Wherefore^  if  tw^  triangles^  &c.    q.e.d. 

PROPOSITION  XXXIII.    THEOREM. 

In  equal  circles,  angles,  whether  at  the  centres  or  circumferences,  have 
the  same  ratio  which  the  circumferences  on  which  they  stand  have  to  one 
another :  so  also  have  the  sectors. 

Let  ABC,  DEF  be  equal  circles;  and  at  their  centres  the  angles 
BGC,  EHF,  and  the  angles  BAC,  EDF,  at  their  circumferences. 
As  the  circumference  BC  to  the  circumference  EF,  so  shall  the 
angle  BGC  be  to  the  angle  EHF,  and  the  angle  BAC  to  the 
angle  EDF ; 

and  also  the  sector  BGC  to  the  sector  EHF. 


B        ^  E   F 

Take  any  number  of  circumferences  CK,  KL,  each  equal  to  BC, 
and  any  number  whatever  FM,  MN,  each  equal  to  EF: 

and  join  GK,  GL,  HM,  HN. 
Because  the  circumferences  BC,  CK,  KL  are  all  equals 
the  angles  BGC,  CGK,  KGL  are  also  all  equal:     (iii.  270 
therefore  what  multiple  soever  the  circumference  BL  is  of  tne  cir- 
cumference BC,  the  same  multiple  is  the  angle  BGL  of  the  angle 
BGC:  . 

for  the  same  reason^  whatever  multiple  the  circumference  EN  is  ^^ 
the  circumference  EF,  the  same  multiple  is  the  angle  EHN  of  the 
angle  EHF : 

and  if  the  circumference  BL  be  equal  to  the  circumference  EN, 


u 


3a 

si 
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the  angle  BGL  is  also  equal  to  the  angle  EHN;    (iii.  S7.) 
and  if  the  circumference  BL  be  greater  than  EN, 
likewise  the  angle  BGL  is  greater  than  EHN;  and  if  less^  less : 
therefore  since  there  are  four  magnitudes^  the  two  circumferences 
?C,  EF,  and  the  two  angles  BGC,  EHF ;  and  that  of  the  circum- 
erence  BC,  and  of  the  angle  BGC,  have  been  taken  any  equimultiples 
irhatever^  viz.  the  circumference  BL,  and  the  angle  BGL ;  and  of  the 
drcumference  EF,  and  of  the  angle  EHF,  any  equimultiples  whatever^ 
riz.  the  circumference  EN,  and  the  angle  EIiN; 

and  since  it  has  been  proved,  that  if  the  circumference  BL  be  greater 
than  JBiST; 

the  angle  BGL  is  greater  than  EHN; 
and  if  equal,  equal ;  and  if  less,  less ; 
therefore  as  the  circumference  BC  to  the  circumference  EF,  so  is 

the  angle  BGC  to  the  angle  EHF:    (v.  def.  5.) 
but  as  the  angle  BGC  is  to  the  angle  EHF,  so  is  the  angle  BAC 
to  the  angle  EDF :     (v.  1 5.) 

for  each  is  double  of  each ;     (iii.  20.) 
therefore^  as  the  circumference  BC  is  to  EF,  so  is  the  angle  BGC 

to  the  angle  EHF,  and  the  angle  BAC  to  the  angle  EDF. 
Also,  as  the  circumference  BC  to  EF,  so  shall  the  sector  BGC  be  to 
the  sector  EHF. 


BXC 


Join  BC,  CK,  and  in  the  circumferences,  BC,  CK  take  any  points  X, 
0,  and  join  BX,  XC,  CO,  OK. 

Then,  because  in  the  triangles  GBC,  GCK 
the  two  sides  BG,  GC  are  equal  to  the  two  CG,  GK  each  to  each^ 

and  that  they  contain  equal  angles; 

the  base  BC  is  equal  to  the  base  CK,    (i.  4.) 

and  the  triangle  GBC  to  the  triangle  GCK : 

and  because  the  circumference  BC  is  equal  to  the  circumference  CK, 

the  remaining  part  of  the  whole  circumference  of  the  circle  ABC,  is 

^^Ual  to  the  remaining  part  of  the  whole  circumference  of  the  same 

circle :  (ax.  S.) 

therefore  the  angle  BXC  is  equal  to  the  angle  COK;    (iii.  27.) 
and  the  segment  BXC  is  therefore  similar  to  the  segment  COK; 
(in.  def.  11.) 

and  they  are  upon  equal  straight  lines,  BC,  CK: 
but  similar  segment  of  circles  upon  equal  straight  lines^  are  equal 
to  one  another ;    (in.  24.) 

therefore  the  segment  BXC  is  equal  to  the  segment  COK : 
and  the  triangle  BGC  was  proved  to  be  equal  to  the  triangle  CGK; 
therefore  me  whole,  the  sector  BGC,  is  equal  to  the  whole,  ihe 

sector  CGK: 
for  the  same  reason,  the  sector  KGL  is  equal  to  each  of  «the  sectors 

BGC,  CGK : 
in  the  same  manner,  the  sectors  EHF,  FHM,  MHN  may  be 
proved  equal  to  one  another : 
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therefore^  what  multiple  soever  the  circumference  BL  is  of  the  dr- 
cumference  BC,  the  same  multiple  is  the  sector  BGL  of  the  sector 
BGC; 

and  for  the  same  reason,  whatever  multiple  the  circumference  EN 

is  ofJEF,  the  same  multiple  is  the  sector  EHNof  the  sector  EHF: 

and  if  the  circumference  BL  be  equal  to  EN,  the  sector  BGL  is 

equal  to  the  sector  EHN ; 
and  if  the  circumference  BL  be  greater  than  EN,  the  sector  BGL 
is  greater  than  the  sector  EHN; 

and  if  less,  less ; 
since,  then,  there  are  four  magnitudes,  the  two  circumferences  BC, 
JEFy  and  the  two  sectors  BGC,  EHF,  and  that  of  the  circumference  BC, 
and  sector  BGC,  the  circumference  BL  and  sector  BGL  are  any  equi- 
multiples whatever ;   and  of  the  circumference  EF,  and  sector  EHF, 
the  circumference  EN,  and  sector  EHN  are  any  equimultiples  whatever; 
and  since  it  has  been  proved,  that  if  the  circumference  BL  be 
greater  than  EN,  the  sector  BGL  is  greater  than  the  sector  EHN; 
and  if  equal,  equal ;  and  if  less,  less : 
therefore,  as  the  circumference  BC  is  to  the  circumference  EF,  so 
is  the  sector  BGC  to  the  sector  EHF.    (v.  def.  5.)* 
Wherefore^  in  equal  circles,  &c.    q.  e.  d. 


PROPOSITION  B.    THEOREM. 

If  an  angle  of  a  triangle  be  bisected  by  a  straight  line,  which  likewue 
cuts  the  base  ;  the  rectanste  contained  by  the  sides  of  the  triangle  is  equal 
to  the  rectangle  contained  by  the  segments  of  the  base,  together  with  Ike 
square  of  the  straight  line  which  bisects  the  angle. 

Let  ABC  be  a  triangle,  and  let  the  angle  BAC  be  bisected  by  the 
straight  line  AD. 

The  rectangle  BA,  AC  shall  be  equal  to  the  rectangle  BD,  DC, 
together  with  the  square  o£AD. 


Describe  the  circle  A  CB  about  the  triangle,    (iv.  5.) 
and  produce  AD  to  the  circumference  in  E,  and  join  EC. 
Then  because  the  angle  BAD  is  equal  to  the  angle  CAE,  (hyp.)an^ 
the  angle  ABD  to  the  angle  AEC,     (iii.  21.) 

for  thejr  are  in  the  same  segment  ; 
the  triangles  ABD,  AEC  are  equiangular  to  one  another :     (i.  32.) 
therefore  as  BA  to  AD,  so  is  E A  to  AC ;    (vi.  4.) 
and  consequently  the  rectangle  BA,  AC  is  equal  to  the  rectanele 
EA,  AD,    (VI.  16.} 

that  is,  to  the  rectangle  ED,  DA,  together  with  the  square  of  AD ; 
(ii.  3.)  ^ 
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ut  the  rectangle  ED,  DA  is  equal  to  the  rectangle  BD,  DC;  (iii.  35.) 
therefore  the  rectangle  Ba,  AC  is  equal  to  Uie  rectangle  BD,  DC, 

together  with  the  square  o£  AD. 
Wherefore^  if  an  angle^  &c    Q.E.D. 


PROPOSITION  C.     THEOREM. 

If  from  any  angle  of  a  triangle  a  straight  line  he  drawn  perpendicular 
)  the  base  ;  the  rectangle  contained  by  the  sides  of  the  triangle  is  equal  to 
he  rectangle  contained  by  the  perpendicular  and  the  diameter  of  the  circle 
escribed  about  the  triangle. 

Let  ABC  be  a  triangle,  and  AD  the  perpendicular  from  the  angle  A 
0  the  base  BC. 

The  rectangle  BA,  AC  shall  be  equal  to  the  rectangle  contained  by 
iD  and  the  diameter  of  the  circle  described  about  the  triangle. 


Describe  the  circle  ACB  about  the  triangle,  (iv.  5.)  and  draw  its 
diameter  AE,  and  join  EC. 

because  the  right  angle  BDA  is  equal  to  the  angle  ECA  in  a  semi- 
circle,    (hi.  31.) 
and  the  angle  ABD  equal  to  the  angle  AEC  in  the  same  segment; 
(hi.  21.) 

we  triangles  ABD,  AEC  are  equiangular: 
therefore  as  BA  to  AD,  so  is  EA  to  AC ;    (vi.  4.) 
and  consequently  the  rectangle  BA,  AC  is  equal  to  the  rectanirle 
EA,AD.    (VI.  16.) 

If  therefore  from  an  angle,  &c    q.e.d. 


PROPOSITION  D.    THEOREM. 


The  rectangle  contained  by  the  diagonals  of  a  quadrUaleralJlgure  in-' 
scribed  in  a  circle,  is  equal  to  both  the  rectangles  contained  by  its  opposite 

Let  ABCD  be  any  quadrilateral  figure  inscribed  in  a  circle,  and 
join  AC,  BD. 

The  rectangle  contained  by  AC,  BD  shall  be  equal  to  the  two 
Rectangles  contained  by  AB,  CD,  and  by  AD,  BC. 


202  eucud's  elements. 

Make  the  angle  ABE  equal  to  the  angle  DBC :    (i.  23.) 
add  to  each  of  these  equals  the  common  angle  EBD, 
then  the  angle  ABD  is  equal  to  the  angle  EBCi 
and  the  angle  BDA  is  equal  to  the  angle  BCE,  because  they  are  in 
the  same  segment:     (iii.  21.) 
therefore  the  triangle  ABD  is  equiangular  to  the  triangle  BCEi 
wherefore,  as  BC  is  to  CE,  so  is  BD  to  DA ;    (vi.  4.) 
and  consequently  the  rectangle  BC,  AD  is  equal  to  the  rectangle 

BD,  CE:    (vi.  16.) 
again^  because  ue  angle  ABE  is  equal  to  the  angle  DBC,  and  the 
angle  BAE  to  the  angle  BDC,     (iii.  21.) 
the  triangle  ABE  is  equiangular  to  the  triangle  BCD: 
therefore  as  BAto  AE,  so  is  BD  to  DC; 
wherefore  the  rectangle  BA,  DC  is  equal  to  the  rectangle  BD,  AE: 
but  the  rectangle  BC,  AD  has  been  shewn  equal  to  the  rectangle 

BD,  CE; 
therefore  the  whole  rectangle  AC,  BD  is  equal  to  the  rectangle  il^^ 
DC,  together  with  the  rectangle  AD,  BC,    (ii.  1.) 
Therefore  the  rectangle^  &c.     q.e.d. 

This  is  a  Lemma  of  CI.  Ptolemsus,  in  page  9  of  his  MeyaXt;  Sujn-a^t?. 
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NOTES   TO   BOOK  VI. 


Ik  this  book,  the  theory  of  proportion  exhibited  in  the  fifth  book,  ii  applied  to 
le  comparison  of  the  sides  and  areas  of  plane  rectilineal  figures,  both  to  those  which  are 
inilar,  and  those  which  are  not  similar. 

Def.  I.  In  defining  similar  triangles,  one  condition  is  sufficient,  namely,  that 
inilar  triangles  are  those  which  have  their  three  angles  respectively  equal ;  as  in  Prop.  4, 
look  VI,  it  is  proved  that  the  sides  about  the  equal  angles  of  equiangular  triangles  are 
roportionals.  But  in  defining  similar  figures  of  more  than  three  sides,  both  of  the 
mditions  stated  in  Def.  i,  are  requisite,  as  it  is  obvious,  for  instance,  in  the  case  of  a 
[uare  and  a  rectangle,  which  have  their  angles  respectively  equal,  but  have  not  their 
des  about  their  equal  angles  proportionals. 

The  following  definition  has  been  proposed :  ^'Simil^  rectilineal  figures  of  more 
tan  three  sides,  are  those  which  may  be  divided  into  ihe  same  number  of  similar 
iangles."  This  definition  would,  if  adopted,  require  the  omission  of  a  part  of 
rop.  20,  Book  vi. 

Def.  III.     To  this  definition  may  be  added  the  following : 

A  straight  line  is  said  to  be  divided  harmonically^  when  it  is  divided  into  three 
arts,  such  that  the  whole  line  is  to  one  of  the  extreme  segments,  as  the  other  extreme 
egment  is  to  the  middle  part.  Three  lines  are  in  harmomcal  proportion,  when  the  first 
s  to  the  third,  as  the  difierence  between  the  first  and  second,  is  to  the  difference  between 
he  second  and  third ;  and  the  second  is  called  a  harmonic  mean  between  the  first  and 
ihird. 

The  expression  '  harmonical  propartion'  is  derived  from  the  following  fact  in  the 
Science  of  Acoustics,  that  three  musical  strings  of  the  same  material,  thickness  and 
tension,  when  divided  in  the  manner  stated  in  the  definition,  or  numerically  as  6,  4, 
uid  3,  produce  a  certain  musical  note,  its  fifth,  and  its  octave. 

Def.  IV.  The  term  altitude^  as  applied  to  the  same  triangles  and  parallelognms, 
^  be  different  according  to  the  sides  which  may  be  assumed  as  the  base. 

Prop.  I.  In  the  same  manner  may  be  proved,  that  triangles  and  parallelograms 
pon  equal  bases,  are  to  one  another  as  their  altitudes. 

Prop.  A.  When  the  triangle  ABC  is  isosceles,  the  line  which  bisects  the  exterior 
"^le  at  the  vertex  is  parallel  to  the  base.     In  all  other  cases; 

If  the  line  which  bisects  the  angle  BAC  cut  the  base  BC  in  the  point  G. 

Then  the  straight  line  BD  is  harmonically  divided  in  the  points  G,  C. 

For  BG  is  to  GC  as  BA  is  to  ^C ;    (vi.  3.) 

and  BD  is  to  DC  as  BA  is  to  AC^    (vi.  a.) 

therefore  BD  is  to  DC  as  BG  is  to  GC, 

but  BG^BD"  DG  and  GC  =  GD  -  DC. 

Wherefore  BD  is  to  DC  as  BD  -  DG  is  to  GD  -  DC. 

Hence  BD,  DG^  DC,  axe  in  harmonical  proportion. 

Prop.  IV  is  the  first  case  of  similar  triangles,  and  corresponds  to  the  third  case  of 
lUal  triangles.  Prop.  26,  Book  i. 

Sometimes  the  sides  opposite  to  the  equal  angles  in  two  equiangular  triangles,  are 
^ed  the  corresponding  sidesy  and  these  are  said  to  be  proportional,  which  is  simply 
'^ing  the  proportion  in  Euclid  alternately. 

The  term  homologous  (6/ixoXoyos),  has  reference  to  the  places  the  sides  of  the  triangles 
^%ve  in  the  ratios,  and  in  one  sense,  homologous  sides  may  be  considered  as  corresponding 
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sides.    The  homologous  sides  of  any  two  similar  rectilineal  figares  will  be  found  to  be 
those  which  are  adjacent  to  two  equal  angles  in  each  figure. 

Prop.  V,  the  converse  of  Prop,  iv,  is  the  second  case  of  similar  triangles,  and 
corresponds  to  Prop.  8,  Book  i,  the  second  case  of  equal  triangles. 

Prop.  VI  is  the  third  case  of  similar  triangles,  and  corresponds  to  Prop.  4,  Book  i. 

The  property  of  similar  triangles,  and  that  contained  in  Prop.  47>  Book  i^  are  the 
most  important  theorems  in  Geometry. 

Prop.  VII  is  the  fourth  case  of  similar  triangles,  and  corresponds  to  the  fourth  case 
of  equal  triangles  pointed  out  in  the  note  to  Prop.  26,  Book  i,  p.  49. 

Prop.  XIII  may  be  compared  with  Prop,  xvi.  Book  ii. 

It  may  be  observed,  that  half  the  sum  of  AB  and  BC  is  called  the  Ariihtnetic  mean 
between  these  lines ;  also  that  BD  is  called  the  Geometric  mean  between  the  same  lines. 

To  find  two  mean  proportionals  between  two  given  lines  is  impossible  by  the  straight 
line  and  cirde.  Pappus  has  given  several  solutions  of  this  problem  in  Book  iii,  of  hii 
Mathematical  Collections ;  and  Eutocius  has  given,  in  his  Conmientary  on  the  Sphere  and 
Cylinder  of  Archimedes,  ten  difierent  methods  of  solving  this  problem. 

Prop.  XIV,  depends  on  the  same  principle  as  Prop,  xv,  and  both  may  easily  be 
demonstrated  from  one  diagram.  Join  DF,  FEy  EG  in  the  fig.  to  Prop,  xiv,  sod 
the  figure  to  Prop,  xv  is  formed.  We  may  add,  that  there  does  not  appear  id; 
reason  why  the  properties  of  the  triangle  and  parallelogram  should  be  here  separated 
and  no{  in  the  first  proposition  of  the  sixth  book. 

Prop.  XV,  holds  good  when  one  angle  of  one  triangle  is  equal  to  the  defect  fiom  what 
the  corresponding  angle  in  the  other  wants  of  two  right  angles. 

Prop.  XVII  is  only  a  particular  case  of  Prop,  xvi,  and  more  properly,  might 
appear  as  a  corollary. 

AlgebraicaUy,  Let  AB,  CD,  E,  F,  contain  a,  &,  c,  d  units  respectively. 

Then,  since  a,  (,  c,  d  are  proportionals,    .%  -r  =  -^ . 

0     a 

Multiply  these  equals  by  bdy    .*.  ad  =  he, 
or,  the  product  of  the  extremes  is  equal  to  the  product  of  the  means. 

And  conversely.  If  the  product  of  the  extremes  be  equal  to  the  product  of  the  meanly 

m  ad  =  he, 

then  dividing  these  equals  hj  hd,    .%   t=  |, 

or  the  ratio  of  the  first  to  the  second  number,  in  equal  to  the  ratio  of  the  third  to  the 
fourth. 

Similarly  may  be  shewn,  that  1^  t  =  t;  then  ad=h\ 

And  conversely,  if  ad  =  ft*;  then  -r^  j* 

0     a 

Prop.  XVIII.  Similar  figures  are  said  to  be  similarly  situated  when  their  homologous 
sides  are  parallel. 

Prop.  XX.  It  may  easily  be  shewn,  that  the  perimeters  of  similar  polygons  ar^ 
proportional  to  their  homologous  sides. 

Prop.  XXXI.    This  proposition  is  an  extension  of  Prop.  47,  Book  i,  to  shooila^^ 
rectilineal  figures,  and  may  be  deduced  from  Prop.  22,  Book  vi,  and  Prop.  47,  Book  i. 

Prop.  B.     The  converse  of  this  proposition  does  not  hold  good  when  the  triangle 
isosceles. 

The  seventh,  eighth,  ninth  and  tenth  books  of  the  Elements  treat  of  numbers,  anc 
employ  the  Greek  numerical  notation. 


BOOK    XI. 


DEFINITIONS. 

I. 

A  SOLID  is  that  which  hath  length,  breadth,  and  thickness. 

II. 
That  which  bounds  a  solid  is  a  superficies. 

■ 

III. 

A  straight  line  is  perpendicular,  or  at  right  angles,  to  a  plane, 
when  it  makes  right  angles  with  every  straight  line  meeting  it  in  that 
plane. 

IV. 

A  plane  is  perpendicular  to  a  plane,  when  the  straight  lines  drawn 
in  one  of  the  planes  perpendicular  to  the  common  section  of  the  two 
planes,  are  perpendicular  to  the  other  plane. 

V. 

The  inclination  of  a  straight  line  to  a  plane  is  the  acute  angle 
contained  by  that  straight  line,  and  another  drawn  from  the  point  in 
which  the  first  line  meets  the  plane,  to  the  point  in  which  a  perpen- 
dicular to  the  plane  drawn  from  any  point  of  the  first  line  above  the 
plane,  meets  the  same  plane. 

VI. 

The  inclination  of  a  plane  to  a  plane  is  the  acute  anffle  contained 

of  uieii 


by  two  straight  lines  drawn  from  any  the  same  point  of  Uieir  common 
section  at  ri  "  "  " 

the  other  p 


section  at  right  angles  to  it,  one  upon  one  plane,  and  the  other  upon 
)lane. 


VII. 

Two  planes  are  said  to  have  the  same,  or  a  like  inclination  to  one 
another,  which  two  other  planes  have,  when  the  said  angles  of  inclination 
are  equal  to  one  another. 

VIII. 
Parallel  planes  are  such  as  do  not  meet  one  another  though  produced. 

IX. 

A  solid  angle  is  that  which  is  made  by  the  meeting,  in  one  point, 
of  more  than  two  plane  angles,  which  are  not  in  the  same  plane. 

X. 

Equal  and  similar  solid  figures  are  such  as  are  contained  by  similar 
planes  equal  in  number  and  magnitude. 
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XI. 

Similar  solid  figures  are  such  as  have  all  their  solid  angles  equals 
each  to  each^  and  are  contained  by  the  same  number  of  similar  planes. 

XII. 

A  pyramid  is  a  solid  figure  contained  by  planes  that  are  constituted 
betwixt  one  plane  and  one  point  above  it  in  which  they  meet. 

XIII. 

A  prism  is  a  solid  figure  contained  by  plane  figures^  of  which  two 
that  are  opposite  are  equals  similar,  and  parallel  to  one  another;  and 
the  others  parallelograms. 

XIV. 

A  sphere  is  a  solid  figure  described  by  the  revolution  of  a  semicircle 
about  its  diameter,  which  remains  unmoved. 

XV. 

The  axis  of  a  sphere  is  the  fixed  straight  line  about  which  the 
semicircle  revolves. 

XVI. 
The  centre  of  a  sphere  is  the  same  with  that  of  the  semicircle. 

XVII. 

The  diameter  of  a  sphere  is  any  straight  line  which  passes  througli 
the  centre,  and  is  terminated  both  ways  by  the  superficies  of  the  sph^ 

XVIII. 

A  cone  is  a  solid  figure  described  by  the  revolution  of  a  right-angled 
triangle  about  one  of  the  sides  containing  the  right  angle,  which  side 
remains  fixed. 

If  the  fixed  side  be  equal  to  the  other  side  containing  the  right 
angle,  the  cone  is  called  a  right-angled  cone ;  if  it  be  less  than  the 
other  side,  an  obtuse-angled ;  and  if  greater,  an  acute-angled  cone. 

XIX. 

The  axis  of  a  cone  is  the  fixed  straight  line  about  which  the  triangle 
revolves. 

XX. 

The  base  of  a  cone  is  the  circle  described  by  that  side  containing 
the  right  angle,  which  revolves. 

XXI. 

A  cylinder  is  a  solid  figure  described  by  the  revolution  of  a  rights* 
angled  parallelogram  about  one  of  its  sides  which  remains  fixed. 

XXII. 

The  axis  of  a  cylinder  is  the  fixed  straight  line  about  which  th^ 
parallelogram  revolves. 
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XXIII. 

The  bases  of  a  cylinder  are  the  circles  described  by  the  two  revolving 
•pposite  sides  of  the  parallelogram. 

XXIV. 

Similar  cones  and  cylinders  are  those  which  have  their  axes  and  the 
liameters  of  their  bases  proportionals. 

XXV. 

A  cube  is  a  solid  figure  contained  by  six  equal  squares. 

XXVI. 

A  tetrahedron  is  a  solid  figure  contained  by  four  equal  and  equilateral 
riangles. 

XXVII. 

An   octahedron  is  a  solid   figure   contained  by  eight  equal  and 
quilateral  triangles. 

XXVIII. 

A  dodecahedron  is  a  solid  figure  contained  by  twelve  equal  pentagons 
^hich  are  equilateral  and  equiangular. 

XXIX. 

An  icosahedron  is  a  solid  figure  contained  by  twenty  equal  and 
eqmlateral  triangles. 

Def.  A. 

A  parallelopiped  is  a  solid  figure  contained  by  six  quadrilateral 
figures,  whereof  every  opposite  two  are  parallel. 
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PROPOSITION  L     THEOREM. 

One  part  of  a  straight  line  cannot  be  in  a  plane,  and  another  part  above  it. 

If  it  be  possible,  let  AB,  part  of  the  straight  line  ABC,  be  in  the 
plane,  and  the  part  BC  above  it : 

c 


\a.    b    d\ 

and  since  the  straight  line  AB  is  in  the  plane,  it  can  be  produced 
in  that  plane : 

let  it  be  produced  to  D ; 
and  let  any  plane  pass  through  the  straight  line  AD,  and  be  turned 
about  It  until  it  pass  through  the  point  C: 

and  because  the  points  B,  C  are  in  this  plane, 
the  straight  line  BC  is  in  it :     (i.  def.  ?•) 
therefore  there  are  two  straight  lines  ABC,  ABD  in  the  same  plane 
that  have  a  common  segment  AB;    (i.  11.  Cor.) 

which  is  impossible. 
Therefore,  one  part,  &c.    q.e.d. 


PROPOSITION  11.    THEOREM. 

Two  straight  lines  which  cut  one  another  are  in  one  plane,  and  three 
straight  lines  which  meet  one  another  are  in  one  plane. 

Let  two  straight  lines  AB,  CD  cut  one  another  in  E ; 
then  AB,  CD  shall  be  in  one  plane : 
and  three  straight  lines  EC,  CB,  BE,  which  meet  one  another, 
shall  be  in  one  plane. 


Let  any  plane  pass  through  the  straight  line  EB, 
and  let  the  plane  be  turned  about  EB,  produced  if  necessary,  unt3 
it  pass  through  the  point  C. 

Then,  because  the  points  E,  C  are  in  this  plane, 

the  straight  line  EC  is  in  it :     (i.  def.  7.) 

for  the  same  reason,  the  straight  line  BC  is  in  the  same : 

and  by  the  h3mothesis,  EB  is  in  it : 

therefore  the  three  straight  lines  EC,  CB,  BE  are  in  one  plane ; 

but  in  the  plane  in  which  EC,  EB  are,  in  the  same  are  CD,  Ad:  (xi*  ^•) 

therefore,  AB,  CD  are  in  one  plane.' 
Wherefore  two  straight  lines,  &c.    q.  e.d. 
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PROPOSITION  III.     THEOREM. 
two  planes  cut  one  another,  their  common  section  is  a  straight  line. 

et  two  planes  AB,  BC  cut  one  another^  and  let  the  line  DB  be 
common  section. 

Then  DB  shall  be  a  straight  line. 


*  it  bed  not,  from  the  point  D  to  B,  draw^  in  the  plane  AB,  the 
:htlineD£5,     (post.  1.) 

and  in  the  plane  BC,  the  straight  line  DFB : 

lien  two  straight  lines  DEB,  DFB  have  the  same  extremities, 

and  therefore  include  a  space  betwixt  them ; 

which  is  impossible :     (i.  ax.  10.) 

iierefore  BD,  the  common  section  of  the  planes  AB,  BC,  cannot 

but  be  a  straight  line. 

Wherefore,  if  two  planes,  &c.    q.e.d. 


PROPOSITION  IV.     THEOREM. 

^  a  straight  line  stand  at  right  angles  to  each  of  two  straight  Unes 
z  point  of  their  intersection,  it  shall  also  be  at  right  angles  to  the 
which  passes  through  them,  that  is,  to  the  plane  in  which  they  are. 

et  the  straight  line  BF  stand  at  right  angles  to  each  of  the  straight 
AB,  CD,  in  E  the  point  of  their  intersection, 
hen  JSF  shall  also  be   at    right    angles    to  the  plane  passing 
through  AB,  CD. 


ke  the  straight  lines  AJE,  EB,  CE,  ED  all  equal  to  one  another ; 
md  through  E  draw,  in  the  plane  in  which  are  AB,  CD,  any 
straight  line  GEH ; 

and  join  AD,  CB ; 
en  from  any  point  F,  in  EF,  draw  FA,  FG,  FD,  FC,  FH,  FB. 
nd  because  the  two  straight  lines  AE,  ED  are  equal  to  the  two 
BE,  EC,  each  to  each, 

and  that  they  contain  equal  angles  AED,  BEC,     (i.  15.) 

the  base  AD  is  equal  to  vie  base  BC,    fi.  4.) 

and  the  angle  DAE  to  die  angle  EBC : 
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and  the  angle  AEG  is  equal  to  the  angle  BEH :     (i.  15.) 
therefore  the  triangles  AEGf  BEH  have  two  angles  of  the  one 

equal  to  two  angles  of  the  other^  each  to  each^ 
and  the  sides  AE,  EB,  adjacent  to  the  equal  angles^  equal  to 
one  another: 

wherefore  they  have  their  other  sides  equal :    (i.  26.) 
therefore  GE  is  equal  to  EH,  and  AG  to  BH: 
and  because  AE  is  equal  to  EB,  and  FE  common  and  at  right 
angles  to  them^ 

the  base  AF  is  equal  to  the  base  FB ;     (i.  4.) 

for  the  same  reason,  CF  is  equal  to  FD: 
and  because  AD  is  equal  to  BC,  and  AF  to  FB, 
the  two  sides  FA,  AD  are  equal  to  the  two  FB,  BC,  each  to  each; 
and  the  base  DF  was  proved  equal  to  the  base  FC ; 
therefore  the  angle  FAD  is  equal  to  the  angle  FBC:     (|.  8^ 
again^  it  was  proved  that  GA  is  equal  to  BH,  and  also  AF  to  PB; 
therefore  FA  and  AG  are  equal  to  FB  and  BH,  each  to  each ; 
and  the  angle  FA  G  has  been  proved  equal  to  the  angle  FBH.; 
therefore  the  base  GF  is  equal  to  the  base  FH :     (i.  4.) 
again,  because  it  wasjproved  that  GE  is  equal  to  EH^  and  EF  is  common; 
therefore  GE,  EF  are  equal  to  HE,  EF,*e&ch  to  each  ; 
and  the  base  GF  is  equal  to  Uie  base  FH ; 
therefore  the  angle  GEF  is  equal  to  the  angle  HEF  ;     (i.  8.) 
and  consequently  each  of  these  angles  is  a  right  angle,     (i.  def.  10.) 
Therefore  FE  makes  right  angles  with  GH,  that  is,  with  any  straight 
line  drawn  through  E  in  the  plane  passing  through  AB,  CD. 

In  like  manner,  it  may  be  proved,  that  FE  makes  right  angles  with 
every  straight  line  which  meets  it  in  that  plane. 

But  a  straight  line  is  at  right  angles  to  a  plane  when  it  makes  right 
angles  with  every  straight  line  which  meets  it  in  that  plane :  (xi.  def.  3.) 
therefore  EF  is  at  right  angles  to  the  plane  in  which  are  AB,  CD. 
Wherefore,  if  a  straight  line,  &c«    q.b.d. 


PROPOSITION   V.    THEOREM. 

Jf  three  straight  lines  meet  all  in  one  point,  and  a  straight  line  stands 
at  right  angles  to  each  of  them  in  that  point  j  these  three  straight  lines 
are  in  one  and  the  same  planet 

Let  the  straight  line  AB  stand  at  right  angles  to  each  of  the  straigH^ 
lines  BC,  BD,  BE,  in  B  the  point  where  they  meet : 

Then  BC,  BD,  BE  shall  be  in  one  and  the  same  plane. 


If  not,  let,  if  it  be  possible,  BD  and  BE  be  in  one  plane,  and  BC   ^ 
above  it ; 

and  let  a  plane  pass  through  AB,  BC,  the  common  section  of  whi^''' 
with  the  plane  in  which  BD  and  BE  are,  is  a  straight  line ;     (xl  sO 
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let  this  be  BFi 
therefore  the  three  straight  lines  AB,  BC,  BF  are  all  in  one  plane^ 
viz.  that  which  passes  through  AB,  BC, 
And  because  AB  stands  at  right  angles  to  each  of  the  straight  lines 
BD,  BE, 
it  is  also  at  right  angles  to  the  plane  passing  through  them :     (xi.  4.) 
and  therefore  makes  right  angles  with  every  straight  line  meeting 
it  in  that  plane :     (xi.  def.  3.) 

but  BF,  which  is  in  that  plane^  meets  it ; 

therefore  the  angle  ABF  is  a  right  angle : 

but  the  angle  ABC,  by  the  hypothesis^  is  also  a  right  angle ; 

therefore  the  angle  ABF  is  equal  to  the  angle  ABC, 

and  they  are  both  in  the  same  plane,  which  is  impossible ;     (i.  ax.  9*) 

therefore  the  straight  line  BC  is  not  above  the  plane  in  which  are 

BD  and  BE  : 
wherefore  the  three  straight  lines  BC,  BD,  BFI  are  in  one  and  the 
same  plane. 

Therefore^  if  three  straight  lines^  &c.    q.b.d. 


PROPOSITION  VI.     THEOREM. 

If  two  straight  lines  be  at  right  angles  to  the  same  plane,  they  shaU  he 
parallel  to  one  another. 

Let  the  straight  lines  AB,  CD  be  at  right  angles  to  the  same  plane. 

Then  AB  shall  be  parallel  to  CD. 


Let  them  meet  the  plane  in  the  points  B,  D, 
and  draw  the  straight  line  BD,  to  which  draw  DE  at  right  angles^ 
in  the  same  plane ;     (i.  11.) 

and  make  DE  equal  to  AB,  (i.  3.)  and  join  BE,  AE,  AD. 
Then,  because  AB  is  perpendicular  to  the  plane, 
it  makes  right  angles  with  every  straight  line  which  meets  it,  and 
is  in  that  plane :     (xi.  def.  3.) 
but  BD,  BE,  which  are  in  that  plane,  do  each  of  them  meet  AB ; 

therefore  each  of  the  angles  ABD,  ABE  is  a  right  angle ; 
for  the  same  reason,  each  of  &e  angles  CDB,  CDE  is  a  right  angle : 

and  because  AB  is  equal  to  DE,  and  BD  common, 
the  two  sides  AB,  BD  are  equal  to  the  two  ED^  DB,  each  to  each ; 

and  they  contain  right  angles : 

therefore  the  base  AD  is  equal  to  the  base  BE :     (i.  4.) 

again,  because  AB  is  equal  to  DE,  and  BE  to  AD ; 

AB,  BE  are  equal  to  ED^  DA,  each  to  each ; 

and,  in  the  triangles  ABE,  EDA,  the  base  AE  is  common : 

therefore  the  angle  ABE  is  equal  to  the  angle  EDA  :     (i.  8.) 

but  ABE  is. a  right  angle; 
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therefore  EDA  is  also  a  right  angle>  and  BD  perpendicular  to  DA : 
but  it  is  also  perpendicular  to  each  of  the  two  BD,  DC ; 
wherefore  JSD  is  at  right  angles  to  each  of  the  three  straight  lines 
BD,  DA,  DC  in  the  point  in  which  they  meet : 
therefore  these  three  straight  lines  are  all  in  the  same  plane :     (zi.  5.) 

but  AB  is  in  the  plane  in  which  are  BD,  DA,    (xi.  2.) 
because  any  three  straight  lines  which  meet  one  another  are  in  one  plane: 

therefore  AB,  BD,  DC  are  in  one  plane : 
and  each  of  the  angles  ABD,  BDC  is  a  nght  angle; 
therefore  AB  is  parallel  to  CD.    (i.  28.) 
Wherefore^  if  two  straight  lines^  &c.     q.e.d.  - 


PROPOSITION  VII.    THEOREM. 


If  two  straight  lines  be  parallel,  the  straight  line  drawn  fr^  any  point 
in  the  one  to  any  point  in  the  other,  is  in  the  same  plane  with  the  parallels. 

Let  AB,  CD  be  parallel  straight  lines,  and  take  any  point  £t  in  the 
one,  and  the  point  F  in  the  other. 

Then  the  straight  line  which  joins  E  and  F  shall  be  in  the  same 
plane  with  the  parallels. 


E  B 
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If  not,  let  it  be,  if  possible,  above  the  plane,  as  EGF  ; 
and  in  the  plane  A  BCD  in  which  the  parallels  are, 
draw  the  straight  line  BHF  from  E  Xjo  F. 
And  since  EGF  also  is  a  straight  line,  the  two  straight  lines  EHfj 
EGF  include  a  space  between  them,  which  is  impossible,     (i.  ax.  10.) 
Therefore  the  straight  line  joining  the  points  E,  F  is  not  above  the 
plane  in  which  the  parallels  An,  CD  are, 

and  is  therefore  in  diat  plane. 
Wherefore,  if  two  straight  lines,  &c.    q.e.d. 


PROPOSITION  VIII.    THEOREM. 


If  two  straight  lines  be  parallel,  and  one  of  them  is  at  right  angles  to 
a  plane;  the  other  also  shall  be  at  right  angles  to  the  same  plane. 

Let  AB,  CD  be  two  parallel  straight  lines,  and  let  one  of  them  A0 
he  at  right  angles  to  a  plane. 

Then  the  other  CD  shall  be  at  right  angles  to  the  same  plane. 
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Let  AB,  CD  meet  the  plane  in  the  points  B,  D,  and  join  BD : 

therefore  AB,  CD,  BD  are  in  one  plane,     (xi.  7«) 
In  the  plane  to  which  AB  is  at  right  angles,  draw  DE  at  right 
ingles  to  BD,    (i.  1 1 .) 

and  make  DJS  equal  to  AB,  (i.  3.^  and  join  B£l,  AE,  AD. 
And  because  AB  is  perpendicular  to  the  plane, 
it  is  perpendicular  to  every  straight  line  which  meets  it,  and  it  in 
that  plane ;     (xi.  def.  3.) 

therefore  each  of  the  angles  ABD,  ABE  is  a  riffht  angle : 
and  because  the  straight  line  BD  meets  the  pariQlel  straight  lines 
AB,  CD, 
he  angles  ABD,  CDB  are  together  equal  to  two  right  angles :    (i.  29«) 

and  ABD  is  a  right  angle ; 

therefore  also  CDB  is  a  right  angle,  and  CV  perpendicular  to  BD : 

and  because  AB  is  equal  to  DE,  and  BD  common, 

the  two  AB,  BD  are  equal  to  the  two  ED,  DB,  each  to  each ; 

and  the  angle  ABD  is  equal  to  the  angle  EDB,  because  each  of 

them  is  a  right  angle ; 

therefore  the  base  AD  is  equal  to  the  base  BEz     fi.  4.) 

again,  because  AB  is  equal  to  DE,  and  BE  to  AD, 

the  two  AB,  BE  are  equal  to  the  two  ED,  DA,  each  to  each; 

and  the  base  AE  is  common  to  the  triangles  ABE,  EDA  ; 
wherefore  the  angle  ABE  is  equal  to  the  angle  EDA  :     (i.  8.) 

but  ABE  is  a  right  angle ; 
and  therefore  EDA  is  a  right  angle,  and  ED  perpendicular  to  DA : 
but  it  is  also  perpendicular  to  BD ;    (constr.) 
therefore  ED  is  perpendicular  to  the  plane  which  passes  through 

BD,DA;    (xi.  4.) 
and  therefore  makes  right  angles  with  every  straight  line  meeting 
it  in  that  plane :     (xi.  def.  3.) 

but  DC  is  in  the  plane  passing  through  BD,  DA, 
because  all  three  are  in  the  plane  in  which  are  the  parallels  AB,  CD  ; 

wherefore  El)  is  at  right  angles  to  JDC; 
and  therefore  CD  is  at  right  angles  to  DE: 
but  CD  is  also  at  right  angles  to  DB; 
therefore  CD  is  at  right  angles  to  the  two  straight  lines  DE,  DB 

in  the  point  of  their  intersection  D ; 
and  therefore  is  at  right  angles  to  the  plane  passing  through  DE, 
DB,    (XI.  4.) 

which  is  the  same  plane  to  which  AB  is  at  right  angles. 
Therefore,  if  two  straight  lines,  &c.    q.e.d. 


PROPOSITION  IX.    THEOREM. 

„    Two  straight  lines  which  are  each  of  them  parallel  to  the  same  straight 
^^e,  and  not  tn  the  same  plane  with  it,  are  parallel  to  one  another. 

Let  AB,  CD  be  each  of  them  parallel  to  EF,  and  not  in  the  same 

(^W  with  it. 

Then  AB  shall  be  paraUel  to  CD. 
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In  EF  take  any  point  G,  from  which  draw,  in  the  plane  passing 
through  EFy  AB,  the  straight  line  GH  at  rjjfht  angles  to  JBF ;    (i.  ll!) 
an4  in  the  plane  passing  through  EF,  CD  draw  GK  at  right  angles 
to  the  same  EF, 

And  because  EF  is  perpendicular  both  to  GH  and  GK, 
EF  is  perpendicular  to  the  plane  HGK  passing  through  them :    (xi.  4.) 

and  EF  is  parallel  to  AB 
therefore  AB  is  at  right  angles  to  the  plane  HGK.     (xi.  8.) 
For  the  same  reason,  CD  is  likewise  at  right  angles  to  the  plane  HGL 
Therefore  AB,  CD  are  each  of  them  at  right  angles  to  the  plane  HGK. 
But  if  two  straight  lines  are  at  right  angles  to  the  same  plane,  they 
are  parallel  to  one  another :     (xi.  6.) 

therefore  AB  is  parallel  to  CD. 
Wherefore,  two  straight  lines,  &c     Q.X.O. 


PROPOSITION  X.    THEOREM. 

If  two  straight  lines  meeting  one  another  be  parallel  to  two  others  thai 
meet  one  another,  and  are  not  in  the  same  plane  with  thejirst  two;  At 
first  two  and  the  oiher  two  shall  contain  equal  angles. 

Let  the  two  straight  lines  AB^  BC,  which  meet  one  another^  be 
parallel  to  the  two  straight  lines  DE,  EF,  that  meet  one  another,  and 
are  not  in  the  same  plane  with  AB,  BC. 

The  angle  ABC  shall  be  equal  to  the  angle  DEF. 

B 


Take  BA,  BC,  ED,  EF  all  equal  to  one  another  ; 

and  join  AD,  CF,  BE,  AC,  DF. 

Then,  because  BA  is  equal  and  parallel  to  ED, 

therefore  AD  is  both  equal  and  parallel  to  BE.     (i.  33.) 

For  the  same  reason,  CF  is  equal  and  parallel  to  BE. 

Therefore  AD  and  CF  are  each  of  them  equal  and  parallel  to  BE. 

But  straight  lines  that  are  parallel  to  the  same  straight  line,  and  not 

in  the  same  plane  with  it,  are  parallel  to  one  another :     (xi.  9.) 

therefore  AD  is  parallel  to  CF;  and  it  is  equal  to  it;    (i.  ax.  1.) 

and  AC,  DFJoin  them  towards  the  same  parts ; 

and  therefore  AC  is  equal  and  parallel  to  DF.    (i.  33.) 

And  because  AB,  BC  are  equal  to  DE,  EF,  each  to  each, 

and  the  base  J C  to  the  base  DF; 

the  angle  ABC  is  equal  to  the  angle  DEF.     (i.  8.) 

Therefore,  if  two  straight  lines,  &c.    q.e.d. 
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PROPOSITION  XI.    PROBLEM. 

To  dram  a  straight  line  perpendicular  to  a  plane,  from  a  given  point 
iove  it. 

Let  A  be  the  given  point  above  the  plane  BH, 
■  It  is  required  to  draw  frota  the  point  A  a  straight  line  perpeiv* 
dicubu*  to  the  plane  BH, 

In  the  plane  draw  any  straight  line  BC, 
and  from  the  point  A  draw  AD  perpendicular  to  BC.  (i.  12.) 
If  then  AD  be  also  perpendicular  to  the  plane  BH,  the  thing 

required  is  already  done ; 
but  if  it  be  not^  from  the  point  D  draw^  in  the  plane  BH,  the 
straight  line  DJEJ  at  right  angles  to  BC ;     (i.  11.) 
and  from  the  point  A  draw  AF  perpendicular  to  DE, 
Then  AF  shall  be  perpendicular  to  the  plane  BH. 


Through  F  draw  GH  parallel  to  BC.     (i.  SI*) 
And  because  BC  is  at  right  angles  to  ED  and  DA, 
^Cia  at  right  angles  to  the  plane  passing  through  ED,  DA :   (xi.  4.) 

and  GH  is  parallel  to  BC : 
but>  if  two  straight  lines  be  parallel,  one  of  which  is  at  right  angles 
to  a  plane^ 

the  other  is  at  right  angles  to  the  same  plane ;    (xi.  8.) 

wherefore  GH  is  at  right  angles  to  the  plane  through  JSD,  DA ; 

and  is  perpendicular  to  every  straight  line  meeting  it  in  that  plane : 

(xi.  def.  3.) 

but  AF,  which  is  in  the  plane  through  ED,  DA,  meets  it ; 

therefore  GH  is  perpendicular  to  AF; 

and  consequently  ^F  is  perpendicular  to  GH; 

and  AFis  perpendicular  to  DE ; 

therefore  AF  i^  perpendicular  to  each  of  the  straight  lines  GH,  DE. 

But  if  a  straight  line  stand  at  right  angles  to  each  of  two  straight 
nes  in  the  point  of  their  intersection,  it  is  also  at  right  angles  to  the 
Une  passing  through  them  :     (xi.  4.) 

but  the  plane  passing  through  JSD,  GH  is  the  plane  BH; 
therefore  AF  is  perpendicular  to  the  plane  BH: 
therefore,  from  the  given  point  A,  above  the  plane  BH,  the  straight 
Tie  AFis  drawn  perpendicular  to  that  plane.    q.e«f. 


PROPOSITION  XII.    PROBLEM. 

To  erect  a  straight  line  at  right  angles  to  a  given  plane^Jrom  a  point 
'iven  in  the  plane. 

Let  A  be  the  point  given  in  the  plane. 
It  is  required  to  erect  a  straight  line  from  the  point  A  at  right 
mgles  to  the  plane. 
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D     B 
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From  any  point  B  above  the  plane  draw  BC  perpendicular  to  it ;  (xi.  1 1.) 

and  from  A  draw  AD  parallel  to  BC.    (i.  81.) 

Because,  therefore,  AD,  CB  are  two  parallel  straight  lines, 

and  one  of  them  BC  is  at  right  angles  to  the  given  plane, 

the  other  AD  is  also  at  right  angles  to  it :     (xi.  8.) 

therefore  a  straight  line  has  been  erected  at  right  angles  to  a  given 

plane,  from  a  point  given  in  it.    q.  e.  f. 


PROPOSITION  XIII.    THEOREM. 

From  the  same  point  in  a  given  plane,  there  cannot  be  two  straight  lines 
at  right  angles  to  the  plane,  upon  the  same  side  ofit:  and  there  can  he 
but  one  perpendicular  to  a  plane  from  a  point  above  the  plane. 

For,  if  it  be  possible,  let  the  two  straight  lines  AB,  AC  he  at  right 
angles  to  a  ffiven  plane  from  the  same  point  A  in  the  plane,  and  upon 
the  same  side  of  it. 

Let  a  plane  pass  through  BA,  AC; 
the  common  section  of  this  with  the  given  plane  is  a  straight  line 
passing  through  A :     (xi.  8.) 


let  DAU  be  their  common  section : 
therefore  the  straight  lines  AB,  AC,  DAE  are  in  one  plane : 

and  because  CA  is  at  right  angles  to  the  given  plane, 
it  makes  right  angles  with  every  straight  lii^  meeting  it  in  that 
plane :    (zi.  def.  8.) 

but  DAE,  which  is  in  that  plane,  meets  CA  ; 

therefore  CAJSt  is  a  right  angle. 
For  the  same  reason,  BAU  is  a  right  angle. 
Wherefore  the  angle  CAE  is  equal  to  the  angle  BAE;    (ax.  11.) 
and  they  are  in  one  plane,  which  is  impossible. 
Also,  from  a  point  above  a  plane,  there  can  be  but  one  perpendi- 
cular to  that  plane: 
for,  if  there  coum  be  two,  they  would  be  parallel  to  one  another, 
which  is  absurd,    (xi.  6.) 

Therefore,  from  the  same  point,  &c.     q.b.d. 


PROPOSITION  XIV.    THEOREM. 

Planes  to  which  the  same  straight  line  is  perpendicular^  areparalldto 
one  another. 
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Let  the  straight  line  AB  be  x>erpendicu1ar  to  each  of  the  planes 
D,  EF. 

These  planes  shall  be  parallel  to  one  another. 
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If  not>  they  shall  meet  one  another  when  produced: 
let  them  meet;  their  common  section  is  a  straight  line  GH,  in 
which  take  any  point  Ky  and  join  AK^  BK. 
Then,  because  AB  is  perpendicular  to  the  plane  EF, 
it   is   perpendicular  to   tne   straight  line  BK  which  is  in  that 
plane :     (xi.  def.  3.) 

therefore  ABK  is  a  right  angle. 
For  the  same  reason,  BAK  is  a  right  angle : 
wherefore  the  two  angles  ABK,  BAK  of  the  triangle  ABK  are 

equal  to  two  right  angles,  which  is  impossible:     (i.  17.) 
therefore  the  planes  CD,  EFy  though  produced,  do  not  meet  one 
another; 

that  is,  ^ey  are  parallel,     (xi.  def.  8.) 
Therefore,  planes,  &c.     q.e.d. 


PROPOSITION  XV.    THEOREM. 

If  two  straight  lines  meeting  one  another  he  parallel  to  two  other 
traight  lines  which  meet  one  another,  hut  are  not  in  the  same  plane  with 
hejirst  two;  the  plane  which  parses  through  these  is  parallel  to  the  plane 
uusing  through  the  others. 

Let  AB,  BC,  two  straight  lines  meeting  one  another,  be  parallel  to 
OE,  EF,  two  other  straight  lines  that  meet  one  another,  but  are  not  in 
he  same  plane  with  AB,  BC. 

The  planes  through  AB,  BC,  and  DE,  EF  shall  not  meet>  though 
produced. 
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From  the  point  B  draw  BG  perpendicular  to  the  plane  which  passes 
^ughDE,EF,    (XI.  11.) 

and  let  it  meet  that  plane  in  G  ; 

M  through  6  draw  GH  parallel  to  ED,  and  GK  parallel  to  EF.  (t.  31.) 

And  b^use  BQ  is  perpendicular  to  the  plane  through  DE,  EF, 

it  makes  right  angles  with  every  straight  line  meeting  it  in  that 

plane:     (xi.  def.  3.) 

but  the  straight  lines  GH,  GK  in  that  plane  meet  it; 

dierefore  each  of  the  angles  BGH,  BGK  is  a  right  angle: 
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and  because  BA  is  parallel  to  GH  (for  eadi  of  tbiem  is  parallel  to 

DE,  and  they  are  not  both  in  the  same  plane  with  it),     (xi.  9.) 

the  angles  GBA,  BGH  are  together  equal  to  two  ri^^t  angles :    (i.  29*) 

and  BGH  is  a  right  angle ; 
therefore  also  GBA  is  a  right  angle^  and  GB  perpendicular  to  BA. 
For  the  same  reason^  GB  is  perpendicular  to  BC. 
Since  therefore  the  straight  line  GB  stands  at  right  angles  to  the 

two  straight  lines  BA,  BC  that  cut  one  another  in  B ; 
GB  is  perpendicular  to  the  plane  through  BA,  BC:    (xi.  4.) 
and  it  is  perpendicular  to  the  plane  through  DJSj  EF  ;    (constr.) 
therefore  BG  is  perpendicular  to  each  of  the  planes  through  AB^ 

BC,sndDB,BF: 
but  planes  to  which  the  same  straight  line  is  perpendicular,  are 

parallel  to  one  another;     Cxi,  14.) 
therefore  the  plane  through  AB,  BC  is  parallel  to  the  plane  through 
DEy  EF. 

Wherefore,  if  two  straight  lines,  &c,    q.e.d. 


PEOPOSITION  XVI.     THEOREM. 

If  two  parallel  rilanes  be  cut  by  another  plane,  their  eomrntm  sectioiu 
with  it  are  parallels. 

Let  the  parallel  planes  AB,  CD  be  cut  by  the  plane  EFHG,  and  let 
their  common  sections  with  it  be  EF,  GH. 

Then  EF  shall  be  parallel  to  GH. 
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For,  if  it  is  not,  EF,  GH  shall  meet^  if  produced,  either  on  the  side 
of  FH,  or  EG. 

First,  let  them  be  produced  on  the  side  ofFH,  and  meet  in  the  point  K» 

Therefore,  since  EFK  is  in  the  plane  ABj 

every  point  in  EFK  is  in  that  plane  :    (xi.  1.) 

and  X  is  a  point  in  EFK; 

therefore  K  is  in  the  plane  AB : 

for  the  same  reason,  K  is  also  in  the  plane  CD : 

wherefore  the  planes  AB,  CD  produced,  meet  one  another : 

but  they  do  not  meet,  since  they  are  parallel  by  the  hypothesis ; 

therefore  the  straight  lines  EF,  GH,  do  not  meet  when  produced 

on  the  side  of  FH. 
In  the  same  manner  it  may  be  proved,  that  EF,  GH  do  not  meet 
when  produced  on  the  side  of  EG, 

But  straight  lines  which  are  in  the  same  plane,  and  do  not  me^ 
though  produced  either  way,  are  parallel ; 

therefore  EF  is  parallel  to  'GH. 
Wherefore,  if  two  parallel  planes,  &c.    q.e.d. 
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PROPOSITION  XVII.    THEOREM. 

If  two  straighi  lines  be  cut  hy  parallel  planes^  they  shall  he  cut  in 
he  same  ratio. 

Let  the  straight  lines  AB,  CD  be  cut  by  the  parallel  planes  GH, 
Ct,  MN,  in  the  points  A,E,B;  C,  F,  D. 

As  AE  is  to  EBy  so  shall  CF  be  to  FD. 


Join  ACy  BDy  AD,  and  let  AD  meet  the  plane  KL  in  the  point  X; 
nd  join  EX,  XF. 

because  the  two  parallel  planes  KL,  MN  are  cut  by  the  plane  EBDX, 
the  common  sections  EX,  BD  are  parallel :    (xi.  l6.) 
for  the  same  reason,  because  the  two  parallel  pUmes  GH,  KL  are 
cut  by  the  plane  AXFC, 

the  common  sections  AC,  XF  are  parallel : 
and  because  EX  is  parallel  to  BD,  a  side  of  we  triangle  ABD; 

as  AE  to  EB,  so  is  AX  to  XD :    (vi.  2.) 
again,  because  XF  is  parallel  to  AC,  a.  side  of  the  triangle  ADC; 

as  AX  to  XD,  so  is  CF  to  FD: 

and  it  was  proved  that  JlX  is  to  XD,  as  A  E  to  EB ; 

therefore,  as  AE  to  EB,  so  is  CF  to  FD.    (v.  II.) 

Wherefore,  if  two  straight  lines,  &c.     q.e.d. 


PROPOSITION  XVIII.    THEOREM. 

If  a  straight  Une  be  at  right  angles  to  a  plane,  every  plane  which 
masses  through  it  shall  be  at  right  angles  to  that  plane. 

Let  the  straight  line  AB  be  at  right  angles  to  the  plane  CK. 
Every  plane  which  passes  through  AB  shall  be  at  right  angles  to 
the  plane  CK. 

D       6       A       H 
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Let  any  plane  DE  pass  through  AB, 
and  let  CE  be  the  common  section  of  the  planes  DE,  CK; 
take  any  point  F  in  CE,  from  which  draw  FG  in  the  plane  DE  at 
right  angles  to  CE.    (i.  11.) 
And  l^cause  AB  is  perpendicular  to  the  plane  CK, 
therefore  it  is  also  perpendicular  to  every  straight  line  in  that  plane 
meeting  it ;  (xi.  def.  3.) 
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and  consequently  it  is  perpendicular  to  CEi 
wherefore  ABF  is  a  right  angle: 
but  GFB  is  likewise  a  right  anffle ;     (constr.) 
therefore  AB  is  parallel  to  FGi     (i.  28^ 
and  AB  is  at  right  angles  to  the  plane  CK; 
therefore  FG  is  also  at  right  angles  to  the  same  plane.    Txt.  8.) 
But  one  plane  is  at  right  angles  to  another  plane  when  ue  straight 
lines  drawn  m  one  of  the  planes,  at  right  angles  to  their  common  section, 
are  also  at  right  angles  to  the  other  plane  ;     (xi.  def.  4.) 

and  any  straight  line  FG  in  the  plane  DEy  which  is  at  right  angles 
to  CEy  the  common  section  of  the  planes,  has  been  proved  to  be  per- 
pendicular to  the  other  plane  CK; 

therefore  the  plane  DE  is  at  right  angles  to  the  plane  CK. 
In  like  manner,  it  may  be  proved  that  aU  planes  wmch  pass  through 
AB  are  at  right  angles  to  the  plane  CK. 

Therefore,  if  a  straight  line,  &c.    q.b.  d. 


PROPOSITION  XIX.    THEOREM. 

If  two  planes  which  cut  one  another  be  each  of  them  perpendiadat 
to  a  third  plane ;  their  common  section  shall  he  perpendicular  to  the 
same  plane. 

Let  the  two  planes  AB,  BC  be  each  of  them  perpendicular  to  a  third 
plane,  and  let  BD  be  the  common  section  of  the  first  two. 

Then  BD  shall  be  perpendicular  to  the  third  plane. 

B 


If  it  be  not,  from  the  point  D  draw,  in  the  plane  ABf  the  straight 
line  DE  at  right  angles  to  AD  the  common  section  of  the  plane  iJ 
with  the  third  plane ;    (i.  11.) 

and  in  the  plane  BC  draw  DF  at  right  angles  to  CD  the  common 

section  of  the  plane  BC  with  the  third  plane. 
And  because  the  plane  AB  is  perpendicular  to  ihe  third  plane,  and 
DE  is  drawn  in  the  plane  AB  dX  right  angles  to  AD,  their  commoo 
section, 

DE  is  perpendicular  to  the  third  plane,    (xi.  def.  4.) 
In  the  same  manner,  it  may  be  proved,  that  DF  is  perpendicular  to 
the  third  plane. 

Wherefore,  from  the  point  D  two  straight  lines  stand  at  right  an^ 

to  the  third  plane,  upon  the  same  side  of  it,  which  is  impossible:  (xi.  15.) 

therefore,  from  the  point  D  there  cannot  be  any  straight  line  <t 

right  anffles  to  the  third  plane,  except  BD  the  common  section  of  tb^ 

planes  AB,  BC: 

therefore  BD  is  2)erpendicular  to  the  third  plane. 
Wherefore,  if  two  planes,  &c.    q.b.d. 
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PROPOSITION  XX.    THEOREM. 

If  a  solid  angle  be  contained  hy  three  plane  angles^  any  two  of  them 
%re  greater  than  the  third. 

Let  the  solid  angle  at  A  be  contained  by  the  three  plane  angles 
BAG,  CAD,  DAB. 

Any  two  of  them  shall  be  greater  than  the  third. 


£  c 


If  the  angles  BAC,  CAD,  DAB  be  all  equal, 
it  is  evident,  that  any  two  of  them  are  greater  than  the  third. 
But  if  they  are  not,  let  BAG  be  that  angle  which  is  not  less  than 
either  of  the  other  two,  and  is  greater  than  one  of  them  DAB; 

and  at  the  point  A  in  the  straight  line  AB, 
make,  in  the  plane  which  passes  through  BA,  AC,  ihe  angle  BAE 

equal  to  the  angle  DAB;     (i.  23.) 
and  make  AE  equal  to  AD,  and  through  JS  draw  BBC  cutting  AB, 
AC  in  the  points  B,  C,  and  join  DB,  DC. 
And  because  DA  is  equal  to  AE,  and  AB  19  common, 
the  two  DA,  AB  are  equal  to  the  two  EA,  AB,  each  to  each  ; 
and  the  angle  DAB  is  equal  to  the  angle  EAB : 
therefore  the  base  DB  is  equal  to  the  base  BE :     (i.  4.) 
and  because  BD,  DC  are  greater  than  CB,     (i.  20.) 
and  one  of  them  BD  has  been  proved  equal  to  BB  a  part  of  CB, 
lierefore  the  other  DC  is  greater  than  the  remaining  part  j&C:  (i.  ax.  5.) 
and  because  DA  is  equal  to  AE,  and  AC  common, 
but  the  base  DC  greater  than  the  base  EC; 
therefore  the  angle  DAC  is  greater  than  the  angle  EAC;     (i.  25.) 
and,  by  the  construction,  the  angle  DAB  is  equal  to  the  angle  BAE; 
wherefore  the  angles  DAB,  DAC  are  together  greater  than  BAE, 
EAC,  that  is,  than  the  angle  BAC:     (i.  ax.  4.) 
but  BAC  is  not  less  than  either  of  the  angles  DAB,  DAC: 
therefore  BAC,  with  either  of  them,  is  greater  than  the  other. 
Wherefore,  if  a  solid  angle,  &c    Q.  e.  d. 


PROPOSITION  XXI.    THEOREM. 

Every  solid  angle  is  contained  by  plane  angles,  which  together  are 
iett  than  four  right  angles. 

First,  let  the  solid  angle  at  A  be  contained  by  three  plane  angles 
BAC,  CAD,  DAB. 

These  three  together  shall  be  less  than  four  right  angles. 
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Take  in  each  of  the  straight  lines  AB,  AC,  AD,  any  points  B,  C,  D, 

and  join  BCy  CD,  DB. 
Then,  because  the  solid  angle  at  B  is  contained  by  the  three  plane 
angles  CBA,  ABD,  DBCy 

any  two  of  them  are  greater  than  the  third ;     (xi.  20.) 
therefore  the  angles  CBA,  ABD  are  greater  than  the  angle  DEC: 
for  the  same  reason,  the  angles  ^C^^,  ACD  are  greater  than  the 
angle  DCB ; 

and  the  angles  CD  A,  A  DB  greater  than  BDC : 
wherefore  the  six  angles  CBA,  ABD,  BCA,  ACD,  CDA,  ABB 

are  greater  than  the  three  angles  DBC,  BCD,  CDB: 
but  the  three  angles  DBC,   BCD,  CDB  are  equal  to  two  right 

angles ;     (i.  32.) 
therefore  the  six  angles  CBA,  ABD,  BCA,  ACD,  CD  A,  ADBat 

greater  than  two  right  angles : 
and  because  the  three  angles  of  each  of  the  triangles  ABC,  ACDt 
ADB  are  equal  to  two  right  angles, 
therefore  the  nine  angles  of  these  three  triangles^  viz.  the  anglo 
CBA,  BAG,  ACB,  ACD,  CD  A,  DAC,  ADB,  DBA,  BAD  are  equal  t» 
six  right  angles ; 

of  these  the  six  angles  CBA,  ACB,  ACD,  CD  A,  ADB,  DBA  are 

greater  than  two  right  angles  ; 
therefore  the  remaining  three  angles  BAC,  CAD,  DAB,  which 
contain  the  solid  angle  at  A,  are  less  than  four  right  angles. 
Next,  let  the  solid  angle  at  A  be  contained  by  any  number  ^  plane 
angles  BAC,  CAD,  DAE,  EAF,  FAB. 

These  shall  together  be  less  than  four  right  angles. 


Let  the  planes  in  which  the  angles  are,  be  cut  by  a  planei 
and  let  the  common  sections  of  it  with  those  planes  be  BC,  CA 
DE,  EF,  FB. 
And  because  the  solid  angle  at  B  is  contained  by  three  plane  angles 
CBA,  ABF,  FBC,  of  which  any  two  are  greater  than  the  third,  (xi.20.) 
the  angles  CBA,  ABF,  are  greater  than  the  angle  FBC: 
for  the  same  reason,  the  two  plane  angles  at  each  of  the  points  C,pf 
E,  F,  viz.  those  angles  which  are  at  the  bases  of  the  triangles  having 
the  common  vertex  A,  are  greater  than  the  third  angle  at  the  sass^ 
point,  which  is  one  of  the  angles  of  the  polygon  BCDEF : 

therefore  all  the  angles  at  the  bases  of  the  triangles  are  together 

greater  than  all  the  angles  of  the  polygon : 
and  because  all  the  angles  of  the  triangles  are  U^ether  equal  to 
twice  as  many  right  angles  as  there  are  triangles ;     (i.  32.) 
that  is,  as  there  are  sides  in  the  polygon  BCDEF; 
and  that  all  the  angles  of  the  polygon,  together  with  four  right 
angles,  are  likewise  equal  to  twice  as  many  right  angles  as  there  are 
sides  in  the  polygon;     (i.  32.  Cor.  1.) 


BOOK  XI.       PROP.   XXI,  XXII.  223 

therefore  all  the  angles  of  the  triangles  are  equal  to  all  the  angles 

of  the  polygon  together  with  four  right  angles:    (i.  ax.  1.) 
but  all  the  angles  at  the  bases  of  the  triangles  are  greater  than  all 
the  angles  of  the  polygon,  as  has  been  proved ; 
wherefore  the  remaining  angles  of  the  triangles,  viz.  those  of  the 
ertex,  which  contain  the  solid  angle  at  A,  are  less  than  four  right 
ngles. 

Therefore,  every  solid  angle,  &c.    q.e.d. 


PROPOSITION  XXII.    THEOREM. 

If  every  two  cf  three  plane  angles  he  greater  than  the  third,  and  if 
he  straight  lines  which  contain  them  he  all  equal;  a  triangle  may  he  made 
fthe  straight  lines  that  join  the  extremities  of  those  equal  straight  lines. 

Let  ABC,  DEF,  GHK  be  the  three  plane  angles,  whereof  every 
;tro  are  greater  than  the  third,  and  let  them  be  contained  by  the  equal 
ted^ht  lines  AB,  BC,  DE,  EF,  GH,  HK: 

if  their  extremities  be  joined  by  the  straight  lines  AC,  DF,  GK,  a 
triangle  may  be  made  of  three  straight  lines  equal  to  AC,  DF,  GK; 
that  i»,  every  two  of  them  shall  together  be  greater  than  the  third. 


If  the  angles  at  B,  E,  H  are  equal, 
AC,  DF,  GK  are  also  equal,  (i.  4.)  and  any  two  of  them  greater 
than  the  third : 

but  if  the  angles  are  not  all  equal, 
let  the  angle  ABC  be  not  less  than  either  of  the  two  at  E,  H; 
therefore  the  straight  line  AC  Is  not  less  than  either  of  the  other 

two  DF,  GK;     (i.  4.  or  24.) 
and  therefore  it  is  plain  that  AC,  together  with  either  pf  the  other 
two,  must  be  greater  than  the  third. 

Also,  DF  with  GK  shall  be  greater  than  AC. 
For,  at  the  point  B  in  the  straight  line  AB  make  the  angle  ABL 
equal  to  the  angle  GHK,     (i.  23.) 
and  make  BL  equal  to  one  of  the  straight  lines  AB,  BC,  DE,  EF, 

GH,  HK,  and  join  AL,  LC. 
Then,  because  AB,  BL  are  equal  to  GH,  HK,  each  to  each, 
and  the  angle  ABL  to  the  angle  GHK, 
the  base  AL  is  equal  to  the  base  GK:     (i.  4.) 
and  because  the  angles  at  E,  H  are  greater  than  the  angle  ABC, 
(hyp.)  of  which  the  angle  at  H  is  equal  to  ABL, 
therefore  the  remaining  angle  at  E  is  greater  than  the  angle  LBCi  (ax.^ 
and  because  the  two  sides  LB,  BC  are  equal  to  the  two  DE,  EF, 
each  to  each, 

and  that  the  angle  DEF  is  greater  than  the  angle  LBC, 
the  base  DF  is  greater  than  the  base  LC:     (i.  24.) 
.   and  it  has  been  proved  that  GK  is  equal  to  AL; 
therefore  DF  and  GK  are  greater  than  AL  and  LCi     (i.  ax.  4.) 
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but  AL  and  LC  are  greater  than  AC;    (i.  20.) 
much  more  then  are  DF  and  GK  greater  than  AC. 
Wherefore  every  two  of  these  straight  lines  AC,  DF,  GKare  greater 
than  the  third ; 

and,  therefore,  a  triangle  may  be  made,  the  sides  of  whieh  shall  be 
equal  to  AC^  DF,  GK.     (i.  22.)    q.b.d. 


PROPOSITION  XXIII.    PROBLEM. 

To  make  a  solid  angle  which  shall  be  contained  by  three  given  plane 
angles,  any  two  of  them  being  greater  than  the  third,  (xi.  20.)  and  all 
three  together  less  than  Jour  right  angles,     (xi.  21.) 

Let  the  three  given  nlane  angles  be  ABC,  DBF,  GHK,  any  two  of  j 
which  are  greater  than  tne  third,  and  all  of  them  together  less  than  foor  j 
right  angles. 

It  is  required  to  make  a  solid  angle  contained  by  three  plane  angki 
equal  to  ABC,  DEF,  GHK,  each  to  each. 

From  the  straight  lines  which  contain  the  angles  cut  off  AB,  BC, 
BE,  EF,  OH,  HK,  all  equal  to  one  another;  and  join  AC,  DF,  GK: 
then  a  triangle  may  be  made  of  three  straight  lines  equal  to  AC, 
DF,GK.    (xi.22.) 


Let  this  be  the  triangle  LMN^  so  that  AC  be  equal  to  LM,  DFto 
MN,  and  GK  to  LN;    (i.  22.) 

and  about  the  triangle  LMN  describe  a  circle,  (nr.  5.)  and  find  iti 
centre  X,  which  will  be  either  within  the  triangle,  or  in  one  of  its  sides, 
or  without  it.    (iii.  1.) 
First,  let  the  centre  X  be  within  the  triangle*  and  join  LX,  MX,  NX> 

AB  shall  be  greater  than  LX. 
If  not,  AB  must  either  be  equal  to,  or  less  than  LX. 

First,  let  it  be  equal : 
then,  because  AB  is  equal  to  LX,  and  that  AB  is  also  equal  to  BC, 
and  LX  to  XM, 
AB  and  BC  are  equal  to  LX  and  XM,  each  to  each ; 
and  the  base  AC  is,  by  construction,  equal  to  the  base  LM; 
wherefore  the  angle  AnC  is  equal  to  the  angle  LXM.    (i.  8.) 
For  the  same  reason,  the  angle  JDl^F  is  equal  to  the  angle  itfXA^m^ 
the  angle  GHK  to  the  angle  NXL : 

therefore  the  three  angles  ABC,  DEF,  GHK  are  equal  to  the  three 

angles  LXM,  MXN,  NXL: 
but  the  three  angles  LXM,  MXN,  NXL  are  equal  to  four  right 

angles;    (i.  15.  Cor.  2.) 
therefore  ^so  the  three  angles  ABC,  DEF,  GHK,  are  equal  to  four 
right  angles : 
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but,  by  the  hypothesis,  they  are  less  than  four  right  angles;  which 
is  absurd: 

therefore  AB  is  not  equal  to  LX, 

But  neither  can  AB  be  less  than  LX: 

for,  if  possible,  let  it  be  less; 

and  upon  the  straight  line  LM,  on  the  side  of  it  on  which  is  the 

centre  X,  describe  the  triangle  LOM,  the  sides  LO,  OM  of  which  are 

3qual  to  AB,  BC :     (i.  22.) 

and  because  the  base  LM  is  equal  to  the  base  AC, 

the  angle  LOM  is  equal  to  the  angle  ABC,    (i.  8^ 

And  AB,  that  is,  LO  is  by  the  h3rpoSiesis  less  than  LXz 

wherefore  LO,  OM  fall  within  the  triangle  LXM ; 

for  .if  they  fell  upon  its  sides,  or  without  it,  they  would  be  equal  to, 

or  greater  than  LX,  XM:     (i.  21.) 
therefore  the  angle  LOM,  that  is,  the  angle  ABC,  is  greater  than 

the  angle  LXM.     (i.  21.) 

In  the  same  manner  it  may  be  proved  that  the  angle  DEF  is  greater 

than  the  angle  MXN,  and  the  angle  GHK  greater  than  the  angle  NXL: 

therefore  the  three  angles  ABC,  DEF,  GHK  are  greater  than  the 

three  angles  LXM,  MXN,  NXL;  that  is,  than  four  right  angles: 

(i.  15.  Cor.  2.) 

but  the  same  angles  ABC,  DEF,  GHK  are  less  than  four  right 
angles ;  which  is  absurd :     C^3^0 

therefore  AB  is  not  less  than  LXr 
and  it  has  been  proved  that  it  is  not  equal  to  LX; 
wherefore  AB  is  greater  than  LX, 
Next,  let  the  centre  X  of  the  circle  fall  in  one  of  the  sides  of  the 
triangle,  viz.  in  MN,  and  join  XL, 

In  this  case  also,  AB  shall  be  greater  thsai  LX, 

R 


If  not,  AB  IS  either  equal  to  LX,  or  less  than  it. 
First,  let  it  be  equal  to  LX: 
therefore  AB  and  BC,  that  is,  DE  and  EF,  are  equal  to  MX  and 
XL,  that  is,  to  MNi 

but,  by  the  construction,  MN  is  equal  to  DF; 
therefore  DE,  EF  are  equal  to  DF,  which  is  impossible :     (i,  20.) 

wherefore  AB  is  not  equal  to  LX: 
nor  is  it  less ;  for  then,  much  more,  an  absurdity  would  follow : 

therefore  AB  is  greater  than  LX, 
'  But,  let  the  centre  X  of  the  circle  fall  without  the  triangle  LMN, 
and  join  LX,  MX,  NX. 

In  this  case  likewise  AB  shall  be  greater  than  LX. 
If  not,  it  is  either  equal  to  or  less  than  LX. 
First,  let  it  be  equal : 
it  may  be  proved,  in  the  same  manner  as  in  the  first  case,  that  the 
angle  ABC  is  equal  to  the  angle  MXL,  and  GHK  to  LXN: 
therefore  the  whole  angle  MXN  is  equal  to  the  two  angles  ABC^  GHK i 

16 
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but  ABC  and  GHK  are  together  greater  than  the  angle  DEF;    (hyp.) 

therefore  also  the  angle  MXN  is  greater  than  DEF: 

and  because  DE,  EF  are  equal  to  MX,  XN,  each  to  each^ 

and  the  base  DF  to  the  base  MN, 

the  angle  MXN  is  equal  to  the  angle  DEF:     (i.  8.) 

but  it  has  been  proved^  that  it  is  greater  than  DEF,  which  is  absurd. 

Therefore  AB  is  not  equal  to  LX: 
neither  is  it  less ; 
for  then^  as  has  been  proved  in  the  first  caae, 
the  angle  JjBC  is  greater  than  the  angle  MXL,  and  the  angle  GHK 
greater  than  the  angle  LXN. 
At  the  point  B,  in  the  straight  line  CB,  make  the  angle  CBP  equal 
to  the  angle  GHK, 

and  make  BP  equal  to  HK,  and  join  CP,  AP. 
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And  because  CB  is  equal  to  GH, 
CB,  BP  are  equal  to  GH,  HK,  each  to  each;  and  they  contain 

equal  angles; 
wherefore  the  base  CP  is  equal  to  the  base  GK,  that  is,  to  LN. 
And  in  the  isosceles  triangles  ABC,  MXL, 
because  the  angle  ABC  is  greater  than  the  angle  MXL, 
therefore  the  angle  MLX  at  the  base  is  greater  than  the  angle  ACB 

at  the  base.     (i.  32.) 
For  the  same  reason,  because  the  angle  GHK  or  CBP  is  greater 
than  the  angle  LXN, 

the  angle  XL^is  greater  than  the  angle  BCP: 
therefore  the  whole  angle  MLN  is  greater  than  the  whole  angle  ACP* 
And  because  ML,  LN  aie  equal  to  AC,  CP,  each  to  each, 
but  the  angle  MLN  is  greater  than  the  angle  ACP, 
the  base  MN  is  greater  than  the  base  AP:     (i.  24.) 
but  MN  is  equal  to  DF; 
therefore  also  DF  is  greater  than  AP. 
Again,  because  DE,  EF  are  equal  to  AB,  BP,  each  to  each, 
but  the  base  DF  greater  than  the  base  AP, 
the  angle  DEF  is  greater  than  the  angle  ABP :     (r.  25.) 
but  ABP  is  equal  to  the  two  angles  ABC,  CBP,  that  is,  to  the  two 
angles  ABC,  GHK; 
therefore  the  angle  DEF  is  greater  than  the  two  angles  ABC,  GHK: 
but  it  is  also  less  than  these,  which  is  impossible,     (hyp.) 
Therefore  AB  is  not  less  than  LX: 
and  it  has  been  proved  that  it  is  not  equal  to  it ; 
therefore  AB  ia  greater  than  LX. 
From  the  point  X  erect  XR  at  right  angles  to  the  plane  of  the  circle 
LMN    (XL  12.) 

And  because  it  has  been  proved  in  all  the  cases,  that  AB  is  greater 
than  LX, 
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find  a  square  equal  to  the  excess  of  the  square  of  AB  above  the 
square  of  LX, 

and  make  RX  equal  to  its  side,  and  join  RL,  RM,  RN. 
The  solid  angle  at  R  shall  be  the  angle  required. 
Because  RX  is  perpendicular  to  the  plane  of  the  circle  LMN, 
is  perpendicular  to  each  of  the  straight  lines  LX,  MX,  NX,  (xi,  def.  3.) 
And  because  LX  is  equal  to  MX,  and  XR  common,  and  at  right 
gles  to  each  of  them, 

the  base  RL  is  equal  to  the  base  RM,    (i.  4.) 
For  the  same  reason,  RN  is  equal  to  each  of  the  two  RL,  RM: 
therefore  the  three  straight  lines  RL,  RM,  RN,  are  all  equal. 
And  because  the  square  of  XR  is  equal  to  the  excess  of  the  square 
AB  above  the  square  of  LX ; 
therefore  the  square  of  AB  is  equal  to  the  squares  of  LX,  XR : 
but  the  square  of  RL  is  equal  to  the  same  squares^  because  LXR 
is  a  right  angle ;     (i.  470 

therefore  the  square  of  ^ J^  is  equal  to  the  square  of  RL, 
and  the  straight  line  AB  to  RL, 
Jut  each  of  the  straight  lines  BC,  BE,  EF,  GH,  HK  is  equal  to  AB, 
and  each  of  the  two  RM,  RN  is  equal  to  RL  ; 
therefore  AB,  BC,  DE,  EF,  GH,  HK  are  each  of  them  equal  to 
each  of  the  straight  lines  RL,  RM,  RN. 
And  because  RL,  RM  are  equal  to  AB,  BC,  each  to  each, 
and  the  base  Lm  to  the  base  AC\ 
the  angle  LRM  is  equal  to  the  angle  ABC,     (j.  8.) 
For  the  same  reason,  the  angle  MRN  is  equal  to  tne  angle  DEF, 

SLiid  NRL  to  GHK, 
Therefore  there  is  made  a  solid  angle  at  R,  which  is  contained  by 
iree  plane  angles  LRM,  MRN,  NRL,  which  are  equal  to  the  three 
iven  plane  angles  ABC,  DEF,  GHK,  each  to  each.     q.e.f. 


PROPOSITION  A.   THEOREM. 

If  each  of  two  solid  angles  he  contained  hy  three  'plane  angles,  which 
re  equal  to  one  another,  each  to  each;  the  planes  in  which  the  equal 
figles  are,  have  the  same  inclination  to  one  another. 

Let  there  be  two  solid  angles  at  the  points  A,  B; 
and  let  the  angle  at  A  be  contained  by  the  three  plane  angles 
CAD,  CAE,  EAD; 
and  the  angle  at  B  by  the  three  plane  angles  FBG,  FBH,  HBG ; 
of  which  the  angle  CAD  is  equal  to  the  angle  FBG,  and  CAE  to 

FBH,  and  EAD  to  HBG, 
Then  the  planes  in  which  the  equal  angles  are,  shall  have  the  same 
inclination  to  one  another. 

In  the  straight  line  AC  take  any  point  K, 
and  from  K  draw  in  the  plane  CAD  the  straight  line  KD  at  right 

angles  to  A  C,     (i.  11.) 
and  in  the  plane  CAE  the  straight  line  KL  at  right  angles  to  the 

same  AC: 
therefore  the  angle  DKL  is  the  inclination  of  the  plane  CAD  to  the 
plane  CAE.     (xi.  def.  6.) 

In  BF  take  BM  equal  to  AK, 
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and  from  the  point  M  draw  in  the  planes  FBG,  FBH,  the  straight 

lines  MG,  MN  at  right  angles  to  BF; 
therefore  the  angle  GMN  is  &e  inclination  of  the  plane  FBG  to 

Uie  plane  FBH.    (xi.  def.  6.) 

A  B 


Join  LD,  NG. 
And  because  in  the  triangles  KAD,  MBG^  the  angles  KAD,  MBG 
are  equal,  as  also  the  right  angles  AKD,  BMG,  and  that  the  sides  AK, 
BM,  adjacent  to  the  equal  angles,  are  equal  to  one  another ;    (hyp.) 
therefore  KD  is  equal  to  MG,  and  AD  to  BG :     (i.  26'.) 
for  the  same  reason,  in  the  triangles  KAL,  MBN^ 
KL  is  equal  to  MN,  and  AL  to  BN : 
therefore  in  the  triangles  LAD,  NBG,  LA,  AD  are  equal  to  NB, 
BG,  each  to  each;  and  they  contain  equal  angles: 
therefore  the  base  LD  is  equal  to  the  base  NG.     (i.  4.) 
Lastly,  in  the  triangles  KLD,  MNG,  the  sides  DK,  KL  are  equal  to 
GM,  MN,  each  to  each,  and  the  base  LD  to  the  base  NG ; 

therefore  the  angle  DKL  is  equal  to  the  angle  GMN:     (i.  8.) 
but  the  angle  3KL  is  the  inclination  of  the  plane  CAD  to  the 

plane  CAB, 
and  the  angle  GMN  is  the  inclination  of  the  plane  FBG  to  the 

plane  FBff, 
which  planes  have  therefore  the  same  inclination  to  one  another, 
(xi.  def.  7.) 
And  in  the  same  manner  it  may  be  demonstrated,  that  the  other 
planes  in  which  the  equal  angles  are,  have  the  same  inclination  to  one 
another. 

Therefore  if  each  of  two  solid  angles,  &:c.     q.e.d. 

PROPOSITION    B.    THEOREM. 

If  two  solid  angles  be  contained,  each  by  three  plane  angles  which  are 
equal  to  one  another,  each  to  each,  and  alike  situated;  these  solid  angles 
are  equal  to  one  another* 

Let  there  be  two  solid  angles  at  A  and  B,  of  which  the  solid  angle 
at  A  is  contained  by  the  three  plane  angles  CAD,  CAE,  BAD ; 

and  that  at  B,  by  the  three  plane  angles  FBG,  FBH,  HBG;  of  which 

CAD  is  equal  to  FBG ;  CAE  to  FBH;  and  EAD  to  HBG. 
Then  the  solid  angle  at  A  shall  be  equal  to  the  solid  angle  at  B. 
Let  the  solid  angle  at  A  be  applied  to  the  solid  angle  at  B : 


and  first,  the  plane  angle  CAD  being  applied  to  the  plane  angle  FBG, 
so  that  the  point  A  may  coincide  with  the  point  B,  and  the  straight 
line  AC  with  BF; 
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then  AD  coincides  with  BG, 
because  the  angle  CAD  is  equal  to  the  angle  FBG : 
and  because  the  inclination  of  the  plane  CAE  to  the  plane  CAD  is 
equal  to  the  inclination  of  the  plane i^BH  to  the  plane  FBG,  (xi.  a.) 

the  plane  CAE  coincides  with  the  plane  FBH, 

because  the  planes  CAD,  FBG  coincide  with  one  another : 

and  because  the  straight  lines  AC,  BF  coincide, 

and  that  the  angle  CAE  is  equal  to  the  angle  FBH; 

therefore  AE  coincides  with  BHi 

and  AD  coincides  with  BG  ; 

wherefore  the  plane  EAD  coincides  with  the  plane  HBG : 

t!herefor-e  the  solid  angle  A  coincides  with  the  solid  angle  B,  and 

consequently  they  are  equal  to  one  another,     (i.  ax.  s!)    q.e.d. 


PROPOSITION  C.    THEOREM. 

Solid  figures  which  are  contained  by  the  same  number  of  eqval  and 
Imilar  planes  alike  situated,  and  having  none  of  their  solid  angles  con^ 
lined  by  more  than  three  plane  angles,  are  equal  and  similar  to  one 
nother. 

Let  AG,  KQ  be  two  solid  figures  contained  by  the  same  number  of 
imilar  and  equal  planes^  alike  situated^ 

viz.  let  the  plane  ^C  be  similar  and  equal  to  the  plane  KM;  the 
i\aneAF  to  KP;  BG  to  LQ;  GD  to  QN ;  DE  to  NO;  and,  lastly, 
?H  similar  and  equal  to  PR, 
The  solid  figure  AG  shall  be  equal  and  similar  to  the  solid  figure  KQ. 
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Because  the  solid  angle  at  A  is  contained  by  the  three  plane  angles 
Bad,  BAE,  EAD,  which,  by  the  hypothesis,  are  equal  to  the  plane 
angles  LKN,  LKO,  OKN,  which  contain  the  solid  angle  at  -K,  each  to 
each; 

therefore  the  solid  angle  at  A  is  equal  to  the  solid  angle  at  K     (xi.  B.) 
In  the  same  manner,  the  other  solid  angles  of  the  figures  are  equal 
•0  one  another. 

Let  then  the  solid  figure  ^G  be  applied  to  the  solid  figure  KQi ; 
first,  the  plane  figure  A  C  being  applied  to  the  plane  figure  KM, 
so  that  the  straight  line  AB  may  coincide  with  KL, 
the  figure  AC  must  coincide  with  the  figure  KM,  because  they  are 

equal  and  similar : 
therefore  the  straight  lines  AD,  DC,  CB  coincide  with  KN,  NM, 
ML,  each  with  each  ; 

and  the  points  A,  D,  C,  B  with  the  points  K,  N,  M,Lz 
and  the  solid  angle  at  A  coincides  with  the  solid  angle  at  K;     (xi.  d.) 
wherefore  the  plane  AF  coincides  with  the  plane  KP,  and  i^he 
figure  AF  with  the  figure  KP, 

because  they  are  equal  and  similar  to  one  another : 
therefore  the  straight  lines  AE,  EF,  FB  coincide  with  KO,  OP,  PL  ; 
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and  the  points  E,  F  with  the  points  0,  P. 

In  the  same  manner,  the  figure  AH  coincides  with  the  figure  KR, 

and  the  straight  line  DH  with  NR,  and  the  point  H  with  the  point  R, 

And  because  the  solid  angle  at  B  is  equal  to  the  solid  angle  at  L, 

it  may  be  proved,  in  the  same  manner^ 
that  the  figure  BG  coincides  with  the  figure  LQ,  and  the  straight 

line  CG  with  MQ,  and  the  point  G  with  the  point  Q. 
Therefore,  since  all  the  planes  and  sides  of  the  solid  figure  AG  coin- 
cide with  the  planes  and  sides  of  the  solid  figure  KQ, 

AG  is  equal  and  similar  to  KQ, 
And  in  the  same  manner,  any  other  solid  figures  whatever  contained 
by  the  same  number  of  equal  and  similar  planes,  alike  situated,  and 
having  none  of  their  solid  angles  contained  hf  more  than  three  plane 
angles,  may  be  proved  to  be  equal  and  similar  to  one  another,     q.e.d. 


PROPOSITION  XXIV.     THEOREM. 

If  a  solid  be  contained  hy  six  planes ^  two  and  two  of  which  are  paral- 
lels, the  opposite  planes  are  similar  and  equal  parallelograms. 

Let  the  solid  CDGH  be  contained  by  the  parallel  planes  AC,  GF; 
BG,  CE;  FB,AE. 

Its  opposite  planes  shall  be  similar  and  equal  parallelograms. 
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Because  the  two  parallel  planes  BG,  CE  are  cut  by  the  plane  AC, 
their  common  sections  AB,  CD  are  parallel:     (xi.  l6.) 
again,  because  the  two  parallel  planes  BF,  AE  are  cut  by  the  plane  AC, 
their  common  sections  AD,  BC  are  parallel :     (xi.  l6.) 

and  AB  is  parallel  to  CD; 
therefore  AC  is  a  parallelogram. 
In  like  manner  it  may  be  proved,  that  each  of  the  figures  CE,  FG^ 
GB,  BF,  AE  is  a  parallelogram. 

Join  AH,  DF; 
And  because  AB  is  parallel  to  DC,  and  BH  to  CF ; 
the  two  straight  lines  AB,  BH,  which  meet  one  another,  are  paral- 
lel to  DC  and  CF,  which  meet  one  another,  and  are  not  in  the  same 
plane  with  the  other  two : 

wherefore  they  contain  equal  angles ;     (xi.  1 0.) 
therefore  the  angle  ABH  is  equal  to  the  angle  DCF  r 
and  because  AB,  BH  are  equal  to  DC,  CF^  each  to  each, 
and  the  angle  ABH  equal  to  the  angle  DCF ; 
therefore  the  base  AH  is  equal  to  the  base  DF,     (i.  4.) 
and  the  triangle  ABH  to  the  triangle  DCF: 
but  the  parallelogram  BG  is  double  of  the  triangle  ABH,     (i.  34.) 
and  the  parallelogram  CE  double  of  the  triangle  DCF: 
therefore  the  parallelogram  ^G  is  equal  and  similar  to  the  paral- 
lelogram CE. 
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In  the  same  manner  it  may  be  proved,  that  the  parallelogram  AC  is 
qual  and  similar  to  the  parallelogram  GjP,  and  the  parallelogram  AE 
:>  BF. 

Therefore^  if  a  solld^  &c    q.£.i>. 


PROPOSITION  XXV.    THEOREM. 

If  a  solid  parallelopiped  he  cut  by  a  plane  parallel  to  two  of  its  opposite 
Janes  ;  it  divides  the  whole  into  two  solids,  the  base  of  one  of  which  shall 
e  to  the  base  of  the  other,  as  the  one  solid  is  to  the  other. 

Let  the  solid  parallelopiped  ABCD  be  cut  by  the  plane  EF,  which 
s  parallel  to  the  opposite  planes  AR,  HD,  and  divides  the  whole  into 
he  two  solids  ABFF,  EGCD. 

As  the  base  AEFY  of  the  first  is  to  the  base  EHCF  of  the  other, 
so  shaU  the  solid  ABFFhe  to  the  solid  EGCD. 
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Produce  AH  both  ways,  and  take  any  number  of  straight  lines  HM, 
^N,  each  equal  to  EH, 

and  any  number  AK^  KL,  each  equal  to  EA, 
and  complete  the  parallelograms  LO,  KY,  HQ,  MS, 
and  the  solids  LP,  KR,  HU,  MT. 
Then,  because  the  straight  lines  LK,  KA,  AE  are  all  equal, 
the  parallelograms  LO,  KY,  AF  are  equal ;     (i.  36.) 
and  likewise  the  parallelograms  KX,  KB,  AG: 
also  the  parallelograms  LZ,  KP,  AR  are  equal,  because  they  are 
opposite  planes :     (xi.  24.) 
or  the  same  reason,  the  parallelograms  EC,  HQ,  MS  are  equal,  (i.  36.) 

and  the  parallelograms  HG,  HI,  INi 
as  also  HD,  MU,  NT:     (xi.  24.) 
therefore  three  planes  of  the  solid  LP  are  equal  and  similar  to  three 

planes  of  the  solid  KR,  as  also  to  three  planes  of  the  solid  AF: 
but  the  three  planes  opposite  to  these  three  are  equal  and  similar  to 
them  in  the  several  solids,  and  none  of  their  solid  angles  are  contained 
^y  more  than  three  plane  angles ;     (xi.  24.) 

therefore  the  three  solids  LP,  KR,  AFaxe  equal  to  one  another :  (xi.  c.) 
for  the  same  reason,  the  three  solids  FJD,  HU,  MT  are  equal  to 

one  another: 
therefore,  what  multiple  soever  the  base  LF  is  of  the  base  AF, 
the  same  multiple  is  the  solid  LFof  the  solid  AF; 
and  whatever  multiple  the  base  NF  is  of  the  base  HF, 
the  same  multiple  is  the  solid  NF  of  the  solid  ED : 
and  if  the  base  LF  be  equal  to  the  base  NF, 
the  solid  LFis  equal  to  the  solid  NF;     (xi.  c.) 
and  if  the  base  LF  be  greater  than  the  base  NF, 
the  solid  LF  is  greater  than  the  solid  NF;  and  if  less,  less. 
Since  then  there  are  four  magnitudes,  viz.  the  two  bases  AF,  FH, 
Mid  the  two  solids  AF,  ED; 
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and  that  of  the  base  AF  and  solid  AV^  the  base  LF  and  solid  LV 

are  any  equimultiples  whatever  ; 
and  of  the  base  FH  and  solid  ED,  the  base  FN  and  solid  NFvxe 

any  equimultiples  whatever : 
and  since  it  has  been  proved,  that  if  the  base  LFi%  greater  than  the 

base  FN,  the  solid  LF  is  greater  than  the  solid  NV: 
and  if  equal,  equal ;  and  if  less,  less ; 
therefore  as  the  base  AF  is  to  the  base  FH,  so  is  the  solid  AV 

to  the  solid  ED.    (v.  def.  5.) 

Wherefore,  if  a  solid^  &c.     Q.  e  .  d. 


PROPOSITION  XXVI.     PROBLEM. 

At  a  given  point  in  a  given  straight  line,  to  make  a  solid  angle  equal 
to  a  given  solid  angle  contained  by  three  plane  angles, 

IjetABhe  a  given  straight  line,  A  a  given  point  in  it,  and  Da 
given  solid  angle  contained  by  the  three  plane  angles  EDC,  EDF, 
FDC. 

It  is  required  to  make  at  the  point  A,  in  the  straight  line  AB,  a  solid 
angle  equal  to  the  solid  angle  D. 

In  uie  straight  line  DF  take  any  point  F,  from  which  draw  FG 
perpendicular  to  the  plane  EDC,  meeting  that  plane  in  G,  (xl  11.) 
and  join  DG : 

at  the  point  A,  in  the  straight  line  AB,  make  the  angle  BAL  equal 
to  the  angle  EDC,     (i.  23.) 
and  in  the  plane  BAL  make  the  angle  BAK  equal  to  the  angle  EDO; 

then  make  AK  equal  to  DG,  and  from  the  point  K  erect  KH 
at  right  angles  to  the  plane  BAL,  (xi.  12.)  and  make  KH  equal  to 
GF,  and  join  AH. 

The  solid  angle  at  A  which  is  contained  by  the  three  plane  angles 
BAL,  BAH,  HAL  shall  be  equal  to  the  solid  angle  at  D  contained  by 
the  three  plane  angles  EDC,  EDF,  FDC. 


Take  the  equal  straight  lines  AB,  DE,  and  join  HB,  KB,  FE,  OR 
And  because  FG  is  perpendicular  to  the  plane  EDC,  it  makes  right 
angles  with  every  straight  line  meeting  it  in  that  plane :     (xi.  de£  s) 
therefore  each  of  the  angles  FGD,  FGE  is  a  right  angle. 

For  the  same  reason,  HKA,  HKB  are  right  angles. 

And  because  KA,  AB  are  equal  to  GD,  DE,  each  to  each, 

and  that  they  contain  equal  angles, 

therefore  the  base  BK  is  equal  to  the  base  EG ;     (l  4.) 

and  KH  is  equal  to  GF,  and  HKB,  FGE  are  right  angles,     (constr.) 

therefore  HB  is  equal  to  FE.    (i.  4.) 
Again,  because  AK,  KH  are  equal  to  DG,  GF,  each  to  each,  and 
contain  right  angles, 

the  base  AH  is  equal  to  the  base  DFi 
and  AB  is  equal  to  DE, 
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therefore^  HA,  AB  are  equal  to  jFjD,  DE,  each  to  each ; 

and  the  base  HB  is  equal  to  the  base  FE ; 

therefore  the  angle  BAH  is  equal  to  the  angle  EDF,    (i.  8.) 

For  the  same  reason^  the  angle  HAL  is  equal  to  the  angle  FDC : 

because  if  AL  and  DC  be  made  equals  and  KL,  HL,  GC,  FChe  joined; 

since  the  whole  angle  BAL  is  equal  to  the  whole  EDC,  and  the 

parts  of  them  BAK,  EDG  are,  by  the  construction^  equal ; 
therefore  the  remaining  angle  KAL  is  equal  to  the  remaining 

angle  GDC: 
and  because  KA,  AL  are  equal  to  GD,  DC,  each  to  each,  and 
contain  equal  angles, 

the  base  KL  is  equal  to  the  base  GC ;    (i.  4.) 
and  KB  ts  equal  to  GF; 
so  that  LKf  KH  are  equal  to  CG^  GF,  each  to  each ; 
and  they  contain  right  angles  ;     (xi.  def.  3.) 
therefore  the  base  HL  is  equal  to  the  base  FC :     (i.  4».) 
again^  because  HA,  AL  are  equal  to  FD,  DC,  each  to  each^  and 
the  base  HL  to  the  base  FC, 
the  angle  HAL  is  equal  to  the  angle  FDC.    (i.  8.) 
Therefore,  because  the  three  plane  angles  BAL,  BAH,  HAL,  which 
contain  the  solid  angle  at  A,  are  equal  to  the  three  plane  angles  EDC, 
EDF,  FDCf  which  contain  the  solid  angle  at  D,  each  to  each,  and  are 
situated  in  the  same  order, 

the  solid  angle  at  A  is  equal  to  the  solid  angle  at  D.    (xi.  s.) 
Therefore  at  a  given  point  in  a  given  straight  line  a  solid  angle 
has  been  made  equaJ  to  a  given  solid  angle  contained  by  three  plane 
angloe.     q.e.f. 


PROPOSITION  XXVII.    PROBLEM. 

To  describe,  from  a  given  straight  line,  a  solid  parallelopipcd  similar 
and  similarly  situated  to  one  given. 

Let  AB  be  the  given  straight  line,    and    CD   the  given   solid 
parallelopipcd. 

It  is  required  from  AB  to  describe  a  solid  parallelopipcd  similar  and 
similarly  situated  to  CD. 

At  the  point  A  of  the  given  straight  line  AB,  make  a  solid  angle 
equal  to  the  solid  angle  at  C,     (xi,  26.) 

and  let  BAK,  KAH,  HAB  be  the  three  plane  angles  which  contain  it, 
so  that  BAK  be  equal  to  the  angle  ECG,  and  KAH  to  GCF,  and 
HAB  to  FCE : 

and  as  EC  to  CG,  so  make  BA  to  AK\     (vi.  12.) 

and  as  GC  to  CF,  so  make  KA  to  AH ;     (vi.  12.) 

'wherefore,  ex  sequali,  as  EG  to  CF,  so  is  BA  to  AHi    (v.  22.) 

complete  the  parallelogram  BH,  and  the  solid  AL. 

Then  A  L  shall  be  similar  and  similarly  situated  to  CD, 
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Because,  as  EC  to  GC,  so  is  BA  to  AK, 
the  sides  about  the  equal  angles  ECG,  BAK,  are  proportionals ; 
therefore  the  parallelogram  BK  is  similar  to  EG,     (vi.  def.  1.) 
For  the  same  reason,  the  parallelogram  KH  is  similar  to  GF,  and 
HB  to  FE; 

wherefore  three  parallelograms  of  the  solid  AL  are  similar  to  three 

of  the  solid  CD : 
and  the  three  opposite  ones  in  each  solid  are  equal  and  similar  to 
these,  each  to  each.     (xi.  24.) 
Also,  because  the  plane  angles  which  contain  the  solid  angles  of  the 
figures  are  equal,  each  to  each,  and  situated  in  the  same  order^ 
the  solid  angles  are  equal,  each  to  each.     (xi.  b.) 
Therefore  the  solid  AL  is  similar  to  the  solid  CD,     (xi.  def.  11.) 
Wherefore,  from  a  given  straight  line  AB,  a  solid  parallelopiped  AL 
has  been  described  similar  and  similarly  situated  to  the  given  one 

CD.      Q.E.F. 


PROPOSITION  XXVIIL     THEOREM. 

If  a  solid  parallelopiped  be  cut  by  a  plane  passing  through  the  diagonals 
of  two  of  the  opposite  planes ;  it  shall  be  cut  into  two  equal  parts. 

Let  AB  be  a  solid  parallelopiped,  and  DE,  CF  the  diagonals  of  the 
opposite  parallelograms  AH,  GB,  viz,  those  which  are  drawn  betwixt 
the  equal  angles  in  each. 

And  because  CD,  FE  are  each  of  them  parallel  to  GA,  and  not  in 
the  same  plane  with  it, 

CD,  FE  are  parallel;     (xi.  p.) 
wherefore  the  diagonal  CF,  DE,  are  in  the  plane  in  which  the 
parallels  are,  and  are  themselves  parallels:     (xi.  16.) 
and  the  plane  CDEF  shall  cut  the  solid  AB  into  two  equal  parts. 


»  

Because  the  triangle  CGF  is  equal  to  the  triangle  CBFj    (l  34.) 

and  the  triangle  DAE  to  DHE; 

and  that  the  parallelogram  CA  is  equal  and  similar  to  the  opposite 

one  BE,     (xi.  24.) 

and  the  parallelogram  GE  to  CH; 

therefore  the  prism  contained  by  the  two  triangles  CGF,  DAE,  and 

the  three  parallelograms,  CA,  GE,  EC,  is  equal  to  the  prism  contained 

by  the  two  triangles  CBF,  DHE,  and  the  three  parallelograms  BE) 

CH,EC;     (XI.  c.) 

because  they  are  contained  by  the  same  number  of  equal  and  similar 

planes,  alike  situated,  and  none  of  their  solid  angles  are  contained  by 

more  than  three  plane  angles. 

Therefore  the  solid  AB  is  cut  into  two  equal  parts  by  the  plane 

CDEF.      Q.B.D. 
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PROPOSITION  XXIX.    THEOREM. 

Solid  paralielopipeds  upon  the  same  base,  and  of  the  same  altitude,  the 
isisting  straight  lines  of  which  are  terminated  in  the  same  straight  lines 
t  the  plane  opposite  to  the  base,  are  equal  to  one  another. 

Let  the  solid  paralielopipeds  AH,  AK  be  upon  the  same  base  AB, 
nd  of  the  same  altitude^ 

and  let  their  insisting  straight  lines  AF,AG,  LM,  LN  be  terminated 
in  the  same  straight  line  FN, 
and  CD,  CE,  BH^  BK  be  terminated  in  the  same  straight  line  DK, 
The  solid  AH  shall  be  equal  to  the  solid  AK, 
First,  let  the  parallelograms  DG,  HN,  which  are  opposite  to  the 
3a8e  AB^  have  a  common  side  HG. 


Then,  because  the  solid  AH  is  cut  by  the  plane  AGHC  passing 
;hrough  the  diagonals,  AG,  CH,  of  the  opposite  planes  ALGF,  UBHD, 
AH  is  cut  into  two  equal  parts  by  the  plane  AGHC;     (xi.  28.) 
therefore  the  solid  AH  is  double  of  the  prism  which  is  contained 

betwixt  the  triangles  ALG^  CBH: 
for  the  same  reason,  because  the  solid  AK  is  cut  by  the  plane 
LGHB,  through  the  diagonals  LG,  BH  of  the  opposite  planes  ALNG, 
CBKH, 

the  solid  J.  X  is  double  of  the  same  prism  which  is  contained  betwixt 
the  triangles  ALG,  CBH: 
therefore  the  solid  AH  is  equal  to  the  solid  AK.     (i.  ax.  6.) 
Next  let  the  parallelograms  DM,  EN,  opposite  to  the  base,  have  no 
common  side. 
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(I.  34.) 


Then,  because  CH,  CK,  are  parallelograms, 
CB  is  equal  to  each  of  the  opposite  sides  DH,  EK; 

wherefore  DH  is  equal  to  EK: 
add  or  take  away  the  common  part  HE ; 
then  DE  is  equal  to  HK:     (i.  ax.  2  or  3.) 
"therefore  also  the  triangle  CDE  is  equal  to  the  triangle  BHK,    (i.  58.) 
^d  the  parallelogram  DG  is  equal  to  the  parallelogram  HN:     (i.  S6.) 
for  the  same  reason,  the  triangle  AFG  is  equal  to  the  triangle  LMN: 
and  the  parallelogram  CF  is  equal  to  the  parallelogram  BM,  and 

CG  to  BN;  for  they  are  opposite,     (xi.  24.) 
Therefore  the  prism  which  is  contained  by  the  two  triangles  AFG, 
CDE,  and  the  three  parallelograms  AD,  DG,  GC  is  equal  to  the  prism 
^ntained  by  the  two  triangles  LMN,  BHK,  and  the  three  parallelograms 
SM,  MK,  KL.     (XI.  c.) 

If  therefore  the  prism  LMN,'  BHK  be  taken  from  the  solid  of 
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which  the  base  is  the  parallelogram  AB,  and  in  which  FDKN  is  the 
one  opposite  to  it;  and  if  from  this  same  solid  there  be  taken  the  prism 

AFG,  CDE; 

the  remaining  solid,  viz.  the  parallelopiped  AH^  is  equal  to  the 
remaining  parallelopiped  AK,     (i.  ax.  3.) 

Therefore  solia  parallelopipeds,  &c.     q.e.d. 


PROPOSITION  XXX.     THEOREM. 

Solid  parallelopipeds  upon  the  same  base,  and  of  the  same  altitude,  the 
insisting  straight  tines  of  which  are  not  terminated  in  the  same  straight 
lines  in  the  plane  opposite  to  the  bast,  are  equal  to  one  another. 

Let  the  parallelopipeds  CM,  CN  be  upon  the  same  base  AB,  and  d 
the  same  altitude,  but  their  insisting  straight  lines  AF,  AG,  LM,  LN, 
CD,  CE,  BH,  BK  not  terminated  in  the  same  straight  lines. 
The  solids  CM,  CN  shall  be  equal  to  one  another. 


M  H 


Produce  FD,  MH,  and  NG,  KE,  and  let  them  meet  one  another  in 
the  points  O,  P,Q,R;  and  join  AO,  LP,  BQ,  CR. 
And  because  the  plane  LBFiM  is  parallel  to  the  opposite  plane  ACDF, 
and  that  the  plane  LBHM  is  that  in  which  are  the  parallels  LB, 

MHPQ,  in  which  also  is  the  figure  BLPQ; 
and  the  plane ui CDF  is  that  in  which  are  the  parallels  AC,  FDOB, 
in  which  also  is  the  figure  CAOR ; 
therefore  the  figures  BLPQ,  CAOR  are  in  parallel  planes: 
in  like  manner,  because  the  plane  ALNG  is  parallel  to  the  opposite 

plane  CBKB, 
and  that  the  plane  ALNG  is  that  in  which  are  the  parallels  AL, 

OPGN,  in  which  also  is  the  figure  A  LPO ; 
and  the  plane  CBKE  is  that  in  which  are  the  parallels  CB,  RQEK, 
in  which  also  is  the  figure  CBQJl ; 
therefore  the  figures  A  LPO,  CBQR  are  in  parallel  planes: 
and  the  planes  A  CBL,  ORQP  are  parallel ;    (hyp.) 

therefore  the  solid  CP  is  a  parallelopiped : 
but  the  solid  CM  is  equal  to  the  solid  CP,     (xi.  29.) 
because  they  are  upon  the  same  base  ACBL,  and  their  insisting 
straight  lines  AF,  AO;  CD,  CR;  LM,  LP;  BH,  BQ  are  in  thesaflie 
straight  lines  FR,  MQ: 

and  the  solid  CP  is  equal  to  the  solid  CN,     (xi.  29.) 
for  they  are  upon  the  same  base  ACBL,  and  their  insisting  straigb^ 
lines  AO,AG;  LP,  LN;  CR,  CE;  BQ,  BK  are  in  the  same  straight 
lines  ON,  RK: 

therefore  the  solid  CM  is  equal  to  the  solid  CN. 
Wherefore  solid  parallelopipeds^  &c.    q.b.d. 
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PROPOSITION  XXXI.    THEOREM. 

Solid  parallelopipeds,  which  are  upon  equal  bases,  and  of  the  same 
altitude,  are  equal  to  one  another. 

Let  the  solid  parallelopipeds  AE,  CFhe  upon  equal  bases  AB,  CD, 
and  be  of  the  same  altitude. 

The  solid  AE  shall  be  equal  to  the  solid  CF^ 
First,  let  the  insisting  straight  lines  be  at  right  angles  to  the  bases 
AB,  CD, 

and  let  the  bases  be  placed  in  the  same  plane^  and  so  that  the  sides 
CL,  LB  may  be  in  a  straight  line ; 
therefore  the  straight  line  LM,  which  is  at  right  angles  to  the  plane 
in  which  the  bases  arcj  in  the  point  L,  is  common  to  the  two  solids 
AE,  CF:     (xi.  13.) 

let  the  other  insisting  lines  of  the  solids  be  AG,  HK,  BE ;  DF,  OP,  CNi 

and  firsts  let  the  angle  ALB  be  equal  to  the  angle  CLDi 

then  AL,  LD  are  in  a  straight  line.    (i.  14.) 
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Produce  OD,  HB,  and  let  them  meet  in  Q, 
and  complete  the  solid  parallelopiped  LR,  the  base  of  which  is  the 
parallelogram  LQ,  and  of  which  Lm  is  one  of  its  insisting  straight 
lines. 

Therefore^  because  the  parallelogram  AB  is  equal  to  CD, 
as  the  base  AB  is  to  the  base  LQ,  so  is  the  base  CD  to  the  base 

LQ.    (v.  7.) 
And  because  the  solid  parallelopiped  AR  is  cut  by  the  plane  LMEB, 
^hich  is  parallel  to  the  opposite  planes  AK^  DR ; 

as  the  base  ABis  to  the  base  LQ,  so  is  the  solid  AE  to  the  solid 

LR:    (xi.  25.) 
for  the  same  reason,  because  the  solid  parallelopiped  CR  is  cut  by 
the  plane  LM-FjD,  which  is  parallel  to  the  opposite  planes  CP,BR ; 
as  the  base  CD  to  the  base  LQ,  so  is  the  solid  CF  to  the  solid  LR : 
but  as  the  base  AB  to  the  base  LQ,  so  the  base  CD  to  the  base  LQ, 

as  before  was  proved ; 
therefore,  as  the  solid  AE  to  the  solid  LR,  so  is  the  solid  CF  to  the 

solid  L/2:     (v.  11.) 
and  therefore  the  solid  AE  is  equal  to  the  solid  CF.     (v.  g.) 
But  let  the  solid  parallelopipeds  SE,  CF  be  upon  equal  bases  SB, 
CH,  and  be  of  the  same  altitude,  and  let  their  insisting  straight  lines  be 
At  right  angles  to  the  bases ; 

and  place  the  bases  SB,  CD  in  the  same  plane,  so  that  CL,  LB 
may  be  in  a  straight  line ; 

and  let  the  angles  SLB,  OLD  be  unequal : 
the  solid  SE  shall  be  equal  to  the  solid  CF. 
Produce  DL,  TS  until  they  meet  in  A,  and  from  B  draw  BH  parallel 
^DA; 
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and  let  HB,  OD  produced  meet  in  Q,  and  complete  the  solids  AB,  LR; 
therefore  the  solid  AE  is  equal  to  the  solid  SE;     (xi.  29.) 
because  they  are  upon  the  same  base  LEy  and  of  the  same  altitude, 
and  their  insisting  straight  lines,  viz.  LA,  LS,  BH,  BT ;  MG,  MV,  EK, 
EXf  are  in  the  same  straight  lines  AT^  GX: 

and  because  the  parallelogram  AB  is  equal  to  SB,    (i.  35.) 
for  they  are  upon  the  same  base  LB,  and  between  the  same  parallels 
LB,  AT; 

and  that  the  base  SB  is  equal  to  the  base  CD; 

therefore  the  base  AB  is  equal  to  the  base  CD  ; 

and  the  angle  ALB  is  equal  to  the  angle  CLD  ; 

therefore,  by  the  first  case,  the  solid  AE  is  equal  to  the  solid  CF: 

but  the  solid  AE  is  equal  to  the  solid  SE,  as  was  demonstrated; 

therefore  the  solid  SE  is  equal  to  the  solid  CF, 
But,  if  the  insisting  straight  lines  AG,  HK,  BE,  LM;  CN,  RS,DF, 
OP  be  not  at  right  angles  to  the  bases  AB,  CD; 

in  this  case  likewise  the  solid  AE  shall  be  equal  to  the  solid  CF, 
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From  the  points  G,  K,  E,  M;  N^  S,  F,  P  draw  the  straight  lines 
GQ,  KT,  EV,  MX;  NY,  SZ,  FI,  PU,  perpendicular  to  the  plane  in 
which  are  the  bases  AB,  CD;     (xi.  11.) 

and  let  them  meet  it  in  the  points  Q,  T,  V,X;  F,  Z,  /,  U; 

and  join  QT,  TV,  VX,  XQ;  YZ,  ZJ,  lU,  UY. 
Then,  because  GQ,  KT  are  at  right  angles  to  the  same  plane, 
they  are  parallel  to  one  another :     (xi.  6.) 
and  3f  G,  EK  are  parallels ; 
therefore  the  planes  MQ,  ET,  of  which  one  passes  through  MG,  GQ, 
and  the  other  through  EK,  KT,  which  are  parallel  to  MG,  GQ,  and  not 
in  the  same  plane  with  them,  are  parallel  to  one  another ;     (xi.  15.) 
for  the  same  reason,  the  planes  MV,  GT  are  parallel  to  one  another; 

therefore  the  solid  QE  is  a  parallelopiped. 
In  like  manner  it  may  be  proved,  that  the  solid  YF  is  a  parallelopiped. 
But,  from  what  has  been  demonstrated,  the  solid  EQ  is  equal  to  the 
solid  FY, 

because  they  are  upon  equal  bases  MK,  PS,  and  of  the  same  altitude, 

and  have  their  insisting  straight  lines  at  right  angles  to  the  bases: 

and  the  solid  EQ  is  equal  to  the  solid  AE,     (xi.  29.  or  30.) 

and  the  solid  FY  to  the  solid  CF, 

because  they  are  upon  the  same  bases  and  of  the  same  altitude; 

therefore  the  solid  AE  is  equal  to  the  solid  CF. 

Wherefore,  solid  parallelopipeds,  &c,    q.e.d. 
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PROPOSITION  XXXII.     THEOREM. 

Solid  parallelopipeds  which  have  the  same  altitude^  are  to  one  another 
i  their  oases. 

Let  AB,  CD  be  solid  parallelopipeds  of  the  same  altitude. 
They  shall  be  to  one  another  as  their  bases ; 
that  is,  as  the  base  AE  to  the  base  CF^  so  shall  ^e  solid  AB  be  to 
the  solid  CD. 
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To  the  straight  line  FG  apply  the  parallelogram  FH  equal  to  AE, 
.  45.  Cor.) 

so  that  the  angle  FGH  may  be  equal  to  the  angle  LCG; 
and  upon  the  base  FH  complete  the  solid  parallelopiped  GK^  one  of 
hose  insisting  lines  is  FD,  whereby  the  solids  CD,  GK  must  be  of  the 
me  altitude. 

Therefore  the  solid  AB  is  equal  to  the  solid  GK,    (xi.  SI.) 
icause  they  are  upon  equal  bases  AE^  FH,  and  are  of  ihe  same  altitude: 
and  because  the  solid  parallelopiped  CK  is  cut  by  the  plane  DG, 
which  is  parallel  to  its  opposite  planes, 
le  base  HF  is  to  the  base  FC,  as  the  solid  HD  to  the  solid  DC:  (xi.  25.) 
but  the  base  HF  is  equal  to  the  base  AE,  and  the  solid  GK  to  the 
solid  AB ; 

therefore,  as  the  base  AE  to  the  base  CF,  so  is  the  solid  AB  to  the 
solid  CD. 

Wherefore,  solid  parallelopipeds,  &c.    q.e.d. 
Cob.    From  this  it  is  manifest,  that  prisms  upon  triangular  bases,  of 
he  same  altitude,  are  to  one  another  as  their  bases. 

Let  the  prisms,  the  bases  of  which  are  thejriangles  AEM,  CFG,  and 
VBO,  PDQ  the  triangles  opposite  to  them,  have  the  same  altitude : 
they  shall  be  to  one  another  as  their  bases. 
Complete  the  paralleldgrams  AE,  CF,  and  the  solid  parallelopipeds 
4B,  CD,  in  the  first  of  which  let  MO,  and  in  the  other  let  GQ  be  one 
>f  the  insisting  lines. 

And  because  the  solid  parallelopipeds  AB,  CD  have  the  same  altitude, 
they  are  to  one  another  as  the  base  AE  is  to  the  base  CF : 
wherefore  the  prisms,  which  are  their  halves,  are  to  one  another, 
as  the  base  AE  to  the  base  CF;    (xi.  28.) 
that  is,  as  the  triangle  AEM  to  the  triangle  CFG» 


PROPOSITION  XXXIII.    THEOREM. 

Similar  solid  parallelopipeds  are  one  to  another  in  the  triplicate  ratio 
^  their  homologous  sides. 

Let  AB,  CD  be  similar  solid  parallelopipeds,  and  the  side  AE  homo- 
^gous  to  the  side  CF^ 
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The  solid  AB  shall  have  to  the  solid  CD  the  triplicate  ratio  of  tliat 
which  AE  has  to  CF. 
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Produce  AE,  GE,  HE,  and  in  these  produced  take  EK  equal  to  Cf, 
EL  equal  to  FN,  and  EM  equal  to  F-R  ; 

and  complete  the  parallelogram  KL^  and  the  solid  KO. 

Because  KEy  EL  are  equal  to  CF,  FN,  each  to  each, 

and  the  angle  KEL  equal  to  the  angle  CFN, 

because  it  is  equal  to  the  angle  AEG,  which  is  equal  to  CFN, 

by  reason  that  the  solids  AB,  CD  are  similar ; 
therefore  the  parallelogram  KL  is  similar  and  equal  to  the  paral- 
lelogram CN. 
For  the  same  reason  the  parallelogram  MK  is  similar  and  equal  to 
€R,  and  also  OE  to  FD. 

Therefore  three  parallelograms  of  the  solid  KO  are  equal  and  similtf 
to  three  parallelograms  of  the  solid  CD  i 

and  the  three  opposite  ones  in  each  solid  are  equal  and  similar  to 
these :     (xi.  24.) 
therefore  the  solid  KO  is  equal  and  similar  to  the  solid  CD.    (xi.  c.) 
Complete  the  parallelogram  GK;  and  upon  the  bases   GK,  Kl, 
complete  the  solids  EX,  LP,  so  that  EH  be  an  insisting  straight  line  in 
each  of  them,  whereby  they  must  be  of  the  same  altitude  with  the 
solid  AB. 

And  because  the  solids  AB,  CD  are  similar, 
and,  by  permutation,  as  AE  is  to  CF,  so  is  EG  to  FN,  and  so  i» 
EH  to  FR : 

but  FC  is  equal  to  EK,  and  FN  to  EL,  and  FR  to  EM; 
therefore,  as  AE  to  EK,  so  is  EG  to  EL,  and  so  is  HE  to  EM: 
but  as  AE  to  EK,  so  is  the  parallelogram  ^6  to  the  parallelograin 
GK;     (vi.  1.) 

and  as  GF  to  EL,  ao  is  GK  to  KL;    (vi.  1.) 
and  as  HE  to  EM,  so  is  PE  to  KM:     (vi.  1.) 
therefore,  as  the  parallelogram  ^G  to  the  parallelogram  G£,  sou 
GK  to  KL,  and  PEtoKM: 
but  as  ^G  to  GK,  so  is  the  solid  AB  U>Ae  solid  EX;    (xi.  25.) 
and  as  GK  to  KL,  so  is  the  solid  EX  to  the  solid  PL  ;    ha.  25.| 
and  as  PjE  to  KM,  so  is  the  solid  PL  to  the  solid  KO  ;     (xi.  25.) 
and  therefore  as  the  solid  AB  to  the  solid  EX,  so  ia  EX  to  PL,  and 
PLtoKO: 
but  if  four  magnitudes  be  continual  proportionals,  the  first  is  said  to 
have  to  the  fourth,  the  triplicate  ratio  of  that  which  it  has  to  the  second; 
(v.  def.  11.) 

therefore  the  solid  AB  has  to  the  solid  KO,  the  triplicate  ratio  of 
that  which  AB  has  to  EX: 
but  as  AB  is  to  EX,  so  ia  the  parallelogram  AG  to  the  paraUelogram 
GK,  and  the  straight  line  AE  to  the  straight  line  EK; 
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wherefore  the  soUd  AB  has  to  the  aolid  KO,  the  triplicate  ratio  of 
that  which  AS  h&s  to  EK : 

but  the  solid  KO  is  equtd  to  the  solid  CD, 
and  the  straight  line  EK  is  equal  to  the  straight  line  CF; 
therefore  the  solid  AB  has  to  the  solid  CD,  the  triplicate  ratio  of 
that  which  the  side  AE  has  to  the  homologous  side  CF. 
Therefore,  similar  solid  parallelopipeds,  &c.     q.k.d. 
Cor. — From  this  it  is  manifest,  that  if  four  straight  lines  be  continual 
iroportionals,  as  the  first  is  to  the  fourth,  so  is  the  solid  parallelopiped 
leacribed  from  the  first  to  the  similar  solid  similarly  described  from  the 
econd ;  because  the  first  straight  hne  has  to  the  fourth  the  triplicate 
atio  of  that  which  it  has  to  the  second. 


PROPOSITION  D.    THEOREM. 
Solid  parallelopipeds  which  are  contained  by  paralleloerams  eouian- 
•ular  to  one  another,  each  lo  each,  that  is,  of  which  the  solid  angttt  are 

^uat,  each  to  each,  have  to  one  another  the  ratio  mhich  is  the  tame  fsilh 
t  ratio  compounded  of  the  ratios  of  their  sides. 

Let  AB,  CD  be  solid  parallelopipeds,  of  which  AB  is  contained  by 
be  parallelograms  AE,  At",  AG,  which  are  equiansular,  each  to  each, 
XI  the  parallelograms  CH,  CK,  CL,  which  contain  the  soUd  CD. 

The  ratio  which  the  solid  AB  has  to  the  solid  CD,  shall  be  the  same 
vith  that  which  is  compounded  of  the  ratios  of  the  sides  AM  to  DL, 
AN  to  DK,  and  AO  to  DH. 


Produce  MA,  NA,  OA  to  P,  Q,  R,  so  that  AP  be  equal  to  DL,  AQ 
lo  DK,  and  AB  to  DH; 

and  complete  the  solid  parallelopiped  AX  contained  by  the  parallelo- 

frams  AS,  AT,AV  similar  and  equal  to  CH,  CK,  CL,  each  to  each, 
herefore  the  solid  AX  is  equal  to  the  solid  CD.     (xi.  c.) 
Complete  likewise  the  solid  AY,  the  base  of  which  is  AS,  and  AO 
one  of  its  insisting  straight  lines. 

Take  any  straight  line  a, 

and  as  MA  to  AP,  so  make  atob;     (vi.  13.) 

and  as  NA  to  AQ,  so  make  6  to  c ; 

and  as  AO  to  AR,  so  c  to  if. 

Then,  because  the  parallelogram  AE  is  equiangular  to  AS, 

AE  is  to  AS,  as  the  straight  line  a  to  c,  as  is  demonstrated  in  Prop. 

23,  Book  VI. : 
and  the  solids  AB,  AY,  being  betwixt  the  parallel  planes  BOY, 

EAS,  are  of  the  same  altitude  ; 
therefore  the  solid  AB  is  to  the  solid  AY,  as  the  base  AE  to  the 
base  AS;  that  is,  as  the  straight  line  a  ia  to  c.    (xi.  32.) 
16 
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And  the  solid  J  Y  Is  to  the  solid  AXy  2^  the  base  OQ  is  to  the  base 
OR;     (xi.  25.) 

that  is^  as  the  straight  line  OA  to  AR ; 

that  is>  as  the  straight  line  c  to  the  straight  line  d. 

And  because  the  solid  AB  is  to  the  solid  ^  F^  as  a  is  to  c, 

and  the  solid  ^  Y  to  the  solid  AX,  as  c  is  to  d ; 

ex  sequali^  the  solid  AB  is  to  the  solid  AX,  or  CD  which  is  equal  to 

it,  as  the  straight  line  aistx)  d. 
But  the  ratio  of  a  to  i2  is  said  to  be  compounded  of  the  ratios  of  a  to 
b,  b  to  c,  and  cto  d,     (v.  def.  a.) 

which  are  the  same  with  the  ratios  of  the  sides  MA  to  AB,  NA  to  AQ, 

and  OA  to  AR,  each  to  each : 
and  the  sides,  AP,  AE,  AR  are  equal  to  the  sides  DL,  DK,  DH, 
each  to  each : 
therefore  the  solid  AB  has  to  the  solid  CD  the  ratio  which  is  the 
same  with  that  which  is  compounded  of  the  ratios  of  the  sides  AM  to 
DL,  AN  to  DK,  and  AO  to  DH.    q.e.d. 


PROPOSITION  XXXIV.     THEOREM. 

The  bases  and  altitudes  of  equal  solid  parcdlelopipeds,  are  reciprocailji 
proportional:  and  conversely,  if  the  bases  and  altitudes  be  reciprocally 
proportional,  the  solid  parauelopipeds  are  equal. 

Let  AB,  CD  be  two  solid  parallelopipeds : 
and  first,  let  the  insisting  straight  lines  AG,  EF,  LB,  HK; 
CM,  NX,  OD,  PR  be  at  right  angles  to  the  bases. 
If  the  solid  AB  be  equal  to  the  solid  CD,  their  bases  shall  be 
reciprocally  proportional  to  their  altitudes; 

that  is,  as  the  base  EH  is  to  the  base  NP,  so  shall  CM  be  to  AG. 
If  the  base  EH  be  equal  to  the  base  NP, 
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then  because  the  solid  AB  is  likewise  equal  to  the  solid  CD, 

CM  shall  be  equal  to  ^G  : 
because  if  the  bases  EH,  NP  be  equal,  but  the  altitudes  AG,  CM 
be  not  equal,  neither  shall  the  solid  AB  be  equal  to  the  solid  CD'. 
but  the  solids  are  equal,  by  the  hypothesis ; 
therefore  the  altitude  CM  is  not  unequal  to  the  altitude  AG;  that 

is,  they  are  equal. 
Wherefore,  as  the  base  EH  to  the  base  NP,  so  is  CM  to  AG, 
Next,  let  the  bases  EH,  NP  not  be  equal,  but  EH  greater  than 
the  other: 
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then  since  the  solid  AB  is  equal  to  the  solid  CD, 
CM  is  therefore  greater  than  AG: 
for,  if  it  be  not,  neither  also  in  this  case  would  die  solids  AB,  CD 
be  equals  which^  by  the  hypothesis^  are  equaL 
Make  then  CT  equal  to  AG,  and  complete  the  solid  parallelopiped 
rr,  of  which  the  base  is  NP,  and  altitude  CT. 

Because  the  solid  AB  is  equal  to  the  solid  CD, 
therefore  the  solid  AB  is  to  the  solid  CV,  as  the  solid  CD  to  the 

soHd  CF:     (v.  7.x 
but  as  the  solid  AB  to  the  solid  CF,  so  is  the  baae  EH  to  the 
base  NP ;     (xi.  32,) 

for  the  solids  AB,  CF  are  of  the  same  altitude : 
and  as  the  solid  CD  to  CF  so  is  the  base  MP  to  the  base  PT, 
(xi.  25.)  and  so  is  the  straight  line  MC  to  CT ;     (vi.  1.) 

and  CT  is  equal  to  ^G: 
therefore,  as  the  base  EH  to  the  base  NP,  so  is  MC  to  AG. 
Wherefore  the  bases   of  the  solid  parallelopipeds   AB,   CD    are 
reciprocally  proportional  to  their  altitudes. 

Let  now  the  bases  of  the  solid  parallelopipeds  AB,  CD  be  reci- 
procally proportional  to  their  altitudes,  viz.  as  the  base  EH  is  to  the 
base  NP,  so  let  CM  be  to  AG. 

The  solid  AB  shall  be  equal  to  the  solid  CD, 
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If  the  base  EH  be  equal  to  the  base  NP, 

then  since  BH  is  to  NP,  as  the  altitude  of  the  solid  CD  is  to  the 

altitude  of  the  solid  AB, 

therefore  the  altitude  of  CD  is  equal  to  the  altitude  of  AB :     (v.  a.) 

but  solid  parallelopipeds  upon  equal  bases,  and  of  the  same  altitude, 

are  equal  to  one  another ;     (xi.  31.) 

therefore  the  solid  AB  is  equal  to  the  solid  CD. 

But  let  the  bases  BH,  NP  be  imequal,  and  let  EH  be  the  greater 

*^  the  two. 
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Therefore,  since,  as  the  base  EH  to  the  base  NP,  so  is  C3f  the 
Jtitude  of  the  solid  CD  to  AG  the  altitude  of  AB, 

CM  is  greater  than  AG.     (v.  a.) 
therefore,  as  before,  take  CT  equal  to  AG,  and  complete  the  solid  CF. 
And  because  the  base  EH  is  to  the  base  NP,  as  CM  to  AG, 

and  that  ^G  is  equal  to  CT, 
therefore  the  base  EH  is  to  the  base  NP,  as  MC  to  CT. 
^VLt  as  the  base-fi'His  to  NP,  so  is  the  solid  AB  to  the  solid  CF;  (xi.  32.) 
for  the  solids  AB,  CF  are  of  the  same  altitude : 
and  as  MC  to  CT,  so  is  the  base  MP  to  the  base  PT,  (vi.  1.)   and 
the  solid  CD  to  the  solid  CF:     (xi.  25.) 

16—2 
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therefore  as  the  solid  AB  to  the  solid  CF,  so  is  the  solid  CD  to 
the  soUd  CF; 
that  IS,  each  of  the  solids  AB,  CD  has  the  same  ratio  to  the  solid  CV; 
and  therefore  the  solid  AB  is  equal  to  the  solid  CD.     (v,  Q.) 
Second  general  case.     Let  the  insisting  straight  lines  FE,  BL,  GA, 
KH ;  XN,  DO,  MC,  RP  not  be  at  right  angles  to  the  bases  of  the  solids. 
In  this  case,  likewise,  if  the  solids  AB,  CD  be  equal,  their  bases 
shall  be  reciprocally  proportional  to  their  altitudes,  viz.  the  base  EH 
shall  be  to  the  base  XP,  as  the  altitude  of  the  solid  CD  to  the  altitude 
of  the  solid  AB. 
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From  the  points  F,  B,  K,  G ;  X,  D,  R,  M,  draw  perpendiculars  to 
the  planes  in  which  are  the  bases  EH,  NP,  meeting  those  planes  in  the 
pointe  S,  Y,F,T;  Q,  I,U,Z;  and  complete  the  soHds  FF,  XC7,  which 
are  parallelopipeds,  as  was  proved  in  the  last  part  of  Prop.  31,  of  this  book. 
Because  the  solid  AB  is  equal  to  the  solid  CD,  and  that  the  solid  AB 
is  equal  to  the  solid  BT,  for  they  are  upon  the  same  base  FK,  and  of 
the  same  altitude ;     (xi.  30.  or  29.) 

and  that  the  solid  CD  is  equal  to  the  solid  DZ,  being  upon  the  same 
base  XR,  and  of  the  same  altitude ;     (jli.  30.  or  29.) 
therefore  the  solid  BT  is  equal  to  the  solid  DZ : 
but  the  bases  are  reciprocally  proportional  to  the  altitudes  of  equal 
solid  parallelopipeds  of  which  the  insisting  straight  lines  are  at  nght 
angles  to  their  bases,  as  before  was  proved ; 

therefore  as  the  base  FK  to  the  base  XR,  so  is  the  altitude  o£  the 
solid  DZ  to  the  altitude  of  the  solid  BT: 

and  the  base  FK  is  equal  to  the  base  EH, 
and  the  base  XR  to  the  base  NP ; 
wherefore,  as  the  base  EH  to  the  base  NP,  so  is  the  altitude  of  the 

solid  DZ  to  the  altitude  of  the  solid  BT: 
but  the  altitudes  of  the  solids  DZ,  DC,  as  also  of  the  solids  BT, 

BA,  are  the  same  ; 
therefore  as  the  base  EH  to  the  base  NP,  so  is  the  altitude  of  the 

solid  CD  to  the  altitude  of  the  solid  AB ; 
that  is,  the  bases  of  the  solid  parallelopipeds  AB,  CD  are  recipro- 
cally proportional  to  their  altitudes. 
Next,  let  tne  bases  of  the  solidd  AB,  CD  be  reciprocally  proportional 
to  their  altitudes, 

viz.  the  base  EH  to  the  base  NP,  as  the  altitude  of  the  solid  CD  to 
the  altitude  of  the  solid  AB, 

The  solid  AB  shall  be  equal  to  the  solid  CD. 

KB  R       D 
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The  same  construction  being  made ; 
because,  as  the  base  EH  to  the  base  NP,  so  is  the  altitude  of  the 

solid  CD  to  the  altitude  of  the  solid  AB ; 
and  that  the  base  EH  is  equal  to  the  base  FK,  and  NP  to  XR ; 
therefore  the  base  FK  is  to  the  base  XR,  as  the  altitude  of  the  solid 

CD  to  the  altitude  o£AB: 
but  the  altitudes  of  the  solids  AB^  BT  are  the  same^  as  also  of 

CD  and  DZ; 
therefore  as  the  base  FK  to  the  base  XR,  so  is  the  altitude  of  the 

solid  DZ  to  the  altitude  of  the  solid  BT: 
-wherefore  the  bases  of  the  solids  BT,  DZ  are  reciprocally  propor- 
tional to  their  altitudes : 
and  their  insisting  straight  lines  are  at  right  angles  to  the  bases ; 
therefore,  as  was  before  proved,  the  solid  5 T  is  equal  to  the  solid  DZ: 
mt  ^T  is  equal  to  the  solid  BA,  and  DZ  to  the  solid  DC,  (xi.  30.  or  29,) 
because  they  are  upon  the  same  bases,  and  of  the  same  altitude ; 
therefore  the  solid  AB  is  equal  to  the  solid  CD. 
Therefore,  the  bases,  &c.     q.e.d. 
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If,  from  the  vertices  of  two  equal  plane  angles,  there  be  drawn  two 
traight  lines  elevated  above  the  planes  in  which  the  angles  are,  and  con^ 
aining  equal  angles  with  the  sides  of  those  angles,  each  to  each  ;  and  if 
n  the  lines  above  the  planes  there  be  taken  any  points,  and  from  them  per^ 
iendiculars  be  drawn  to  the  planes  in  which  thejirst-named  angles  are  ; 
indfrom  the  points  in  which  they  meet  the  planes,  straight  lines  be  drawn 
0  the  vertices  of  the  angles ^first  named :  these  straight  lines  shall  contain 
'.qual  angles  with  the  straight  lines  which  are  above  the  planes  of  the 
ingles. 

Let  BAC,  EDF  be  two  equal  plane  angles : 
and  from  the  points  A,  D  let  the  straight  lines  AG,  DM  be  elevated 
above  the  planes  of  the  angles,  making  equal  angles  with  their  sides^ 
each  to  each, 
viz.  the  angle  GAB  equal  to  the  angle  MDE,  and  GAC  to  MDF ; 

and  in  A  G,  DM  let  any  points  G,  M  be  taken, 
and  from  them  let  perpendiculars  GL,  MN  be  drawn  to  the  planes 
BiC,  EDF,  (xi.  11.)  meeting  these  planes  in  the  points  L,  N;  and 
jmn  LA,  ND. 

The  angle  GAL  shall  be  equal  to  the  aqgle  MDN. 


Make  AH  equal  to  DM,  and  through  H  draw  HK  parallel  to  GL : 
but  GL  is  perpendicular  to  the  plane  BAC; 
wherefore  HK  is  perpendicular  to  the  same  plane,     (xi.  8.) 
From  the  points  K,  V,  to  the  straight  lines  AB,  AC,  DE,  DF,  draw 
perpendiculars  KB,  KC,  NE,  NF ;  and  join  HB,  BC,  ME,  EF. 


246  eucud's  elements. 

Because  HK  is  perpendicular  to  the  plane  BAC, 
the  plane  HBK  which  passes  through  HK  is  at  right  angles  to  the 

^laneBAC;    (xi.  18.) 
and  AB  is  drawn  in  the  plane  BAG  at  right  angles  to  the  common 

section  BK  of  the  two  planes ; 
therefore  ^^  is  perpendicular  to  the  plane  HBK,     (xi.  def.  4.) 
and  makes  right  angles  with  every  straight  line  meeting  it  in  that 
plane :     (xi.  def.  3.) 

but  BH  meets  it  in  that  plane ; 
therefore  ABH  is  a  right  angle: 
for  the  same  reason  DEM  is  a  right  angle^  and  is  therefore  equal  to 
the  angle  ABH : 

and  the  angle  HAB  is  equal  to  the  angle  MDE :     (hyP') 
therefore  in  the  two  triangles  HAB,  MDE  there  are  two  angles  in 
one^   equal  to  two  angles  in  the  other^  each  to  each^  and  one  side 
equal  to  one  side,  opposite  to  one  of  the  equal  angles  in  each^  viz.  HA 
equal  to  DM ; 

therefore  the  remaining  sides  are  equals  each  to  each :    (i.  26.) 

wherefore  AB  is  equal  to  DE, 
In  the  same  manner,  if  HCand  MF  be  joined, 
it  may  be  demonstrated  that  AC  is  equal  to  DF : 
therefore,  since  AB  is  equal  to  DE,  BA  and  AC  are  equal  to  ED 
and  DF,  each  to  each ; 

and  the  angle  BAC  is  equal  to  the  angle  SDF ;     (hyp.) 
wherefore  the  base  BC  is  equal  to  the  base  EF,    (i.  4.) 
and  the  remaining  angles  to  the  remaining  angles : 
therefore  the  angle  ABC  is  equal  to  the  angle  DEF : 
and  the  right  angle  ABK  is  equal  to  the  right  angle  DEN; 
whence  the  remaining  angle  CBK  is  equal  to  the  remaining  angle  FEN' 
for  the  same  reason,  the  angle  BCK  is  equal  to  the  angle  EFN: 
therefore,  in  the  two  triangles  BCK,  EFN,  there  are  two  angles  in 
one  equal  to  two  angles  in  the  other,  each  to  each,  and  one  side  equal 
to  one  side  adjacent  to  the  equal  angles  in  each,  viz.  BC  equal  XoEE) 
therefore  the  other  sides  are  equal  to  the  other  sides ; 
BK  then  is  equal  to  EN,  and  AB  is  equal  to  DE ; 
wherefore  AB,  BK  are  equal  to  DE,  E^,  each  to  each ; 
and  they  contain  right  angles ; 
wherefore  the  base  AKis  equal  to  the  base  DN. 

And  since  AH  is  equal  to  DM^ 
the  square  of  AH  is  equal  to  the  square  of  DM: 
but  the  squares  of  AK,  KH  are  equal  to  the  square  of  AH,  because 

AKH  is  a  right  angle ;     (i.  47.) 
and  the  squares  of  DN,  NM  are  equal  to  the  square  of  DMi  f<^^ 
DNM  is  a  right  angle : 
wherefore  the  squares  of  AK,  KH  are  equal  to  the  squares  of  DNy  NM- 
and  of  these  the  square  of  AK  is  equal  to  the  square  of  DN; 
therefore  the  remaining  square  of  KH  is  equal  to  the  remaining 
square  of  NM; 
and  the  straight  line  KH  to  the  straight  line  NM: 
and  because  HA,  AK  are  equal  to  MD,  DN,  each  to  each, 
and  the  base  HK  to  the  base  MN,  as  has  been  proved; 
therefore  the  angle  HAK  is  equal  to  the  angle  MDN.    (i.  8.) 
Therefore,  if  fVom  the  vertices,  &c.     q.e.d. 
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Cor. — From  this  it  is  manifest,  that  if  from  the  vertices  of  two  equal 
ilane  angles,  there  be  elevated  two  equal  straight  lines  containing  equal 
ingles  with  the  sides  of  the  angles  each  to  each ;  the  perpendicmars 
Lrawn  from  the  extremities  of  the  equal  straight  lines  to  the  planes  of 
he  first  angles  are  equal  to  one  another. 

Another  demonstration  of  the  Corollary. 

Let  the  plane  angles  BAC,  EDF  be  equal  to  one  another,  and  let 
iff 9  DM  be  two  equal  straight  lines  above  the  planes  of  the  angles, 
ontaining  equal  angles  with  BA,  AC;  ED,  DF,  each  to  each,  viz.  the 
ngle  HAB  equal  to  MDJS,  and  HAC  equal  to  the  angle  MDF ; 

and  from  JfiT,  M,  let  ffK,  MN  be  perpendiculars  to  the  planes 
BAG,  Et>Fi 

HK  shall  be  equal  to  MN. 
Because  the  solid  angle  at  A  is  contained  by  the  three  plane  angles 
BAC,  BAH,  HAC,  which  are,  each  to  each,  equal  to  the  three  plane 
mgles  JSDF,  EDM,  MDF,  containing  the  solid  angle  at  D ; 

the  solid  angles  at  A  and  D  are  equal,  and  therefore  coincide  with 
one  another ; 
to  wit,  if  the  plane  angle  BAC  be  applied  to  the  plane  angle  EDF, 
the  straight  line  AH  coincides  with  DM,  as  was  shewn  in  Prop.  b. 
of  this  book : 

and  because  Aff  is  equal  to  DM, 

the  point  H  coincides  with  the  point  M: 

wherefore  HK,  which  is  perpendicular  to  the  plane  BAC,  coincides 

with  MN  which  is  perpendicular  to  the  plane  JSDF,   (xi.  13.) 

because  these  planes  coincide  with  one  another. 

Therefore,  ffK  is  equal  to  MN.    q.  e.  d. 


PROPOSITION  XXXVI.    THEOREM. 

« 

If  three  straight  lines  be  proportionals,    the  solid   parallelopiped 
described  from  all  three,  as  its  sides,  is  equal  to  the  equilateral  paraU 
ielopiped  described,  from  the  mean  proportional,  one  of  the  solid  angles  of 
^hich  is  contained  by  three  plane  angles  equal,  each  to  each^  to  the  three 
plane  angles  containing  one  of  the  solid  angles  of  the  other  figure. 

Let  A,  B,  C  be  three  proportionals,  viz.  A  to  B,  as  B  to  C. 
The  solid  described  from  A,  B,  C  shall  be  equal  to  the  equilateral 
^lid  described  from  B,  equiangular  to  the  other. 
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Take  a  solid  angle  D  contained  by  three  plane  angles  EDF,  FDG, 
ODE; 

and  make  each  of  the  straight  lines  ED,  DF,  DG  equal  to  B, 
and  complete  the  solid  parallelopiped  DH ; 
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make  LK  equal  to  A^  and  at  the  point  K  in  the  straight  line  LK, 

make  a  solid  angle  contained  by  the  three  plane  angles  LKM,  MKN, 

NKL,  equal  to  the  angles  EDF,  FDG,  GDE,  each  to  leach ;    (xi.  26.) 

and  make  KN  equal  to  B,  and  KM  equal  to  C;  and  compiete  the 

solid  parallelopiped  KO. 

And  because,  ba  A  is  to  B,  90  i%  B  to  C, 
and  that  A  is  equal  to  LK,  and  B  to  each  of  the  straight  lines  BE, 
DF,  and  C  to  KM ; 

therefore  LK  is  to  ED,  as  DF  to  KM ; 

that  is,  the  sides  about  the  equal  angles  are  reciprocally  proportional ; 

therefore  the  parallelogram  LM  is  equal  to  EF:     (vi.  14.) 

and  because  EDF,  LKM  are  two  equal  plane  angles,  and  the  two 

equal  straight  lines  DG,  KN  are  drawn  from  their  vertices  above  their 

planes,  and  contain  equal  angles  with  their  sides; 

therefore  the  perpendiculars  from  the  points  G,  ^  to  the  planes 
EDF,  LKM  are  equal  to  one  another :     (xi.  35,  Cor.) 
therefore  the  solids  KO,  DH  are  of  the  same  altitude : 

and  they  are  upon  equal  bases  LM,  EF ; 
and  therefore  they  are  equal  to  one  another :     (xi.  31.) 
but  the  solid  KO  is  described  from  the  three  straight  lines  A,  B,  C, 
and  the  solid  DH  from  the  straight  line  B, 

Therefore  if  three  straight  lines,  &c.     q.  e.d. 


PROPOSITION  XXXVII.    THEOREM. 

If  four  straight  lines  be  proportionals,  the  similar  solid  parallehpiftit 
similarly  described  from  them  shall  also  be  proportionals.  And  if  the 
similar  parallelopipeds  similarly  described  from  four  straight  lines  be  pro' 
portionals,  the  straight  lines  shall  be  proportionals. 

Let  the  four  straight  lines  AB,  CDy  EF,  GH  be  proportionals, 

viz.  as  AB  to  CD,  so  EF  to  GH; 
and  let  the  similar  parallelopipeds  AK,  CL,  EM^  GN  be  similarly 
described  from  them. 

AK  shall  be  to  CL,  as  EM  to  GN. 
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Make  AB,  CD,  0,  P  continual  proportionals, 

as  also  EF,  GH,  Q,  R:     (vi.  11.) 

and  because  as  AB  is  to  CD,  so  EF  to  GH; 

and  that  CD  is  to  0,  as  GH  to  Q,     (v.  11.) 

and  0  to  P,  SLs  Q  to  R ; 

therefore,  ex  sequali,  AB  is  to  P,  as  EF  to  R :     (v.  22.) 

but  as  AB  to  P,  so  is  the  solid  AK  to  the  solid  CL  ;  and  as  EFio 

R,  so  is  the  solid  EM  to  the  solid  GN;     (xi.  33.  Cor.) 
therefore  as  the  solid  AK  to  the  solid  CL,  so  is  the  solid  JB3f  to  the 
solid  GN.    (v.  11.) 
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Next^  let  the  solid  AK  be  to  the  solid  CLy  as  the  solid  EM  to  the 
id  GN, 

The  straight  line  AB  shall  be  to  CD,  as  EF  to  GH. 
Take  as  AB  to  CD,  %oEFXxiSTy 
and  from  ST  describe  a  solid  parallelopiped  SV  similar  and  simi- 
larly situated  to  either  of  the  solids  EM,  GN.     (xi.  27.) 
And  because  AB  is  to  CD,  as  EF  to  ST, 
and  that  from  AB,  CD  the  solid  parallelopipeds  AK,  CL  are  simi- 
larly described ; 
d  in  like  manner  the  solids  EM,  SF  from  the  straight  Hnes  EF,  ST; 

therefore  AK  is  to  CL,  as  EM  to  SF; 
but,  by  the  hypothesis,  AK  is  to  CL,  as  EM  to  GN; 

therefore  GN  is  equal  to  SF:     (v.  9«) 

but  it  is  likewise  similar  and  similarly  situated  to  SF; 

therefore  the  planes  which  contain  the  solids  GN,  SFare  similar  and 

equal,  and  their  homologous  sides  GH,  ST  equal  to  one  another : 

and  because  as  -45  to  CD,  so  EF  to  ST, 

and  that  ST  is  equal  to  GH, 

therefore  AB  is  to  CD,  as  EF  to  GH. 

Therefore,  if  four  straight  lines,  &c.    q.  e.d. 


PROPOSITION  XXXVIII.    THEOREM. 

"If  a  plane  be  perpendicular  to  another  plane^  and  a  straight  line  be 
'awn  from  a  point  in  one  of  the  planes  perpendicular  to  the  other  plane, 
•is  straight  line  shall  fall  on  the  common  section  of  the  planes. 

"Let  the  plane  CD  be  perpendicular  to  the  plane  AB,  and  let  AD 
e  their  common  section : 

if  any  point  E  be  taken  in  the  plane  CD,  the  perpendicular  drawn 
from  E  to  the  plane  AB  shall  fall  on  A  D. 


"For,  if  it  does  not,  let  it,  if  possible,  fall  elsewhere,  as  EF; 
and  let  it  meet  the  plane  AB  in  the  point  F ; 
and  from  F  draw,  in  the  plane  AB,  a  perpendicular  FG  to  DA, 
'•  12.)  which  is  also  perpendicular  to  the  plane  CD ;  (xi.  def.  4.)  and 
:>in  EG. 
Then,  because  FG  is  perpendicular  to  the  plane  CD,  and  the  straight 
line  EG,  which  is  in  that  plane,  meets  it ; 

therefore  FGE  is  a  right  angle :     (xi.  def.  S.) 
but  EF  is  also  at  right  angles  to  the  plane  AB ; 
and  therefore  EFG  is  a  right  angle ; 
wherefore  two  of  the  angles  of  the  triangle  EFG  are  equal  together 

to  two  right  angles ;  which  is  absurd :     (i.  I7.) 
therefore  the  perpendicular  from  the  point  E  to  the  plane  AB  does 
not  fall  elsewhere  than  upon  the  straight  line  AD  ; 

k  therefore  falls  upon  it. 
If  therefore  a  plane,  &c.    q.  e.  d." 


eucud's  elements. 


PROPOSITION.  XXXIX.    THEOREM. 

In  a  solid  parallelepiped,  if  the  tides  of  two  of  the  oppotite  planetbi 
divided,  each  into  two  equal  parts,  the  common  section  of  the  pkuie$  pail 
ing  through  the  points  of  division,  and  the  diameter  of  the  solid  paralUlO' 
piped,  cut  each  other  into  two  equal  parts. 

Let  the  sides  of  the  opposite  planes  CF,  AH,  of  the  solid  parallels 
piped  AF,  be  divided  eacn  into  two  equal  parts  in  the  points  K,  L,  M, 
JT;  X,  0,P,R\  and  join  KL,  MN,  XO,  PR : 

and  because  DK,  CL  are  equal  and  parallelj 

KL  is  parallel  to  DC:     (i.  S3.) 
for  the  same  reason,  MN  is  parallel  to  BA  : 
and  BA  is  parallel  to  DC ; 
therefore,  because  KL,  BA  are  each  of  them  parallel  to  DC,  sod 

not  in  the  same  plane  with  it,  KL  is  parallel  to  BA :  (xi.  g.) 
and  because  KL,  MN  are  each  of  them  parallel  to  BA,  and  not  in 
the  same  plane  with  it, 

KL  is  parallel  to  MN:     (xi.S.) 

wherefore  KL,  MN  axe  in  one  plane. 

In  like  manner,  it  may  be  proved,  that  XO,  PR  are  in  one  plane. 

Let  YS  be  the  common  section  of  the  planes  KN,  XR ; 

and  DG  the  diameter  of  the  solid  parallelopiped  AF: 

YS  and  DG  shall  meet,  and  cut  one  ancuier  into  two  equal  parit- 
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Join  DY,  YE,  BS,  SG. 
Because  DX  is  parallel  to  OE,  the  alternate  angles  DXY,  YOE  xi 
equal  to  one  another  :     (i.  29.) 

and  because  DX  is  equal  to  OE,  and  XY  to  YO,  and  that  (hej 

contain  equal  angles, 
the  base  DYia  equal  to  the  base  YE,  and  the  other  angl«  >" 
equal ;     (i,  4.) 
tnerefore  the  angle  XYD  is  equal  to  the  angle  OYB, 
and  DY£  is  a  straight  line  :     (i.  147) 
for  the  same  reason  BSG  is  a  straight  line,  and  BS  equal  to  SG- 
And  because  CA  is  equal  and  parallel  to  DB,  and  also  equal  1"^ 
parallel  to  EG ; 
therefore  2>B  is  equal  and  parallel  to  £G:     (xi.g.) 

and  DE,  BG  join  their  extremides; 

therefore  DE  is  equal  and  parallel  to  BG :     (i.  33.) 

&nd  DG,  YS  are  drawn  from  points  in  the  one,  to  points  in  the  otbe'i 

and  are  therefore  in  one  plane  : 

whence  it  is  manifest,  that  DG,  YS  must  meet  one  another: 

let  them  meet  in  T. 
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And  because  DE  is  parallel  to  BG, 
the  alternate  angles  EDT,  BGT  are  equal ;     (xi.  29.) 
and  the  angle  DTY  is  equal  to  the  angle  GTS :     (i.  15.) 
herefore  in  the  triangles  DTY,  GTS  there  are  two  angles  in  the 
equal  to  two  angles  in  the  other,  and  one  side  equal  to  one  side, 
isite  to  two  of  the  equal  an^les^  viz.  DFto  GS ; 

for  they  are  the  halves  of  DE,  BG : 

therefore  the  remaining  sides  are  equal,  each  to  each :    (i.  26.) 

wherefore  DT  is  equal  to  TG,  and  YT  equal  to  TS. 

Wherefore,  if  in  a  solids  &c.    q.  e.  d. 


PROPOSITION  XL.    THEOREM. 

If  there  he  two  triangular  prisms  of  the  same  altitude^  the  base  of  one 
hich  is  a  parallelogram,  and  the  base  of  the  other  a  triangle  ;  if  the 
lUelogram  be  double  of  the  triangle,  the  prisms  shall  be  equal  to  one 
her. 

Let  the  prisms  ABCDEF,  GHKLMN  be  of  the  same  altitude,  the 
whereof  is  contained  by  the  two  triangles  ABE,  CDF,  and  the 
le  parallelograms  AD,  DE,  EC;  and  the  other  by  the  two  triangles 
'K,  LMN,  and  the  three  parallelograms  LH,  Hlf,  NG ;  and  let  one 
hem  have  a  parallelogram  AF,  and  the  other  a  triangle  GHK,  for 
base. 

If  theparallelogram  AF  be  double  of  the  triangle  GHK,  the  prism 
GDEF  shall  be  equal  to  the  prism  GHKLMN. 


Complete  the  solids  AX,  GO : 
nd  because  the  parallelogram  AF  is  double  of  the  triangle  GHK; 
and  the  parallelogram  HK  double  of  the  same  triangle ;     (i.  34.) 
therefore  the  parallelogram  AF  is  equal  to  HK : 
but  solid  parallelopipeds  upon  equal  bases,  and  of  the  same  alti- 
tude, are  equal  to  one  another;     (xi.  31.) 

therefore  the  solid  AX  is  equal  to  the  solid  GO : 

and  the  prism  ABCDEF  is  half  of  the  solid  AX;    (xi.  28.) 

and  the  prism  GHKLMN  half  of  the  solid  GO :     (xi.  28.) 

:herefore  the  prism  ABCDEF  is  equal  to  the  prism  GHKLMN. 

Wherefore,  if  there  be  two,  &c.     q.e.d. 


NOTES   TO   BOOK  XI. 


Thz  Eleventh  Book  of  the  Elements  commences  with  the  definitions  of  the  Geo- 
metry of  Planes  and  Solids,  and  then  proceeds  to  demonstrate  the  most  elementary  pro- 
perties of  straight  lines  and  planes,  solid  angles  and  parallelopipeds. 

The  solids  considered  in  the  eleventh  and  twelfth  hooks  are  Geometrical  solidi, 
portions  of  space  hounded  hy  surfaces  which  are  supposed  capable  of  penetrating  sod 
intersecting  one  another. 

In  the  first  six  books,  all  the  diagrams  employed  in  the  demonstrations  are  supposed 
to  be  in  the  same  plane,  which  may  lie  in  any  position  whatever,  and  be  extended  in 
every  direction,  and  there  is  no  difiiculty  in  representing  them  roughly  on  any  plane 
surface ;  this,  however,  is  not  the  case  with  the  diagrams  employed  in  the  demonstrs- 
tions  in  the  eleventh  and  twelfth  books,  which  cannot  be  so  intelligibly  represented 
on  a  plane  surface  on  account  of  the  perspective.  A  more  exact  conception,  may  be 
attained,  by  adjusting  pieces  of  paper  to  represent  the  different  planes,  and  drawing 
lines  upon  them  as  the  constructions  may  require,  and  by  fixing  pins  to  represent 
the  lines  which  are  perpendicular  to,  or  inclined  to  any  planes. 

Any  plane  may  be  conceived  to  move  round  any  fixed  point  in  that  plane,  either 
in  its  own  plane,  or  in  any  direction  whatever ;  and  if  there  be  two  fixed  points  in  the 
plane,  the  plane  cannot  move  in  its  own  plane,  but  may  move  round  the  straight  line 
which  passes  through  the  two  fixed  points  in  the  plane,  and  may  assume  every  possible 
position  of  the  planes  which  pass  through  that  line,  and  every  different  position  of  the 
plane  will  represent  a  different  plane;  thus,  an  indefinite  number  of  planes  may  be 
conceived  to  pass  through  a  straight  line  which  will  be  the  common  intersection  of  all 
the  planes.  Hence,  it  is  manifest,  that  though  two  points  fix  the  position  of  a  straight 
line  in  a  plane,  neither  do  two  points  nor  a  straight  line  fix  the  position  of  a  plane  in 
space.  If  however,  three  points,  not  in  the  same  straight  line,  be  conceived  to  be  fixed 
in  the  plane,  it  wiU  be  manifest,  that  the  plane  cannot  be  moved  round,  either  in  iti 
own  plane  or  in  any  other  direction,  and  therefore  is  fixed. 

Also  any  conditions  which  involve  the  consideration  of  three  fixed  points  not  in 
the  same  straight  line,  will  fix  the  position  of  a  plane  in  space ;  as  two  straight  lines 
which  meet  or  intersect  one  another  or  two  parallel  straight  lines  in  the  plane. 

Def.  V.  When  a  straight  line  meets  a  plane,  it  is  inclined  at  different  angles  to 
the  different  lines  in  that  plane  which  may  meet  it ;  and  it  is  manifest  that  the  incli- 
nation of  the  line  to  the  plane  is  not  determined  by  its  meeting  any  line  in  that  plane. 
The  inclination  of  the  line  to  the  plane  can  only  be  determined  by  its  inclination  to 
some  fixed  line  in  the  plane.  If  a  point  be  taken  in  the  line  different  from  that  point 
where  the  line  meets  the  plane,  and  a  perpendicular  be  drawn  to  meet  the  plane  in 
another  point ;  then  these  two  points  in  the  plane  will  fix  the  position  of  the  line 
which  passes  through  them  in  that  plane,  and  the  angle  contained  by  this  line  and 
the  given  line,  will  measure  the  inclination  oi  the  line  to  the  plane ;  and  it  will  be 
found  to  be  the  least  angle  which  can  be  formed  with  the  given  line  and  any  other 
straight  line  in  the  plane. 

If  two  perpendiculars  be  drawn  upon  a  plane  from  the  extremities  of  a  straight 
line  which  is  inclined  to  that  plane,  the  straight  line  in  the  plane  intercepted  between 
the  perpendiculars  is  called  the  prelection  of  the  line  on  that  plane ;  and  it  is  obvioai 
that  the  inclination  of  a  straight  line  to  a  plane  is  equal  to  the  inclination  of  the 
straight  line  to  iti  projection  on  the  plane.    If  however,  the  line  be  parallel  to  the 
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pUne,  the  projection  of  tbe  line  is  of  ihe  tame  ieagih  at  the  Une  itself;  in  ill  othn 
caws  the  projection  of  the  line  ia  lets  than  the  Hue,  being  the  baae  of  a  rlght-uglrd 
triangle,  the  hypolhenuie  of  which  ia  the  line  itself. 

The  inclination  of  Ivo  lines  to  each  other,  which  do  not  meet,  l^  meuond  hf 
Ihe  angle  contained  by  two  lines  drawn  through  the  aame  point  and  panllel  to  the  two 
giren  lines. 

Def.  VI.  Flanea  are  distinguished  from  one  another  by  theii  Inclinationi,  and  tha 
incliiialiain  of  two  planes  10  one  anothei  will  be  found  to  be  measuied  by  Ihe  acute 
•n^  formed  by  two  straight  lines  diawn  In  the  plane*,  and  peipcDdlcalat  to  tbe  etraight 
line  which  is  the  commoii  intersection  of  the  two  planes. 

It  is  also  obvious  that  the  inclination  of  one  plane  to  another  will  be  meaiund 
by  the  angle  contained  between  two  straight  lines  drawn  from  the  same  point,  and  pet- 
pendicular,  one  on  each  of  the  two  planes. 

The  intersection  of  two  planes  suggests  a  new  conception  of  the  straight  line. 

DeC  IX.  When  a  lolid  angle  is  contained  by  three  plane  angles,  each  plane  which 
eonlaias  one  plane  angle,  ii  fixed  by  the  position  of  the  other  two,  and  consequently,  only 
one  tolid  angle  can  be  formed  by  three  plane  angles.  But  when  a  solid  angle  is  ftomed 
by  miHe  than  three  plane  angles,  if  one  of  the  planes  be  considered  fixed  in  position,  there 
an  no  conditions  which  fix  the  position  of  the  rest  of  the  planes  which  contain  the  solid 
angle,  and  hence,  an  indefinite  number  of  solid  angles,  utiequal  to  one  another,  may  be 
tbnned  by  tbe  same  plane  angles,  when  the  number  of  plane  angles  is  more  than  three. 

Def.  T  is  restored,  as  it  is  found  in  the  editions  of  Gadid,  hj  Dt  Barrow  and 
odiers.  It  appears  to  be  universslly  true,  supposing  the  planes  to  be  similarly  sitoaled, 
in  which  are  contained  the  Gotresponding  equal  plane  angles  of  each  figure. 

DeE.  A.  Parallelopipedg  are  solid  figures  in  some  respects  anak^ous  to  panOelo- 
jrams,  and  remarks  might  be  made  on  parallelopipeda  similar  to  those  which  were  made 
n  parallelt^rams  in  the  notes  to  Book  1 1,  p.  07  !  and  every  right-angled  {uualldopiped 
My  be  laid  to  it  contained  by  any  three  of  the  straight  lines  which  conlaia  the  three 
right  angles  by  which  any  one  of  the  solid  angles  of  the  figure  is  formed ;  oc  more 
briefly,  by  the  three  adjacent  edges  of  tbe  parallelopiped. 

As  all  lines  are  measured  by  lines,  and  all  surfaces  by  surfaces,  to  all  wlids  are 
measured  by  solids.  The  cube  is  the  figure  assumed  as  the  measure  of  solids  or  Tolumes, 
and  Ihe  unit  of  volume  is  that  cube,  the  edge  of  which  is  otie  unit  in  lei^th. 

If  the  edges  of  a  rectangular  parallelopiped  can  be  divided  into  imils  of  the  lam* 
length,  a  numerical  ezpiession  for  the  number  of  cubic  units  in  the  parallelopiped  may 
be  fonnd,  by  a  process  similar  to  that  by  which  a  numerical  expression  for  the  area  of  a 
rectangle  was  found. 

Let  AB,  AC,  AD  be  the  adjacent  edges  of  a  rectangular  parallelopiped  AG,  and  let 
AB  contain  6  units,  AC,  i  units,  and  AD,  3  units  in  length- 
Then  if  through  the  points  of  division  of  AB,  AC,  AD,  planes  be  drawn  parallel 
la  Ae  faces  BG,  BD,  AS  respec^vely,  the  parallelopiped  will  be  divided  into  cubic 
■nlti,  all  equal  to  one  another. 
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And  since  the  rectangle  ABEC  contains  5x4  square  untis,  (note ,  p.  08.)  and 
that  for  every  linear  unit  in  AD  there  is  a  layer  of  5  x  4  cubic  units  coiretpoiiding 
to  it; 

consequently,  there  are  5x4x3  cubic  units  in  the  whole  paralldopiped  AG. 

That  is,  the  product  of  the  three  numbers  which  express  the  number  of  linear  uniti 
in  the  three  edges,  will  give  the  number  of  cubic  units  in  the  parallelopiped,  and  therefoie 
will  be  the  arithmetical  representation  of  its  volume. 

And  generally,  if  ABy  AC^  AD ;  instead  of  5,  4  and  3,  consisted  of  a,  &  and  ( 
linear  units,  it  may  be  shewn,  in  a  similar  manner,  that  the  volume  of  the  paralldopiped 
would  contain  ale  cubic  units,  and  the  product  ale  would  be  a  proper  representation  of 
the  volume  of  the  parallelopiped. 

If  the  three  sides  of  the  figure  were  equal  to  one  another,  or  I  and  e  each  equal  to  a^ 
the  figure  would  become  a  cube,  and  its  volume  would  be  represented  by  aao,  or  cfi» 

Prop.  Yi.    From  the  diagram,  the  following  important  construction  may  be  made. 

If  from  B  a  perpendicular  BF  be  drawn  to  the  opposite  side  DE  of  the  triangk 
DBE^  and  AF  be  joined ;  then  AF  shall  be  perpendicular  to  Z)£,  and  the  angle  AFB 
measures  the  inclination  of  the  planes  AED  and  BED, 

Prop.  XIX.  It  is  also  obvious,  that  if  three  planes  intersect  one  another ;  and  if  the 
first  be  perpendicular  to  the  second,  and  the  second  be  perpendicular  to  the  third ;  the 
first  shall  be  perpendicular  to  the  third ;  also  the  intersections  of  every  two  shall  be 
perpendicular  to  one  another. 

Prop.  XXXIII.    Algebraically. 

liCt  the  adjacent  edges  of  the  solid  AB  contain  a,  ft,  c  units, 

and  those  of  the  solid  CD  contain  a',  l\  e*  units  respectively. 

Also,  let  F,  V  denote  their  volumes. 

Then  F  =  flftc,  and  V'  =  a'l'c\ 

But  since  the  parallelopipeds  are  similar,    •*.  -^  =  77  s  -7 ; 

_  F  _  ale  _a    h    c  _a    a    a      a*  _l^      c* 

Hence   -==7  —   , ,,  ,  —  ^/•77»"7""jr''*i7*T7—  "ZJvl ~ ^ ™ v5 • 
V       a  0  e      a     0    c      a    a    a      a^     0'*     c  '* 

In  a  similar  manner,  it  may  be  shewn  that  the  volumes  of  all  similar  solid  figom 
bounded  by  planes,  are  proportional  to  the  cubes  of  their  homologous  edges.  I 
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LEMMA   I. 

Tf  from  the  greater  of  two  unequal  magnitudes,  there  he  taken  more 
lan  its  half,  and  from  the  remainder  more  than  its  half;  and  so  on : 
.ere  shall  at  length  remain  a  magnitude  less  than  the  least  of  the  pro^ 
Tsed  magnitudes.     (Book  x.    Prop.  1.) 

let  AB  and  C  be  two  unequal  magnitudes^  of  which  AB  is  the  greater. 
If  from  AB  there  be  taken  more  than  its  half^ 
and  from  the  remainder  more  than  its  half^  and  so  on; 
there  shall  at  length  remain  a  magnitude  less  than  C. 


K!- 
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For  C  may  be  multiplied  so  as  at  length  to  become  greater  than  AB. 

Let  it  be  so  multiplied^  and  let  DJS  its  multiple  be  greater  than  AB, 

and  let  DE  be  divided  into  DF,  FG,  GE,  each  equal  to  C. 

From  AB  take  BH  greater  than  its  half, 

and  from  the  remainder  AH  take  HK  greater  than  its  half,  and  so  on, 

until  there  be  as  many  divisions  in  AB  as  there  are  in  DE : 

and  let  the  divisions  in  AB  be  AK,  KH,  HB; 

and  the  divisions  in  DE  be  DF,  FG,  GE. 

And  because  DE  is  greater  than  AB, 

and  that  EG  taken  from  DE  is  not  greater  than  its  half,  but  BH 

taken  from  AB  is  greater  than  its  half; 
therefore  the  remainder  GD  is  greater  than  the  remainder  HA, 
Again,  because  GD  is  greater  than  HA,  and  that  GF  is  not  greater 
han  the  half  of  GD,  but  HK  is  greater  than  the  half  of  HA ; 

therefore  the  remainder  FD  is  greater  than  the  remainder  AK: 

and  FD  is  equal  to  C, 
therefore  C  is  greater  than  AK ; 
that  is,  AK  is  less  than  C»    q.e.d. 
And  if  only  the  halves  be  taken  away,,  the  same  thing  may  in  the 
^e  way  be  demonstrated. 


PROPOSITION  I.     THEOREM. 

Similar  polygons  inscribed  in  circles,  are  to  one  another  as  the  squares 
f  their  diameters. 
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Let  JBCDE,  FGHKL  be  two  circles,  and  in  them  the  rimDar 

polygons  ABODE,  FGHKL ; 

and  let  BM,  ON  be  the  diameters  of  the  circles : 

as  the  polygon  ABCDE  is  to  the  polygon  FGHKL,  so  shall  the 

square  of  nM  be  to  the  square  of  GN, 

A 

F 


Join  BE,  AM,  GL,  FN. 
And  because  the  polygon  ABODE  is  similar  to  the  polygon  FGHKL, 

the  angle  BAE  is  equal  to  the  angle  GFL, 
and  as  BA  to  AE,  so  is  GF  to  FL: 
therefore  the  two  triangles  BAE,  GFL  having  one  angle  in  one 
equal  to  one  angle  in  the  other,  and  the  sides  about  the  equal  angles 
proportionals^  are  equiangular ; 

and  therefore  the  angle  AEB  is  equal  to  the  angle  FLG: 
but  ABB  is  equal  to  AMB,  because  they  stand  upon  the  same 
circumference:     (in.  21.) 
and  the  angle  FLG  is,  for  the  same  reason,  equal  to  the  angle  FNG: 

therefore  also  the  angle  A  MB  is  equal  to  FNG: 
and  the  right  angle  BAM  is  equal  to  the  right  angle  GFN;    (in.  31.) 
wherefore  the  remaining  angles  in  the  triangles  ABM,  FGN  are  equals 

and  they  are  equiangular  to  one  another: 
therefore  as  BM  to  GN,  so  is  BA  to  GF;    (vi.  4.) 
and  therefore  the  duplicate  ratio  of  BM  to  GN,  is  the  same  with 

the  duplicate  ratio  of  BA  to  GF:    (v.  def.  10.  and  v.  22.) 
but  the  ratio  of  the  square  of  BM  to  the  square  of  GN^  is  die 

duplicate  ratio  of  that  which  BM  has  to  GN;     (vi.  20.) 
and  the  ratio  of  the  polygon  ABODE  to  the  polygon  FGHKL  is 

the  duplicate  of  that  which  BA  has  to  GF:     (vi.  20.) 
therefore  as  the  polygon  ABODE  is  to  the  polygon  FGHKL,  so  is 
the  square  of  BM  to  the  square  of  GN. 

Wherefore,  similar  polygons,  &c.    q.e.d. 


PROPOSITION  IL    THEOREM. 
Circles  are  to  one  another  as  the  squares  of  their  diameters. 

Let  A  BOD,  EFGH  be  two  circles,  and  BD,  FH  their  diameters. 

As  the  square  of  BD  to  the  square  of  FH,  so  shall  the  circle  ABCD 
be  to  the  circle  EFGH. 

Far,  if  it  be  not  so,  the  square  of  BD  must  be  to  the  square  o^FH, 
as  the  circle  ABOD  is  to  some  space  either  less  than  the  circle  EFGB, 
or  greater  than  it 


A 


0 
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Fir8t>  if  possible,  let  it  be  to  a  space  S  less  than  a  circle  EFGH; 
and  in  the  circle  EFGH  inscnbe  the  square  EFGH,    (iv.  6.) 

This  square  is  greater  than  half  of  the  circle  EFGH; 
because,  if  through  the  points  E,  F,  G,  H,  there  be  drawn  tangents 
to  the  circle, 
he  square  EFGH  is  half  of  the  square  described  about  the  circle:  (i.  47.) 
and  the  circle  is  less  than  the  square  described  about  it; 
therefore  the  square  EFGH  is  i^eater  than  half  of  the  circle. 
Divide  the  circumferences  EF,  FG,  GH,  HE,  each  into  two  equal 
larts  in  the  points  K,  L,  Jf,  N,  and  join  EK,  KF,  FL,  LG,  GM, 
EfAf,  HN,  NE; 

therefore  each  of  the  triangles  EKF,  FLG,  GMH,  HNE^  is  greater 
than  half  of  the  segment  of  the  circle  in  which  it  stands ; 
because,  if  straight  lines  touching  the  circle  be  drawn  through  the 
Mnnts  X,  L,  M,  N,  and  the  parallelograms  upon  the  straight  lines  EF, 
tG,  GH,  HE  be  completed, 

each  of  the  triangles  EKF,  FLG,  GMH,  HNE  is  the  half  of  the 

parallelogram  in  which  it  is :     (i.  41.) 
but  every  segment  is  less  than  the  parallelogram  in  which  it  is ; 
wherefore  each  of  the  triangles  j&Al^,  FLG,  GMH,  HNE  is  greater 

than  half  the  segment  of  the  circle  which  contains  it. 
Again,  if  the  remaining  circumferences  be  divided  each  into  two 
equal  parts,  and  their  extremities  be  joined  by  straight  lines,  by  con- 
tmuing  to  do  this,  there  will  at  length  remain  segments  of  the  circle, 
which  together  are  less  than  the  excess  of  the  circle  EFGH  above  the 
space  S; 

because,  by  the  preceding  Lemma,  if  from  the  greater  of  two  unequal 
magnitudes  there  be  taken  more  than  its  half,  and  from  the  remainder 
more  than  its  half,  and  so  on,  there  shall  at  length  remain  a  magnitude 
less  than  the  least  of  the  proposed  magnitudes. 

Let  then  the  segments  EK,  KF,  FL,  LG,  GM,  MH,  HN,  NE  be 
those  that  remain,  and  are  together  less  than  the  excess  of  the  circle 
£JPG/f  above^'.- 
therefore  the  rest  of  the  circle,  viz.  the  polygon  EKFL3MHN  is 

greater  than  the  space  S, 
Describe  likewise  in  the  circle  ABCD  the  polygon  AXBOCPDR 
similar  to  the  polygon  EKFLGMHN: 

as  therefore  the  square  of  BD  is  to  the  square  of  FH,  so  is  the 

polygon  AXBOCPDR  to  the  polygon  EKFLGMHN:  (xii.  1.) 

but  the  square  of  BD  is  also  to  the  square  of  FH,  as  the  circle 

ABCD  is  to  the  space  S;     (hyp.) 
therefore  as  the  circle  ABCD  is  to  the  space  S,  so  is  the  polygon 
AXBOCPDR  to  the  polygon  EKFLGMHN:    (v.  11.) 
but  the  circle  ABCD  is  greater  than  the  polygon  contained  in  it; 
wherefore  the  space  8  is  greater  than  the  polygon  EKFLGMHN: 
(v.  14.) 
but  it  is  likewise  less,  as  has  been  demonstrated ;  which  is  impossible. 

Therefore  the  square  of  BD  is  not  to  the  square  of  FH,  as  the  circle 
'ABCD  is  to  any  space  less  than  the  circle  EFGH. 

In  the  same  manner,  it  may  be  demonstrated,  that  neither  is  the 
tquare  of  FH  to  the  square  of  BD,  as  the  circle  EFGH  is  to  any  space 
l^s  than  the  circle  ABCD. 

Nor  is  the  square  of  BD  to  the  square  of  FH,  as  the  circle  ABCD 
i*  to  any  space  greater  than  the  circle  EFGH. 
17 
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For,  if  possible,  let  it  be  so  to  T,  a  space  greater  than  the  mdeEFGH 


© 


therefore,  inversdy,  as  the  square  d  FH  to  the  square  of  BD,  so  is 

the  space  T  to  the  circle  ABOD; 
but  as  the  space  Tib  to  the  circle  ABCD,  so  is  the  circle  EFGH 
to  some  space,  which  must  be  less  than  the  circle  ABCDj  (v.  14.) 
because  the  space  T  is  greater,  by  hjrpothesis,  than  the  drde  EFGH; 
therefore  as  the  square  of  FH  is  to  the  square  of  BD,  so  is  the  circle 
EFGH  to  a  space  less  than  the  circle  ABCD,  which  has  been  demon- 
strated to  be  impossible ; 

therefore  the  square  of  BD  is  not  to  the  square  of  FH  as  the  circle 
ABCD  is  to  any  space  greater  than  the  circle  EFGH: 
and  it  has  been  demonstrated,  that  neither  is  the  square  of  BD  to 
the  square  of  FH,  as  the  circle  ABCD  to  any  space  less  than  the  circle 
EFGH: 

wherefore,  as  the  square  of  BD  to  the  square  of  FH,  so  is  the  circle 
ABCD  to  the  circle  EFGH. 

Circles,  therefore,  are,  &c    q.b.d. 


PROPOSITION  in.     THEOREM. 

Every  pyramid  having  a  triangular  base,  may  be  divided  into  tm 
equal  and  similar  pyramids  having  triangular  bases^  and  which  an 
similar  to  the  whole  pyramid  ;  and  into  two  equal  prisms  which  to^hff 
are  greater  than  half  of  the  whole  pyramid. 

Let  there  be  a  pyramid  of  which  the  base  is  the  triangle  ABC,  and 
its  vertex  the  point  D. 

The  pyramid  ABCD  may  be  divided  into  two  equal  and  similir 
pyramids  having  triangular  bases,  and  similar  to  the  whole ;  and  into 
two  eq^ual  prisms  which  together  shall  be  greater  than  half  of  the  whole 
pyramid. 


Divide  AB,  BC,  CA,  AD,  DB,  DC,  each  into  two  equal  parts  in 
the  points  E,  F,  G,  H,  K,  L, 

and  join  EH,  EG,  GH,  HK,  KL,  LH,  EK,  KF.  FG. 
Because  AE  is  equal  to  EB,  and  AH  to  HD, 

/fJS  is  parallel  to  D^:     (vi.  2.) 
for  the  same  reason,  HK  is  parallel  to  ABz 
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Jierefore  HEBK  is  a  parallelogram,  and  HK  equal  to  EB:    (i.  S4.) 

but  EB  is  equal  to  AE; 

therefore  also  AE  is  equal  to  HKi 

and  AH  is  equal  to  HD ; 

wherefore  EA,  AH  are  equal  to  KH,  HD,  each  to  each ; 

and  the  angle  EAH  is  equal  to  the  angle  KHD  ;    (i.  29.) 

therefore  the  base  £H  is  equal  to  the  base  KJD, 

nd  the  triangle  AEH  equal  and  similar  to  the  triangle  HKD.    (i.  4.) 

For  the  same  reason,  the  triangle  AGH  is  equal  and  similar  to  the 

[angle  HLD. 

Again,  because  the  two  straight  lines  EH,  HG,  which  meet  one 
tother,  are  parallel  to  KD^  DL,  that  meet  one  another,  and  are  not  in 
le  same  plane  with  them, 

they  contain  equal  angles ;     (zi.  10.) 
therefore  the  angle  EIiG  is  equal  to  the  angle  KDL ; 
and  because  EH,  HG  are  equal  to  KD,  DL,  each  to  each, 
and  the  angle  EHG  equal  to  the  angle  KDL ; 
therefore  the  base  EG  ia  equal  to  the  base  KL, 
md  the  triangle  EHG  equal  and  similar  to  the  triangle  KDL.    (i.  4.) 
For  the  same  reason,  the  triangle  AEG  is  also  equal  and  similar  to 
the  triangle  HKL. 
Therefore  the  pyramid  of  which  the  base  is  the  triangle  AEG,  and  of 
rhich  the  vertex  is  the  point  H,  is  equal  and  similar  to  the  pyramid, 
be  base  of  which  is  the  triande  KHL,  and  vertex  the  point  D.   (xi.  c.) 
And  because  HK  is  parallel  to  AB,  a  side  of  the  triangle  ADB, 
the  triangle  ADB  is  equiangular  to  the  triangle  HDK,  and  Uieir 
sides  are  proportionals :     (vi.  4.^ 
therefore  the  triangle  ADB  is  similar  to  the  triangle  HDK: 
id  for  the  same  reason,  die  triangle  DBC  is  similar  to  the  triangle  DKL  ; 
and  the  triangle  ADC  to  the  triangle  HDL ; 
and  also  the  triangle  ABC  to  the  triangle  AEG  ; 
but  the  triangle  AEG  is  similar  to  the  triangle  HKL,  as  before 
was  proved ; 
therefore  the  triangle  ABC  is  similar  to  the  triangle  HKL :    (vi.  21.) 
and  therefore  the  pyramid  of  which  the  base  is  the  triangle  ABC, 
id  vertex  the  point  D,  is  similar  to  the  jiyramid  of  which  the  base  is 
le  triangle  HKL,  and  vertex  the  same  point  D :    ^xi.  b.  &  xi.  def.  11.) 

but  the  pyramid  of  which  the  base  is  the  triangle  HKL,  and  vertex 
le  point  D,  is  similar,  as  has  been  proved,  to  the  pyramid  the  base  of 
rhich  is  the  triangle  AEG,  and  vertex  the  point  H; 

wherefore  the  pyramid,  the  base  of  which  is  the  triangle  ABC,  and 
ertex  the  point  D,  is  similar  to  the  pyramid  of  which  the  base  is  the 
riangle  AEG,  and  vertex  Hi 

tiierefore  each  of  the  pyramids  AEGH,  HKLD  is  similar  to  the 
whole  pyramid  AnCD. 

And  because  BF  is  equal  to  FC, 
the  parallelogram  EBFG  is  double  of  the  triangle  GFCi     (i.  41.) 
but  when  there  are  two  prisms  of  the  same  altitude,  of  which  one 
las  a  parallelogram  for  its  base,  and  the  other  a  triangle  that  is  half  of 
•he  parallelogram, 

these  prisms  are  equal  to  one  another ;    (xi.  40.) 
therefore  the  prism  having  the  parallelogram  EBFG  for  its  base, 
md  the  straight  line  KH  opposite  to  it,  is  equal  to  the  prism  having 
:he  triangle  GFC  for  its  base^  and  the  triangle  HKL  opposite  to  it ; 

17—2 
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for  they  are  of  the  same  altitude^  because  they  are  between  the 
parallel  planes  ABC,  HKL :     (xi.  15.) 

and  it  is  manifest  that  each  of  these  prisms  is  greater  than  either  of 
the  pyramids  of  which  the  triangles  AEG,  HKL  are  the  bases,  and  the 
vertices  the  points  H,  D; 

because,  if  £F  be  joined,  the  prism  having  the  parallelogram  EBFG 

for  its  base,  and  KH  the  straight  line  opposite  to  it,  is  greater  than  the 

pyramid  of  which  the  base  is  uie  triangle  EBF,  and  vertex  the  point  K: 

but  this  pyramid  is  equal  to  the  pyramid,  the  base  of  which  is  the 

triangle  AEG,  and  vertex  the  point  H;     (xi.  c.) 

because  they  are  contained  by  equal  and  similar  planes : 

wherefore  the  prism  having  the  parallelogram  EBFG  for  its  base, 
and  opposite  side  KH,  is  greater  than  the  pyramid  of  which  the  base  is 
the  triangle  AEG,  and  vertex  the  point  H: 

and  the  prism  of  which  the  base  is  the  parallelogram  EBFG,  and 
opposite  side  KH,  is  equal  to  the  prism  having  the  triangle  GFC  fat  its 
base,  and  HKL  the  triangle  opposite  to  it; 

and  the  pyramid  of  which  the  base  is  the  triangle  AEG,  and  vertex 
H,  is  equal  to  the  pyramid  of  which  the  base  is  the  triangle  HKL,  and 
vertex  JD : 

therefore  the  two  prisms  before  mentioned  are  greater  than  the  two 
pyramids  of  which  the  bases  are  the  triangles  AEG,  HKL,  and  vertices 
the  points  H,  D. 

Therefore  the  whole  pyramid  of  which  the  base  is  the  triangle  ABC, 
and  vertex  the  point  D,  is  divided  into  two  equal  pyramids  similar  to 
one  another,  and  to  the  whole  pyramid ;  and  into  two  equal  prisms; 
and  the  two  prisms  are  together  greater  than  half  of  the  whole  pjrramidi 


Q.E.D. 


PROPOSITION  IV.    THEOREM. 


If  there  be  two  pyramids  of  the  same  altitude,  upon  triangular  bases, 
and  each  of  them  be  divided  into  two  equal  pyramids  similar  to  the  whdt 
pyramid,  and  also  into  two  equal  prisms ;  and  if  each  of  these  pyramUf 
oe  divided  in  the  same  manner  as  the^first  two,  and  soon:  as  the  base ff 
one  of  the  first  two  pyramids  is  to  the  base  of  the  other,  so  shall  all  tk 
prisms  in  one  of  them  be  to  all  the  prisms  in  the  other,  that  are  prodwcd 
by  the  same  numher  of  divisions. 

Let  there  be  two  pyramids  of  the  same  altitude  upon  the  triangultf 
bases  ABC,  DEF,  and  having  their  vertices  in  the  points  G,  H;  and 
let  each  of  them  be  divided  into  two  equal  pyramids  similar  to  de 
whole,  and  into  two  equal  prisms ;  and  let  each  of  the  pyramids  thai 
made  be  conceived  to  be  divided  in  the  like  manner,  and  so  on. 

As  die  base^^C  is  to  the  base  DEF,  so  shall  all  the  prisms  in  the 
P3rramid  ABCG  be  to  all  the  prisms  in  the  pyramid  DEFH  made  b/ 
the  same  number  of  divisions. 
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Make  the  same  construction  as  in  the  foregoing  proposition : 

and  because  BX  is  equal  to  XC,  and  AEio  LC, 

therefore  XL  is  parallel  to  AB,     (vi.  2.) 

and  the  triangle  ABC  similar  to  the  triangle  LXC. 

For  the  same  reason^  the  triangle  D£JF  is  similar  to  RVF, 

And  because  BC  is  double  of  CX,  and  EF  double  of  FV, 

therefore  BC  is  to  CX,  as  £1^  to  FVi     (v.  c.) 

and  upon  BC,  CX  are  described  the  similar  and  similarly  situated 

ctilineal  figures  ABC,  LXC ; 

and  upon  EF,  FV,  in  like  manner,  are  described  the  similar  figures 

BEF,  RFF: 
therefore,  as  the  triangle  ABC  is  to  the  triangle  LXC,  so  is  the 

triangle  DEF  to  the  triangle  R  VF,     (vi.  22.) 
and,  by  permutation,  as  the  triangle  ABC  to  tne  triangle  DEF, 

so  is  the  triangle  LXC  to  the  triangle  RFF. 
And  because  the  planes  ABC,  OMN,  as  also  the  planes  DEF,  STY, 
are  parallel,    (xi.  15.) 
the  perpendiculars  drawn  from  the  points  6r,  H  to  the  bases  ABC^ 
EF,  which,  by  the  hypothesis,  are  equal  to  one  another,  shall  be  cut 
ch  into  two  equal  parts  by  the  planes  OMN,  STY,     (xi.  17.) 
because  the  straight  lines  GC,  HF  are  cut  into  two  equal  parts  in 
the  points  Ny  Y  by  the  same  planes : 
herefore  the  prisms  LXCOMN,  RyFSTY  are  of  the  same  altitude  ; 

and  therefore,  as  the  base  LXC  to  the  base  RFF,  that  is,  as  the 
iangle  ABC  to  the  triangle  DEF,  so  is  the  prism  having  the  triangle 
XCf  for  its  base,  and  OMN  the  triangle  opposite  to  it,  to  the  prism  of 
hich  the  base  is  the  triangle  RFF,  and  the  opposite  triangle  STY: 
1. 32.  Cor.) 

and  because  the  two  prisms  in  the  pyramid  ABCG  are  equal  to 
one  another, 
nd  also  the  two  prisms  in  the  pyramid  DEFH  equal  to  one  another  ; 

as  the  prism  of  which  the  base  is  the  parallelogram  KBXL  and 
fposite  side  MO,  to  the  prism  having  the  triangle  LXC  for  its  base, 
d  OMN  the  triangle  opposite  to  it ;  so  is  the  prism  of  which  the  base 
the  parallelogram  PEFR,  and  opposite  side  TS,  to  the  prism  of 
lich  the  base  is  the  triangle  RFF,  and  opposite  triangle  STY:  (y.  ?•) 
therefore,  componendo,  as  the  prisms  KBXLMO,  LXCOMN,  to- 
ther,  are  to  the  prism  LXCOMN,  so  are  the  prisms  PEFRTS, 
VFSTYXjothe  prism  RFF  STY ; 

and  permutando,  as  the  prisms  KBXLMO,  LXCOMN  are  to  the 
isms  PEFRTS,  RFFSTY,  so  is  the  prism  LXCOMN  to  the  prism 
VFSTY: 

but  as  the  prism  LXCOMN  to  the  prism  RFFSTY,  so  is,  aa  has 

been  proved,  the  base  ABC  to  the  base  DEF ; 
therefore,  as  the  base  ABC  to  the  base  DEF,  so  are  the  two  prisms 
in  the  pyramid    ABCG  to  the  two  prisms  in   the  pyramid 
DEFH: 
and  likewise  if  the  p3rramids  now  made,  for  example^  the  two 

OMNG,  STYH,  be  divided  in  the  same  manner ; 
as  the  base  OMN  is  to  the  base  STY,  so  are  the  two  prisms  in  the 

pyramid  OMNG  to  the  two  prisms  in  the  pyramid  STYH ; 
but  the  base  OMN  is  to  the  base  STY,  as  the  base  ABC  to  the 
base  DEF; 
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therefore,  as  the  base  ABC  to  the  btae  D.EF»  so  sre  die  two  prisms 
in  the  pyramid  ABCG  to  die  two  priams  in  the  pyramid  DEFH; 
and  so  are  the  two  prisms  in  the  pyramid  OMNG  to  the  two 
prisms  in  the  pyramid  STYH; 

and  so  are  all  four  to  all  four : 
and  the  same  thing  maj  be  shewn  of  the  prisms  made  by  dividing 
the  pyramids  AKLO  and  l)PRS,  and  of  all  made  by  the  same  number 
of  divisions,    q.  s.  n. 


PROPOSITION  v.     THEOREM. 

Pyramids  of  the  same  aliitude  wkick  have  triangular  bases,  are  to  m 
another  as  thdr  bases* 


Let  the  pyramids  of  which  the  triangles  ABC,  DEF  are  the  bases, 
and  of  whidi  the  vertices  are  the  points  G,  H,  be  of  the  same  altitude. 

As  the  base  ABC  to  the  base  DEF,  so  shall  the  pyramid  ABCG  be 
to  the  pyramid  DEFH. 


r\ 


a 


For^  if  it  be  not  so^  the  base  ABC  must  be  to  the  base  DEF,  as  ii» 
pyramid  ABCG  to  a  solid  either  less  than  the  pyramid  DEFH,  (X 
greater  than  it. 

Firsts  if  possible^  let  it  be  to  a  solid  less  than  it,  viz.  to  the  solid  Q: 
and  divide  the  pyramid  DEFH  into  two  equal  pyramids,  similtf 

to  the  whole^  and  into  two  equal  prisms ; 
therefore  these  two  prisms  are  greater  tlum  the  half  of  the  whole 
pyramid,    (xii.  3.) 
And  again^  let  the  pyramids  made  by  this  division  be  in  like  manner 
divided^  and  so  on  nntd  the  pyramids  which  remain  undivided  in  the 
•pyramid  DEFH  he,  all  of  them  together,  less  dian  the  excess  of  the 
pyramid  DEFH  above  the  solid  Q:     (zii.  Lem.  1.) 

let  these,  for  example^  be  the  pyramids  DPRS,  STYH : 
therefore  the  prisms^  which  make  the  rest  of  the  pyramid  DEFB, 
are  greater  than  the  solid  Q. 
Divide  likewise  the  pyramid  ABCG  in  the  same  manner^  and  into 
as  many  parts^  as  the  pyramid  DEFH, 

Therefore^  as  the  base  ABC  to  the  base  DEF,  so  are  the  prisms  in 
the  p3rramid  ABCG  to  the  prisms  in  the  p3nramid  DEFH :     (xii.  4.) 
but  as  the  base  ABC  to  the  base  i)EF,  so^  by  hypothesis^  is  the 

pyramid  ABCG  to  the  solid  Q; 
and  therefore,  as  the  pyramid  ABCG  to  the  solid  Q^  so  are  theprisms 
in  the  pyramid  ABCG  to  the  prisms  in  die  pyramid  DE/H; 
but  the  pyramid  ABCG  is  greater  than  the  prisms  contained  in  it; 
wherefore  also  the  solid  Q  is  greater  than  the  prisms  in  the  pyramid 
DEFH;    (v.  14.) 
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but  it  is  also  less^  which  is  impossible. 
Therefore  the  base  ABC  is  not  to  the  base  DEF,  as  the  pyramid 
ABCG  to  any  solid  which  is  less  than  the  pyramid  DJEFH, 

In  the  same  manner  it  may  be  demonstrated^  that  the  base  i)EF  is 
not  to  the  base  ABC,  as  the  pyramid  DEFH  to  any  solid  which  is  less 
than  the  pyramid  ABCG. 

Nor  can  the  base  ABC  be  to  the  base  DEF,  as  the  pyramid  ABCG 
to  any  solid  which  is  greater  than  the  pyramid  DEFH, 

roTf  if  it  be  possible^  let  it  be  so  to  a  greater,  viz.  the  solid  Z. 
And  because  the  base  ABC  is  to  the  base  DEF  as  the  p3rram]d 
^^CG^  to  the  solid  Z; 

by  inversion^  as  the  base  DEF  to  the  base  ABC,  so  is  the  solid  Z 
to  the  p3rramid  ABCG: 
but  as  the  solid  Z  is  to  the  pyramid  ABCG,  so  is  the  p3rramid 
DEFH  to  some  solid^  which  must  be  less  than  the  pyramid  ABCG, 
(v.  14.) 

because  the  solid  Z  is  greater  than  the  pyramid  DEFH; 
and  therefore^  as  the  base  DEF  to  the  base  ABC,  so  is  the  pyra- 
mid DEFH  to  a  solid  less  than  the  pyramid  ABCG; 
the  contrary  to  which  has  been  proved : 
therefore  the  base  ABC  is  not  to  the  base  DBF,  as  the  pyramid 

ABCG  to  any  solid  which  is  greater  than  the  pyramid  DEFH, 
And  it  has  been  proved^  that  neither  is  the  base  ABC  to  the  base 
DEFf  as  the  pyramid  ABCG  to  any  solid  which  is  less  than  the  pirra- 
mid  DEFH, 

Therefore,  as  the  base  ABC  is  to  the  base  DEF,  so  is  the  pyramid 
ABCG  to  the  pyramid  DEFH. 

Wherefore,  pyramids,  &c.    q.e.d. 


PROPOSITION  VI.    THEOREM. 

Pyramids  of  the  same  altitude  which  have  polygons  for  their  bases,  are 
to  one  another  as  their  bases. 

Let  the  p3rramids  which  have  the  polygons  ABCDE,  FGHKL  for 
their  bases,  and  their  vertices  in  the  points  M,  N,  be  of  the  same 
altitude. 

As  the  base  ABCDE  is  to  the  base  FGHKL,  so  shall  the  pyramid 
ABCDEM  be  to  the  pyramid  FGHKLN. 


Divide  the  base  ABCDE  into  the  triangles  ABC,  ACD,  ADE, 
and  the  base  FGHKL  into  the  triangles  FGH,  FHK,  FKL ; 
and  upon  the  bases  ABC^  ACD,  ADE  let  there  be  as  many  p3rra^ 

mids  of  which  the  common  vertex  is  the  point  M, 
and  upon  the  remaining  bases  as  many  pyramids  having  their 

common  vertex  in  the  point  N. 
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Therefore,  since  the  triangle  ABC  is  to  the  triangle  FGH,  aa  the 
pyramid  ABCM  to  the  pyramid  FGHN;    (xii.  5.) 

and  the  triangle  ACD  to  the  triangle  FGH^  as  the  pyramid  ACDM 

to  the  pyramid  FGHN; 
and  also  the  triangle  ADE  to  the  triangle  FGH,  as  the  pyramid 

ADEM  to  the  pyramid  FGHN; 
as  all  the  first  antecedents  to  their  common  consequent,  so  are  all  the 

other  antecedents  to  their  common  consequent ;  (v.  24.  Cor.  2.) 
that  isy  as  Uie  base  ABCBE  to  the  base  FGH,  so  is  the  pyramid 

ABCDEM  to  the  pyramid  FGHN: 
and  for  the  same  reason^  as  the  base  FGHKL  to  the  base  FGH,  to 

is  the  pyramid  FGHKLN  to  the  pyramid  FGHN: 
and,  by  mversion,  as  the  base  FGH  to  the  base  FGHKL,  so  is  the 

pyramid  FGHN  to  the  pyramid  FGHKLN: 
then^  because,  as  the  base  ABODE  to  the  base  FGH,  so  is  the 

pyramid  ABCDEM  to  the  pyramid  FGHN; 
and  as  the  base  FGH  to  the  base  FGHKL,  so  is  the  pyramid 

FGHN  to  the  pyramid  FGHKLN; 
therefore,  ex  sequali,  as  the  base  ABCDE  to  the  base  FGHKL,  so 

the  pyramid  ABCDEM  to  the  pyramid  FGHKLN.     (v.  22.) 
Therefore,  pyramids,  &c«    q.e.d. 


PROPOSITION  VII.    THEOREM. 

Every  prism  having  a  triangular  base  may  he  divided  into  three 
pyramids  that  have  triangular  bases,  and  are  equal  to  one  another. 

Let  there  be  a  prism  of  which  the  base  is  the  triangle  ABC,  and 
DEF  the  triangle  opposite  to  it. 

The  ^rism  ABCDEF  may  be  divided  into  three  equal  pyramid! 
having  triangular  bases. 


E 


B 


Join  BD,  EC,  CD. 

And  because  ABED  is  a  parallelogram  of  which  BD  is  the  diameteri 

the  triangle  ABD  is  equal  to  the  triangle  EBD;     (i.  34u) 

therefore  the  pyramid  of  which  the  base  is  the  triangle  AnD,  and 

vertex  the  point  C,  is  equal  to  the  pyramid  of  which  the  base  is  the 

triangle  EBD,  and  vertex  the  point  C:     (xii.  5.) 

but  this  pyramid  is  the  same  with  the  p3nramid  the  base  of  which 
is  the  triangle  EBC,  and  vertex  the  point  D ; 

for  they  are  contained  by  the  same  planes : 
therefore  the  pyramid  of  which  the  base  is  the  triangle  ABD,  and 
vertex  the  point  C,  is  equal  to  the  pyramid,  the  base  of  which  is  the 
triangle  EBC,  and  vertex  the  point  D. 

Agam,  because  FCBE  is  a  parallelogram  of  which  the  diameter  is  CE> 
the  triangle  ECF  is  equal  to  the  triangle  ECB ;    (i.  34.) 
therefore  the  pyramid  of  which  the  base  is  the  triangle  EvB,  and 
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rertez  the  point  D,  is  equal  to  the  p3rraniid^  the  base  of  which  is  the 
riangle  ECF,  and  vertex  the  point  Z> : 

but  the  pyramid  of  which  the  base  is  the  triangle  £iCB,  and  vertex 
he  point  D,  has  been  proved  equal  to  the  pyramid  of  which  the  base  is 
he  triangle  ABD,  and  vertex  tne  point  C : 

therefore  the  prism  ABCDEF  is  divided  into  three  equal  pyra- 
nids  having  triangular  bases^  viz.  into  the  pinramids  ABDC,  EBDC, 
ECFD. 

And  because  the  pyramid  of  which  the  base  is  the  triangle  ABD, 
ind  vertex  the  point  t,  is  the  same  with  the  pyramid  of  whi(£  the  base 
B  the  triangle  ABC,  and  vertex  the  point  D, 

for  they  are  contained  by  the  same  planes; 

and  that  the  pyramid  of  which  the  base  is  the  triangle  ABD,  and 
irertex  the  point  C,  has  been  demonstrated  to  be  a  third  part  <^  the 
prism^  the  base  of  which  is  the  triangle  ABC,  and  DEF  the  opposite 
ziangle; 

therefore  the  p3nramid  of  which  the  base  is  the  triangle  ABC,  and 
vertex  the  point  D,  is  the  third  part  of  the  prism  which  has  the  same 
\mBe,  viz.  tne  triangle  ABC,  and  DEF  its  opposite  triangle,    q.b.d. 

Cob.  1.  From  this  it  is  manifest,  that  every  pyramid  is  the  third 
part  of  a  prism  which  has  the  same  base^  and  is  of  an  equal  altitude  with 
It :  for  if  the  base  of  the  prism  be  any  other  figure  than  a  triangle,  it 
may  be  divided  into  prisms  having  triangular  bases. 

CoR.  2«  Prisms  of  equal  altitudes  are  to  one  another  as  their  bases ; 
because  the  pyramids  upon  the  same  bases^  and  of  the  same  altitude^  are 
to  one  another  as  their  bases,     (xii.  6.) 


PROPOSITION  VIIL    THEOREM. 

Similar  pyramids,  having  triangular  bases,  are  one  to  another  in  the 
triplicate  ratio  of  that  of  their  homologous  sides. 

Let  the  pyramids  having  the  triangles  ABC,  DEF  for  their  bases, 
and  the  points  G,  H  for  their  vertices,  be  similar  and  similarly  situated. 

The  pyramid  ABCG  shall  have  to  the  pyramid  DEFH,  the  triplicate 
i^tio  of  uiat  which  the  side  BC  has  to  the  homologous  side  EF. 

X     o 


Complete  the  parallelograms  ABCM,  GBCN,  ABGK,  and  the  solid 
parallelopiped  BGML,  contained  by  these  planes  and  those  opposite  to 
them: 

and,  in  like  manner,  complete  the  solid  parallelopiped  EHPO  con« 

tuned  by  the  three  parallelograms  DEEP,  HEFR,  DEHX,  and  those 

(Opposite  to  them. 

And  because  the  pyramid  ABCG  is  similar  to  the  pyramid  DEFH, 

the  angle  ABC  is  equal  to  the  angle  BEF,    (xi.  def.  11.) 

and  the  angle  GBC  to  the  angle  HEF,  and  ABG  to  BEHi 

m^ABi%XjoBC,9BDEtoEF;    (vi.  def.  1.) 
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that  Is^  the  sides  about  the  equal  angles  are  proportiaiials  t 
wherefore  the  parallelogram  BM  is  similar  to  BPs 
for  the  same  reason^  the  parallelogram  BN  is  similar  to  JSRf  and 

BK  to  EX: 
therefore  the  three  parallelograms  BM,  BN,  BK  are  similar  to  the 

three  EP,  ER,  EX: 
but  the  three  BM,  BN,  BK  are  equal  and  similar  to  the  three 

which  are  opposite  to  them^     (xi.  24.) 
and  the  three  Ep^  ER,  EX  equal  and  similar  to  the  three  opposite 

to  them: 
wherefore  the  solids  BGML,  EHPO  are  contained  by  the  same 
number  of  similar  planes: 

and  their  soud  angles  are  equal;    (zi.  b.) 
and  therefore  the  solid  BGML  is  similar  to  the  solid  EHPO: 

(xi.  def.  11.) 
but  similar  solid  parallelopipeds  have  the  triplicate  ratio  of  that 

which  their  homoWous  sides  have ;     (xi.  33.) 
therefore  the  solid  BGML  has  to  the  solid  EHPO  the  triplicate 
ratio  of  that  which  the  side  BC  has  to  the  homologous  side  EF\ 
but  as  the  solid  BGML  is  to  the  solid  EHPO,  so  is  the  pyramid 
ABCG  to  the  pyramid  DEFH;    (v.  15.^ 
because  the  pyramids  are  the  sixth  part  of  the  solids,  since  the 
prism,  which  is  the  half  of  the  solid  parallelopiped,  (xi.  28.)  is  triple 
of  the  p3nramid :    (xii.  7*) 

wherefore,  likewise  the  p3nramid  ABCG  has  to  the  pyramid  DEFH^ 
the  triplicate  ratio  of  that  which  BO  has  to  the  homologous  side  EF, 

Q.E.D. 

Gob.  From  this  it  is  evident,  that  similar  pyramids  which  have 
multangular  bases,  are  likewise  to  one  another  in  uie  triplicate  ratio  of 
their  homologous  sides.  For  they  may  be  divided  into  similar  p3rramids 
having  triangular  bases,  because  the  similar  polygons,  which  are  their 
bases,  may  be  divided  into  the  same  numb^  of  similar  triangles 
homologous  to  the  whole  polygons :  therefore,  as  one  of  the  triangular 
pyramids  in  the  first  multangular  pyramid  is  to  one  of  the  triangular 
pyramids  in  the  other,  (v.  12.)  so  are  all  the  triangular  pyramids  in  the 
nrst  to  all  the  triangular  p3rramids  in  the  other ;  that  is,  so  is  the  first 
multangular  pyramid  to  the  other :  but  one  triangular  pyramid  is  to  its 
similar  triangular  pyramid,  in  the  triplicate  ratio  of  their  homologous 
sides ;  and  therefore  the  first  multangular  p3nramid  has  to  the  other^  the 
triplicate  ratio  of  that  which  one  of  the  sides  of  the  first  has  to  the 
homologous  side  of  the  other. 


PROPOSITION  IX.    THEOREM. 

The  bases  and  altitudes  of  equal  pyramids  having  triangular  bases 
are  reciprocally  proportional:  and  conversdv,  triangular  pyramids,  oj 
which  the  bases  ana  altitudes  are  reciprocally  proportional,  are  eq^l 
to  one  another. 

Let  the  pyramids  of  which  the  triangles  ABC,  DEF  are  the  bases, 
and  which  nave  their  vertices  in  the  points  G,  H,  be  equal  to  one 
another. 


BOOK  XII.       PROP.   IX. 


267 


The  bases  and  altitudes  of  the  pyramids  ABCG,  BEFH  shall  be 
eciprocally  proportional^ 

via.  the  base  ABC  shall  be  to  the  base  DEF,  as  the  altitude  of  the 
pyramid  BEFH  to  the  altitude  of  the  pyramid  ABCG. 


D      E 


Complete  the  parallelograms  AC,  AG,  GC,  DF,  DH,  HF; 
and  the  solid  parallelopipeds  BGML,  EHPO  contained  by  these 
planes  and  those  which  are  opposite  to  them. 
And  because  the  pyramid  ABCG  is  equal  to  the  p3nramid  DEFH, 
and  that  the  solid  BGML  is  sextuple  of  the  pyramid  ABCG,    (xi« 
28.  and  xii.  7.) 

and  the  solid  EHPO  sextuple  of  the  pyramid  DEFH; 
therefore  the  solid  BGML  is  equal  to  the  solid  EHPO :     fv.  ax.  1.) 
but  the  bases  and  altitudes  of  equal  solid  parallelopipeds  are  reci- 
procally proportional ;    (xi.  34.) 
therefore  as  the  base  BM  to  the  base  JEIP,  so  is  the  altitude  of  the 

solid  EHPO  to  the  altitude  of  the  solid  BGML : 
but  as  the  base  BM  to  the  base  EP,  so  is  the  triangle  ABC  to  the 

triangle  Djg^i^;     (v.  15.) 
therefore  as  the  triangle  ABC  to  the  triangle  DEF,  so  is  the  alti- 
tude of  the  solid  EHPO  to  the  altitude  of  the  solid  BGML : 
but  the  altitude  of  the  solid  EHPO  is  the  same  with  the  altitude  of 

the  pyramid  D^Fif; 
and  the  altitude  of  the  solid  BGML  is  the  same  with  the  altitude 

of  the  pyramid  ABCG ; 
therefore^  as  the  base  ABC  to  the  base  DEF,  bo  is  the  altitude  of 

the  pyramid  DEFH  to  the  altitude  of  the  pyramid  ABCG : 
wherefore^  the  bases  and  altitudes  of  the  pyramids  ABCG,  DEFH 

are  reciprocally  proportional. 
Again^  let  the  bases  and  altitudes  of  the  pyramids  ABCG,  DEFH 

be  reciprocally  proportional^ 
viz.  the  base  ABC  to  the  base  DEF,  as  the  altitude  of  the  p3rramid 
DEFH  to  the  altitude  of  the  pyramid  ABCG. 
The  pyramid  ABCG  shall  be  equal  to  the  pyramid  DEFH. 
The  same  construction  being  made^ 
because  as  the  base  ABC  to  the  base  DEF,  so  is  the  altitude  of  the 

pyramid  DEFH  to  the  altitude  of  the  pyramid  ABCG; 
and  as  the  base  ABC  to  the  base  DEF,  so  is  the  parallelogram  BM 

to  the  parallelogram  EP : 
therefore  the  parallelogram  BM  is  to  EP,  as  the  altitude  of  the 

pyramid  DEFH  to  the  altitude  of  the  pyramid  ABCG  : 
but  the  altitude  of  the  pyramid  DEFH  is  the  same  with  the  alti- 
tude of  the  solid  pandlelopiped  EHPO; 
and  the  altitude  of  the  pyramid  ABCG  is  the  same  with  the  alti- 
tude of  the  solid  parallelopiped  BGML : 
therefore,  as  the  base  BM  to  the  base  EP,  so  is  the  altitude  of  the 
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solid  parallelopiped  EHPO  to  the  altitude  of  the  solid  paraUelopiped 

BGML. 

But  solid  parallelopipeds  having  their  bases  and  altitudes  recipro- 
cally proportional^  are  equal  to  one  another ;    (xi.  34.) 
therefore  the  solid  parallelopiped  BGML  is  equal  to  the  solid 

parallelopiped  EHPO : 
and  Uie  pyramid  ABCG  is  the  sixth  part  of  the  solid  BGML, 
and  the  pyramid  BEFH  is  the  sixth  part  of  the  solid  EHPO; 
therefore  the  pyramid  ABCG  is  equal  to  the  pyramid  DEFH.  (v.  az.2.) 

Therefore  the  bases^  &c.    Q.E.D. 


PROPOSITION  X.    THEOREM. 

Every  cone  is  the  third  part  of  a  cylinder  which  has  the  same  base  and 
is  of  an  equal  altitude  with  it. 

Let  a  cone  have  the  same  base  with  a  cylinder,  viz.  the  drdeABCD, 
and  the  same  altitude. 

The  cone  shall  be  the  third  part  of  the  cylinder;  that  is,  the 
cylinder  shall  be  triple  of  the  cone. 

If  the  cylinder  be  not  triple  of  the  cone, 

it  must  either  be  greater  than  the  triple^  or  less  than  it. 

Firsts  if  possible,  let  it  be  greater  than  the  triple; 


and  inscribe  the  square  ABCD  in  the  circle : 
this  square  is  greater  than  the  half  of  the  circle  ABCD. 
Upon  the  square  ABCD  erect  a  prism  of  the  same  altitude  with  the 
cylinder ; 
this  prism  shall  be  greater  than  half  of  the  cylinder : 
for  let  a  square  be  described  about  the  circle^  and  let  a  prism  be 
erected  upon  the  square^  of  the  same  altitude  with  the  cylinder: 
then  the  mscribed  square  is  half  of  that  circumscribed ; 
and  upon  these  square  bases  are  erected  solid  parallelopipeds^  vi2> 

the  prisms  of  me  same  altitude ; 
therefore  the  prism  upon  the  square  ABCD  is  the  half  of  the  prism 
upon  the  square  described  about  the  circle; 
because  they  are  to  one  another  as  their  bases :    (xi.  33.) 
and  the  cylinder  is  less  than  the  prism  upon  the  square  described 

about  the  circle  ABCD : 
therefore  the  prism  upon  the  square  ABCD  of  the  same  altitude 
with  the  cylinder,  is  greater  than  half  of  the  cylinder. 
Bisect  the  circumferences  AJB,  BC,  CD,  DA,  in  the  points  E,  F,  O,  H; 
and  loin  AE,  EB,  BF,  FC,  CG,  GD,  DH,  HA  : 
then,  each  of  the  triangles  AEB,BFC,  CGD,  DHA  is  greater  than 
the  half  of  the  segment  of  the  circle  in  which  it  stands,  as  was  shewn  in 
Prop.  II.  of  this  book. 
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Erect  prisms  upon  each  of  these  triangles^  of  the  same  altitude  with 
the  cylinder ; 

each  of  these  prisms  shall  he  greater  than  half  of  the  segment  of 

the  cylinder  in  which  it  is  ; 
because  if  throudi  the  points  E,  F,  G,  H,  parallels  be  drawn  to 
AB,  BC,  CD,  DA, 
and  parallelograms  be  completed  upon  the  same  AB,  BC^  CD,  DA, 
and  solid  parallelopipeds  be  erected  upon  the  parallelograms ; 
the  prisms  upon  the  triangles  AEB,  BFC,  CGD,  DHA,  are  the 
halves  of  the  solid  parallelopipeds ;     (xii.  7*  Cor.  2.) 
and  the  segments  of  the  cylinder  which  are  upon  the  segments  of 
the  circle  cut  off  by  AB,  BC,  CD,  DA,  are  less  than  the  sohd  paral- 
lelopipeds which  contain  them ; 

therefore  the  prisms  upon  the  triangles  ABB,  BFC,  CGD,  DHA, 
are  greater  than  half  of  the  segments  of  the  cylinder  in  which  they  are : 
therefore^  if  each  of  the  circumferences  be  divided  into  two  equal 
parts,  and  straight  lines  be  drawn  from  the  points  of  division  to  the 
extremities  of  die  circumferences,  and  upon  the  triangles  thus  made 
prisms  be  erected  of  the  same  altitude  with  the  cylinder,  and  so  on^ 
there  must  at  length  remain  some  segments  of  the  cylinder  lurhich 
together  are  less  than  the  excess  of  the  cylinder  above  the  triple  of 
the  cone:     (xii.  Lem.  1.) 

let  them  be  those  upon  the  segments  of  the  circle  AJE,  EB,  BF, 
FC,  CG,  GD,  DH,  HA ; 

therefore  the  rest  of  the  cylinder,  that  is,  the  prism  of  which  the 
base  is  the  polygon  AEBFCGDH,  and  of  which  the  altitude  is  the 
same  with  that  of  the  cylinder,  is  greater  than  the  triple  of  the  cone : 

but  this  prism  is  triple  of  the  p3rramid  upon  the  same  base,  of  which 
the  vertex  is  the  same  with  the  vertex  of  the  cone ;  (xii.  7«  Cor.  1.) 

therefore  the  pyramid  upon  the  base  AEBFCGDH,  having  the 
same  vertex  with  the  cone,  is  greater  than  the  cone,  of  which  the  base 
is  the  circle  ^^OD: 

but  it  is  also  less,  for  the  pyramid  is  contained  within  the  cone ; 

which  is  impossible: 
therefore  the  cylinder  is  not  greater  than  the  triple  of  the  cone. 
Nor  can  the  cylinder  be  less  than  the  triple  of  the  cone. 

Let  it  be  less,  if  possible ; 
therefore,  inversely,  the  cone  is  greater  than  the  third  part  of  the 
cylinder. 


In  the  circle  ABCD  inscribe  a  square  : 
this  square  is  greater  than  the  half  of  the  circle : 
and  upon  the  square  ABCD  erect  a  pyramid,  having  the  same 
vertex  with  the  cone ; 

this  p3rramid  is  greater  than  the  half  of  the  cone ; 
because,  as  was  before  demonstrated,  if  a  square  be  described  about 
the  circle,  the  square  ABCD  is  the  half  of  it : 
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and  if  upon  these  squares  there  be  erected  solid  parallelopipeds  of 

the  same  altitude  with  the  cone^  which  are  also  prisms* 
the  prism  upon  the  square  ABCD  is  the  half  of  that  which  ia  upon 

the  square  described  about  the  circle ; 
for  they  are  to  one  another  as  their  bases;  as  are  also  the  third 

parts  of  them :     (xi.  32,) 
therefore  the  pyramid,  the  base  of  which  is  the  square  ABOD,  is 
half  of  the  p3nramid  upon  the'  square  described  about  the.  circle : 
but  this  last  p3rramid  is  greater  than  the  cone  which  it  contains; 
therefore  the  p3rramid  upon  the  square  ABCD,  having  the  same 
vertex  with  the  cone^  is  greater  than  the  half  of  the  cone. 
Bisect  the  circumferences  AB,  BC,  CD,  DA  in  the  points  JS,  F,  G,  H, 
and  join  AE,  EB,  BF,  FC,  CG,  GD,  DH,  HA : 
therefore  each  of  the  triangles  AEBy  BFC,  CGD,  DHA  is  greater 

than  half  of  the  segment  of  the  circle  in  which  it  is : 
upon  each  of  these  triangles  erect  pjrramids  having  the  same  vertex 
with  the  cone : 
therefore  each  of  these  pyramids  is  greater  than  the  half  of  the 
segment  of  the  cone  in  which  it  is,  as  before  was  demonstrated  of  the 
prisms  and  segments  of  the  cylinder : 

and  thus  mviding  each  of  the  circumferences  into  two  equal  parts, 
and  joining  the  points  of  division  and  their  extremities  by  straight  lines, 
and  upon  the  triangles  erecting  pyramids  having  their  vertices  the  same 
with  that  of  the  cone^  and  so  on^  there  must  at  length  remain  some 
segments  of  the  cone*  which  together  are  less  than  me  excess  of  the 
cone  above  the  third  part  of  the  cylinder :  (xii.  heai*  1.) 
let  these  be  the  segments  upon  AE,  EB,  BF,  FC,  CG,  GD,  DH,  Hi: 
therefore  the  rest  of  the  cone*  that  is,  the  p3rramid  of  which  the  base 
is  the  polygon  AEBFCGDH,  and  of  which  tne  vertex  is  the  same  with 
that  of  the  cone*  is  greater  than  the  third  part  of  the  cylinder: 

but  this  pyramid  is  the  third  part  of  the  prism  upcm  the  same  base 

AEBFCGDH,  and  of  the  same  altitude  with  the  cylinder ; 
therefore  this  prism  is  greater  than  the  cylinder  of  wnich  the  base 

is  the  circle  ABCD  : 
but  it  is  also  less*  for  it  is  ccmtained  within  the  cylinder;  which  is 
impossible : 
therefore  the  cylinder  is  not  less  than  the  triple  of  the  cone. 
And  it  has  been  demonstrated  that  neither  is  it  greater  than  the  triple: 
therefore  the  cylinder  is  triple  of  the  cone*  or*  the  cone  is  the  third 
part  of  the  cylinder. 

Wnerefore*  every  cone*  &c.    q.e.d. 


PROPOSITION  XI.    THEOREM. 
Cones  and  cylinden  of  the  same  altitude,  are  to  one  another  as  their  bases. 

Let  the  cones  and  cylinders*  of  which  the  bases  are  the  circles 
ABCD,  EFGH,  and  the  axes  KL,  MN,  and  AC,  EG  the  diameters  of 
their  bases*  be  of  the  same  altitude. 

As  the  circle  ABCD  to  the  circle  EFGH,  so  shall  the  ccme  Al  be 
to  the  cone  EN. 
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If  it  be  not  so^  the  circle  A  BCD  must  be  to  the  drcle  EFGH,  as  the 
cone  ALto  some  solid  either  less  than  the  cone  EN,  or  greater  than  it. 
Firsts  let  it  be  to  a  solid  less  than  EN,  viz.  to  the  solid  X; 
and  let  Z  be  the  solid  which  is  equal  to  the  excess  of  the  cone  EN 
above  the  solid  X; 
therefore  the  cone  EN  is  equal  to  the  solids  X,  Z  together. 

In  the  circle  EFGH  inscribe  the  square  EFGH; 
therefore  this  square  is  greater  than  the  half  of  the  circle : 
upon  the  square  EFGH  erect  a  pyramid  of  the  same  altitude  with 
the  cone; 
this  pyramid  shall  be  greater  than  half  of  the  cone : 
for^  if  a  square  be  described  about  the  circle^  and  a  pyramid  be 
erected  upon  it^  having  the  same  vertex  with  the  cone^  the  pyramid 
inscribed  m  the  cone  is  naif  of  the  pyramid  circumscribed  about  it^ 
because  they  are  to  one  another  as  their  bases :     (xii.  6.) 
but  the  cone  is  less  than  the  circumscribed  pyramid ; 
therefore  the  pyramid  of  which  the  base  is  the  square  EFGH,  and 
ts  vertex  the  same  with  that  of  the  cone^  is  greater  than  half  of 
Jie  cone. 

Divide  the  circumferences  EF,  FG,  GH,  HE,  each  into  two  equal 
parts  in  the  points  0,  P,  R,  S, 

and  join  EG,  OF,  FP,  PG,  GR,  RH,  HS,  SE : 
therefore  each  of  the  triangles  EOF,  FPG,  GRH,  HSEis  greater 

than  half  of  the  segment  of  the  circle  in  which  it  is : 
upon  each  of  these  triangles  erect  a  pyramid  having  the  same  vertex 

with  the  cone ; 
each  of  these  pyramids  is  greater  than  the  half  of  the  segment  of 
the  cone  in  which  it  is : 
and  thus  dividing  each  of  these  circumferences  into  two  equal  parts^ 
ind  from  the  points  of  division  drawing  straight  lines  to  the  extremities 
»f  the  circum&rences^  and  upon  each  of  the  triangles  thus  made  erecting 
>3rramids  having  the  same  vertex  with  the  cone,  and  so  on^  there  must 
it  length  remain  some  segments  of  the  cone  which  are  together  less  than 
he  soud  Z ;    (Lemma.) 

et  these  be  the  segments  upon  EO,  OF,  FP,  PG,  GR,  RH,  HS,  SE: 
therefore  the  remainder  of  the  cone^  viz.  the  pyramid  of  which  the 
lase  is  the  polygon  EOFPGRHS,  and  its  vertex  the  same  with  that  of 
he  cone,  is  greater  than  the  solid  X. 

In  the  circle  ABCD  inscribe  the  polygon  ATBYCFDQ  similar  to 
he  polygon  EOFPGRHS,  and  upon  it  erect  a  p3rramid  having  the 
lame  vertex  with  the  cone  AL: 

and  because  as  the  square  of  AC  is  to  the  square  of  EG,  so  is  the 

polygon  ATBYCFDQ  to  the  polygon  EOFPGRHS;  (xii.  1,) 

and  as  the  square  of  ^C  to  the  square  o£EG,  so  is  the  circle  ABCD 

to  the  circle  EFGH ;     (xii.  2.) 
therefore  the  circle  ABCD  is  to  the  circle  EFGH,  as  the  polygon 
ATBYCFDQ  to  the  polygon  EOFPGRHS :    (v.  11.) 


272  Euclid's  elements. 

but  as  the  circle  ABCD  to  the  circle  EFGH,  so  is  the  cone  AL  to 

the  solid  X ; 
and  as  the  polygon  ATBYCFDQ  to  the  polygon  EOFPGRHS,  so 
is  the  pyramid  of  which  the  base  is  the  first  of  these  polygons^  and 
vertex  L,  to  the  pyramid  of  which  the  base  is  the  other  polygon,  and 
its  vertex  N:    (xii.  6.) 

therefore^  as  the  cone  AL  to  the  solid  X,  so  is  the  pyramid  of  which 
the  base  is  the  polygon  ATBYCFDQ,  and  vertex  £,  to  the  pyramid 
the  base  of  which  is  the  polygon  EOFPGRHS,  and  vertex  Ni 

but  the  cone  AL  is  greater  than  the  p3rramid  contained  in  it ; 
therefore  the  solid  X  is  greater  than  the  pyramid  in  the  cone  ENi  (v.  14.) 
but  it  is  less^  as  was  shewn ;  which  is  absurd : 
therefore  the  circle  ABCD  is  not  to  the  circle  EFGH,  as  the  cone 

AL  to  any  solid  which  is  less  than  the  cone  J^^. 
In  the  same  manner  it  may  be  demonstrated,  that  the  circle  EFGH 
is  not  to  the  circle  ABCD,  as  the  cone  EN  to  any  solid  less  than  the 
cone  AL. 

Nor  can  the  circle  ABCD  be  to  the  circle  EFGH,  as  the  cone  AL 
to  any  solid  greater  than  the  cone  J^^. 

fx>r,  if  it  be  possible,  let  it  be  so  to  the  solid  /,  which  is  greater  than 
the  cone  EN: 

therefore,  by  inversion,  as  the  circle  EFGH  to  the  circle  ABCD,  so 

is  the  solid  /  to  the  cone  AL : 
but  as  the  solid  /  to  the  cone  AL,  so  is  the  cone  EN  to  some  solid, 
which  must  be  less  than  the  cone  AL ;    (v.  14.) 
because  the  solid  /  is  greater  than  the  cone  EN; 
therefore,  as  the  circle  EFGH  is  to  the  circle  ABCD,  so  is  the  cone 
j^^  to  a  solid  less  than  the  cone  AL,  which  was  shewn  to  be  im- 
possible : 

therefore  the  circle  ABCD  is  not  to  the  circle  EFGH,  as  the  cone 

AL  is  to  any  solid  greater  than  the  cone  EN 
And  it  has  been  demonstrated,  that  neither  is  the  circle  ABCD  to 
the  circle  EFGH,  as  the  cone  AL  to  any  solid  less  than  the  cone  EN: 
therefore  the  circle  ABCD  is  to  the  circle  EFGH,  as  the  cone  AL 
to  the  cone  EN: 
but  as  the  cone  is  to  the  cone,  so  is  the  cylinder  to  the  cylinder,  (v.  15.) 
because  the  cylinders  are  triple  of  the  cones,  each  of  each,    (xii.  10.) 
therefore  as  the  circle  ABCD  to  the  circle  EFGH,  so  are  the 

cylinders  upon  them  of  the  same  altitude. 
Wherefore,  cones  and  cylinders  of  the  same  altitude  are  to  one 
another  as  their  bases,    q.b.d. 


PROPOSITION  XII.    THEOREM* 

Similar  cones  and  cylinders  have  to  one  another  the  triplicate  ratio  of 
that  which  the  diameters  of  their  bases  have. 

Let  the  cones  and  cylinders  of  which  the  bases  are  the  circles 
ABCD,  EFGH,  and  the  diameters  of  the  bases  AC,  EG,  and  Xii 
MN  the  axes  of  the  cones  or  cylinders,  be  similar. 

The  cone  of  which  the  base  is  the  circle  ABCD  and  vertex  the 
point  L,  shall  have  to  the  cone  of  which  the  base  is  the  drde  JSFGH 
and  vertex  N,  the  triplicate  ratio  of  that  which  4  C  has  to  JSO. 
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For^  if  the  cone  ABCDL  has  not  to  the  cone  EFGHN  the  triplicate 
ratio  of  that  which  AC  has  to  £/G, 

the  cone  ABCDL  must  have  the  triplicate  of  that  ratio  to  some 
solid  which  is  less  or  greater  than  the  cone  EFGHN.     ' 
First,  if  possible,  let  it  have  it  to  a  less,  viz.  to  the  solid  X. 
Make  the  same  construction  as  in  the  preceding  proposition, 
and  it  may  be  demonstrated  the  very  same  way  as  in  that  proposition, 
that  the  pyramid  of  which  the  base  is  the  polygon  EOFrGRHS^ 
and  vertex  JV,  is  greater  than  the  solid  X. 
Inscribe  also  in  the  circle  ABCD  the  polygon  ATBYCVDQ  similar 
to  the  polygon  EOFPGRHS,  upon  which  erect  a  p3rramid  having  the 
same  vertex  with  the  cone ; 

aiid  let  LAQ  be  one  of  the  triangles  containing  the  pyramid  upon 
the  polygon  A  TBYCFDQ,  the  vertex  of  which  is  L ; 
and  let  NES  be  one  of  the  triangles  containing  the  pyramid  upon 
the  polygon  EOFPGRHS  of  which  the  vertex  is  N,  and  join  KQ, 
MS. 

Then,  because  the  cone  ABCDL  is  similar  to  the  cone  EFGHN, 
AC  is  to  EG  as  the  axis  KL  to  the  axis  MN;    (xi.  def.  24.) 
and  as  ^C  to  EG,  so  is  AK  to  EM;    (v.  15.) 
therefore  as  AK  to  EM,  so  is  KL  to  MN; 
and  alternately,  AK  to  KL,  as  EM  to  MN: 
and  the  right  angles  AKL,  EMN  are  equal : 
therefore,  the  sides  about  Siese  equal  angles  being  proportionals, 
the  triangle  AKL  is  similar  to  the  triangle  EmN.    (vi.  6.) 
Again,  because  AKUto  KQ,  as  EM  to  MS, 
and  that  these  sides  are  about  equal  angles  AKQ,  EMS,  because 
these  angles  are,  each  of  them,  the  same  part  of  four  right  angles  at  the 
centres  K,  M; 
therefore  the  triangle  AKQ  is  similar  to  the  triangle  EMS.    (vi.  6.) 
And  because  it  has  been  shewn  that  as  A  K  to  KL,  so  is  EM  to  MN, 
and  that  AK  is  equal  to  KQ,  and  EM  to  MS : 
therefore  as  QK  to  KL,  so  is  SM  to  MN: 
and  therefore,  the  sides  about  the  right  angles  QKL,  SMN  being 
proportionals, 

the  triangle  LKQ  is  similar  to  the  triangle  NMS. 

And  because  of  the  similarity  of  the  triangles  AKL,  EMNy 

as  LA  is  to  AK,  so  is  NE  to  EM; 

and  by  the  similarity  of  the  triangles  AKQ,  EMS, 

as  KA  to  AQ,  so  ME  to  ES: 

therefore,  ex  cequali,  LA  is  to  AQ,  as  NE  to  ES.    (v.  22.) 

Again,  because  of  the  similarity  of  the  triangles  LQK,  NSM, 

as  LQ  to  QK,  so  NS  to  SAl; 
and  from  the  similarity  of  the  triangles  KAQ,  MES, 


to 
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as  KQ  to  QA,  so  MS  to  SE : 
therefore^  ex  sequali^  LQ  is  to  QA,  as  NS  to  SF:     (v.  22.) 

and  it  was  proved  that  QA  is  to  AL,  as  SE  to  ^^: 
therefore^  again^  ex  sequali^  as  QJj  to  LA,  so  is  SN  to  NB: 
wherefore  the  triangles  LQA,  NSE,  having  the  sides  about  all 
their  angles  proportiomds^  are  equiangular  and  similar  to  one  another : 
(vi.  5.) 

and  therefore  the  pyramid  of  which  the  base  is  the  triangle  AKQ, 
and  vertex  L,  is  similar  to  the  p3rramid  the  base  of  which  is  the  triangle 
EMS,  and  vertex  N, 

because  their  solid  angles  are  equal'  to  one  another^  and  they  are 

contained  by  the  same  number  of  similar  planes :     (xi.  b.) 

but  similar  pyramids  which  have  triangular  bases  have  to  one  another 

the  triplicate  ratio  of  that  which  their  homologous  sides  have ;  (xii.  8.) 

therefore  the  pyramid  AKQL  has  to  the  pyramid  EMSN  the  tri« 

plicate  ratio  of  that  which  AK  has  to  EM. 
In  tne  same  manner^  if  straight  lines  be  drawn  from  the  points  D, 
r,  C,  Y,  B,T  to  K, 

and  from  the  pointe  JET,  R,  G,  P,  F,  0  to  M, 
and  pvramids  be  erected  upon  the  triangles  having  the  same  vertices 
with  the  cones^ 
it  may  be  demonstrated  that  each  pyramid  in  the  first  cone  has  to 
each  in  the  other^  taking  them  in  the  same  order^  the  triplicate  ratio  of 
that  which  the  side  AK  has  to  the  side  EN; 

that  is,  which  AC  has  to  EG: 
but  as  one  antecedent  to  its  consequent^  so  are  all  the  antecedents 
to  all  the  consequents ;     (v.  12.) 
therefore  as  the  pyramid  AKQJj  to  the  pyramid  EMSN,  so  is  the 
whole  p3nramid  the  base  of  which  is  the  polygon  DQATBYCF,  and 
vertex  L,  to  the  whole  pyramid  of  which  the  base  is  the  polygon 
HSEOFPGR,  and  vertex  N: 

wherefore  also  the  first  of  these  two  last-named  pyramids  has  to  the 
other  the  triplicate  ratio  of  that  which  AC  has  to  EG : 
but^  by  the  hypothesis^  the  cone  of  which  the  base  is  the  circle 
ABCD,  and  vertex  L,  has  to  the  solid  X,  the  triplicate  ratio  of  that 
which  A  C  has  to  EG ; 

therefore,  as  the  cone  of  which  the  base  is  the  circle  A  BCD,  and 
vertex  L,  is  to  the  solid  X,  so  is  the  pyramid  the  base  of  which  is  the 
polygon  DQATBYCF,  and  vertex  L,  to  the  pyramid  the  base  of  which 
is  the  polygon  HSEOFPGR,  and  vertex  Ni 

but  the  said  cone  is  ^eater  than  the  pyramid  contained  in  it ; 
therefore  the  solid  X  is  greater  than  the  pyramid^  the  base  of  which 
is  the  polygon  HSEOFPGR,  and  vertex  N:     (v.  14.) 
but  it  is  also  less;  which  is  impossible : 
therefore  the  cone^  of  which  the  base  is  the  circle  ABCD  and  vertex 
L,  has  not  to  any  solid  which  is  less  than  the  cone  of  which  the  base  is 
the  circle  EFGrl,  and  vertex  N,  the  triplicate  ratio  of  that  which  JC 
has  to  EG, 

111  the  same  manner  it  may  be  demonstrated,  that  neither  has  the 
cone  EFGHN  to  any  solid  which  is  less  than  the  cone  ABCDL,  the 
triplicate  ratio  of  that  which  EG  has  to  AC. 

Nor  can  the  cone  ABCDL  have  to  any  solid  which  is  greater  than 
the  cone  EFGHN,  the  triplicate  ratio  of  that  which  AChsL%Xjo  EG. 
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For,  if  it  be  possible,  let  it  have  it  to  a  greater^  viz.  to  the  solid  Z : 

therefore,  inversely,  the  solid  Z  has  to  the  cone  ABCDL,  the  tripli- 
cate  ratio  of  that  which  EG  has  to  ^C : 

but  as  the  solid  Z  is  to  the  cone  ABCDL,  so  is  the  cone  EFGHN 
to  some  solid,  which  must  be  less  than  the  cone  ABCDL,  (v.  14.) 
because  the  solid  Z  is  greater  than  the  cone  EFGHN ; 

therefore  the  cone  EFGHN  has  to  a  solid  which  is  less  than  the 
cone  ABCDL,  the  triplicate  ratio  of  that  which  EG  has  to  AC, 
which  was  demonstrated  to  be  impossible : 

therefore  the  cone  ABCDL  has  not  to  any  solid  greater  than  the 
cone  EFGHN,  the  triplicate  ratio  of  that  which  A  C  has  to  EG : 

and  it  was  demonstrated^  that  it  could  not  have  that  ratio  to  any 
solid  less  than  the  cone  EFGHN; 

therefore  the  cone  ABCDL  has  to  the  cone  EFGHN,  the  tripli- 
cate ratio  of  that  which  AC  has  to  EG : 
it  as  the  cone  is  to  the  cone,  so  the  cylinder  to  the  cylinder ;    (v.  15.) 

for  every  cone  is  the  third  part  of  the  cylinder  upon  the  same  base^ 
and  of  the  same  altitude :     (xii.  10.) 

therefore  also  the  cylinder  has  to  the  cylinder,  the  triplicate  ratio 
of  that  which  AChsLSto  EG. 

Wherefore,  similar  cones^  &c.     q.e.d. 

PROPOSITION  Xlll.    THEOREM. 

If  a  cylinder  be  cut  hy  a  plane  parallel  to  its  opposite  planes,  or  bases; 
divides  the  cylinder  into  two  cylinders,  one  of  which  %s  to  the  other  as 
e  axis  qfihejirst  to  the  axis  of  the  other. 

Let  the  cylinder  AD  be  cut  by  the  plane  GH  parallel  to  the  oppo- 
te  planes  AB,  CD,  meeting  the  axis  EF  in  the  point  K, 

and  let  the  line  GH  be  the  common  section  of  the  plane  GH  and 

the  surface  of  the  cvlinder  AD. 

Let  AEFC  be  the  parallelogram  in  any  position  of  it,  by  the  revo- 

ition  of  which  about  tne  straight  line  EFxhe  cylinder  AD  is  described ; 

and  let  G£l  be  the  common  section  of  the  plane  GH,  and  the  plane 

AEFC. 
And  because  the  parallel  planes  AB,  GH  are  cut  by  the  plane 
[EKG, 
their  common  sections  AE,  KG,  with  it,  are  parallel :     (xi.  l6.) 

wherefore  AK  is  a  parallelogram, 
md  GK  equal  to  EA  the  straight  line  from  the  centre  of  the  circle  AB : 
for  the  same  reason,  each  of  the  straight  lines  drawn  from  the  point 
f  to  the  line  GH  may  be  proved  to  be  equal  to  those  which  are  drawn 
rom  the  centre  of  the  circle  AB  to  its  circumference,  and  are  therefore 
U  equal  to  one  another ; 

therefore  the  line  GH  is  the  circumference  of  a  circle  of  which  the 

centre  is  the  point  X :    (i.  def.  15.) 
therefore  the  plane  GH  divides  the  cylinder  AD  into  the  cylinders 

AH,  GD; 
for  they  are  the  same  which  would  be  described  by  the  revolution 
of  the  parallelograms  AK,  GF  about  the  straight  lines  EK,  KFi 
and  it  is  to  be  shewn,  that  the  cylinder  AH  is  to  the  cylinder  HC, 
as  the  axis  EK  to  the  axis  KF. 

18 — 2 
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Produce  the  axis  EF  both  wme : 

and  take  any  number  of  strairiit  lines  EN,  NL,  each  equal  to  EK; 

and  anv  number  Fx,  XM,  each  equal  to  FK ; 

and  let  planes  parallel  to  AB,  CD,  pass  through  the  pointo  L,  N,  X,  M: 

therefore  the  common  sections  of  the&e  planes  Tith  the  grlinder 

produced  are  circles,  the  centres  of  which  are  the  points  L,  N,  X,  M,  u 

was  proved  of  the  plane  GH ; 

and  these  planea  cut  off  the  cylinders  PR,  RB,  DT,  TO. 
And  because  the  axes  LN,  NE,  EK,  are  all  equal, 
therefore  the  cylinders  PR,  RB,  BG,  are  to  one  another  as  th«r 

bases:     (xir.  II.) 
but  their  bases  are  equal,  and  Aereibre  the  cylinders  PR,  RB,  BG, 

are  equal : 
and  because  the  axes  LN,  NE,  EK,  are  equal  to  one  another, 
as  also  the  cylinders  PR,  RB,  BG, 
and  that  there  are  as  many  axes  as  cylinders  ; 
therefore,  whatever  multiple  the  axis  KL  is  of  the  axis  KE,  the 

same  multiple  is  the  cylinder  PG  of  the  cylinder  GB: 
for  the  same  reason,  whatever  multiple  the  axis  MK  is  of  the  azit 
KF,  the  same  multiple  is  the  cylinder  Q.G  of  the  cylinder  GD: 
and  if  the  axis  KL  be  equal  to  the  axis  KM,  the  cylinder  PG  is 

equal  to  the  cylinder  GQ ; 
and  if  the  axis  KL  be  greater  than  the  axis  KM,  the  cylinder  PG 

is  greater  than  the  cylinder  GO. ;  and  if  less,  less : 
therefore,  since  there  are  four  magnitudes,  viz.  the  axes  EK,  KF, 

and  the  cylinders  BG,  GD; 
and  that  of  the  axis  EK  and  cylinder  BG  there  have  been  taken 
any  equimultiples  whatever,  viz,  the  axis  KL  and  cylinder  PG, 
and  of  the  axis  KF  and  cylinder  GD,  any  equimultiples  whatever, 

viz.  the  axis  KM  and  cylinder  GQ; 
and  since  it  has  been  demonstrated,  ^t  if  the  axis  KL  be  greslef 
.  than  the  axis  KM,  \ 

the  cylinder  PG  is  greater  than  the  cylinder  GQ ; 
and  if  equal,  equal ;  and  if  less,  less : 
therefore  as  the  axis  EK  is  to  the  axis  KF,  so  is  the  cylinder 
to  the  cylinder  GD. 

Wherefore,  If  a  cylinder,  &c.    q.e,d. 
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PROPOSITION  XIV.     THEOREM. 

Cones  and  cylinders  upon  equal  bases  are  to  one  another  as  their 
Uitudes. 

Let  the  cylinders  EB,  FD,  be  upon  the  equal  bases  AB,  CD. 
As  the  cylinder  BB  to  the  cylinder  FD,  so  shall  the  axis  GH  be 
to  the  axis  KL, 
Produce  the  axis  KL  to  the  point  N,  and  make  LN  equal  to  the 
xis  GH, 

and  let  CM  be  a  cylinder  of  which  the  base  is  CD,  and  axis  LN. 
Then  because  the  cylinders  EB,  CM,  have  the  same  altitude^  they 

are  to  one  another  as  their  bases :     (xii.  11.) 
but  their  bases  are  equals  therefore  also  the  cylinders  UB,  CM, 
are  equal: 


and  because  the  cylinder  FM  is  cut  by  the  plane  CD  parallel  to  its 

opposite  planes, 
as  the  cylinder  CM  to  the  cylinder  FDy  so  is  the  axis  LN  to  the 

axis  KL :     (xii.  IS.) 
but  the  cylinder  CM  is  equal  to  the  cylinder  EB,  and  the  axis  LN 

totheasdsGH; 
therefore  as  the  cylinder  EB  to  the  cylinder  FD,  so  is  the  axis  GH 

to  the  axis  KL  : 
and  as  the  cylinder  JEB  to  the  cylinder  FD,  so  is  the  cone  ABG  to 
the  cone  CDK,    (v.  15.) 

because  the  cylinders  are  triple  of  the  cones :     (xii.  10.) 
therefore  also  the  axis  GH  is  to  the  axis  KL,  as  the  cone  ABG  to 
the  cone  CDK,  and  as  the  cylinder  EB  to  the  cylinder  FD. 

Wherefore  cones,  &c.    q.e.d. 


PROPOSITION  XV.     THEOREM. 

The  bases  and  altitudes  of  equal  cones  and  cylinders  are  reciprocally 
proportional;  and  conversely,  if  the  bases  and  altitudes  be  reciprocal^ 
px)portional,  the  cones  and  cylinders  are  equal  to  one  another. 

Let  the  circles  ABCD,  EFGH,  the  diameters  of  which  are  AC,  EG, 
be  the  bases,  and  KL,  MN,  the  axes,  as  also  the  altitudes,  of  equal  cones 
^d  cylinders; 

and  let  ALC,  ENG  be  the  cones,  and  AX,  EO  the  cylinders: 
the  bases  and  altitudes  of  the  cylinders  AX,  EO  shall  be  reciprocally 

proportional ; 
that  is,  as  the  base  ABCD  to  the  base  EFGH,  so  shall  the  altitude 
MN  be  to  the  altitude  KL. 
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cylinder  ES,  so  is  the  cylinder  EO  to  the  same  ES :  (v.  7.) 
cylinder  AX  to  the  cylinder  jB/S,  so  is  the  base  ABCD  to 


Either  the  altitude  MN  is  equal  to  the  altitude  KL^  or  these  altitudes 
are  not  equal. 

First  let  them  be  eq^ual ; 
and  the  cylinders  AX,  EO  hemf  also  ecjual^ 
and  cones  and  cylinders  of  the  same  altitude  bemg  to  one  another 

as  their  bases^     (xii.  11.) 
therefore  the  base  ABCD  is  equal  to  the  base  EFGH:    (v.  a.) 
and  as  the  base  ABCD  is  to  die  base  EFGH,  so  is  the  altitude  MN 
to  the  altitude  KL. 
But  let  the  altitudes  KL^  MN,  he  unequal^  and  MN  the  greater  of 
the  two, 

and  from  MN  take  MP  equal  to  KL, 
and  through  the  point  P  cut  the  cylinder  EO  by  the  plane  TYS, 
parallel  to  the  opposite  planes  of  the  circles  EFGH,  RO; 
therefore  the  common  section  of  the  plane  TYS  and  the  cylinder 
EO  is  a  circle,  and  consequently  £/S  is  a  cylinder,  the  base  of  which  is 
the  circle  EFGH,  and  altitude  MPi 

and  because  the  cylinder  AX  is  equal  to  the  cylinder  EO, 
as^Xistothe     ------  -  •-'- 

but  as  the 

the  hscaeEFGH ;    (xii.  11.') 

for  the  cylinders  AX,  ES  are  of  the  same  altitude; 
and  as  the  cylinder  EO  to  the  cylinder  ES,  so  is  the  altitude  MN 

to  the  altitude  MP,     (xii.  IS.) 
because  the  cylinder  EO  is  cut  by  the  plane  TYS  parallel  to  its 

opposite  planes; 
therefore  as  the  base  ABCD  to  the  base  EFGH,  so  is  the  altitude 
MN  to  the  altitude  MP: 

but  MP  is  equal  to  the  altitude  KL ; 
wherefore  as  the  base  ABCD  to  the  base  EFGH^  so  is  the  altitude 

MN  to  the  altitude  KL : 
that  is,  the  bases  and  altitudes  of  the  equal  cylinders  AX,  EO,  are 

reciprocally  proportional. 
But  let  the  bases  and  altitudes  of  the  cylinders  AX,  EO  be  recipro- 
cally  proportional, 

viz.  the  base  ABCD  to  the  base  EFGH,  as  the  altitude  MN  to  the 
altitude  XL: 

the  cylinder  AX  shall  be  equal  to  the  cylinder  EO. 
First,  let  the  base  ABCD  be  equal  to  the  base  EFGH: 
then  because  as  the  base  ABCD  is  to  the  base  EFQH,  so  is  the 
altitude  MN  to  the  altitude  KL ; 

MN  is  equal  to  KL ;    (v.  a.^ 
and  therefore  the  cylinder  AX  is  equal  to  the  cybnder  EO.    (xii.  11) 
But  let  the  bases  ABCD,  EFGH  be  unequal, 
and  let  ABCD  be  the  greater : 
and  because  as  ABCD  is  to  the  base  EFGH,  so  is  the  altitude  M^ 
to  the  altitude  KL ; 
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therefore  MN  is  greater  than  KL.    (v.  a.) 
Then^  the  same  construction  being  made  as  before, 
because  as  the  base  ABCD  to  the  base  EFGH,  so  is  the  altitude 
MN  to  the  altitude  KL ; 
and  because  the  altitude  KL  is  equal  to  the  altitude  MP ; 
therefore  ^e  base  ABCD  is  to  the  base  EFGH,  as  the  cylinder  AX 

to  die  cylinder  ES;    (xii.  12.) 
and  as  the  sJtitude  MN  to  the  altitude  MP  or  KL,  so  is  the  cylinder 

EO  to  the  cylinder  ES: 
therefore  the  cylinder  ^Xis  to  the  cylinder  ES,  as  the  cylinder  EO 
is  to  the  same  ES : 

ivbence  the  cylinder  AX  is  equal  to  the  cylinder  EO : 
and  the  same  reasoning  holds  in  cones,     q.e.d. 


PROPOSITION  XVI.    PROBLEM. 

In  the  greater  of  two  circles  that  have  the  same  centre,  to  inscribe  a 
^lygon  of  an  even  number  of  equal  sides,  that  shall  not  meet  the  lesser 
rcle. 

Let  ABCD,  EFGH  be  two  given  circles  having  the  same  centre  K. 

It  is  required  to  inscribe  in  the  greater  circle  ABCD,  a  polygon  of 
L  even  number  of  equal  sides,  that  shall  not  meet  the  lesser  circle. 


Through  the  centre  K  draw  the  straight  line  BD, 
and  from  the  point  G,  where  it  meets  the  circumference  of  the 
lesser  circle, 

draw  GA  at  right  angles  to  BD,  and  produce  it  to  C; 
therefore  AC  touches  the  circle  JEFGH:     (iii.  1 6.  Cor.) 
then,  if  the  circumference  BAD  be  bisected,  and  the  half  of  it  be 
^ain  bisected,  and  so  on,  there  must  at  length  remain  a  circumference 
!ss  than  AD:     (xii.  Lem.  1.) 

let  this  be  LD ; 
and  from  the  point  L  draw  LM  perpendicular  to  BD,  and  produce 
it  to  N; 

and  join  LD,  DNz 
therefore  LD  is  equal  to  DN: 
and  because  LN  is  parallel  to  ^C,  and  that  AC  touches  the 
circle  EFGH; 

therefore  LN  does  not  meet  the  circle  EFGH ; 
nd  much  less  shall  the  straight  lines  LD,  DN,  meet  the  circle  EFQH: 
so  that  if  straight  lines  equal  to  LD  be  applied  in  the  circle  ABCD 

from  the  point  L  around  to  jY, 
there  shall  be  inscribed  in  the  circle  a  polygon  of  an  even  number 
of  equal  sides  not  meeting  the  lesser  circle.     Q.  e.  f. 
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LEMMA  IL 

If  two  trapeziums  ABCD,  EPGH  he  inscribed  in  the  circles,  the 
centres  of  which  are  the  points  K,  L ;  and  if  the  sides  AB,  DC  he 
parallel,  as  also  EF,  HG ;  and  the  other  four  sides  AD,  BC,  EH,  FG, 
be  all  equal  to  one  another;  but  the  side  AB  greater  than  EF,  and  DC 
greater  than  HG:  the  straight  line  KA  from  the  centre  of  the  circle  in 
which  the  greater  sides  are,  is  greater  than  the  straight  line  LE  drawn 
from  the  centre  to  the  circumference  of  the  other  circle. 

If  it  be  possible,  let  KA  be  not  greater  than  LE; 
then  JLi  must  be  either  equal  to  it,  or  less  than  it. 


First,  let  KA  be  equal  to  LE: 
therefore^  because  in  two  equal  circles  AD,  BC,  in  the  one,  are  equal 
to  JEH,  FG  in  the  other,  the  circumferences  AD,  BC,  are  equal  to  the 
circumferences  EH,  FG;  ^  (in.  28.) 

but  because  the  straignt  lines  AB,  DC  are  respectively  greater 
than  EF,  OH; 

the  circumferences  AB,  DC  are  greater  than  EF,  HG ; 
therefore  the  whole   circumference  ABCD  is  greater  than  the 
whole  EFGH: 

but  it  is  also  ec^ual  to  it,  which  is  impossible : 

therefore  the  straight  line  KA  is  not  equal  to  LE. 

But  let  KA  be  less  than  LE, 

and  make  LM  equal  to  KA, 

and  from  the  centre  L,  and  distance  LM,  describe  the  circle  MNOPj 

meeting  the  straight  lines  LE,  LF,  LG,  LH,  laM,  N,0,P; 
and  join  MN^  NO,  OP,  PM,  which  are  respectively  paraUel  to,  and 
less  than  EF,  FG,  GH,  HE :    (vi.  2.^ 

then  because  EH  is  greater  tnan  MPj 

AD  is  greater  than  MP; 

and  the  circles  ABCD,  MNOP  are  equal ; 

therefore  the  circumference  AD  is  greater  than  MP: 

for  the  same  reason,  the  circumference  BC  is  greater  than  NO: 

and  because  the  straight  line  AB  is  greater  than  EF,  which  b 

greater  than  MN, 

much  more  is  AB  greater  than  MN: 
therefore  the  circumference  AB  is  greater  than  MN; 
apd  for  the  same  reason,  the  circumference  DC  is  greater  than  PO: 
therefore  the  whole  circumference  ABCD  is  greater  than  the  whole 
MNOP: 

but  it  is  likewise  equal  to  it,  which  is  impossible: 

therefore  KA  is  not  less  than  LE: 

nor  is  it  equal  to  it; 

therefore  the  straight  line  KA  must  be  greater  than  LE.    Q.E.D. 
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Cob.  And  if  there  be  an  iioscelea  triangle,  the  ndei  of  which  are 
equal  to  AD,  BC,  bat  its  base  leas  than  AB,  the  greater  of  the  two 
aides  AB,  DC;  the  straight  line  KA  may,  in  the  same  manner,  be 
demonstrated  to  be  greater  than  the  straight  line  drawn  from  the  centre 
to  the  circamference  of  tlie  circle  described  about  the  triangle. 


PBOPOSITION  XVII.    PROBLEM. 

I»  the  greaier  of  Ino  tpheret  tvhick  have  the  same  centre,  to  intcribe  a 
ntid  pofyhedrtm,  the  tuperjicies  of  tvhick  thall  not  mat  the  letter  tphere. 

Let  there  be  two  spheres  about  the  same  centre  A. 
It  is  required  to  inscribe  in  the  greater  a  solid  polyhedron,  the 
superficies  tn  which  shall  not  meet  the  lesser  sphere. 


Let  the  spheres  be  cut  ly  a  plane  passing  through  the  centre ; 

the  common  sections  of  it  with  the  spheres  sh^  be  circles ; 
because  the  sphere  is  described  by  the  revolution  of  a  semicircle 
about  the  diameter  remaining  unmoveable ; 
BO  Uiat  in  whatever  position  the  semicircle  be  conceived,  the  common 
«ecti<m  of  the  plane  in  which  it  is  with  the  superficies  of  the  sphere  is 
the  circumference  of  a  drcle; 

and  this  is  a  great  circle  of  the  sphere,  becanse  the  diameter  of  the 
sphere,  which  is  ukewise  the  diameter  of  the  circle,  is  greater  than  any 
straight  line  in  the  circle  or  sphere,     (iii.  15.) 

Let  then  the  circle  made  by  the  section  of  the  plane  with  the  greater 
'  sphere  be  BCDE,  and  with  the  lesser  sphere  be  FGH; 

and  draw  the  two  diameters  BD,  CE  at  right  angles  to  one  another ; 
and  in  BCDE,  the  greater  of  the  two  circles,  inscribe  a  polygon 
of  an    even    number  of  equal  sides  not  meeting  the  lesser  circle 
IGH;    (XII.  16.) 

and  let  its  sides  in  BE,  die  fourth  part  of  the  circle,  be  BK,  KL, 
LM,  ME; 

join  KA,  and  produce  it  to  JV; 

and  &om  A  draw  AX  at  right  angles  to  the  plane  of  Uie  drde  BCDE, 

meeting  the  superficies  of  the  sphere  in  the  point  Xt    j^xi.  13^ 

and  let  planus  pass  through  AX,  and  each  of  the  straight  lines  BD, 

£y,  which  tttaa  what  has  been  said,  shall  produce  great  circles  on  the 


282  BUCLID'S   BLBMENT8. 

superficies  of  the  sphere,  and  let  BXD,  KXN  be  the  semicircles  thus 
made  upon  the  diameters,  BD,  KN: 

therefore,  because  XA  is  at  right  angles  to  the  plane  of  the 

circle  BCDB, 
every  plane  which  passes  through  XA  is  at  right  angles  to  the 
plane  of  the  circle  BCDE;    (xi.  18.) 
wherefore  the  semicircles  BXD,  KXN  are  at  right  angles  to  that  plane: 
and  because  the  semicircles  BED,  BXD,  KXN  upon  the  equal 
diameters  BD,  KN,  are  equal  to  one  another; 
their  halves  BB,  BX,  KX,  are  equal  to  one  another, 
therefore  as  many  sides  of  the  polygon  as  are  in  BB,  bo  many  are 

there  in  BX,  KX,  equal  to  the  sides  BK,  KL,  LM,  MB: 
let  these  polygons  be  described,  and  their  sides  be  BO,  OP,  PR, 
RX;  KS,  ST,  TY,  YX; 

andjom  OS,PT,RY; 
and  from  the  points  0,  S,  draw  OV,  SQ  perpendiculars  to  AB,  AK: 
and  because  the  plane  BOXD  is  at  right  angles  to  the  plane  BCDE, 
and  in  one  of  them  BOXD,  OV  is  drawn  perpendicular  to  AB  the 
common  section  of  the  planes, 

therefore  OF  is  perpendicular  to  the  plane  BCDEi    (xi.  def.  4.) 

for  the  same  reason  SCi  is  perpendicular  to  the  same  plane, 

because  the  plane  KSX  is  at  right  angles  to  the  plane  BCDE. 

Join  vai 

and  because  in  the  equal  semicircles  BXD,  KXN, 

the  circumferences  BO,  KS  are  equal, 

and  OV,  SQ  are  perpendicular  to  their  diameters, 

therefore  OF  is  equal  to  SQ,  and  BFequsl  to  KQ:     (i.  26.) 

but  the  whole  BA  is  equal  to  the  whole  KA, 

therefore  the  remainder  FA  is  equal  to  the  remainder  QA ; 

therefore  as  BF  is  to  FA,  so  is  KQ  to  QA ; 

wherefore  FQ  is  parallel  to  BK:     (vi.  2.) 

and  because  OF,  SQ  are  each  of  them  at  rignt  angles  to  the  plane 

9£  the.  aide  BCDE, 

OF  is  parallel  to  SQ:    (xi.  6.) 
and  it  has  been  proved,  that  it  is  also  equal  to  it ; 
therefore  QF,  SO  are  equal  and  parallel :    (i.  88.) 
and  because  QF  is  parallel  to  SO,  and  also  to  KB  ; 
OS  is)pajndiei  to  BK;    (xi.  90 
and  therefore  BO,  KS,  which  join  them  are  in  the  same  plane  in 
which  these  parallels  are, 
and  the  Quadrilateral  figure  KBOS  is  in  one  plane : 
and  if  PB,  TK  be  joined,  and  perpendiculars  be  drawn  from  the 

points  P,  T,  to  the  straight  lines  AB,  AK, 
it  may  be  demonstrated,  that  TP  is  parallel  to  KB  in  the  very  sane 
way  that  SO  was  shewn  to  be  parallel  to  the  same  KB; 
wherefore  TP  is  parallel  to  SO,    (xi.  QJ) 
and  the  quadrilateral  figure  SOPT  is  in  one  plane : 
for  the  same  reason  the  quadrilateral  TPRY  is  in  one  plane: 
and  the  figure  YRX  is  also  in  one  plane :     (xi.  2.) 
therefore,  if  from  the  points  0,  S,  P,  T,  R,  Y,  there  be  dravn 
straight  lines  to  the  point  A,  there  will  be  formed  a  solid  polyhedron 
.  between  the  circumferences  BX,  KX,  composed  of  pyramids,  the  hastn 
of  which  are  the  quadrilaterals  KBOS,  SOPT,  TPRY,  and  the  triangle 
YRX,  and  of  which  the  common  vertex  is  the  point  Az 
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and  If  the  same  construction  be  made  upon  each  of  the  sides  KL, 

LM,  ME,  as  has  been  done  upon  BK, 
and  the  like  be  done  also  in  the  other  three  quadrants^  and  in  the 
other  hemisphere ; 
there  will  be  formed  a  solid  polyhedron  inscribed  in  the  sphere, 
imposed  of  pyramids,  the  bases  of  which  are  the  aforesaid  quadrilateral 
igures,  and  die  triangle  YRX,  and  those  formed  in  the  like  manner  in 
£e  rest  of  the  sphere,  the  common  vertex  of  them  all  being  the  point  A, 
Also  the  superficies  of  this  solid  polyhedron  shall  not  meet  the 
esser  sphere  in  which  is  the  circle  FGH. 

For,  from  the  point  A  draw  AZ  perpendicular  to  the  plane  of  the 
|uadrilateral  KBOS,  meeting  it  in  Z,  and  join  BZ,  ZK:     (xi.  11.) 

and  because  AZis  perpendicular  to  the  plane  KBOS, 

it  makes  right  angles  with  every  straight  line  meeting  it  in  that  plane ; 

therefore  AZ  is  perpendicular  to  BZ  and  ZK: 

and  because  AB  is  equal  to  AK,  and  that  the  squares  of  AZ,  ZB  are 

equal  to  the  square  of  AB,  and  the  squares  of  AZ,  ZK  to  the  square  of 

AK;     (i.  47.) 

therefore  the  squares  of  AZ,  ZB  are  equal  to  the  squares  of  AZ,  ZK: 

take  from  these  equals  the  square  of  AZ, 
and  the  remaining  square  of  BZ  is  equal  to  the  remaining  square  of  ZK^ 
and  therefore  the  straight  line  BZ  is  equal  to  ZK: 
in  the  like  manner  it  may  be  demonstrated^  that  the  straight  lines 
drawn  from  the  point  Z  to  the  points  0,  S,  are  equal  to  BZ  or  ZK; 
therefore  the  circle  described  from  the  centre  Z,  and  distance  ZB, 
will  pass  through  the  points  K,  0,  S, 
and  KBOS  will  be  a  quadrilateral  figure  in  the  circle : 
and  because  KB  is  greater  than  QV,  and  QV  equal  to  SO, 
therefore  KB  is  greater  than  SO: 
but  KB  is  equal  to  each  of  the  straight  lines  BO,  KS; 
wherefore  each  of  the  circumferences  cut  off  by  KB,  BO,  KS,  is 
greater  than  that  cut  off  by  OS ; 
and  these  three  circumferences,  together  with  a  fourth  equal  to  one 
of  them,  are  greater  than  the  same  three  together  with  that  cut  off 
by  OS; 

that  is,  than  the  whole  circumference  of  the  circle ; 
therefore  the  circumference  subtended  by  KB  is  greater  than  the 

fourth  part  of  the  whole  circumference  of  the  circle  KBOS, 
and  consequently  the  angle  BZK  at  the  centre  is  greater  than  a 
right  angle: 

and  because  the  angle  BZK  is  obtuse, 

the  square  of  BK  is  greater  than  the  squares  of  BZ,  ZK;    (ii.  12.) 

that  is,  greater  than  twice  the  square  of  BZ. 

Join  KV: 

and  because  in  the  triangle  KBF^  OBV, 

KB,  BV  93te  equal  to  OB,  BV,  and  that  they  contain  equal  angles ; 

the  angle  KBV  is  equal  to  the  angle  OVB:    (i.  4.) 

and  OVB  is  a  right  angle ; 

therefore  also  KVB  is  a  right  angle : 

and  because  BD  is  less  than  twice  DV; 

the  rectangle  contained  by  BD,  BFis  less  than  twice  the  rectangle 

DV,VB; 

thlrf;  ih  the  square  of  KB  is  less  than  twice  the  square  of  KF:   (vi.  8.) 
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but  the  square  of  KB  is  greater  than  twice  the  square  of  BZ; 
therefore  the  square  of  AV  is  greater  than  the  square  o£BZ: 

and  because  BA  is  equal  to  AK, 
and  that  the  squares  of  BZ,  ZA  are  equal  together  to  the  square  of  BA, 

and  the  squares  of  KV,  VA  to  the  souare  o£  Aa; 
therefore  the  squares  of  BZ,  ZA  are  equal  to  me  squares  of  KF,  VA ; 
and  of  these  the  square  of  KF  is  greater  than  the  square  of  BZ ; 
therefore  the  square  of  FA  is  less  than  the  square  of  ZA, 
and  the  straight  line  AZ  greater  than  IfA  : 
much  more  then  is  AZ  ffreater  than  AG; 
because,  in  the  precedmg  proposition, 
it  was  shewn  that  KF  &lls  without  the  circle  FGH: 
and  AZ  is  perpendicular  to  the  plane  KBOS, 
and  is  therefore  the  snortest  of  all  the  straight  lines  that  can  be 
drawn  from  A,  the  centre  of  the  sphere,  to  that  plane. 
Therefore  the  plane  KBOS  does  not  meet  the  lesser  sphere. 
And  that  the  other  planes  between  the  quadbrants  Bx,  KX,  fall 
without  the  lesser  sphere,  is  thus  demonstrated. 

From  the  point  A  draw  AI  perpendicular  to  the  plane  of  the  quad- 
riUteral  SOFT,  and  join  10; 

and,  as  was  demonstrated  of  the  plane  KBOS  and  the  point  Z,  in 
the  same  way  it  may  be  shewn  that  the  point  /  is  the  centre  of  a  drde 
<lescribed  about  SOFT; 

and  that  OAS^is  greater  than  FT; 
and  FT  was  shewn  to  be  parallel  to  OS: 
therefore,  because  the  two  trapeziums  KBOS,  SOFT  inscribed  in 

circles,  have  their  sides  BK,  O/S' parallel,  as  also  OS,  FT; 
and  their  other  sides  BO,  KJS,  OF,  ST  all  equal  to  one  another, 

and  that  BK  is  greater  than  OSy  and  OS  greater  than  FT, 
therefore  the  straight  line  ZB  is  greater  than  10.    (xii.  Lem.  2.) 

Join  AOf  which  w3l  be  equal  to  AB; 

and  because  AIO,  AZB  are  right  angles, 

the  squares  of  AI^  10  are  equal  to  the  square  of  AO  or  of  AB; 

that  is,  to  the  squares  o£AZ,  ZB; 

and  the  square  of  ZB  is  greater  than  the  square  of  10, 

therefore  the  souare  of  ^Z  is  less  than  the  square  of  AI; 

and  the  straignt  line  AZ  less  than  the  straight  line  AI: 

and  it  was  proved,  that  AZ  is  greater  than  AG; 

much  more  then  is  AI  greater  than  AG: 

therefore  the  plane  SOFT  falls  whoUy  without  the  lesser  sphere. 

In  tne  same  manner  it  may  be  demonstrated, 

that  the  plane  TFRY  falls  without  the  same  sphere,  as  also  tbe 

triangle  YRX,  viz.  by  xii.  Lem.  2.  Cor. 
And  after  the  same  way  it  may  be  demonstrated,  that  all  the  phnef 
which  contain  the  solid  polyhedron,  fall  without  the  lesser  sphere. 

Therefore  in  the  greater  of  two  spheres,  which  have  the  same  centre) 
a  solid  polyhedron  is  inscribed,  the  superficies  of  which  does  not  meet 
the  lesser  sphere,    q.b.f. 

But  the  straight  line  AZ  may  be  demonstrated  to  be  greater  thin 
AG  otherwise,  and  in  a  shorter  manner,  without  the  help  of  Prop.  xvi> 
as  follows. 

From  the  point  G  draw  GU  at  right  angles  to  AG,  and  join  AV. 
If  then  the  circumference  BJE  be  bisected,  and  its  half  agiiB 
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bisected^  and  so  on^  there  will  at  length  be  left  a  circumference  less 
than  the  circumference  which  is  subtended  by  a  straight  line  equal  to 
GUy  inscribed  in  the  circle  BCDE: 

let  this  be  the  circumference  KB : 
therefore  the  straight  line  KB  is  less  than  GUz 
and  because  the  angle  BZK  is  obtuse^  as  was  proved  in  the  preceding, 

Sierefore  BK  is  greater  than  BZi 
but  GU  is  greater  than  BK ; 
much  more  then  is  GU  greater  than  BZ, 
and  the  square  of  GU  than  the  square  of  BZ : 
and  AU is  equal  to  AB ; 
therefore  the  square  of  A  U,  that  is,  the  squares  of  AG,  GU  are 
equal  to  the  square  of  AB,  that  is,  to  the  squares  of  AZ,  ZBi 
but  the  square  of  BZ  is  less  than  the  square  of  GU; 
therefore  the  square  of  AZ  is  greater  than  the  square  of  AG, 
and  the  straight  line  AZ  consequenuy  greater  than  the  straight  line  AG. 
Cor. — And  if  in  the  lesser  sphere  there  be  inscribed  a  solid  poly- 
hedron, by  drawing  straight  lines  betwixt  the  points  in  which  the 
straight  lines  from  the  centre  of  the  sphere  drawn  to  all  the  angles  of 
the  solid  polyhedron  in  the  greater  sphere  meet  the  superficies  of  the 
lesser ;  in  the  same  order  in  which  are  joined  the  points  in  which  the 
same  lines  from  the  centre  meet  the  superficies  of  the  greater  sphere : 
the  solid  polyhedron  in  the  sphere  BCDE  shall  have  to  this  other  solid 
polyhedron  the  triplicate  ratio  of  that  which  the  diameter  of  the  sphere 
^C^Dj^  has  to  the  diameter  of  the  other  sphere.    For  if  these  two  solids 
be  divided  into  the  same  number  of  pyramids,  and  in  the  same  order, 
the  pyramids  shall  be  similar  to  one  another,  each  to  each:  because 
they  nave  the  solid  angles  at  their  common  vertex,  the  centre  of  the 
sphere,  the  same  in  each  p3rramid,  and  their  other  solid  angles  at  the 
bases,  equal  to  one  another,  each  to  each,  (xi.  b.)  because  they  are  con- 
tained by  three  plane  angles,  each  equal  to  each ;  and  the  pyramids  are 
contained  by  the  same  number  of  similar  planes;  and  are  therefore 
similar  to  one  another,  each  to  each :  (xi.  def.  11.)  but  similar  pyramids 
bave  to  one  another  the  triplicate  ratio  of  their  homologous  sides  :  (xii. 
3.  Cor.)  therefore  the  p3rramid  of  which  the  base  is  the  quadrilateral 
KBOS,  and  vertex  A,  has  to  the  pyramid  in  the  other  sphere  of  the 
same  order,  the  triplicate  ratio  of  their  homologous  sides,  that  is,  of  that 
ratio,  which  AB  from  the  centre  of  the  greater  sphere  has  to  the  straight 
line  from  the  same  centre  to  the  superficies  of  the  lesser  sphere.    And 
in  like  manner,  each  p3rramid  in  the  greater  sphere  has  to  each  of  the 
same  order  in  the  less,  the  triplicate  ratio  of  that  which  J.^  has  to  the 
aemi-diameter  of  the  less  spnere.    And  as  one  antecedent  is  to  its 
consequent,  so  are  all  the  antecedents  to  all  the  consequents.    Where- 
fore the  whole  solid  polyhedron  in  the  greater  sphere  mis  to  the  whole 
solid  polyhedron  in  the  other,  the  triplicate  ratio  of  that  which  AB  the 
semi-diameter  of  the  first  has  to  the  semi-diameter  of  the  other  ;  that  is, 
which  the  diameter  BD  of  the  greater  has  to  the  diameter  of  die  other 
sphere. 

PROPOSITION  XVIII.    THEOREM. 

Spheres  have  to  one  another  the  triplicate  ratio  of  that  which  their 
diameters  have. 
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Let  ABCy  DEF  be  two  spheres,  of  which  the  diameters  are  BC,  EF. 
The  sphere  ABC  shall  have  to  the  sphere  DEF  the  triplicate  ratio 
of  that  which  JSC  has  to  EF. 


For,  if  it  has  not,  the  sphere  ABC  must  have  to  a  sphere  either  less 
or  greater  than  DEF,  the  triplicate  ratio  of  that  which  BC  has  to  EF. 
First,  if  possible,  let  it  have  uiat  ratio  to  a  less,  viz.  to  the  sphere  GHK; 
and  let  the  sphere  DEF  have  the  same  centre  with  GHKi 
and  in  the  greater  sphere  DEF  inscribe  a  solid  polyhedron^  the  super- 
ficies of  which  does  not  meet  the  lesser  sphere  GHK;    (xii.  17.) 
and  in  the  sphere  ABC  inscribe  another  similar  to  that  in  the 

sphere  DBF: 
therefore  the  solid  polyhedron  in  the  sphere  ABC  has  to  the  bc^ 
polyhedron  in  the  sphere  DEF,  the  triplicate  ratio  of  that  which  BO 
has  to  EF.    (xii.  17.  Cor.) 

But  the  sphere  ABC  has  to  the  sphere  GHK,  the  triplicate  ratio  of 
that  which  JI?C  has  to  EF; 
therefore,  as  the  sphere  ABC  to  the  sphere  GHK,  so  is  the  solid 
polyhedron  in  the  sphere  ABC  to  the  sohd  polyhedron  in  the  sphere 
DEF: 

but  the  sphere  ABC  is  greater  than  the  solid  polyhedron  in  it; 
therefore  also  the  sphere  GHK  is  greater  than  the  solid  polyhedroo 
in  the  sphere  DEF :     (v.  14.) 
but  it  is  also  less,  because  it  is  contained  within  it,  which  is  impossible: 
therefore  the  sphere  ABC  has  not  to  any  sphere  less  than  DEF, 

the  triplicate  ratio  of  that  which  BC  has  to  EF. 
In  the  same  manner,  it  may  be  demonstrated,  that  the  sphere  DEF 
has  not  to  any  sphere  less  than  ABC,  the  triplicate  ratio  of  that  which 
EF  has  to  BC. 

Nor  can  the  sphere  ABC  have  to  any  sphere  greater  than  DEF,  die 
triplicate  ratio  of  that  which  Bu  has  to  EF: 
for,  if  it  can,  let  it  have  that  ratio  to  a  greater  sphere  LMN: 
therefore,  by  inversion,  the  sphere  LMNnss  to  the  sphere  ABC,  die 
triplicate  ratio  of  that  which  the  diameter  EF  has  to  the  diameter  BC* 
But  as  the  sphere  LMN  to  ABC,  so  is  the  sphere  DEF  to  some 
sphere,  which  must  be  less  than  the  sphere  ABC,     (v.  14.) 
because  the  sphere  LMN  is  greater  than  the  sphere  DBF; 
therefore  the  sphere  DEF  has  to  a  sphere  less  than  ABC  Ae 
triplicate  ratio  of  that  which  EF  has  to  BC ; 
which  was  shewn  to  be  impossible : 
therefore  the  sphere  ABC  has  not  to  any  sphere  greater  dxan  DEF, 

the  triplicate  ratio  of  that  which  BC  has  to  EF : 
and  it  was  demonstrated,  that  neither  has  it  that  ratio  to  any  sphere 

less  than  DEF. 
Therefore  the  sphere  ABC  has  to  the  sphere  DEF,  the  triplicate 
ratio  of  that  which  BC  has  to  EF.    q.  e.  d. 


1 

i 


NOTES  TO  BOOK  XH. 


This  book  treats  of  the  properties  of  prisms  and  cylinders,  p3rramids  and  cones* 
A.  new  principle  is  introduced  called  ^^the  method  of  Exhaustions,"  which  maj  be 
applied  for  the  purpose  of  finding  the  areas  and  ratios  of  circles,  and  the  relations  of 
the  surfaces  and  of  the  volumes  of  cones,  spheres  and  cylinders. 

The  first  comparison  of  rectilinear  areas  is  made  in  the  first  book  of  the  Elements 
by  the  principle  of  superposition,  where  two  triangles  are  coincident  in  all  respects; 
oezty  comparison  is  made  between  triangles  and  other  rectilinear  figures  when  they  aze 
not  coincident. 

In  the  sixth  book,  similar  triangles  are  compared  by  shewing  that  they  are  in  the 
duplicate  ratio  of  their  homologous  sides,  and  then  by  dividing  similar  polygons  into 
the  same  number  of  similar  triangles,  and  shewing  that  the  polygons  are  also  in  the 
InpUeate  ratio  of  any  of  their  homologous  sides.  In  the  eleventh  book,  similar 
rectilinear  solids  are  compared  by  shewing  that  their  volumes  are  to  one  another  in 
4ie  triplicate  ratio  of  their  homologous  sides. 

*^  The  method  of  Exhaustions**  is  founded  on  the  principle  of  exhausting  a  mag- 
nitade  by  continually  taking  away  a  certain  part  of  it,  as  is  explained  in  the  tenth 
book  of  the  Elements,  where  Euclid  states,  that  two  quantities  are  equal,  whose  dif- 
ibence  is  less  than  any  assignable  quantity.  If  A  and  A'  be  two  magnitudes  of  the 
Mme  kind,  and  if  d  and  d'  be  any  other  magnitudes  of  the  same  kind,  such  that 
A'+  d  IB  always  greater  than,  and  A'—  d'  always  less  than  A,  however  small  d  and 
i'  may  be  made,  then  A'  is  equal  to  A. 

Tbf  method  of  exhaustions  may  be  applied  to  find  the  circumference  and  area  of 
•  drde.  A  rectilinear  figure  may  be  inscribed  in  the  circle  and  a  similar  one  drcum- 
itdbed  about  it,  and  then  by  continually  doubling  the  number  of  sides  of  the  inscribed 
md  circumscribed  polygons,  by  this  principle,  it  may  be  demonstrated,  that  the  area 
of  the  circle  is  less  than  the  area  of  the  circumscribed  polygon,  but  greater  than  the 
ilea  of  the  inscribed  polygon ;  and  that  as  the  number  of  sides  of  the  polygon  is  in- 
Qeased,  and  consequently  the  magnitude  of  each  diminished,  the  differences  between 
the  circle  and  the  inscribed  and  circumscribed  polygons  are  continually  exhausted,  and 
It  length  become  less  than  any  assignable  difference ;  and  the  area  of  the  circle  is  the 
limit  to  which  the  inscribed  and  circumscribed  polygons  continually  approach,  as  the 
tnmber  of  sides  is  increased. 

Also  in  comparing  two  unequal  circles,  two  similar  polygons  are  inscribed  in  the 
drdes,  and  then  by  doubling  the  number  of  sides  continually,  it  is  shewn  that  the  limit 
a  which  the  ratio  of  the  areas  of  the  rectilineal  figures  continually  approach  is  the  same 
IS  the  ratio  of  the  circles. 

In  a  similar  way  it  will  be  seen,  that  the  principle  is  applied  to  the  surfaces  and 
rainmes  of  cones,  cylinders  and  spheres. 

Prop.  II.  (1.)  For  there  is  some  square  equal  to  the  circle  A  BCD;  let  P  be  the 
side  of  it,  and  to  three  straight  lines  BD,  FH,  and  P,  there  can  be  a  fourth  propor- 
tional ;  let  this  be  Q :  therefore  (vi.  22.)  the  squares  of  these  four  straight  lines  are 
proportionals ;  that  is,  to  the  squares  of  BD,  FH^  and  the  circle  ABCD  it  is  possible 
there  may  be  a  fourth  proportional.  Let  this  be  S.  And  in  like  manner  are  to  be 
understood  some  things  in  some  of  the  following  propositions. 
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(2.)  For  My  in  &  fotegoing  note,  it  wm  explained  bow  it  wat  poaiible  thcte  eonU 
be  a  fimrdi  pn^wrtional  to  Uie  fqaazei  of  BD,  FH^  and  tbe  cirde  ABCD^  wbich  was 
named  5;  to,  in  like  manner,  tliere  can  be  a  foorth  proportional  to  tbia  otbcr  ipaoe, 
named  T,  and  tbe  cixdcs  ABCDj  EFGH.  And  Uie  like  ia  to  be  nndentood  in  tome 
of  tbe  following  propoaitiona. 

(3.)  Became,  as  a  foortb  proportional  to  tbe  aqnarca  of  BD^  FH^  and  tbe  dide 
ABCDy  is  poosible,  and  tbat  it  can  neitber  be  leaa  nor  greater  tban  tbe  dxde  EFGH,  it 
most  be  equal  to  it.    SiMSOir. 

Prop.  lY.  Because  GO  is  equal  to  OA^  and  GM  to  MB^  tberefore  (tx.  2.)  OM  ii 
paialld  to  ill? ;  in  tbe  same  manner  OiVispandkl  tOilC;  tberefore  (xi«  1ft.)  tbe  plane 
MON  is  paialld  to  tbe  plane  BAC.    SiMsoir. 

Prop.  XI.  Vertex  ia  put  in  place  of  altitude,  wbicb  ia  in  tbe  Greek,  because  Ae 
pjnmkl,  in  wbat  follows,  is  supposed  to  be  dreumsoibed  about  tbe  cone,  and  le 
must  bave  tbe  aame  Tertex.  And  tbe  aame  diange  is  made  in  some  places  feUowing. 
8iM80ir. 

Tbe  tbirteentb  book  of  tbe  Elements  rdates  to  equilateial  and  equiangular  fignm 
inscribed  in  drdes,  and  to  tbe  ^re  regular  solids. 

Two  books  wbicb  treat  of  tbe  inscriptions  of  tbe  B.Ye  regular  solids  in  one  anodicr 
and  in  spberes,  are  iVeqnentlj  found  annexed  to  tbe  Elements  as  the  fifteentb  and  dx- 
teendi  books ;  tbese  bowerer,  were  composed  b j  Hjrprides  of  Alexandria. 

Tbere  is  a  continuation  of  the  same  subject  bj  Flussas,  wbicb  bas  been  appended  ts 
tbe  Elements,  and  called  the  sixteenth  book  of  die  Elements. 
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Synthesis^  or  the  method  of  composition,  is  a  mode  of  reasoning 
iNrhich  begins  with  something  given,  and  ends  with  something  required^ 
^ther  to  be  done  or  to  be  proved.  This  may  be  termed  a  direct  process, 
as  it  leads  from  principles  to  consequences. 

Analysis,  or  the  method  of  resolution,  is  the  reverse  of  synthesis, 
and  thus  may  be  considered  an  indirect  process,  a  method  of  reasoning 
from  consequences  to  principles. 

The  83aithetic  method  is  pursued  by  Euclid  in  his  elements  of  Geo- 
metry, He  commences  with  certain  assumed  principles,  and  proceeds 
to  the  solution  of  problems  and  the  demonstration  of  theorems  by  unde- 
niable and  successive  inferences  from  them. 

The  Geometrical  Analysis  was  a  process  employed  by  the  ancient 
Geometers,  both  for  the  discovery  of  the  solution  of  problems  and  for 
the  investigation  of  the  truth  of  theorems.  In  the  analysis  of  a  problem, 
the  qusesita,  or  what  is  required  to  be  done,  is  supposed  to  have  been 
effected,  and  the  consequences  are  traced  by  a  series  of  geometrical  con- 
structions and  reasonings,  till  at  length  they  terminate  in  the  data  of  the 
problem,  or  in  mme  previously  demonstrated  or  admitted  truth,  whence 
ihe  direct  solution  of  the  problem  is  deduced. 

In  the  Synthesis  of  a  problem,  however,  the  last  consequence  of  the 
^analysis  is  assumed  as  the  first  step  of  the  process,  and  by  proceeding 
In  a  contrary  order  through  the  several  steps  of  the  analysis  imtil  the 
process  terminate  in  the  qusBsita,  the  solution  of  the  problem  is  effected. 

But  if,  in  the  analysis,  we  arrive  at  a  consequence  which  contra- 
dicts any  truth  demonstrated  in  the  Elements,  or  which  is  inconsistent 
with  the  data  of  the  problem,  the  problem  must  be  impossible:  and 
further,  if  in  certain  relations  of  the  given  magnitudes  the  construc- 
tion be  possible,  while  in  other  relations  it  is  impossible,  the  disco- 
very of  these  relations  will  become  a  necessary  part  of  the  solution  of  the 
problem. 

In  the  analysis  of  a  theorem,  the  question  to  be  determined,  is, 
whether  by  the  application  of  the  geometrical  truths  proved  in  the 
Elements,  the  predicate  is  consistent  with  the  hypothesis.  This 
point  is  ascertained  by  assuming  the  predicate  to  be  true,  and  by 
deducing  the  successive  consequences  of  this  assumption  combined  with 
proved  geometrical  truths,  till  they  terminate  in  the  hypothesis  of  the 
theorem  or  some  demonstrated  truth.  The  theorem  will  be  proved 
S3mthetically  by  retracing,  in  order,  the  steps  of  the  investigation  pur- 
sued in  the  analysis,  till  they  terminate  in  the  predicate,  which  was 
assumed  in  the  analysis.  This  process  will  constitute  the  demonstration 
of  the  theorem. 

If  the  assumption  of  the  truth  of  the  predicate  in  the  analysis  lead 
to  some  consequence  which  is  inconsistent  with  any  demonstrated  truths 
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the  false  conclusion  thus  arrived  at  indicates  the  £dsehood  of  the  predi- 
cate; and  by  reversing  the  process  of  the  analysis,  it  may  be  demon- 
strated, that  the  theorem  cannot  be  true. 

It  may  be  here  remarked,  that  the  geometrical  analysis  is  more 
extensively  useful  in  discovering  the  solution  of  problems  than  for  in- 
vestigating the  demonstration  of  theorems. 

From  the  nature  of  the  subject,  it  must  be  at  onc*e  obvious,  that  no 
general  rules  can  be  prescribed,  which  will  be  found  applicable  in 
all  cases,  and  infallibly  lead  to  the  solution  of  every  problem.  The 
conditions  of  problems  must  suggest  what  constructions  may  be  pos- 
sible ;  and  the  consequences  which  follow  from  these  constructions  and 
the  assumed  solution,  will  shew  the  possibility  or  impossibility  of 
arriving  at  some  known  property  consistent  with  the  data  of  the 
problem. 

Though  the  data  of  a  problem  may  be  given  in  magnitude  and 
position,  certain  ambiguities  will  arise,  if  they  are  not  properly  re- 
stricted. Two  points  may  be  considered  as  situated  on  the  same  side, 
or  one  on  each  side  of  a  given  line  ;  and  there  may  be  two  lines  drawn 
from  a  given  point  making  equal  angles  with  a  line  given  in  positioD; 
and  to  avoid  ambiguity,  it  must  be  stated  on  whi(£  side  or  the  line 
the  angle  is  to  be  formed. 

A  problem  is  said  to  be  determinate  when,  with  the  prescribed  con- 
ditions, it  admits  of  one  definite  solution ;  the  same  construction  whidi 
may  be  made  on  the  other  side  of  any  given  line,  not  being  considered 
a  different  solution :  and  a  problem  is  said  to  be  indeterminate  when  it 
admits  of  more  than  one  definite  solution.  This  latter  circumstance 
arises  from  the  data  not  absolutely  Jixing  but  merely  restricting  the 
quaraita,  leaving  certain  points  or  lines  not  fixed  in  dhe  position  only. 
The  number  of  given  conditions  may  be  insufficient  fof  a  single  dete^ 
minate  solution;  or  relations  may  subsist  among  some  of  the  given 
conditions  from  which  one  or  more  of  the  remaining  given  condi- 
tions may  be  deduced. 

If  the  base  of  a  right-angled  triangle  be  given,  and  also  the  dtf' 
ference  of  the  squares  of  the  hypothenuse  and  perpendicular,  the  tri- 
angle is  indeterminate.  For  though  apparently  here  are  three  thiM 
ffiven,  the  right  angle,  the  base,  and  the  difference  of  the  squares  of  toe 
hypothenuse  and  perpendicular,  it  is  obvious  that  these  three  apparent 
conditions  are  in  fact  reducible  to  two:  for  since  in  a  right-angled 
triangle,  the  sum  of  the  squares  on  the  base  and  on  the  perpendicoltf 
are  equal  to  the  square  on  the  hypothenuse,  it  follows  that  the  diffe^ 
ence  of  the  squares  of  the  hypothenuse  and  pei^ndicular  is  equal  to 
the  square  of  the  base  of  the  triangle,  and  therefore  the  base  is  loiowD 
from  the  difference  of  the  squares  of  the  hypothenuse  and  perpendicokr 
being  known.  The  conditions  therefore  are  insufficient  to  determine  i 
right-angled  triangle ;  an  indefinite  number  of  triangles  may  be  found 
with  the  prescribed  conditions,  whose  vertices  will  lie  in  the  line  whidi 
is  perpendicular  to  the  base. 

If  a  problem  relate  to  the  determination  of  a  single  point,  and  the 
data  be  sufficient  to  determine  the  position  of  that  point,  the  problem 
is  determinate:  but  if  one  or  more  of  the  conditions  be  omitted,  the  dati 
which  remain  may  be  sufficient  for  the  determination  of  more  thiH 
one  point,  each  of  which  satisfies  the  conditions  of  the  problem;  in  that 
case,  the  problem  is  indeterminate,  and  in  general  sudi  points  are  found 
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to  be  situated  in  some  line>  and  hence  such  line  is  called  the  locus  of 
the  point  which  satisfies  the  conditions  of  the  problem. 

If  any  two  given  points  A  and  B  (fig.  Prop.  5,  Book  iv.)  be 
joined  by  a  straight  line  AB,  and  this  line  be  bisected  in  D^  then  if 
a  perpendicular  be  drawn  from  the  point  of  bisection^  it  is  manifest 
that  a  circle  described  with  any  point  in  the  perpendicular  as  a  cen- 
tre, and  a  radius  equal  to  its  distance  from  one  of  the  given  points^ 
will  pass  through  the  other  pointy  and  the  perpendicular  will  be  the 
locus  of  all  the  circles  which  can  be  described  passing  through  the 
two  given  points. 

Again,  if  a  third  point  C  be  taken,  but  not  in  the  same  straight  line 
with  the  other  two,  and  this  point  be  joined  with  the  first  point  A ; 
then  the  perpendicular  drawn  from  the  bisection  E  of  this  line  will  be 
the  locus  of  the  centres  of  all  circles  which  pass  through  the  first  and 
third  points  A  and  C  But  the  perpendicular  at  the  bisection  of  the 
first  and  second  points  A  and  B  is  the  locus  of  the  centres  of  circles 
which  pass  through  these  two  points.  Hence  the  intersection  F  of 
these  two  perpendiculars,  will  be  the  centre  of  a  circle  which  passes 
through  the  three  points,*  and  is  called  the  intersection  of  the  two  loci. 
Sometimes  this  method  of  solving  geometrical  problems  may  be  pursued 
with  advantage,  by  constructing  the  locus  of  every  two  points  sepa- 
rately, which  are  given  in  the  conditions  of  the  problem.  In  the  Geo- 
metrical Exercises  which  follow,  only  those  local  problems  are  given 
where  the  locus  is  either  a  straight  line  or  a  circle. 

There  is  another  class  of  Propositions  called  Porisms,  The  exact 
meaning  of  the  term  as  applied  to  this  class  of  propositions,  appears  to 
be  as  uncertain  as  the  derivation  of  the  word  itself.  In  the  original 
€hreek  of  Euclid's  Elements,  the  corollaries  to  the  propositions  are 
called  porisms  (wopia-fxaTo);  but  this  scarcely  explains  Uie  nature  of 
porisms^  as  it  is  manifest  that  they  are  different  from  simple  deductions 
Urom  the  demonstrations  of  propositions.  Some  analogy,  however,  we 
may  suppose  them  to  have  to  the  porisms  or  corollaries  in  the  Elements. 
Pappus  (Coll.  Matth.  Lib.  vii.  pref.)  informs  us  that  Euclid  wrote  three 
books  on  Porisms,  and  gives  an  obscure  account  of  them.  He  defines 
**a  porism  to  be  something  between  a  problem  and  a  theorem,  or  that 
in  which  something  is  proposed  to  be  investigated."  Dr.  Simson,  to 
whom  is  due  the  merit  of  having  restored  the  porisms  of  Euclid,  gives 
the  fbllowinir  definition  of  that  class  of  propositions :  "  Porisma  est  pro- 
po«tio  in  q^  proponitur  demonstrare  rem  aliquam,  vel  plures  ^tas 
esse,  cui,  vel  quibus,  ut  et  cuilibet  ex  rebus  innumeris,  non  quidem 
datis,  sed  quse  ad  ea  quae  data  sunt  eandem  habent  relationem,  con- 
venire  ostendendum  est  affectionem  quandam  communem  in  pro- 
positione  descriptam."  Professor  Dngald  Stewart  defines  a  porism  to 
be  ''A  proposition  affirming  the  possibility  of  finding  one  or  more  of 
the  conditions  of  an  indeterminate  theorem."  Professor  Playfair  in  a 
paper  (from  which  the  following  account  is  taken)  on  Porisms,  printed 
m  the  Transactions  of  the  Royal  Society  of  Edinburgh,  for  the  year 
1792>  defines  a  porism  to  be  ^'A  proposition  affirming  tjie  possibility  of 
finding  such  conditions  as  will  render  a  certain  problem  indeterminate 
or  capable  of  innumerable  solutions." 

It  may  without  much  difficulty  be  perceived  that  this  definition 
represents  a  porism  as  almost  the  same  with  an  indeterminate  problem. 
Thiere  is  a  large  class  of  indeterminate  problems  which  are,  in  general,  loci^ 
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and  satisfy  certain  defined  conditions.  Every  indeterminate  problem 
containing  a  locus  may  be  made  to  assume  tbe  form  of  a  ponsm,  but 
oiot  the  converse.  Porisms  are  of  a  more  general  nature  than  indeter- 
minate problems  which  involve  a  locus. 

It  is  highly  probable  that  the  ancient  geometers  arrived  at  all  geo- 
metrical truths  in  their  attempts  at  the  solution  of  problems.  The  first 
mathematical  enquiries  must  have  occurred  in  the  form  of  questions, 
where  something  was  given^  and  something  required  to  be  done ;  and 
by  reasonings  necessary  to  answer  these  questions^  or  to  discover  the 
relations  between  the  tnings  that  were  given,  and  those  that  were  to  be 
found,  many  truths  were  suggested  which  came  afterwards  to  be  the 
subjects  of  separate  demonstration. 

The  ancient  geometers  appear  to  have  undertaken  the  solution  of 
problems  with  a  scrupulous  and  minute  attention,  which  would  scarcely 
allow  any  of  the  collateral  truths  to  escape  their  observation.  They  never 
considered  a  problem  as   solved  till  they  had  distinguished  all  its 
varieties,  and  evolved  separately  every  different  case  that  could  occur, 
carefully  distinguishing  whatever  change  might  arise  in  the  construction 
from  any  change  that  was  supposed  to  take  place  among  the  magni- 
tudes which  were  given.     This  cautious  method  of  proceeding  soon  led 
them  to  see  that  there  were  circumstances  in  which  the  solution  of  a 
problem  would  cease  to  be  possible ;  and  this  always  happened  when 
one  of  the  conditions  of  .the  data  was  inconsistent  with  the  rest.     Sudi 
instances  would  occur  in  the  simplest  problems ;  but  in  the  analysis 
of  more  complex  problems,  they  must  have  remarked  that  their  con- 
structions failed,  for  a  reason  directly  contrary  to  that  assigned.    In- 
stances would  be  found  where  the  lines,  which,  by  their  intersection,  were 
to  determine  the  thing  sought,  instead  of  intersecting  one  another,  as 
they  did  in  general,  or  of  not  meeting  at  all,  would  coincide  with  one 
another   entirely,   and  consequently   leave    the   question  unresolved. 
The  confusion  thus  arising  would  soon  be  cleared  up,  by  observing, 
that  a  problem  before  determined  by  the  intersection  of  two  lines  would 
now  become  capable  of  an  indefinite  number  of  solutions.     This  wai 
soon  perceived  to  arise  from  one  of  the  conditions  of  the  problem  in- 
volving another,  or  from  two  parts  of  the  data  becoming  one,  so  that 
there  was  not  left  a  sufficient  number  of  independent  conditions  to 
confine  the  problem  to  a  single  solution,  or  any  determinate  number  of 
solutions.     It  was  not  difficult  afterwards  to  perceive,  that  these  cases 
of  problems  formed  very  curious  propositions,  of  an  indeterminate  nature 
between  problems  and  theorems,  and  that  they  admitted  of  being  enun- 
ciated separately.    It  was  to  such  propositions  so  enunciated  that  the 
ancient  geometers  gave  the  name  of  Porisms. 

Besides,  it  will  be  found^  that  some  problems  are  possible  within 
certain  limits,  and  that  certain  magnitudes  increase  while  others  de- 
crease within  those  limits ;  and  after  having  reached  a  certain  value  the 
former  begin  to  decrease,  while  the  latter  increase.  This  circumstance 
gives  rise  to  questions  of  maxima  and  minima,  or  the  greatest  and  least 
values  which  certain  magnitudes  may  admit  of  in  indeterminate  pro- 
blems. 

In  the  following  collection  of  problems  and  theorems,  many  will  he 
found  to  be  of  so  simple  a  character,  (being  almost  obvious  deductions 
from  propositions  in  the  Elements)  as  scarcely  to  admit  of  the  principle 
of  the  Geometrical  Analysis  being  applied,  in  their  solution 
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PROBLEM  I. 


jFrom  two  given  points  on  the  same  side  of  a  straight  line  given  in 
position,  draw  two  straight  lines  which  shall  meet  in  that  line,  and  make 
equal  angles  with  it ;  also  prove,  that  the  sum  of  these  two  lines  is  less  than 
the  sum  of  any  other  two  lines  drawn  to  any  other  point  in  the  line. 

Analysis.    Let  A,  B  be  the  two  given  points,  and  CB  the  given  line. 
Suppose  G  the  required  point  in  the  line,  such  that  A  G  and  BG  being 
joined,  the  angle  AGF  is  equal  to  the  angle  BGD. 


Draw  AF  perpendicular  to  CD  and  meeting  BG  produced  in  E* 

Then,  because  the  angle  BGD  is  equal  to  A  GF^    (^ypO 

and  also  to  the  vertical  angle  FGE,    (i.  15.) 

therefore  the  angle  A  GF  is  equal  to  EGF; 

also  the  right  angle  AFG  is  equal  to  the  right  angle  EFG, 

and  the  side  FG  is  common  to  the  two  triangles  AFG,  EFG, 

therefore  JG  is  equal  to  EG,  and  AF  to  FE. 

Hence  the  point  E  being  known,  the  point  G  is  determined  by  the 

intersection  of  CD  and  BE. 

Synthesis.  From  A  draw  AF  perpendicular  to  CD,  and  produce  it 
to  £!,.  making  FE  equal  to  AF,  and  join  BG  cutting  CD  in  G.  Join 
also  AG. 

Then  AG  and  BG  make  equal  angles  with  CD. 
For  since  AF  is  equal  to  FE,  and  FGis  common  to  the  two  triangles 
AGF,  CGF,  and  the  included  angles  AFG,  EFG  are  equal; 

dierefore  the  base  ^G  is  eqiud  to  the  base  EG,  and  the  angle  AGF 
to  the  angle  EGF, 

but  the  angle  EGF  is  equal  to  the  vertical  angle  BGD, 
therefore  the  angle  AGF  is  equal  to  the  angle  BGD; 
that  is,  the  straight  lines  AG  and  BG  make  equal  angles  with  the 
straight  line  CD. 

Also  the  sum  of  the  lines  AG,  GB  is  a  minimum. 

For  take  any  other  point  H  in  CD,  and  join  EH,  HB. 

Then  since  any  two  sides  of  a  triangle  are  greater  than  the  third  side, 

therefore  EH,  HB  are  greater  than  EB  in  the  triangle  EHB. 

But  EG  is  equal  to  ^G; 
therefore  EH,  HB  are  greater  than  AG,  GB. 

That  is,  AG',  GB  are  less  than  any  other  two  lines  which  can  be 
drawn  from  A,  B,  to  any  other  point  H  in  the  line  CD. 
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PROBLEM  II.    . 
To  trisect  a  given  straight  line. 

Analysis.     Let  AB  be  the  given  straight  line^  and- suppose  it  divided 
into  three  equal  parts  in  the  points  D,  E. 


On  DE  describe  an  equilaterM  triangle  DEF, 

then  BF  is  equal  to  AB,  and  FE  to  EB. 
On  AB  describe  an  equilateral  triangle  ABC^ 

and  join  AF,  FB. 
Then  because  AB  is  equal  to  BF, 
therefore  the  angle  BAF  is  equal  to  the  angle  BFA, 
and  the  two  angles  BAF,  BFA  are  double  of  one  of  them  BAF. 
But  the  angle  FBE  is  equal  to  the  angles  BAF,  BFA, 
and  the  angle  FBE  is  equal  to  BAC,  each  being  an  angle  of  an 
equilateral  triangle; 
therefore  the  angle  BAC  is  double  the  angle  BAF; 
wherefore  the  angle  BAC  is  bisected  by  AF, 
Also  because  the  angle  FAC  is  equal  to  the  angle  FAB,  and  FAD 
to  BFA; 

therefore  the  angle  CAF  is  equal  to  the  alternate  angle  AFD: 

and  consequently  FB  is  parallel  to  AC* 
Synthesis.     Upon  AB  describe  an  equilateral  triangle  ABC, 
bisect  the  angles  at  A  and  B  by  the  straight  lines  AF,  BF,  meeting  in  h 
through  F  draw  FB  parallel  to  AC,  vadi  F^  parallel  to  BC. 
Then  AB  is  trisected  in  the  points  B,  E. 
For  since  AC  is  parallel  to  FB  and  FA  meets  them^ 
therefore  the  alternate  angles  FAC,  AFB  are  equal; 
but  the  angle  FAB  is  equal  to  the  angle  FAC, 
hence  the  angle  BAF  is  equal  to  the  an^e  AFB, 
and  therefore  BA  is  equal  to  BF, 
But  the  angle  FBE  is  equal  to  the  angle  CAB,  and  FEB  to  CBi\ 

(I-  29.) 

and  therefore  the  remaining  angle  BFE  is  equal  to  the  remaining 

angle  ACB. 

Hence  the  three  sides  of  the  triangle  BFE  are  equal  to  one  another, 

and  BF  has  been  shewn  to  be  equal  to  BA, 

therefore  AB,  BE,  EB  are  equal  to  one  another. 

Hence  the  following  theorem. 

If  the  angles  at  the  base  of  an  equilateral  triangle  be  bisected  by 

two  lines  which  meet  at  a  point  within  the  triangle;  the  two  lines     j 

drawn  from  this  point  parallel  to  the  sides  of  the  triangle^  divide  the 

base  into  three  equal  parts. 


J 
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THEOREM  I. 

If  two  opposite  sides  of  a  parallelogram  be  bisected,  and  two  lines 
e  drawn  from,  the  points  of  bisection  to  the  opposite  angles,  these  two 
mes  trisect  the  diagonaL 

Let  A  BCD  be  a  parallelogram  of  which  the  dia^nal  is  AC. 

Let  A  6  he  bisected  in  E  and  DO  in  I", 

also  let  DE,  FB  be  joined  cutting  the  diagonal  in  G,  H, 

Then  ^C7  is  trisected  in  the  points  G,  H» 

ABB 


Through  E  draw  EK  parallel  to  AC  and  meeting  FB  in  K, 
Then  because  EB  is  the  half  of  AB,  and  DF  the  half  of  DC; 

therefore  EB  is  equal  to  DF; . 
and  these  equal  and  parallel  straight  lines  are  joined  towards  the 
same  parts  by  DB  and  FB ; 

therefore  DE  and  FB  are  equal  and  parallel,     (i.  33.) 
And  because  AEB  meets  the  paraUels  EK,  AC, 
therefore  the  exterior  angle  BBK  is  equal  to  the  interior  angle  EAG. 
For  a  similar  reason,  the  angle  EBK  is  equal  to  the  angle  AEG, 
Hence  in  the  triangles  AEG,  EBK,  there  are  the  two  angles  GAE, 
iEG  in  the  one,  equal  to  two  angles  KEB,  EBK  in  the  other,  and  one 
ide  adjacent  to  the  equal  angles  in  each  triangle,  namely  AE  equal 
oEBi 

therefore  ^G  is  equal  to  EK,    (i.  26.) 

but  EK  is  equal  to  GH,     (i.  34.) 

therefore  -46?  is  equal  to  GH. 

By  a  similar  process,  it  may  be  shewn  that  GH  is  equal  to  HC. 

Hence  AG,  GH,  HC  are  equal  to  one  another, 

and  therefore  ^C  is  trisected  in  the  points  Q,  H, 


PROBLEM  III. 

To  bisect  a  triangle  by  a  line  drawn  from  a  given  point  in  one  of 
te  sides.     (Euclidis  de  Divisionibus.) 

Analysis.    Let  ABO  be  the  given  triangle,  and  D  the  given  point 
1  the  side  AB, 


Suppose  DF  the  line  drawn  from  D  which  bisects  the  triangle ; 
therefore  the  triangle  DBF  is  half  of  the  triangle  ABC. 
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Bisect  BO  in  E  and  join  AEy  DEy  AF, 

then  the  triangle  ABE  is  naif  of  the  triangle  ABC : 

hence  the  triangle  ABE  is  equal  to  the  triangle  DBF ; 

take  away  from  these  equals  the  triangle  DBE, 

therefore  the  remainder  ADE  is  equal  to  the  remainder  DEF. 

But  ADE,  DEF  are  equal  triangles  upon  the  same  base  DE,  and  on 

the  same  side  of  it^ 

they  are  therefore  between  the  same  parallels^ 

that  is^  ^F  is  parallel  to  DE, 

therefore  the  point  F  is  determined. 

Synthesis.     Bisect  the  base  J3C  in  E,  join  DE, 

from  Ay  draw  AF  parallel  to  DE,  and  loin  DF. 

Then  because  DE  is  parallel  to  AF, 

therefore  the  triangle  ADE  is  equal  to  the  triangle  DEF; 

to  each  of  these  equals,  add  the  triangle  BDE, 

therefore  the  whole  triangle  ABE  is  equal  to  the  whole  DBF, 

but  ABE  is  half  of  the  whole  triangle  ABC; 

therefore  ABF  is  also  half  of  the  triangle  ABC* 


PROBLEM  IV. 

Given  one  angle,  a  side  opposite  to  it,  and  the  sum  of  the  other  tm 
sides,  construct  the  triangle.  . 

Analysis.  Suppose  BAC  the  triangle  required,  having  BC  equal  to 
the  given  side,  BAC  equal  to  the  given  angle  ppposite  to  BC,  also  BD 
equal  to  the  sum  of  the  other  two  sides. 

D 


Join  DC. 

Then  since  the  two  sides  BA,  AC  are  equal  to  BD, 

by  taking  BA  from  these  equals, 

the  remainder  AC  is  equal  to  the  relnainder  AD. 

Hence  the  triangle  ACD  is  isosceles,  and  therefore  the  angle  ADC  is 

equal  to  the  angle  ACD. 

But  the  exterior  angle  BAC  of  the  triangle  ADC  is  equal  to  the 
two  interior  and  opposite  angles  ACD  and  ADC: 

Wherefore  the  angle  BA  C  is  double  the  angle  BDC,  and  BDC  is 
the  half  of  the  angle  BAC. 

Hence  the  synthesis. 
At  the  point  D  in  BD,  make  the  angle  BDC  equal  to  half  the  given 
angle, 

and  from  B  the  other  extremity  of  BD,  draw  BC  equal  to  the  given 

side,  and  meeting  DC  in  C, 
at  C  in  CD  make  the  angle  DCA  equal  to  the  angle  CDA,  so  that 
CA  may  meet  BD  in  the  point  A. 
Then  the  triangle  ABC  snail  have  the  required  conditions. 
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PROBLEMS. 

5.  Given  the  base  and  one  of  the  sides  of  an  isosceles  triangle^  to 
describe  the  triangle. 

6.  Describe  an  isosceles  triangle,  each  of  the  sides  of  which  shall 
be  double  of  the  base. 

7.  In  a  given  straight  line,  find  a  point  equally  distant  from  two 
given  points;  one  in,  and  the  other  above  or  below,  the  given  straight 
line. 

8.  AB,  AC  are  straight  lines  cutting  one  another  in  ^,  X>  is  a 
given  point.  Draw  through  D  a  straight  line  cutting  off  equal  parts 
from  AB  and  AC.  .  ' 

p.  Draw  through  a  given  point,  between  two  straight  lines  not 
parallel,  a  straight  line,  which  shall  be  bisected  in  that  point. 

10.     Divide  a  ffiven  right  angle  into  three  equaf  angles. 

11*  One  of  the  acute  angles  of  a  right-angled  triangle  is  three 
times  as  great  as  the  other ;  trisect  the  smaller  of  these. 

12.  From  a  given  point  in  a  given  straight  line,  it  is  required  to 
erect  a  perpendicular  by  the  help  of  straight  lines  only. 

13.  From  a  given  point  without  a  given  straight  line»  to  draw 
a  line  making  an  angle  with  the  given  line  equal  to  a  given  rectilineal 
angle. 

14.  Through  a  given  point  draw  a  straight  line  which  shall  make 
equal  angles  with  two  straight  lines  given  in  position. 

15.  To  determine  that  point  in  a  straight  line  from  which  the 
straight  lines  drawn  to  two  other  given  points  shall  be  equal,  provided 
the  line  joining  the  two  given  points  is  not  perpendicular  to  the  given 
line. 

16.  To  place  a  straight  line  in  a  triangle  (terminated  by  the  two 
sides)  which  shall  be  equal  to  one  straight  line  and  parallel  to  an- 
other. 

17*  Determine  the  shortest  path  from  one  given  point  to  another, 
subject  to  the  condition,  that  it  shall  meet  two  given  lines. 

18.  Iir  the  base  of  a  triangle,  find  the  point  from  which  lines,  drawn 
parallel  to  the  sides  of  the  triangle  and  limited  by  them,  are  equal. 

19*  From  a  given  point  in  either  of  the  eq^al  sides  of  an  isosceles 
triangle,  to  draw  a  straight  line  to  the  other  side  produced,  which  shall 
make  with  these  sides  a  triangle  equal  to  the  given  triangle.  Prove 
that  the  line  thus  drawn  will  be  greater  than  the  base  of  me  isosceles 
triangle. 

20.  From  one  of  the  obtuse  angles  of  a  rhomboid  draw  a  straight 
line  to  the  opposite  side,  which  shall  be  bisected  by  the  diagonal  drawn 
through  its  acute  angles. 

21.  Upon  a  straight  line  as  a  diagonal  describe  a  parallelogram 
having  an  angle  equal  to  a  given  angle. 

22.  On  a  given  line  to  describe  a  parallelogram,  having  two  of  its 
opposite  angles  double  of  the  other  two,  and  all  its  sides  equal.  By 
means  of  this  problem,  trisect  a  right  angle. 

23.  Describe  a  parallelogram  equal  to  a  given  square,  and  having 
an  angle  equal  to  half  a  right  angle. 

24.  To  describe  a  rhombus  which  shall  be  equal  to  any  given 
quadrilateral  figure. 
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25.  Describe  a  parallelogram  equal  in  area  and  perimeter  to  a  given 
triangle. 

26.  Describe  on  a  given  straight  line  a  triangle  which- shall  be  equal 
to  a  given  rectilineal  figure^  and  have  its  vertical  angle  equal  to  a  given 
angle. 

27.  Transform  a  given  rectilinear  figure  into  a  triangle  whose 
vertex  shall  be  in  a  given  angle  of  the  figure  and  whose  base  be  in  one 
of  the  sides. 

28.  Straight  lines  are  drawn  from  a  fixed  point  to  the  several  points 
of  a  straight  line  given  in  position,  and  on  each  base  is  described  an 
equilateral  triangle.    Determine  the  locus  of  the  vertices. 

29.  Upon  a  given  base  to  describe  an  isosceles  triangle^  which 
shall  be  equal  to  a  given  triangle. 

30.  Given  the  bue  and  one  side  of  a  triangle,  to  find  the  third 
side,  so  that  the  area  may  be  the  greatest  possible. 

31.  Describe  1^  right-angled  triangle  upon  a  given  hypothenuse, 
so  that  the  hypothenuse  and  one  side  shall  be  together  double  of  the 
third  side. 

32.  Having  siven  two  lines,  which  are  not  parallel^  and  a  point 
between  them;  describe  a  triangle  having  two  of  its  angles  in  the 
respective  lines,  and  the  third  at  the  given  point;  and  such  that  the 
sides  shall  be  equally  inclined  to  the  lines  which  they  meet. 

33.  Bisect  a  triangle  by  a  straight  line  drawn  parallel  to  one  of 
its  sides.  | 

34.  Bisect  a  triangle  by  a  straight  line  drawn  through  a  point 
within  or  without  the  triangle. 

35.  It  is  required  to  bisect  any  triangle  by  a  line  perpendicular  to 
the  base. 

36.  It  is  required  to  determine  a  point  within  a  given  triangle, 
from  which  lines  drawn  to  the  several  angles,  will  divide  the  triangle 
into  three  equal  parts. 

37.  Bisect  a  parallelogram,  (1)  by  a  line  drawn  from  a  point  in 
one  of  its  sides :  (2)  by  a  line  drawn  from  a  given  point  within  or  with' 
out  it :  (3)  by  a  line  perpendicular  to  one  of  the  sides. 

38.  To  bisect  a  trapezium  (1)  by  a  line  drawn  from*  one  of  its 
angular  points :  (2)  by  a  line  drawn  from  a  given  point  in  one  side. 

39.  Divide  a  triangle  into  three  equal  parts,  (1)  by  lines  drawn 
from  a  point  in  one  of  the  sides :  (2)  by  lines  drawn  from  the  angles  to 
a  point  within  the  triangle:  (3)  by  lines  drawn  from  a  given  point 
within  the  triangle.     In  how  many  ways  can  the  third  case  be  done? 

40.  To  trisect  a  parallelogram  by  lines  drawn  from  a  given  point 
in  one  of  its  sides. 

41.  To  divide  a  parallelogram  into  four  equal  portions  by  straight 
lines  drawn  from  a  given  point  in  one  of  its  sides. 

42.  To  divide  a  square  into  four  equal  portions  by  three  straight 
lines  drawn  from  any  point  in  one  of  its  sides. 

43.  From  a  given  isosceles  triangle,  cut  off  a  trapezium  which  shall 
have  the  same  base  as  the  triangle,  and  shall  have  its  remaining  three 
sides  equal  to  each  other. 

44.  Divide  an  equilateral  triangle  into  nine  equal  parts* 

45.  To  find  a  point  in  the  side  or  side  produced  of  any  paral- 
lelogram, such  that  the  angle  it  makes  with  the  line  joining  the  point 
and  one  extremity  of  the  opposite  side,  may  be  bisected  by  the  line 
joining  it  with  the  other  extremity. 
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46.  Find  a  point  in  the  diagonal  of  a  square  produced^  from  which 
if  a  straight  line  be  drawn  parallel  to  any  side  of  the  square^  and 
meeting  another  side  produced^  it  will  form  together  with  the  produced 
diagonal  and  produced  side>  a  triangle  equal  to  the  square. 

47.  A  trapezium  is  such^  that  the  perpendiculars  let  fall  on  a 
diagonal  from  the  opposite  angles  are  equal.  Divide  the  trapezium 
into  four  equal  triangles^  by  straight  lines  drawn  to  the  angles  from  a 
point  within  it. 

48.  Given  one  side  of  a  right-angled  triangle,  and  the  difference 
between  the  hypothenuse  and  the  sum  of  the  other  two  sides,  to  con« 
struct  the  triangle. 

49. .  In  a  right-angled  triangle,  given  the  sums  of  the  base  /md  the 
hypothenuse,  and  of  the  base  and  me  perpendicular ;  to  determine  the 
triangle. 

50.  Given  half  the  perimeter  and  the  vertical  angle  of  an  isosceles 
triangle,  it  is  required  to  find  the  sides.  • 

51.  Given  the  perimeter  and  the  angles  of  a  triangle,  to  con-< 
struct  it. 

52.  Given  one  of  the  angles  at  the  base  of  a  triangle,  the  base 
itself,  and  the  sum  of  the  two  remaining  sides,  to  construct  the  triangle. 

53.  Given  the  base,  an  angle  adjacent  to  the  base,  and  the  differ- 
ence  of  the  sides  of  a  triangle,  to  construct  it. 

54.  Given  one  angle,  a  side  opposite  to  it,  and  the  difference  of 
the  other  two  sides ;  to  construct  the  triangle. 

55.  Given  the  base,  the  perpendicular  and  the  sum  of  the  sides ; 
to  construct  the  triangle. 

56.  Given  the  base,  the  altitude,  and  the  difference  of  the  two 
remaining  sides;  construct  the  triangle. 

57-  To  find  a  point  in  the  base  of  a  triangle,  such  that  if  perpen- 
diculars be  drawn  firom  it  upon  the  sides,  their  sum  shall  9e  equal  to  a 
given  line. 

58.  Determine  the  locus  of  the  vertices  of  all  the  equal  triangles, 
whidi  can  be  described  on  the  same  base,  and  upon  the  same  side  of  it. 

59*     To  describe  a  square  upon  a  given  straight  line  as  a  diameter. 

60.  Shew  how  the  squares  upon  the  sides  of  a  right-angled  tri- 
angle may  be  dissected,  iso  as  exactly  to  cover  the  square  of  the 
bypothenuse. 

61.  Find  a  square  equal  to  3,  5,  or  any  number  of  squares. 

62.  Construct  a  square  whose  area  shall  be  8  or  »  times  that  of  a 
given  square. 

65.  Construct  all  right-angled  triangles  whose  sides  shall  be  rational, 
upon  a  given  line  as  their  base. 

64.  Describe  a  square  which  shall  be  equal  to  the  difference  between 
two  given  squares. 

^5.  In  a  right-angled  triangle,  it  is  required  to  find  analytically  th^ 
base  and  perpendicuh^,  their  difference  being  1,  and  the  hypothenuse 
equal  to  5. 

66.  Any  two  parallelograms  having  been  described  upon  two  sides 
of  a  given  triangle,  apply  to  the  third  side  a  parallelogram  equal  to 
their  sum. 

67.  Given  a  square  of  one  inch,  shew  how  a  rhombus  may  be  con- 
structed, whose  area  shall  be  equal  to  it,  and  each  of  its  sides  a  mile 
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2.  In  the  fig.  i.  5.  If  FC  and  BG  meet  in  Hy  then  prove  that 
AH  bisects  the  angle  BAC, 

3.  In  the  fig.  i.  5.  If  the  angle  FBG  be  equal  to  the  angle 
ABC,  and  BG,  CF  intersect  in  0;  the  angle  BOFis  equal  to  twice 
the  angle  BAC. 

4«  If  a  straight  line  drawn  bisecting  the  vertical  angle  of  a  triangle^ 
also  bisects  the  base>  the  triangle  is  isosceles. 

5.  In  the  base  BC  of  an  isosceles  triangle  ABC  take  a  point  D, 
and  in  CA  take  CE  equal  to  CD,  let  ED  produced  meet  AB  produced 
in  F ;  then  3 .  AEF  =  2  right  angles  +  AFE. 

6.  The  difference  between  any  two  sides  of  a  triangle  is  less  than 
the  third  side. 

7.  ABC  19  a  triangle  right-angled  at  B,  and  having  the  angle  A 
double  the  angle  C;  shew  that  the  side  AC  is  less  than  double  the 
side  AB. 

8.  The  difference  of  the  angles  at  the  base  of  any  triangle^  is 
double  the  angle  contained  by  a  line  drawn  from  the  vertex  perpen- 
dicular to  the  base,  and  another  bisecting  the  angle  at  the  vertex. 

9.  If  from  the  right  angle  of  a  right-angled  triangle  two  straight 
lines  be  drawn,  one  perpendicular  to  the  base,  and  the  other  bisecting 
it,  they  will  contain  an  angle  equal  to  the  difference  of  the  two  acute 
angles  of  the  triangle. 

10.  If  one  angle  at  the  base  of  a  triangle  be  double  of  *the  other, 
the  less  side  is  equal  to  the  sum  or  difference  of  the  segments  of  the 
base  made  by  the  perpendicular  from  the  vertex,  according  as  the  angle 
is  greater  or  less  than  a  right  angle. 

11.  If  (§Le  angle  of  a  triangle  be  equal  to  the  sum  of  the  other 
two,  the  greatest  side  is  double  of  the  distance  of  its  middle  point  from 
the  opposite  angle. 

12.  If  two  exterior  angles  of  a  triangle  be  bisected,  and  from  the 
point  of  intersection  of  the  bisecting  lines  a  line  be  drawn  to  the  oppo- 
site angle  of  the  triangle,  it  will  bisect  that  angle. 

13.  In  an  obtuse-angled  triangle  if  perpendiculars  be  drawn  from 
the  points  bisecting  the  sides,  prove  that  they  all  will  pass  through  the 
same  point. 

14.  In  an  obtuse-angled  triangle,  if  perpendiculars  be  drawn  from 
the  angles  to  the  opposite  sides,  produced  if  necessary,  they  will  pass 
through  the  same  point:  required  a  proof. 

15.  Let  ACB  be  a  triangle;  and  let  AD,  CG,  BE  respectively 
bisect  the  exterior  angles  HAE,  ECB,  CBG,  and  meet  BC,  AB,  AC 
produced  in  the  points  D,  E,  G.  It  is  required  to  demonstrate  that 
the8>e  three  points  are  in  the  same  st^a]ght  line. 

16.  If  two  sides  of  a  triangle  be  produced,  the  three  straight  lines 
which  bisect  the  two  exterior  angles  and  the  third  interior  angle  shall 
all  meet  in  the  same  point. 

17-  ABC  is  a  triangle  in  which  the  angle  ABC  is  twice  the 
angle  ACB;  shew  that  if  the  point  D  in  BC  which  divides  it  into 
segments,  whose  difference  is  equal  to  the  side  opposite  to  the  angle 
ACD,  be  joined  with  the  point  A,  AD  is  perpendicular  to  BC. 

18.    In  Prop.  35,  Book  i,  shew  that  the  two  parallelograms  can  he 
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flivjded  into  the  same  number  of  triangles  which  are  actually  equals  each 
to  each^  so  that  the  divided  figures  may  be  superposed. 

19*  I^  from  the  vertex  of  a  triangle^  two  straight  lines  be  drawn 
to  the  base,  one  bisecting  the  vertical  angle^  and  the  other  bisecting  the 
base,  prove  that  the  latter  is  the  greater  of  the  two  straight  lines. 

20.  If  from  the  vertical  angle  of  a  triangle  three  straight  lines  be 
drawn^  one  bisecting  the  angle^  another  bisecting  the  base^  and  the 
third  perpendicular  to  the  base,  the  first  is  always  intermediate  in  mag- 
nitude and  position  to  the  other  two. 

21.  In  a  right-angled  isosceles  triangle,  the  lines  drawn  from  any 
of  the  angles  to  the  opposite  angle  of  the  square  described  upon  the 
opposite  side  are  all  equal. 

22.  Shew  that  the  perimeter  of  the  triangle,  formed  by  joining  the' 
feet  of  the  perpendiculars  dropped  from  the  angles  upon  the  opposite 
sides  of  a  triangle,  is  less  than  the  perimeter  of  any  other  triangle, 
whose  angular  points  are  on  the  sides  of  the  first. 

23.  From  a  given  point  there  can  be  drawn  only  two  equal  straight 
lines  to  a  given  line,  one  on  each  side  of  the  shortest  line;  and  the 
shortest  line  is  the  perpendicular. 

24.  A^  B  are  two  fixed  points:  if  two  straight  lines  AC^  BC  be 
drawn  making  a  given  angle  C,  prove  that  the  straight  line  bisecting  C 
passes  through  a  fixed  point,  and  determine  the  point  geometrically. 

25.  From  every  point  of  a  given  straight  line,  the  straight  lines 
drawn  to  each  of  two  given  points  on  opposite  sides  of  the  line  are 
equal :  prove  that  the  line  joining  the  given  points  will  cut  the  given 
line  at  right  angles. 

26.  From  a  given  point  without  the  angle  contained  by  two  straight 
lines  given  in  position,  draw  a  straight  line  in  such  a  direction  that  the 
part  of  it  intercepted  between  the  given  point  and  the  nearest  straight 
line,  shall  be  equal  to  the  part  intercepted  between  the  two  straight  lines. 

27*  If  a  straight  line  be  drawn  from  a  given  point,  and  making 
a  given  angle  with  a  given  straight  line,  its  length  and  the  points  of  its 
intersection  with  the  given  line  are  given. 

28.  Shew  that  if  there  be  two  rectilinear  figures  on  the  same  base, 
one  of  which  wholly  envelopes  the  other,  the  perimeter  of  the  envelop- 
ing figure  is  greater  than  the  perimeter  of  the  other. 

29*  Shew  that  we  may  draw  to  a  point  within  a  triangle  two 
straight  lines  which  shall  be  greater  than  the  sides  of  the  triangle,  if 
one  of  these  two  straight  lines  be  not  terminated  in  the  extremity  of 
the  base. 

SO.  If  parallel  lines  be  defined  to  be  '^  lines  in  the  same  plane 
which  make  the  same  angle  with  any  straight  line  which  meets  them," 
prove  the  following  propositions  respecting  them. 

(a)     The  alternate  angles  are  equal. 

(h)  The  two  interior  angles  on  the  same  side  of  the  cutting  line  are 
equal  to  two  right  angles. 

(c)     Parallel  lines  never  meet  however  far  they  are  produced. 

31.  Can  it  be  properly  predicated  of  any  two  straight  lines  that 
they  never  meet  if  indefinitely  produced  either  way,  antecedently  to  our 
knowledge  of  some  other  property  of  such  lines  which  makes  the  por- 
perty  first  predicated  of  them  a  necessary  conclusion  from  it  ? 

32.  Lines  which  are  perpendicular  to  parallel  lines  are  also  paralleL 
SS.     If  the  line  joining  two  parallel  bnes  be  bisected,  all  the  line9 
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drawn  through  the  point  of  bisection  and  terminated  by  the  parallel 
lines  are  also  bisected  in  that  point. 

34.  A  quadrilateral  £gure  whose  sides  are  equal  will  be  a  paral* 
lelogram. 

35.  If  the  opposite  angles  of  a  quadrilateral  figure  be  equal  the 
opposite  sides  will  be  equal  and  parallel. 

36.  The  diagonals  of  a  parallelogram  bisect  each  other. 

37.  The  perimeter  of  a  square  is  less  than  that  of  any  other  paral- 
lelogram of  equal  area. 

38.  Any  straight  line  which  bisects  the  diagonal  of  a  parallelogram 
will  also  bisect  the  parallelogram;  and  no  straight  line  can  bisect  a 
parallelogram  unless  it  cut  or  meet  the  opposite  sides. 

39.  The  diagonals  of  a  square  and  of  a  rhombus  bisect  each  other 
at  right  angles. 

40.  If  from  any  point  in  the  diagonal  of  a  parallelogram  straight 
lines  be  drawn  to  the  aneles,  the  parallelogram  will  be  divided  into 
two  pairs  of  equal  triangles.     •    . 

41 .  ABCD  is  a  parallelogram  of  which  the  angle  C  is  opposite 
to  the  angle  A.  If  through  A  any  straight  line  be  drawn^  then  the 
distance  of  C  is  equal  to  the  sum  or  difference  of  the  distances  of  B 
and  of  D  from  that  straight  line  according  as  it  lies  without  or  within 
the  parallelogram. 

42.  If  in  a  parallelogram  two  lines  be  drawn  parallel  to  adjacent 
sides^  and  meeting  the  other  sides  of  the  figure^  the  lines  joining  their 
extremities,  if  produced,  will  meet  the  diameter  in  the  same  point 

43.  ABCJD  is  a  parallelogram ;  draw  the  diagonal  BC,  and  from  D 
draw  DE  at  right  angles  to  SC,  then  if  perpendiculars  be  drawn  from 
B  and  C,  they  shall  intersect  in  the  line  DE,  produced  if  necessary. 

44.  If  ABCD  be  a  parallelogram,  and  E  any  point  in  the  diagonal 
AC,  or  AC  produced;  shew  that  the  triangles  Ej3C,  EDC  are  equal. 

45.  If  from  a  point  without  a  parallelogram,  lines  be  drawn  to  the 
extremities  of  two  adjacent  sides,  and  of  the  diagonal  which  they  in- 
clude. Of  the  triangles  thus  formed,  that,  whose  base  is  the  diagooali 
is  equal  to  the  sum  of  the  other  two. 

46.  It  is  impossible  to  divide  a  quadrilateral  figure  (except  it  be  t 
parallelogram)  into  equal  triangles  by  lines  drawn  from  a  point  within 
It  to  its  four  comers. 

47.  If  of  the  four  triangles  into  which  the  diagonals  divide  ■ 
trapezium,  any  two  opposite  ones  are  equal,  the  trapezium  has  two  of 
its  opposite  sides  parallel. 

48.  If  two  sides  of  a  trapezium  be  parallel,  the  triangle  contained 
by  either  of  the  other  sides  and  the  two  straight  lines  drawn  from  its 
extremities  to  the  bisection  of  the  opposite  sides  is  equal  to  half  the 
trapezium. 

49.  The  sum  of  the  diagonals  of  a  trapezium  is  less  than  the  sum 
of  any  four  lines  which  can  be  drawn  to  the  four  angles,  from  any  point 
within  the  figure,  except  their  intersection. 

50.  When  the  comer  of  a  leaf  of  a  book  is  turned  down  a  second 
time,  so  that  the  lines  of  folding  are  parallel  and  equidistant,  the  space 
in  the  second  fold  is  equal  to  three  times  that  in  the  first. 

51.  If  the  sides  of  a  quadrilateral  figure  be  bisected  and  the  points 
of  bisection  joined,  the  included  figure  is  a  parallelogram^  and  equal  in 
area  to  half  the  original  figure. 
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52.  Along  the  sides  of  a  parallelogram  ABCD  taken  in  order, 
neasure  A  A'  =  BB'  =  CC  =  Diy ;  the  figure  A'RCiy  will  be  a  paral^. 
elogram. 

53.  If  the  points  of  bisection  of  the  sides  of  a  triangle  be  joined, 
he  triangle  so  formed  shall  be  one-fourth  of  the  given  triangle. 

54.  Prove  that  two  lines  drawn  to  bisect  the  opposite  sides  of  a 
rapezium  will  also  bisect  each  other. 

55.  Upon  stretching  two  chains  AC,  BDy  across  a  field  ABCD,  I 
ind  that  BD  and  AC  make  equal  angles  with  DC,  and  that  AC  makes 
he  same  angle  with  AD^  that  BD  does  with  BC;  hence  prove  that  AB 
I  parallel  to  CD. 

56.  If  a  line  intercepted  between  the  extremity  of  the  base  of  an 
sosceles  triangle,  and  the  opposite  side  (produced  if  necessary)  be  equal 
o  a.  side  of  uie  triangle,  the  angle  formed  by  this  line  and  the  base 
iroduced  is  equal  to  three  times  either  of  tne  equal  angles  of  the 
riangle. 

57-  AD,  BC  are  two  parallel  straight  lines,  cut  obliquely  by  AB 
nd  perpendicularly  by  ^C;  BED  is  drawn  cutting  ^Ciuj^so  that 
52>  is  equal  to  twice  BA ;  prove  that  the  angle  DBC  is  equal  to  one* 
hird  of  the  angle  ABC. 

58.  AB,  BC,  DE,  EF  are  rods  joined  at  B,  F,,  E,  and  D,  capable 
vf  angular  motion  in  the  same  plane,  and  so  placed  that  FBDE  is  a 
larallelogram.  If,  when  the  rods  are  in  any  given  position,  points  A, 
X  and  C  be  taken  in  the  same  line,  shew  that  these  points  wiU  always  be 
a  the  same  line,  whatever  be  the  angle  the  rods  make  with  each  other. 

59»  If  upon  the  sides  of  a  triangle  as  diagonals,  parallelograms  be 
lescribed,  having  their  sides  parallel  to  two  given  lines,  the  other  diago- 
lals  of  the  parallelograms  will  intersect  in  a  point. 

60.  Prove  that  the  perimeter  of  an  isosceles  triangle  is  greater  than 
hat  of  an  equal  rectangle  of  the  same  altitude. 

61.  If  the  areas  of  any  triangle  and  of  a  square  be  equal,  the 
jerimeter  of  the  triangle  will  be  Sie  greater. 

62*  If  from  the  extremities  A  and  B  of  the  base  of  any  triangle 
dBC,  and  on  the  same  side  of  it,  two  straight  lines  AD,  BE  be  drawn 
peipendicular  to  the  base,  each  being  double  the  altitude  of  the  triangle, 
ind  straight  lines  DF,  EG  be  drawn  from  D  and  ^  to  the  middle  points 
uf  AC,  BC;  the  sum  or  difference  of  the  triangles  ADF,  BEG  will  be 
equal  to  the  triangle  ABC  according  as  the  angles,  at  the  base  of  the 
littter,  are  acute  or  one  of  them  is  obtuse. 

63.  The  perimeter  of  an  isosceles  triangle  is  less  than  that  of  any 
other  equal  triangle  upon  the  same  base. 

64.  Of  all  triangles  having  the  same  base  and  the  same  perimeter, 
that  is  the  greatest  which  has  the  two  undetermined  sides  equaL 

65*  Of  all  triangles  having  the  same  vertical  angle,  and  whose 
bases  pass  through  a  given  point,  the  least  is  that  whose  base  is  bisected 
in  the  given  point. 

66.  If  from  the  base  to  the  opposite  sides  of  an  isosceles  triangle 
three  straight  lines  be  drawn,  making  equal  angles  with  the  base,  viz. 
one  from  its  extremity,  the  other  two  from  any  other  point  in  it,  these 
two  shall  be  together  equal  to  the  first. 

67*  From  the  extremities  of  the  base  of  an  isosceles  triangle 
straight  lines  are  drawn  perpendicular  to  the  sides,  the  angles  made 
by  them  with  the  base  are  each  equal  to  half  the  vertical  angle. 
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6S.  If  each  of  the  equal  angles  of  an  isosceles  triangle  be  one- 
fourth  of  the  third  angle,  and  from  one  of  them  a  perpendicular  be 
drawn  to  the  base  meeting  the  opposite  side  produced;  then  will  the 
part  produced,  the  perpendicular,  and  the  remaining  side^  form  an 
equilateral  triangle. 

69.  If  two  sides  of  a  triangle  be  given,  the  triangle  will  be 
greatest  when  they  contain  a  right  ansle. 

70.  The  area  of  any  two  parallelograms  described  on  the  two 
sides  of  a  triangle  is  equal  to  that  of  a  parallelogram  on  the  base,  whose 
side  is  equal  and  parallel  to  the  line  drawn  from  the  vertex  of  the 
triangle  to  the  intersection  of  the  two  sides  of  the  former  paraUelograms 
produced  to  meet. 

71.  In  the  figure  to  Prop.  47,  Book  i, 
{a)    1£  BG  and  CH  be  joined,  those  lines  will  be  parallel. 
fi)    If  FC  and  BK  be  joined,  they  will  cut  off  equal  portions  AD, 

AE. 

(c)  If  perpendiculars  be  let  fall  from  F  and  K  on  BC  produced, 
the  parts  produced  will  be  equal ;  and  the  perpendiculars  together  will 
be  equal  to  BC. 

(a)    Shew  that  AL,  BK,  CF,  intersect  each  other  in  the  same  point 

(e)  Join  GH,  KE,  FD,  and  prove  that  each  of  the  triangles  so 
formed  equals  the  given  triangle  ABC, 

(f)  The  sum  of  the  squares  of  GH,  KE,  and  FD  will  be  equal 
to  eight  times  the  square  of  the  hypothenuse. 

(g)  If  the  exterior  angular  points  of  the  squares  be  ioined,  an 
irregular  hexagon  will  be  formed,  whose  area  is  equal  to  the  area  of 
the  square  described  upon  the  hypothenuse  of  a  right-angled  triangle, 
one  of  whose  sides  is  equal  to  the  hypothenuse  of  tne  original  triangle, 
and  the  other  is  equal  to  the  sum  of  its  sides. . 

72.  A  point  is  taken  within  a  square,'  and  straight  lines  drawn 
from  it  to  the  angular  points  of  the  square,  and  perpendicular  to  the 
sides ;  the  squares  on  the  first  are  double  the  sum  of  uie  squares  on  the 
last  Shew  that  these  sums  are  least  when  the  point  is  in  the  centre  of 
the  square. 

73.  If  from  the  vertex  of  a  plane  triangle,  a  perpendicular  fall  upoo 
the  base  or  the  base  produced,  die  difference  of  the  squares  of  the  sides 
is  equal  to  the  difference  of  the  squares  of  the  segments  of  the  base. 

74.  If  from  the  middle  point  of  one  of  the  sides  of  a  right-angled 
triangle  a  perpendicular  be  drawn  to  the  hypothenuse,  the  difference  of 
the  squares  of  the  segments  into  which  it  is  divided,  is  equal  to  the 
square  of  the  other  side. 

75.  If  a  straight  line  be  drawn  from  one  of  the  acute  angles  of  t 
right-angled  triangle,  bisecting  the  opposite  side,  the  square  upon  thit 
line  is  less  than  me  square  upon  the  hypothenuse  by  three  times  the 
square  upon  half  the  side  bisected. 

76.  If  one  angle  of  a  triangle  be  equal  to  a  nght  angle,  and 
another  equal  to  two-thirds  of  a  right  angle,  prove  from  Euclid^  Book  1,  ' 
that  the  equilateral  triangle  described  oh  the  hypothenuse,  is  eqiul 
to  the  sum  of  the  equilateral  triangles  described  upon  the  sides  whicb 
contain  the  right  angle. 
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The  square  of  the  excess  of  one  straight  line  above  another  is  less  than 
he  squares  of  the  two  straight  lines  by  twice  their  rectangle. 

Let  ABy  BC  be  the  two  straight  lines,  whose  difference  is  AC. 
Then  the  square  q£  AC  is  less  than  the  squares  of  AB  and  BC  by 
wice  the  rectangle  contained  by  AB  and  BC. 


c    B 
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Constructing  as  in  Prop.  4.  Book  ii, 
Because  the  complement  ^G  is  equal  to  GE, 

add  to  each  CK, 

therefore  the  whole  AK  is  equal  to  the  whole  CE ; 

and  AK,  CE  together  are  double  o£  AK; 

but  AK,  CE  are  3ie  gnomon  AKF  and  CK, 

and  AK  is  the  rectang^  contained  by  AB,  BC; 

therefore  the  gnomon  AKF  and  CKaxe  equal  to  1;wice  the  rectangle 

AB,  BC. 

But  AE,  CK  are  equal  to  the  squares  of  AB,  BC; 
hence  taking  the  former  equals  from  these  equals, 
therefore  the  difference  of  AE,  and  the  gnomon  AKF  is  equal  to 
he  difference  between  the  squares  AB,  BC,  and  twice  the  rectangle 
IB,  BC; 

but  the  difference  AE  and  the  gnomon  AKF  is  the  figure  HF  which 
is  equal  to  the  square  of  AC. 
Wherefore  the  square  of  AC  is  equal  to  the  difference  between  the 
quares  AB,  BC,  and  twice  the  rectangle  AB,  BC. 


THEOREM  II. 

If  straight  line's  be  drawn  from  each  angle  of  a  triangle  bisecting  the 
mposite  side,  four  times  the  sum  of  the  squares  of  these  lines  is  equal  to 
iree  limes  the  sum  of  the  squares  of  the  sides  of  the  triangle. 

Let  ABC  be  any  triangle,  and  let  AD,  BE,  CF  be  drawn  from 
if,  B,  C,  to  D,  E,  F,  the  bisections  of  the  opposite  sides  of  the  triangle  r 
diaw  AE  perpendicular  to  BC. 

A 
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'  Then  the  square  of  ^i?  is  equal  to  the  squares  of  BD,  DA  together 
with  twice  tiie  rectangle  BD,  DE,     (ii.  12.) 

and  the  square  of  ^Cis  equal  to  the  squares  o£CDy  DA  diminished 

by  twice  the  rectangle  CD,  DE;    (ii.  13.) 
therefore  the  squares  of  AB,  AC  are  equal  to  twice  the  square  of 

BDf  and  twice  the  square  of  AD;  for  DC  is  equal  to  BD: 
and  twice  the  squares  of  AB,  AC  are  equal  to  the  square  ofBC,  and 

four  times  the  square  of  AD:  for  BC  is  twice  BD» 
Similarly^  twice  the  squares  of  AB,  BC  are  equal  to  the  square  of 
AC,  and  four  times  the  square  of  BE: 

and  twice  the  squares  of  BC,  GA  are  equal  to  the  square  of  AB^ 
and  four  times  the  square  of  FC: 

hence^  by  adding  these  equals^ 
four  times  the  squares  of  AB,  AC,  BC  are  equal  to  four  times  the 
squares  of  AD,  BE,  Ci^  together  with  the  squares  of  AB,  AC,BC: 
and  taking  the  squares  of  A B,  AC,  BC  from  these  equals^ 
therefore  three  times  the  squares  of  AB^  AC,  BC  are  equal  to  four 
times  the  squares  of  AD,  BE,  CF. 


PROBLEM  L 


Divide  a  given  straight  line  into  two  such  parts,  that  the  redan^ 
contained  by  them  may  be  three-fourths  of  the  greatest  which  the  case  m 
admit. 

Analysis.  Let  AB  be  the  given  line,  and  let  AB  be  bisected  in 
D :  then  the  rectangle  AD,  DS,  or  the  square  of  DB  is  the  greatot 
possible  rectangle. 


Let  C  be' the  point  required,  such  that  the  rectangle  ^C,  CB  is  eqoil 
to  three-fourths  of  the  square  of  DB, 

On  AB  describe  a  semicircle,  and  draw  CE  perpendicular  to  AB, 

then  the  square  of  CE  is  equal  to  the  rectangle  AC,  CB, 
Again,  bisect  DB  in  F;  on  FB  describe  the  nght-angled  trianj^ 
FBG,  having  the  hypothenuse  FG  equal  to  DB, 

Then  BG  is  the  line,  the  square  of  which  is  three-fourths  of  the 
square  of  DB, 

Hence  GB  is  equal  to  EC :  join  GE, 
Therefore  the  point  E,  and  also  the  point  C  is  found. 
Synthesis.     Bisect  AB  in  D  and  DB  inF:  on  FB  make  the  right- 
angled  triangle  FBG  having  the  hypothenuse  FG  equal  to  DB. 

On  AB  describe  a  semicircle^  and  through  G  araw  GE  parallel  to 

AB,  and  draw  EC  parallel  to  GB, 

Then  C  is  the  point  required,  such  that  the  rectangle  contained  by 

AC,  CB  is  equal  to  three-fourths  of  the  square  of  half  the  line  AB. 
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2.  Divide  a  straight  line  into  two  parts,  such,  that  their  rectangle 
ay  be  equal  to  a  given  si^uare;  and  determine  the  greatest  square 
lat  the  rectangle  can  equal. 

S*  Divide  a  straight  line  into  two  such  parts  that  the  difference 
*  the  squares  of  the  two  parts  shall  be  equal  to  twice  the  rectangle 
intained  by  them. 

4.  Divide  a  straight  line  into  two  parts  such,  that  the  rectangle 
tntaiiied  by  them  may  be  equal  to  the  square  of  their  difference. 

5.  To  divide  a  straight  line  so  that  the  rectangle  under  its  seg- 
ents  may  equal  a  given  rectangle. 

6.  Divide  a  given  straight  line  so  that  the  rectangle  under  the 
irts  may  be  equal  to  a  given  square,  and  point  out  the  limit  which  the 
de  of  the  given  square  must  not  exceed  so  that  the  problem  may  be 
^ssible. 

7.  Divide  a  given  straight  line  into  two  parts,  such  that  the 
[uares  of  the  whole  line  and  one  of  the  parts  shall  be  equal  to  twice 
le  square  of  the  other  part. 

8*  Divide  a  given  line,  so  that  the  square  of  the  greater  part 
ay  equal  twice  the  rectangle  of  the  whole  and  the  less  part. 

9.  Divide  algebraically  a  given  line  (a)  into  two  parts,  such  that 
le  rectangle  contained  by  the  whole  and  one  part  may  be  equal  to  the 
|uare  of  the  other.  Deduce  Euclid's  construction  from  one  solution, 
id  explain  the  other. 

10.  Divide  a  given  straight  line  into  three  parts,  such  that  the 
|uare  of  the  whole  line  may  be  equal  to  the  squares  of  the  extreme 
arts  together  with  twice  the  rectangle  contained  by  the  whole  and  the 
dddle  part. 

11.  To  produce  a  straight  line  J.  ^  to  C,  so  that  the  rectangle  con- 
lined  by  the  sum  and  difference  of  AB  and  AC  may  be  equal  to  a  given 
pare. 

12.  If  a  straight  line  be  divided  into  any  two  parts,  produce  it  so 
lat  the  rectangle  contained  by  the  whole  line  produced  and  the  part 
roduced,  may  be  equal  to  the  rectangle  contamed  by  the  given  line 
ad  one  segment. 

13.  Construct  a  rectangle  that  shall  be  equal  to  a  given  square 
ad  the  difference  of  whose  adjacent  sides  shall  be  equal  to  a  given  line. 

14.  Construct  a  rectangle  ^[ual  to  a  given  square,  and  having  the 
am  of  its  sides  equal  to  a  given  line. 

15.  Find  a  square  which  shall  be  equal  to  the  sum  of  two  given 
ectillneal  figures. 

16.  Shew  bow  to  divide  a  given  rectangle  into  parts  which 
Qgether  will  form  a  rectangle  of  any  proposed  length. 

17.  A  given  line  AB  is  divided  into  two  parts  in  the  point  C 
i'ind  the  position  of  any  point  D  above  the  line,  so  that  the  sum  of 
he  squares  on  the  lines  JJA,  DC,  DB  may  be  equal  to  the  square  on 
IB,  dizninished  by  the  rectangle  AC,  AB, 

18*  Construct  a  triangle  with  three  sides  a,  h  and  c,  such  that 
frac*,  and  a  +  6  =  4c. 

20—2 
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3.  The  area  of  a  rhombus  is  equal  to  half  the  rectangle  con- 
tained by  the  diagonals. 

4.  Prove  that  the  area  of  a  trapezium  whose  bases  are  parallel  is 
half  of  the  rectangles  contained  by  each  of  the  bases,  and  the  perpen- 
dicular distance. 

5.  The  area  of  any  right-angled  triangle  is  equal  to  the  rectangle 
of  the  semiperimeter  and  excess  of  the  semiperimeter  above  the  hypo- 
thenuse.     Required  proof. 

6.  Any  rectangle  is  the  half  of  the  rectangle  contained  by  the 
diameters  of  the  squares  on  its  two  sides. 

7.  The  sum  of  the  squares  of  two  lines  is  never  less  than  twice 
their  rectangle. 

8.  If  a  straight  line  be  divided  into  two  equal  and  into  two 
unequal  parts,  the  squares  of  the  two  unequal  parts  are  equal  to  twice 
the  rectangle  contained  by  the  two  unequal  parts,  together  with  four 
times  the  square  of  the  line  between  the  points  of  section. 

9.  If  the  points  C,  D  be  equidistant  from  the  extremities  of  the 
straight  line  AB^  shew  that  the  squares  constructed  on  AD  and  AC 
exceed  twice  the  rectangle  AC,  AD  by  the  square  constructed  on  CD. 

10.  In  a  right-angled  triangle,  the  square  on  that  side  whidi  if 
the  greater  of  the  two  containing  the  riffht  anffle  is  equal  to  the  red* 
angle  by  the  sum  and  difference  of  the  ouier  sides. 

11.  Shew  that  the  first  of  the  algebraical  propositions, 

(a  +  a?)  (a  ~  a?)  +  d:"  =  o*, 
(a  +  xy+  {a-xy=  2o*+  2a?*, 

is  equivalent  to  the  two  Propositions  v  and  vi,  and  the  second  of  them 
to  the  two  Propositions  ix  and  x  of  the  second  book  of  Euclid. 

12.  Shew  how  in  all  the  possible  cases,  a  straight  line  may  be 
geometrically  divided  into  two  such  parts,  that  the  sum  of  their  square! 
shall  be  equal  to  a  given  square. 

13.  ABCD  is  a  rectangular  parallelogram,  of  which  Ay  C  vt 
opposite  angles,  E  any  point  in  EC,  F  any  point  in  CD.  Prove  thit 
the  area  of  the  triangle  AEF  together  with  the  rectangle  BE^  DF  is 
equal  to  the  parallelogram  AC, 

14.  A,  B,  C,  D  are  four  points  in  the  same  straight  line,  E  a 
point  in  that  line  equally  distant  from  the  middle  of  the  segments  AB^ 
CD;  F  is  any  other  whatever  in  AD;  then  AF*-¥BF*-¥CF*'^BP 
=  AE*  +  BE^  +  C£»  +  DE"  +  4>EF\ 

15.  The  sum  of  the  perpendiculars  let  fall  from  any  points  within 
an  equilateral  triangle,  will  be  equal  to  the  perpendicular  let  fall  from 
one  of  its  angles  upon  the  opposite  side. 

Is  this  proposition  true  when  the  point  is  in  one  of  the  sides  of  the 
triangle  ? 

In  what  manner  must  the  proposition  be  enunciated  when  the  point 
is  without  the  triangle  ? 

16.  If  a  line  AB  be  divided  into  two  parts  AC  and  CJ?intbe 
point  C  (Prop.  11,  Book  ii.),  so  that  the  rectangle  AB  x  BC^AC; 
and  ii  AC  be  divided  in  D,  so  that  CD:=BC,  prove  ^utACxAD^BC 
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17«  All  plane  riectilineal  figures  admit  of  quadrature.  Point  out 
the  succession  of  steps  by  which  Euclid  establishes  the  truth  of  this 
proposition. 

18.  The  hypothenuse  (c)  of  a  right-angled  triangle  ABC  is  tri- 
sected in  the  points  D,  E ;  prove  that  if  CD,  CE  be  joined^  the  sum 
of  the  squares  of  the  sides  of  the  triangle  CDE  =  | .  c'. 

19*  If  from  the  right  angle  C  of  a  right^^neled  triangle  ABC, 
straight  lines  be  drawn  to  tiie  opposite  angles  of  the  square  described 
on  Uke  hypothenuse  AB ;  shew  that  the  difference  of  the  squares 
described  on  these  lines  is  equal  to  the  difference  of  the  squares 
described  on  the  two  sides  AC,  BC. 

20.  If  the  sides  of  the  triangle  be  as  the  numbers  2,  4,  5,  shew 
whether  it  will  be  acute  or  obtuse-angled. 

21.  If  an  angle  of  a  triangle  be  two-thirds  of  two  right  angles, 
shew  that  the  square  of  the  side  subtending  that  angle  is  equal  to  the 
squares  of  the  sides  containing  it>  together  with  the  rectangle  contained 
by  those  sides. 

^^  In  any  triangle  the  squares  of  the  two  sides  are  together 
doable  of  the  two  squares  of  half  the  base  and  of  the  straight  line 
joining  its  bisection  with  the  opposite  angle. 

23.  The  square  described  on  a  straight  line  drawn  from  one  of 
the  angles  at  the  base  of  a  triangle  to  the  middle  point  of  the  opposite 
mde,  is  equal  to  the  sum  or  difference  of  the  square  of  half  tne  side 
bisected  and  the  rectangle  contained  between  the  base  and  that  part  of 
ity  or  of  it  produced^  which  is  intercepted  between  the  same  angle  and  a 
perpendicular  drawn  from  the  vertex. 

24.  If  perpendiculars  be  drawn  from  the  extremities  of  the  base 
of  a  triangle  on  a  straight  line  which  bisects  the  angle  opposite  to  the 
base,  the  area  of  the  triangle  is  equal  to  the  rectangle  contained  by  either 
of  the  perpendiculars  and  the  segment  of  the  bisecting  line  between  the 
angle  and  the  other  perpendicular. 

25.  Upon  the  sides  AB,  BC,  CA  of  the  triangle  ABC,  or  upon 
these  produced,  let  fall  the  perpendiculars  DE,  DF,  DG,  from  the 
point  D  within  or  without  the  triangle.  Then  AE'  +  BF'-^GC 
«=  BE*  +  CF'  +  AG'>     Required  a  demonstration. 

26.  If  from  the  three  angles  of  a  triangle,  lines  be  drawn  to  the 
points  of  bisection  of  the  opposite  sides,  the  squares  of  the  distances 
Detween  the  angles  and  the  common  intersection  are  together  one-third 
of  the  squares  of  the  sides  of  the  triangle. 

27.  Prove  that  the  square  of  any  straight  line  drawn  from  the 
vertex  of  an  isosceles  triangle  to  the  base^  is  less  than  tlie  square  of  a 
side  of  the  triangle  by  the  rectangle  contained  by  the  segments  of 
the  base. 

28.  If  from  one  of  the  equal  angles  of  an  isosceles  triangle  a  per- 
pendicular be  dramm  to  the  opposite  side,  the  rectangle  contained  by 
that  side  and  the  segment  of  it  intercepted  between  the  perpendicular 
and  base  is  equal  to  half  the  square  described  upon  the  base. 

29*  If  in  an  isosceles  triangle  a  perpendicular  be  let  fall  from  one 
of  the  equal  angles  to  the  opposite  side,  the  square  of  the  perpendicular 
is  equal  to  the  square  of  the  line  intercepted  between  the  other  equal 
angle  and  the  perpendicular,  together  with  twice  the  rectangle  con- 
tained by  the  segments  of  that  side. 

3(X    The  square  on  the  base  of  an  isosceles  triangle  whose  ver-» 
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tical  angle  is  a  right  angle,  is  equal  to  four  times  the  a^ea  of  the 
triangle. 

31.  JiABChe  an  isosceles  triangle^  and  CD  be  dr&wn  perpendicular 
to  AB ;  the  sum  of  the  squares  of  the  three  sides  =  AI^-^-Q.BlJ^  +  S.Ciy. 

32.  1£ABC  be  an  isosceles  triangle,  and  DE  be  drawn  parallel  to 
the  base  BC,  and  EB  joined ;  prove  that  BE'^  BC  x  DE  +  CI?. 

SB.  If  ABC  be  an  isosceles  triangle  of  which  the  angles  at  B  and 
C  are  each  double  of  A ;  then  the  square  oi  AC  is  equal  to  the  square 
of  BG  together  with  the  rectangle  contained  hj  AC  and  BC. 

34.  Shew  that  in  a  parallelogram  the  squares  of  the  diagonals  are 
equal  to  the  sum  of  the  squares  of  all  the  sides. 

S5,  If  ABCD  be  any  rectangle,  A  and  C  being  opposite  angles, 
and  0  any  point  either  within  or  without  the  rectangle :  OA'  +  0& 
=^0B'  +  CD". 

36.  In  any  quadrilateral  figure,  the  sum  of  the  squares  of  the 
diagonals  together  with  four  times  the  square  of  the  line  joining  their 
middle  points  is  equal  to  the  sum  of  the  squares  of  all  the  sides. 

37.  In  any  trapezium,  if  the  opposite  sides  be  bisected,  the  sum  of 
the  squares  of  the  two  other  sides,  together  with  the  squares  of  the 
diagonals,  is  equal  to  the  sum  of  the  squares  of  the  bisected  sides 
together  with  four  times  the  square  of  the  line,  joining  the  points  of 
bisection. 

38.  The  squares  of  the  diagonals  of  a  trapezium  are  together 
double  the  squares  of  the  two  lines  joining  the  bisections  of  the  oppo« 
site  sides. 

39*  In  any  trapezium  two  of  whose  sides  are  parallel,  the  squarei 
of  the  diagonals  are  together  equal  to  the  squares  of  its  two  sides  which 
are  not  parallel,  and  twice  the  rectangle  contained  by  the  sides  whidi 
are  parallel. 

40.  If  squares  be  described  on  the  sides  of  any  triangle  and  the 
angular  points  of  the  squares  be  joined ;  the  sum  of  the  squares  of  the 
sides  of  the  hexagonal  ngure  thus  formed  is  equal  to  four  times  the  sum 
of  the  squares  of  the  sides  of  the  triangle. 
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GEOMETKICAL   EXERCISES   ON   BOOK  III. 


THEOREM  I. 


If  AB,  CD  he  chords  of  a  circle  at  right  angles  to  each  other,  prove 
lOt  the  sunt  of  the  arcs  AC,  BD  is  equal  to  the  sum  of  the  arcs  AD,  BC* 
Irchimedis,  Lemm.  Prop.  9.) 

Draw  the  diameter  FHG  parallel  to  AB,  and  cutting  CD  in  H. 

D 


Then  the  arcs  FDG  and  FCG  are  each  half  the  circumference. 

Also  since  CD  is  bisected  in  the  point  H^ 

the  arc  FD  is  equal  to  the  arc  FC, 

id  the  arc  FD  is  equal  to  the  arcs  FA,  AD,  of  which,  AF  is  equal  to  BG, 

therefore  the  arcs  AD,  BG  are  equal  to  the  arc  FC;. 

add  to  each  CG, 
lerefore  the  arcs  AD,  BC  are  equal  to  the  arcs  FC,  CG  which  make 
up  the  half  circumference. 
.  Hence  also  the  arcs  AC,  DB  are  equal  to  half  the  circumference. 
Wherefore  the  arcs  AD,  BC  are  equal  to  the  arcs  AC,  DB^ 


PROBLEM  I. 

The  diameter  of  a  circle  having  been  produced  to  a  given  pointy  it 
s  required  to  find  in  the  part  produced  a  point,  from  tunich  if  a  tan^ 
lent  be  drawn  to  the  circle,  it  shall  be  equal  to  the  segment  of  the  part 
yroduced,  that  is,  between  the  given  point  and  the  point  found.. 

Analysis.  Let  AEB  be  a  circle  whose  centre  is  C  and  whose 
liameter  AB  is  produced  to  the  given  point  X).. 

F 

B 


Suppose  that  G  is  the  point  required,  such  that  the  segment  GD  is 
iqual  to  the  tangent  GE  drawn  from  G  to  touch  the  circle  in  JS. 
Join  DE  and  produce  it  to  meet  the  circumference  again  in  F 

join  also  CJS  and  CF, 

Then  in  the  triangle  GDF,  because  GD  is  equal  to  GE,^ 

therefore  the  angle  GED  is  equal  to  the  angle  GDE; 

and  because  CE  is  equal  to  CF, 

the  angle  CEF  is  equal  to  the  angle  CFB; 
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therefore  the  angles  CEF,  GED  are  equal  to  the  angles  CFE,  GDE : 

but  since  GE  is  a  tangent  at  JSt, 

therefore  the  angle  CEG  is  a  right  angle,     (iii.  18.^ 

hence  the  angles  CEF,  GEF  are  equal  to  a  right  angle, 

and  consequently^  the  angles  CFE,  EDO  are  also  equu  to  a  right  angle, 

wherefore  the  remaining  angle  FGD  of  the  triangle  CFD  is  a 

right  angle. 

and  therefore  CF  is  perpendicular  to  AD. 
Synthesis.    From  the  centre  C,  draw  CF  perpendicular  to  AB 
meeting  the  circumference  of  the  circle  in  F : 

join  DF  cutting  the  circumference  in  E^ 
join  also  CE^  and  at  E  draw  EG  perpendicular  to   CE  and 
intersecting  BD"  in  G. 

Then  G  will  be  the  point  required. 
For  in  the  triangle  CFD^  since  FCD  is  a  right  angle,  the  angles 
CFD,  CDF  are  together  equal  to  a  right  angle ; 

also  since  CEG  is  a  right  angle, 

therefore  the  angles  CEF,  GED  are  tog^er  equal  to  a  right  angle  ; 

therefore  the  angles  CEF,  GED  are  equal  to  the  angles  CFD,  CDF; 

but  because  CE  is  equal  to  CF, 
the  angle  CEF  is  equal  to  the  angle  CFD, 
wherefore  the  remaining  angle  GED  is  equal  to  the  remaining 

angle  CDF, 
and  the  side  GD  is  equal  to  the  side  GE  of  the  triangle  EGD, 
therefore  the  point  G  is  determined  according  to  the  required 
conditions. 


PROBLEM  It. 


Given  the  base,  the  vertical  angle,  and  the  perpendicular  in  a  plane 
triangle,  to  construct  it. 

Upon  the  given  base  AB  describe  a  segment  of  a  circle  containing 
an  angle  equal  to  the  given  angle,    (iii.  SS.) 


At  the  point  B  draw  BC  perpendicular  to  AB,  and  equal  to  the 
altitude  of  the  triangle,     (i.  11,  S,) 

Through  C  draw  CDE  parallel  to  AB,  and  meeting  the  circum«, 
ference  in  D  and  E,    (r.  31.) 

Join  DA,  DB ;  also  EA,  EB. 
Then  EAB  or  DAB  is  the  triangle  required. 
It  is  also  manifest,  that  if  CDE  touch  the  circle,  there  will  be  only 
one  triangle  which  can  be  constructed  on  the  base  AB  with  the  given 
altitude. 
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THEOREM  II. 

If  a  chord  of  a  circle  he  produced  till  the  part  produced  he  equal 
to  the  radius^  and  if  from  its  extremity  a  line  he  drawn  through  the 
centre  and  meeting  the  convex  and  concave  circumferences y  the  convex  is 
one  third  of  the  concave  circumference*    (Archimedis^  Lemm.  Prop.  8.) 

Let  AB  any  chord  be  produced  to  C,  so  that  BC  is  equal  to  the 
radius  of  the  circle : 

and  let  CE  be  drawn  from  C  through  the  centre  D,  and  meeting 
the  convex  circumference  in  F,  and  the  concave  in  j^. 
Then  the  arc  BF  is  one  third  of  the  arc  AE, 


Draw  EG  parallel  to  AB,  and  join  BB,  DO. 
Since  the  angle  DEG  is  equal  to  the  angle  DGE;    (i.  5.) 
and  the  angle  GDF  is  equal  to  the  ancles  DEG,  DGE,    (i.  32.) 
therefore  the  angle  GDC  is  double  of  the  angle  DEG^ 
But  the  angle  BDC  is  equal  to  the  angle  BCD,    (i.  5.) 
and  the  angle  CEG  is  equal  to  the  alternate  angle  ACE;     (i.  29.) 
therefore  the  angle  GDC  is  double  of  the  angle  CDB, 
add  to  these  equals  the  angle  CDB, 
therefore  the  whole  angle  GDB  is  treble  of  the  angle  CDB, 
but  the  angles  GDB,  CDB  at  the  centre  D,  are  subtended  by  the 
arcs  BF,  BG,  of  which  BG  is  equal  to  AE. 
Wherefore  the  circumference  AE  is  treble  of  the  circumference  BF, 
and  BF  la  one  third  of  AE» 

Hence  may  be  solved  the  following  problem: 
AJ^,  BF  are  two  arcs  of  a  circle  intercepted  between  a  chord  and 
a  given  diameter.     Determine  the  position  of  the  chord,  so  that  one  arc 
shall  be  triple  of  the  other. 

THEOREM  IIL 

AB,  AC  and  ED  are  tangents  to  the  circle  CPB ;  at  whatever  poirit 
between  C  and  B  the  tangent  KFD  is  drawn,  the  three  sides  of  the  tri* 
tingle  A£D  are  equal  to  twice  AB  or  twice  AC :  also  the  angle  suhtended 
^  the  tangent  EFD  at  the  centre  of  the  circle,  is  a  constant  quantity^ 
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Take  G  the  centre  of  the  circle,  and  join  GB,  GE,  GF,  GD,  GC. 
Then  EB  is  equal  to  EF,  and  DC  to  DF ;     (in.  87.) 
therefore  ED  is  equal  to  EB  and  DC; 
to  each  of  these  add  AE,  AD, 
wherefore  AD,  AE,  ED  are  equal  to  AB,  AC; 
and  AB  is  equal  to  AC, 
therefore  AD,  AE,  ED  are  eoual  to  twice  AB,  or  twice  AC; 
or  the  perimeter  of  the  triangle  AED  is  a  constant  quantity. 
Again,  the  angle  EGF  is  half  of  the  angle  BGF, 
and  the  angle  DGF  is  half  of  the  angle  CGF, 
therefore  the  angle  DGE  is  half  of  the  angle  CGB, 
or  the  angle  subtended  by  the  tangent  ED  at  G,  is  half  of  th« 
angle  contained  between  the  two  radii  which  meet  the  circle  at  the 
pomts  where  the  two  tangents  AB,  AC  meet  the  circle. 


THEOREM  IV. 


If  two  chords  of  a  circle  intersect  each  other  at  right  angles,  the 
sum  of  the  square  described  upon  the  four  segments  is  equal  to  the 
square  described  upon  the  diameter*    (Archimedis>  Lemm.  nop.  11.) 

Let  the  chords  AB,  CD  intersect  at  right  angles  in  E* 


Draw  the  diameter  AF,  and  loin  AC,  AD,  CF,  DB. 
Then  the  angle  ACF  in  a  semicircle  is  a  right  angle,     (iii.  31.) 
and  equal  to  the  angle  AED ;  also  the  angle  ADC  is  equal  to  the 

an^le  AFC.    (iii.  21.) 
Hence  m  the  triangles  ADE,  AFC,  there  are  two  angles  in  the  one 
respectively  equal  to  two  angles  in  the  other  ; 
consequently,  the  third  angle  CAF  is  equal  to  the  third  angle  DAB, 

therefore  the  arc  DB  is  equal  to  the  arc  CF,     (iii.  26.) 
and  therefore  also  the  chord  DB  is  equal  to  the  chord  CF.    (iii.  29.) 

Because  AEC  is  a  risht-angled  triangle, 
the  squares  of  AE,  EC  are  eoual  to  the  souare  of  AC  ;     (i.  47^ 
Bimilarly,  the  squares  of  DE,  jSB  are  equal  to  the  square  of  DB; 
therefore  the  squares  of  AE^  EC,  DE,  EB,  are  equal  to  the 
squares  of  AC^  DB; 

but  DB  was  proved  equal  to  FC, 
and  the  squares  of  AC,  FC  are  equal  to  the  square  o£  AF^ 
wherefore  the  squares  of  AH,  EC,  DE,  EB,  are  equal  to  the 
square  of  AF,  the  diameter  of  the  circle. 
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PROBLEMS. 


3.  Given  the  centre  of  a  circle ;  find  its  diameter  by  means  of 
be  compasses  alone. 

4.  Through  a  given  point  within  a  circle,  to  draw  a  chord  which 
ball  be  bisected  in  that  point. 

5.  Through  a  point  in  a  circle  which  is  not  the  centre,  to  draw 
be  least  chord. 

6*  To  draw  that  diameter  of  a  given  circle  which  shall  pass  at  a 
^ven  distance  from  a  given  point. 

7*  Draw  through  one  of  the  points  in  which  any  two  circles  cut 
ne  another,  a  straight  line  which  snail  be  terminated  by  their  drcum^ 
erences  and  bisected  in  their  point  of  section. 

8.  Determine  the  distance  of  a  point  from  the  centre  of  a  given 
ircle,  so  that  if  tangents  be  drawn  from  it  to  the  circle,  the  concave 
MTt  of  the  circumference  may  be  double  of  the  convex. 

9-     Find  two  points  in  a  given  straight  line  from  each  of  which 
f  two  tangents  be  drawn  to  two  given  points  on  the  same  side  of  the 
pven  circle,  they  shall  make  an  angle  equal  to  a  given  angle* 
Is  any  limitation  required  ? 

10.  Find  a  point  without  a  given  circle,  such  that  the  sum  of  the 
:wo  lines  drawn  from  it  touching  the  circle,  shall  be  equal  to  the  line 
irawn  from  it  through  the  centre  to  meet  the  circle. 

11»  From  a  given  point  without  a  circle,  a  straight  line  is  drawn 
mtting  a  circle.  Draw  from  the  same  point  another  line  so  as  to 
ntercept  two  arcs  which  together  shall  subtend  an  angle  equal  to  a 
B^iven  angle. 

12.  In  a  chord  of  a  circle  produced,  it  is  required  to  find  a  point, 
Qrom  which  if  a  straight  line  be  draMm  touching  the  circle,  the  Ime  so 
Irawn  shall  be  equal  to  a  given  straight  line. 

1S«  Determine  the  point  without  a  circle,  from  which,  if  two 
straight  lines  be  drawn  touching  the  circle,  they  may  form  an  equi^i* 
lateral  triangle  with  the  chord  which  joins  the  pomts  of  contact. 

14.  A,  By  C,  are  three  given  points,  find  the  position  of  a  circle 
mch  that  all  the  tangents  to  it  drawn  from  the  points  A,  B,  C  shall  be 
^ual  to  one  another.  What  is  that  circle  which  is  the  superior  limit  to 
those  that  satisfy  the  above  condition  ? 

15.  Two  parallel  chords  in  a  circle  are  respectively  six  and  eight 
Inches  in  length,  and  are  one  inch  apart;  how  many  inches  is  the 
diameter  in  length  ? 

16.  The  radius  of  the  circle  ABDE  whose  centre  is  C,  is  equal  to 
five  inches.  The  distance  of  the  line  AB  from  the  centre  is  four  inches. 
The  distance  of  the  line  DE  from  the  centre  is  three  inches*  Required 
the  lengths  of  the  straight  lines  AB,  DE. 

17*  Required  the  locus  of  the  vertices  of  all  triangles  upon^  the 
same  base,  having  the  sum  of  the  squares  of  their  sides  equal  to  a  given 
square. 

18.  Draw  a  straight  line  which  shall  touch  a  given  circle,  and 
nake  a  given  angle  with  a  given  straight  line. 

19.  Draw  a  straight  line  which  shall  touch  two  given  circles  c 
1)  on  the  same  side ;  (2)  on  the  alternate  sides. 

20.  Through  a  given  point  without  a  given  circle^  draw  a  straight 
line  which  shall  cut  off  a  quadrantal  arc  of  Uiat  circle.  > 
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21.  Three  given  straight  lines  are  in  the  same  straight  line ;  find 
a  point  from  which  lines  drawn  to  their  extremities  shall  contain  equal 
angles. 

22.  Draw  through  .a  given  point  in  the  diameter  of  a  circle  a 
chord,  which  shall  form  with  the  lines  joining  its  extremities  with  either 
extremity  of  the  diameter,  the  greatest  possible  triangle* 

23.  ADB,  ACB,  are  the  arcs  of  two  equal  circles  catting  one 
another  in  the  straight  line  AB,  draw  the  chord  jiC2>  catting  the  inner 
circumference  in  C  and  the  outer  in  D,  such  that  AD  and  DB  together 
may  be  double  of  AC  and  CB  together. 

24.  From  a  given  point  without  a  given  circle  a  line  is  drawn 
cutting  the  circle.  It  is  required  to  draw  from  the  same  point  another 
line  also  cutting  the  circle,  so  that  the  sum  of  the  arcs  intercepted  be* 
tween  these  two  lines  shall  be  equal  to  a  given  arc* 

25.  A  given  straight  line  being  divided  in  a  given  point,  to  find  a 
point  at  which  each  segment  of  the  given  straight  line  shall  sabtend  an 
angle  equal  to  half  a  right  angle. 

26.  Divide  a  circle  into  two  parts  such  that  the  angle  contained 
in  one  segment  shall  equal  twice  the  angle  contained  in  the  other. 

27.  Any  segment  of  a  circle  being  described  on  the  base  of  i 
triangle;  to  describe  on  the  other  sides  segments  similar  to  that  on  the 
base. 

28.  Through  a  given  point  within  or  without  a  circle,  it  is  re* 
quired  to  draw  a  straight  line  cutting  off  a  segment  containing  a  given 
angle. 

29.  Through  two  given  points  to  describe  a  circle  bisecting  tha 
circumference  of  a  given  circle. 

30.  A  segment  of  a  circle  being  described  upon  AB,  it  is  required 
to  draw  a  chord  AC,  such  that  CK  being  drawn  perpendicular  to  AB, 
AC  •\-  CK  shall  be  a  maximum. 

<  31.  In  the  circumference  of  a  given  circle,  to  determine  a  pmiit 
'to  which  two  straight  lines  drawn  to  two  given  points  shall  contaui  sn 
angle  equal  to  a  given  angle,  pointing  out  the  lunitations  within  whidi 
the  problem  is  possible. 

32.  One  side  of  a  trapezium  capable  of  being  inscribed  in  a  ffivea 
circle  is  given,  the  sum  of  the  remaining  three  sides  is  given  ;  and  alis 
one  of  the  angles  opposite  to  the  given  side :  construct  it. 

SS.  To  find  a  point  P,  so  that  tangents  drawn  from  it  to  the  out- 
sides  of  two  equal  circles  which  touch  each  other,  may  contain  an  angle 
equal  to  a  given  angle. 

34.  Given  two  circles :  it  is  teqUired  to  find  a  point  f^om  whidi 
tangents  may  be  drawn  to  each,  equal  to  two  given  straight  lines. 

35^  Between  two  given  circles  to  place  a  straight  une  terminated 
by  them,  such  that  it  shall  equal  a  given  straight  line>  and  be  inclined 
at  a  given  angle  to  the  straight  line  joining  their  centres. 

36.  Two  circles  being  given  in  position  and  magnitude,  draw  a 
straight  line  cutting,  them,  so  that  the  cnords  in  each  circle  may  be  equal 
to  a  given  line  not  greater  than  the  diameter  df  llie  smaller  circle. 

37*  Describe  two  circles  with  given  radii  which  shall  cut  esdi 
)9ther,  and  have  the  line  between  the  points  of  section  equal  to  a  given 
line. 

38.  If  two  circles  cut  each  other ;  to  draw  from  one  of  the  pointi 
of  intersection  a  straight  line  meeting  the  circles^  so  that  the  part  <C 
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^t  intercepted  between  the  circumferences  may  be  equal  to  a  given 
line. 

39.  Three  points  being  in  the  same  plane,  find  a  fourth,  where 
lines  drawn  from  the  former  three  shall  make  given  angles  with  one 
^another. 

40.  Two  given  circles  touch  each  other  internally.  Find  th6 
^semichord  drawn  perpendicularly  to  the  diameter  passing  through  the 
point  of  contact,  whicn  shall  be  bisected  by  the  circumference  of  the 
mner  circle. 

41.  The  circumference  of  one  circle  is  wholly  within  that  of 
another.  Find  the  greatest  and  the  least  straight  lines  that  can  be 
drawn  touching  the  former  and  terminated  by  the  latter. 

42.  Draw  a  straight  line  through  two  concentric  circles,  so  that 
the  chord  terminated  by  the  exterior  circumference  may  be  double  that 
terminated  by  the  interior.  What  is  the  least  value  of  the  radius  of  the 
interior  circle  for  which  the  problem  is  possible  ? 

43.  To  draw  a  straight  line  cutting  two  concentric  circles,  so  that 
the  part  of  it  which  is  intercepted  by  the  circumference  of  the  greater 
may  be  triple  the  part  intercepted  by  the  circumference  of  the  less. 

44.  Find  the  greatest  of  all  triangles  having  the  same  vertical 
angle  and  equal  distances  between  that  angle  and  the  bisection  of  th^ 
apposite  sides. 

45.  If  a  string  of  a  given  length  be  fixed  at  each  end  to  twd 
given  points  A  and  B,  and  be  pulled  downwards,  so  as  to  form  a 
triangle  with  the  line  joining  A  and  B,  determine  the  lowest  point 
that  it  may  be  made  to  reach. 

46.  From  a  given  point  without  a  circle,  at  a  distance  from  the 
circumference  of  the  circle  not  greater  than  its  diameter,  draw  a  .straight 
line  to  the  concave  circumference  which  shall  be  bisected  by  the  convex 
'circumference. 

47.  Find  a  point  in  the  circumference  of  a  circle,  from  whence  a 
■line  drawn,  making  a  given  angle  with  a  given  radius,  may  be  equal  to 
a  given  straight  line. 

48.  To  find  within  an  acute-angled  triangle  a  point  from  which, 
if  straight  lines  be  drawn  to  the  three  angles  of  the  triangle,  they  shall 
make  equal  angles  with  each  other. 

49.  From  two  lines,  including  a  given  angle,  cut  off  by  a  line  d 
given  length,  a  triangle  equal  to  a  given  rectilineal  figure. 

50.  From  the  extremities  of  the  diameter  of  a  given  semicircle, 
draw  two  chords  to  meet  in  the  circumference,  which  shall  intercept  a 
given  length  on  a  given  oblique  chord. 

51.  The  positions  of  three  stations.  A,  B,  and  C,  have  been  laid 
down  on  a  map,  and  an  observer  at  X>  (a  station  in  the  same  horizontal 
plane  as  A,  B,  and  C,)  determines  the  angles  ADB  and  BDC;  give  a 
geometrical  construction  for  laying  down  Z>  on  the  map. 

52.  In  an  acute-angled  triangle,  to  find  a  point  from  which  if 
three  lines  be  drawn  to  the  three  angles,  the  sum  of  these  lines  shall  be 
the  least  possible. 

55.  Draw  lines  from  the  angles  of  a  triangle  to  the  points  of 
bisection  of  the  opposite  sides  and  terminated  in  these  points.  If  from 
the  extremities  of  any  one  of  them,  lines  be  drawn  parallel  to  the  re- 
maining two  and  produced  to  meet,  a  triangle  will  be  formed  whose 
;sides  are  equal  to  the  three  lines  first  drawn. 

54.    It  it  required  within  an  isosceles  triangle  to  find  a  point  sucb^ 
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that  its  distance  from  one  of  the  equal  angles  may  be  double  its  distance 
from  the  vertical  angle. 

55»  To  construct  an  isosceles  triangle  equal  to  a  scalene  triangle 
and  having  an  equal  vertical  angle  with  it. 

56.  Given  the  angle  at  the  base  of  an  isosceles  triangle,  and  the 
perpendicular  from  it  on  the  opposite  side>  to  construct  the  triangle. 

57.  Given  the  base,  the  vertical  angle,  and  the  differences  of  the 
sides,  to  construct  the  triangle. 

58.  Describe  a  triangle  with  a  given  vertical  angle,  so  that  the 
line  which  bisects  the  base  shall  be  equal  to  a  given  line,  and  the  angle 
which  the  bisecting  line  makes  with  the  base  shall  be  equal  to.  a  given 
angle. 

59.  Given  the  perpendicular  height,  the  vertical  angle  and  the 
sum  of  the  sides,  to  construct  the  triangle. 

60.  Construct  a  triangle  in  which  the  vertical  angle  and  the 
difference  of  the  two  angles  at  the  base  shall  be  respectively  eqiial 
to  two  given  angles,  and  whose  base  shall  be  equal  to  a  given  straight 
line. 

61  •  Given  the  vertical  angle,  the  difference  of  the  two  sides  con- 
taining it,  and  the  difference  of  the  segments  of  the  base  made  by  a 
perpendicular  from  the  vertex;  construct  the  triangle. 

62.  On  a  given  straight  line  to  describe  a  triangle  having  iti 
vertical  angle  equal  to  a  given  angle,  and  the  difference  of  its  sides  equal 
to  a  given  line. 

63.  Given  the  vertical  angle,  and  the  lengths  of  two  lines  draim 
from  the  extremities  of  the  base  to  the  points  of  bisection  of  the  sido^ 
to  construct  the  triangle. 

64.  Given  the  base,  and  vertical  angle,  to  find  the  triangle  whose 
area  is  a  maximum. 

65.  Find  a  triangle  of  which  the  vertical  angle,  the  sum  ci  the 
squares  of  the  two  sides  containing  it  and  the  area  are  given* 

66.  The  base,  vertical  angle,  and  rectangle  under  the  sum  of  the 
other  sides  and  one  of  them  are  given.     Construct  the  triangle. 

67«  Describe  a  circle  the  circumference  of  which  shall  pan 
through  a  given  point  and  touch  a  given  circle  in  a  given  point 

68.  Describe  a  circle  which  shiul  pass  through  a  given  point  and 
which  shall  touch  a  given  straight  line  in  a  given  point 

69»  Describe  a  circle  to  touch  two  right  lines  given  in  podtioB 
and  such  that  a  tangent  drawn  to  it  from  a  given  point  may  be  equal  to 
a  given  line. 

70.  Let  AB,  AC  he  any  two  lines  given  in  position;  DE  a  line 
of  given  length ;  find  the  position  of  that  circle  which  is  touched  by 
both  the  lines  AB,  AC  and  whose  diameter  is  equal  to  D£, 

71.  Describe  a  circle  to  touch  two  right  lines  given  in  positioD, 
so  that  lines  drawn  from  a  given  point  to  the  points  of  contact  ihaU 
contain  a  given  angle. 

72-  Describe  a  circle  through  a  given  point,  and  touching  a  given 
straight  line,  so  that  the  chord  joining  the  given  point  and  point  of  con- 
tact may  cut  off  a  segment  containing  a  given  angle. 

73.  To  describe  a  circle  through  two  given  points  to  cut  a  straight 
line  given  in  position,  so  that  a  diameter  of  the  circle  drawn  through 
the  point  of  intersection  shall  make  a  given  angle  with  the  line. 

74.  The  straight  lines  drawn  from  the  same  pointy  and  touching 
the  same  circle,  are  equal.    Having  proved  this„  exoibit  a  oonstmction 
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that  shall  include  all  the  triangles  which  can  be  described  with  a  given 
perimeter  and  given  vertical  angle. 

75.  A  flag-staff  of  a  given  height  is  erected  on  a  tower  whose 
height  is  also  given :  at  what  point  on  the  horizon  will  the  flag-staff 
appear  under  the  greatest  possible  angle. 

76.  Find  a  point  from  which^  if  straight  lines  be  drawn  to  touch 
three  given  circles^  none  of  which  lies  within  the  other^  the  tangents  so 
drawn  shall  be  equaL 

77-  The  centres  of  three  circles  (A,  B,  C,)  are  in  the  same 
straight  line^  B  and  C  touch  each  other  externally  and  A  internally^  if 
a  line  be  di*awn  through  the  point  of  contact  of  B  and  C^  making  any 
angle  with  the  common  diameter^  then  the  portion  of  this  line  mter- 
cepted  between  C  and  A,  is  equal  to  the  portion  intercepted  between 
B  and  A, 

78.  If  P  be  a  point  without  a  circle  whose  centre  is  O,  and  AOB 
a  diameter  perpendicular  to  PO :  draw  a  line  PMEC  cutting  the  circle 
in  M  and  C  and  the  diameter  in  E,  so  that  the  rectangle  PM,  PC,  may 
be  four  times  the  rectangle  AEy  EB. 

79*  From  a  given  point  without  a  circle  draw  a  straight  line 
cmtting  the  circle^  so  that  the  rectangle  contained  by  the  part  of  it 
without  and  the  part  within  the  circle  shall  be  equal  to  a  given  square. 

80.  Let  ^P  be  a  tangent  to  any  circle,  and  AB  a  diameter.  To 
determine  the  point  P,  so  that  PCB  being  drawn,  cutting  the  circum- 
ference in  C,  the  rectangle  contained  by  PC,  CB,  shall  be  equal  to  a 
^ven  square ;  and  shew  in  what  cases  this  is  impossible. 

81 .  The  diameter  ACD  of  a  circle^  whose  centre  is  C,  is  produced 
to  P,  determine  a  point  F  in  the  line  AP  such  that  the  rectangle 
PF.PC  may  be  equal  to  the  rectangle  PD.PA. 

82.  Through  a  given  point  draw  a  line  terminating  in  two  lines 
given  in  position^  so  that  the  rectangle  contained  by  the  two  parts  may 
be  equal  to  a  given  rectangle. 

83.  A  ladder  is  gradually  raised  against  a  wall ;  find  the  locus  of 
its  middle  point 

84.  A,  By  C,  D  are  four  points  in  order  in  a  straight  line>  find  a 
jXHnt  E  between  B  and  C,  such  that  AE .  EB  =  ED .  EC  by  a  geome- 
trical construction. 

85.  Determine  the  locus  of  the  extremities  of  any  number  of 
straight  lines  drawn  from  a  given  pointy  so  that  the  rectangle  contained 
by  each^  and  a  segment  cut  off  from  each  by  a  line  given  in  position^ 
may  be  equal  to  a  given  rectangle. 

86.  Find  a  point  without  a  given  circle  from  which  if  two  tan- 
gents be  drawn  to  it>  they  shall  contain  an  angle  equal  to  a  given  angle^ 
and  shew  that  the  locus  of  this  point  is  a  circle  concentric  with  tiie 
given  circle. 

87^  Find  the  locus  of  the  vertex  of  a  triangle  described  on  a  given 
base ;  (l)  when  the  sum  of  the  angles  at  the  base  is  given ;  (2)  when 
one  of  them  is  always  double  of  the  other. 

88.  Find  the  locus  of  the  centres  of  all  circles  which  cut  off  from 
the  directions  of  two  sides  of  a  triangle^  chords  equal  to  two  given 
straight  lines. 

Hence  describe  a  circle  that  shall  cut  off  from  the  direction  of  three 
rides  of  a  triangle^  chords  respectively  equal  to  three  given  straight 
lines. 
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69,  In  a  given  straight  line  to  find  a  point  at  which  two  other 
straight  lines^  being  drawn  to  two  given  points^  shall  contain  a  right 
angle.  Shew  that  if  the  distance  between  the  two  given  points  be 
greater  than  the  sum  of  their  distances  from  the  given  line>  there  will 
be  two  such  points ;  if  equal,  there  may  be  only  one  ;  if  less,  the  pro« 
blem  may  be  impossible. 

90.  Produce  a  given  straight  line  so  that  the  rectangle  under  die 
given  line,  and  the  whole  line  produced  may  equal  the  square  of  the 
part  produced. 

91.  To  produce  a  given  straight  line,  so  that  the  rectangle  con- 
tained by  the  whole  line  thus  produced,  and  the  part  of  it  produced, 
«hall  be  coual  to  a  given  square. 

92.  To  determine  a  nght-angled  triangle  whose  h3rpothenu8e  may 
be  equal  to  a  given  straight  line,  and  the  rectangle  contained  by  whose 
sides  may  be  equal  to  the  square  of  their  difference. 

93.  Given  the  lengths  of  the  three  lines  drawn  from  the  angles  of 
a  triangle  to  the  points  of  bisection  of  the  opposite  sides ,  construct  the 
triangle. 

94.  Describe  a  triangle  whose  sides  shall  be  bisected  by  three 
given  straight  lines,  and  one  of  whose  sides  shall  pass  through  a  given 
point. 

95.  Find  the  locus  of  a  point,  such  that  if  straight  lines  be  drawn 
from  it  to  the  four  comers  of  a  given  square,  the  sum  of  the  squares 
#hall  be  invariable. 
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5.  The  arcs  intercepted  between  any  two  parallel  chords  in  « 
idrde  are  equal.  Also  the  sum  of  the  arcs  subtending  the  vertical  angle 
made  by  any  two  chords  that  intersect,  is  the  same,  as  long  as  the  ai^ 
of  intersection  remains  the  same. 

6.  From  the  extremities  A  and  C  of  a  given  circular  arc  AC,  equal 
arcs  AB,  CD  are  measured  in  opposite  directions:  prove  that  the  chords 
ACf  BD  are  parallel. 

7.  Two  circles  cut  each  other,  and  from  the  points  of  intersection 
straight  lines  are  drawn  parallel  to  one  another,  the  portions  intercepted 
by  the  circumferences  are  equal. 

8.  A,  By  C,  A\  B\  C  are  points  on  the  circumference  of  a  circle; 
if  the  lines  AB,  AC  he  respectively  parallel  to  A'R,  A'C,  shew  that 
BC  is  parallel  to  B'C. 

9*  C,  C  are  the  centres  of  two  circles  of  unequal  radii,  CR,  CBf 
any  pair  of  parallel  radii,  join  RR^:  then  shall  all  such  lines  produced 
meet  in  one  point.  Prove  this  property,  and  from  it  deduce  a  method 
of  drawing  a  common  tangent  to  two  circles. 

10.  If  from  a  given  point  a  straight  line  be  drawn  touching  t 
circle  given  in  position,  the  straight  line  is  given  in  position  and  mag« 
nitude. 

11.  DF  is  a  straight  line  touching  a  circle,  and  terminated  by 
JtD,  BF,  the  tangents  at  the  extremities  of  the  diameter  AB,  shew  that 
the  angle  which  JDF  subtends  at  the  centre  is  a  right  angle. 
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12.  The  circles  described  on  the  sides  of  any  triangle  as  diameters 
will  intersect  in  the  sides^  or  sides  produced^  of  the  triangle. 

13.  The  circles  which  are  described  upon  the  sides  of  a  rieht* 
angled  triangle  as  diameters^  meet  the  hypothenuse  in  the  same  pomt ; 
and  the  line  drawn  from  the  point  of  intersection  to  the  centre  of  either 
of  the  circles  will  be  a  tangent  to  the  other  circle. 

14.  If  on  the  sides  of  a  triangle  circular  arcs  be  described  con- 
taining angles  whose  sum  is  equal  to  two  right  angles^  the  triangle 
formed  by  the  lines  joining  their  centres  has  its  angles  equal  to  those  in 
the  segments. 

15.  If  AO,  BO  be  the  bounding  radii  of  a  quadrant,  and  in  OB 
any  point  Q  be  taken^  and  QC  drawn  meeting  the  circumference  in  C, 
and  making  zBQC=^AQO,  shew  that  2  .  j:QAO+  zCOB  =  zAOB. 

16.  Any  two  chords  of  a  circle  which  cut  a  diameter  in  the 
same  point  and  at  equal  angles^  are  equal  to  each  other. 

!?•  If  two  equal  chords  be  drawn  in  a  circle,  and  another  chord 
be  drawn  through  their  middle  points,  the  portions  of  this  last  chord 
intercepted  between  the  middle  points  and  the  circumference  are  equal. 

18.  If  through  the  middle  point  of  any  chord  of  a  circle  two 
chords  be  drawn,  the  lines  joining  their  extremities  shall  intersect  the 
first  chord  at  equal  distances  from  its  extremities. 

19*  If  from  any  point  in  a  circular  arc,  perpendiculars  be  let  fall 
on  its  bounding  radii,  the  distance  of  their  feet  is  invariable. 

20.  Of  two  circular  segments  upon  the  same  base,  the  larger  is 
that  which  contains  the  smaller  angle. 

21.  ABCD  is  a  semicircle;  AC,  BD  are  chords  drawn  from  the 
extremities  of  the  diameter  AD,  cutting  each  other  in  -F ;  join  AB,  DC, 
and  produce  them  till  they  meet  in  £J ;  join  EF,  and  produce  it  to  meet 
the  diameter  in  G,     Prove  that  EG  is  perpendicular  to  AD. 

22.  Let  N  be  any  point  in  the  diameter  of  a  circle,  whose  centre 
is  S,  PNQ  a  chord  drawn  through  N,  and  join  SP ;  shew  geometrically 
and  analytically  that  PQ  is  a  minimum,  and  the  angle  SPQ  a  maximum, 
when  PQ  is  perpendicular  to  the  diameter. 

23.  If  the  diameter  of  a  circle  be  one  of  the  equal  sides  of  an 
isosceles  triangle,  the  base  will  be  bisected  by  the  circumference. 

24.  If  two  diameters  to  a  circle  be  drawn,  and  through  their 
extremities  any  other  circles  pass,  the  portions  of  the  diameters  lying 
between  any  two  of  these  circles  are  equal  to  each  other. 

25.  Two  diameters  AOA\  BOB^  of  a  circle  are  at  right  angles  to 
each  other ;  P  is  a  point  in  the  circumference,  the  tangent  at  P  meets 
BOB'  produced  in  Q,  and  AP,  A'P  meet  the  same  line  in  C,  C  respec- 
tively.    Prove  that  Cft'  is  equal  to  CQ- 

26.  ADB,  ACB  are  the  arcs  of  two  equal  circles  cutting  one 
another  in  the  straight  line  AB ;  draw  any  chord  ACD  cutting  both 
arcs,  and  join  CB,  DB ;  CB  is  equal  to  DB. 

27*  If  from  a  point  without  a  circle  lines  be  drawn  touching  the 
circle,  the  angle  included  is  measured  by  half  the  difference  of  the 
concave  and  convex  parts  of  the  circumference. 

28.  If  the  chord  AB  be  produced  to  D,  the  angle  which  DB 
makes  with  the  chord  BC,  is  equal  to  half  the  sum  of  the  angles  which 
the  arcs  AB,  BC  subtend  at  the  centre  of  the  circle. 

29.  The  perpendiculars  let  fall  from  the  three  angles  of  any 
Ixiangle  upon  the  opposite  sides,  intersect  each  other  in  the  same  point. 
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30.  Through  a  given  point  within  a  circle  two  chords  are  drawn, 
and  the  extremities  of  one  joined  to  different  extremities  of  the  other; 
shew  that  two  triangles  are  formed  which  are  equiangular. 

31.  The  lines,  which  bisect  the  vertical  angles  of  all  triangles  on 
the  same  base  and  with  the  same  vertical  angle,  all  intersect  in  one  point 

32.  A  number  of  triangles  are  described  upon  the  same  base  and 
having  the  same  vertical  angle ;  and  from  a  given  pointy  at  the  same 
distance  from  the  two  extremities  of  the  base,  lines  are  drawn  to  the 
vertices  of  the  triangles ;  shew  that  if  this  point  be  so  chosen  that  one 
of  these  lines  shall  bisect  the  angle  at  the  vertex  to  which  it  is  drawn, 
all  the  lines  will  bisect  the  angles  at  the  vertices  to  which  they  are 
drawn. 

33.  Of  all  triangles  on  the  same  base,  having  equal  perimeten^ 
the  equilateral  has  the  greatest  area. 

34.  The  middle  point  of  the  hypothenuse  of  a  right-angled  triangle 
is  equally  distant  from  the  three  angular  points. 

35.  Of  all  triangles  on  the  same  base  and  between  the  sane 
parallels,  the  isosceles  has  the  greatest  vertical  angle. 

36.  Of  all  straight  lines  which  can  be  drawn  from  two  given 
points  to  meet  in  the  convex  circumference  of  a  given  circle^  the  som 
of  those  two  will  be  the  least,  which  make  equal  angles  with  the  tangent 
at  the  point  of  concourse. 

37.  If  from  any  point  without  a  circle,  lines  be  drawn  cutting  the 
circle  and  making  equal  angles  with  the  longest  line,  they  will  cat  of 
equal  segments. 

38.  From  a  point  without  a  circle  two  straight  lines  are  drawn 
cutting  the  convex  and  concave  circumferences,  and  also  respectively 
parallel  to  two  radii  of  the  circle.  Prove  that  the  difference  of  the 
concave  and  convex  arcs  intercepted  by  the  cutting  lines^  is  equal  to  twifit 
the  arc  intercepted  by  the  radii. 

39*  If  round  any  point  within  the  circumference  of  a  circle,  (not 
being  the  centre)  equal  adjoining  angles  be  described ;  of  the  circum* 
ferences  on  which  they  stand,  that  which  is  nearer  the  diameter  patt- 
ing through  the  point  is  less  than  the  more  remote. 

40.  If  two  equal  chords  of  a  circle  cut  one  another  either  withil 
or  without  a  circle,  the  segments  of  the  one  between  the  point  of  inter- 
section and  the  circumference,  shall  be  equal  to  the  segments  of  the 
other,  each  to  each. 

41.  If  in  a  given  circle  a  diameter  be  drawn,  and  in  it  a  point 
be  taken  which  is  not  the  centre  of  the  circle,  and  a  line  be  drawn 
through  it  to  meet  the  circumference  both  ways,  only  one  line  equal  *• 
it  can  pass  through  that  point  and  meet  the  circle  both  ways^  and  d 
all  other  lines  which  pass  through  the  same  point,  those  which  make 
smaller  angles  with  the  diameter  are  greater  than  those  which  make 
a  greater. 

42.  Two  straight  lines  which  at  one  point  make  equal  angles  f 
with  the  diameter  of  a  circle  or  the  diameter  produced^  are  equally  ( 
distant  from  the  centre. 

43.  If  from  a  point  without  a  circle  two  tangents  be  drawn; 
the  straight  line  which  joins  the  points  of  contact  will  be  bisected  at 
right  angles  by  a  line  drawn  from  the  centre  to  the  point  without  the 
circle. 

44.  Tangents  to  a  circle  at  the  extremities  of  any  chords  cootaifl 
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an  angle  which  is  twice  the  angle  contained  by  the  same  chord  and 
a  diameter  drawn  from  either  of  the  extremities. 

45.  If  tangents  be  drawn  at  the  extremities  of  any  two  diame- 
ters of  a  circle,  and  produced  to  intersect  one  another;  the  straight 
lines  joining  the  opposite  points  of  intersection  will  both  pass  through 
the  centre. 

46.  If  any  chord  of  a  circle  be  produced  equally  both  ways, 
and  tangents  to  the  circle  be  drawn,  on  opposite  sides  of  it,  from  its 
extremities,  the  line  joining  the  points  of  contact  bisects  the  given  chord. 

47*  When  the  vertical  angle  and  the  sum  of  the  sides  of  a  plane 
triangle  are  given,  prove  that  the  locus  of  the  middle  of  the  base  is  a 
line  given  in  position. 

48.  If  a  tangent  be  drawn  at  any  point  of  a  circle,  and  from  the 
point  of  contact  a  perpendicular  be  let  fall  on  a  diameter  of  the  circle, 
and  from  the  extremities  of  the  diameter  perpendiculars  be  let  fall  on 
the  tangent,  these  perpendiculars  will  be  respectively  equal  to  the  seg- 
ments of  the  diameter. 

49.  If  from  two  fixed  points  in  the  circumference  of  a  circle, 
Btrai^t  lines  be  drawn  intercepting  a  given  arc  and  meeting  without 
the  circle,  the  locus  of  their  intersections  is  a  circle. 

50.  Two  straight  lines  stand  at  right  angles  to  each  other,  one  of 
which  passes  through  the  centre  of  a  given  circle,  and  from  any  point 
in  the  other,  tangents  are  drawn  to  the  circle.  Prove  that  the  chord 
joining  the  points  of  contact  cuts  the  first  line  in  the  same  point,  what- 
ever be  the  point  in  the  second  from  which  the  tangents  are  drawn. 

51.  If  from  any  point  without  a  circle  two  lines  be  drawn 
touching  the  circle,  and  from  the  extremities  of  any  diameter  lines  be 
drawn  to  the  point  of  contact  cutting  each  other  within  the  circle,  the 
line  drawn  from  the  point  without  the  circle  to  the  point  of  intersection 
shall  be  perpendicular  to  the  diameter. 

52.  If  from  a  point  without  a  circle  two  lines  be  drawn  touching 
the  circle,  and  from  one  of  the  points  of  contact  a  perpendicular  be  let 
£dl  on  the  diameter  passing  through  the  other,  it  will  be  bisected  by  a 
gtraight  line  drawn  from  the  point  without  the  circle  to  the  farthest 
extremity  of  the  diameter. 

53.  If  from  any  point  without  a  circle,  lines  be  drawn  touching  it, 
{he  angle  contained  by  the  tangents  is  double  the  angle  contained  by  the 
line  joining  the  points  of  contact  and  the  diameter  drawn  through  any 
une  of  them. 

54.  Let  ACB  be  a  quadrant  of  a  circle,  of  which  the  centre  is  C, 
md  the  terminating  radii  CA,  CB ;  join  AB,  and  on  it  describe  a  semi- 
circle :  from  the  point  A  draw  a  straight  line  AED  cutting  the  quadrant 
in  Ey  and  terminated  by  the  semicircle  in  D;  and  join  DB;  it  is  required 
to  prove  that  DE  is  always  equal  to  DB,  and  that  the  greater  only  of 
the  two  lines  AD,  DB  can  cut  the  quadrant. 

55.  With  any  point  A  in  the  arc  of  the  circle  ABF  as  a  centre, 
and  any  radius  AB  less  than  the  diameter,  and  greater  than  half  the 
radius  of  ABF,  describe  a  circle  cutting  ABF  in  F;  in  it  place  the 
chords  BD,  DE,  EC  each  equal  to  the  chord  AB ;  with  radius  CF,  and 
centres  A  and  C,  describe  two  circles  intersecting  in  G ;  with  the  same 
radius  and  centre  G,  describe  a  circle  intersecting  the  circle  BDF  in 
H;  the  chord  HB  is  equal  to  the  radius  of  the  circle  ABF. 

56.  If  from  a  point  in  the  circumference  of  a  circle  any  number 

21—2 
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of  chords  be  drawn>  the  locus  of  their  points  of  bisection  will  be  a 
circle. 

57.  In  a  circle  with  centre  O,  any  two  chords  AB,  CD  are  drawn 
catting  in  E,  and  OA,  OB,  OC,  OD  are  joined.  Prove  that  the  angles 
A0C+B0D=2.AEC,  and  A0D^B0C=2.AED. 

58.  Any  two  points  A,  B  being  taken  within  the  circle  CDEy  it 
is  required  to  find  a  point  D  so  that  the  difference  of  the  angles  BDEy 
ADC  may  equal  a  given  angle. 

5Q.  If  from  the  point  where  a  common  tangent  to  two  circles 
meets  the  line  pining  their  centres^  any  line  be  drawn  cutting  the  circles, 
it  will  cut  off  similar  segments. 

60.  ACB,  ADB  are  two  segments  of  circles  on  the  same  base  AB, 
take  any  point  C  in  segment  ACB;  join  AC,  BC,  and  produce  them  to 
meet  the  segment  ^DJ?  in  D  and  J^  respectively :  shew  that  the  aic  DE 
is  constant. 

61.  If  there  be  two  circles  in  the  same  plane^  not  cutting  each 
other^  and  two  lines  be  drawn  (one  of  them  meeting  the  line  joining  the 
centres)  to  touch  both  circles  and  terminate  at  the  points  of  contact ; 
prove  that  the  difference  of  the  squares  of  these  lines  will  be  equal  to 
the  rectangle  of  the  diameters  of  the  circles. 

62.  If  on  two  lines  containing  an  angle  segments  of  circles  be 
described  containing  angles  equal  to  it^  the  lines  produced  will  toadi 
the  segments. 

63.  If  two  circles  touch  each  other  externally^  and  two  paraUd 
lines  be  drawn^  so  touching  the  circles  in  points  A  and  B  respectively 
that  neither  circle  is  cut,  then  a  straight  Ime  AB  will  pass  through  the 
point  of  contact  of  the  circles. 

64.  A  common  tangent  is  drawn  to  two  circles  which  touch  eadi 
other  externally ;  if  a  circle  be  described  on  that  part  of  it  which  liei 
between  the  points  of  contact,  as  diameter,  this  circle  will  pass  through 
the  point  of  contact  of  the  two  circles^  and  will  touch  the  line  which 
joins  their  centres. 

65.  If  two  circles  do  not  touch  each  other,  and  a  segment  of  the 
line  joining  their  centres  be  intercepted  between  the  convex  circum- 
ferences, any  circle  whose  diameter  is  not  less  than  that  segment  11117 
be  so  placed  as  to  touch  both  the  circles. 

66.  If  lines  be  drawn  from  a  given  point  in  the  circumference  of 
a  circle,  such  that  the  rectangles  between  the  whole  lines  and  the  parts 
of  them  within  the  circle  be  constant,  the  locus  of  their  extremities  will 
be  a  straight  line. 

67.  C,  c,  are  the  centres  of  two  unequal  circles ;  CA ,  CB^  CJK 
&c.,  any  radii  in  the  one,  and  ca,  cb,  cd,  &c.,  radii  in  the  other  respec- 
tively parallel  to  the  former,  and  on  the  same  side  of  the  line  Ce. 
Join  Aa,  Bb,  Szc;  these  lines  being  produced  all  meet  in  the  sanM 
point. 

68.  If  two  equal  circles  cut  each  other,  and  if  through  one  of  the 
points  of  intersection  a  line  be  drawn  terminated  by  the  circles,  the 
lines  joining  its  extremities  with  the  other  point  of  intersection  are 
equal. 

69.  Shew  that,  if  two  circles  cut  each  other,  and  from  any  pwnt 
in  the  straight  line  produced  which  joins  their  intersections  two  tan- 
gents be  drawn,  one  to  each  circle,  they  shall  be  equal  to  one  another. 

70.  If  any  two  circles,  the  centres  of  which  are  given,  interseci 
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each  other^  the  greatest  line  which  can  he  drawn  through  either  point 
of  intersection  and  terminated  by  the  circle^  is  independent  of  the  dia- 
meters of  the  circles. 

71.  If  two  circles  intersect  each  other  in  -^,  B;  any  two  parallel 
lines  CD,  EF,  drawn  through  A,  B,  respectively,  and  cutting  the  circles 
in  C,  D ;  JE,  F;  are  equal.     Required  proof. 

72.  If  two  circles  cut  each  other,  and  from  their  points  of  inter- 
section, lines  be  drawn  to  any  point  in  the  circumference  of  one  of  them, 
the  arc  of  the  other  circle  intercepted  by  these  lines,  (produced  if  neces- 
sary) is  invariable. 

73.  If  two  circles  intersect,  the  common  chord  produced  bisects 
the  common  tangent. 

74.  Two  circles  intersect  in  the  points  A  and  B;  through  A  and 
B  any  two  straight  lines  CAD,  EBF,  are  drawn  cutting  the  circles  in 
the  points  C,  D,  E,  F ;  prove  that  CE  is  parallel  to  DF, 

75.  If  two  circles  intersect,  the  straight  line  joining  their  centres 
bisects  the  intercepted  circumferences. 

76.  If  two  circles  cut  each  other,  the  straight  line  joining  their 
centres,  will  bisect  their  common  chord  at  right  angles. 

77*  If  two  equal  circles  cut  each  other,  and  from  either  point  of 
intersection  a  circle  be  described  cutting  them,  the  points  where  this 
circle  cuts  them  and  the  other  point  of  intersection  of  the  equal  circles, 
are  in  the  same  straight  Une. 

78.  Two  circles  intersect  in  the  points  A  and  C,  the  centre  of  one 
being  in  the  circumference  of  the  other ;  draw  any  chord  COH  common 
to  both  circles,  and  join  AH,  then  shall  AH  =  H0» 

79*  If  two  circles  touch  each  other  internally,  and  from  any  two 
pcnnts  in  the  circumference  of  the  interior  circle,  straight  lines  be  drawn 
to  the  point  of  contact,  they  will  contain  a  greater  angle  than  any  other 
two  lines  drawn  from  the  same  points  to  any  other  point  in  the  exterior 
circumference. 

80.  Let  one  circle  touch  another  internally,  and  let  straight  lines 
'touch  the  inner  circle,  and  be  terminated  by  the  outer :  shew  that  the 
greatest  of  these  lines  is  the  one  parallel  to  the  common  tangent  at  the 
point  of  contact. 

81.  Two  circles  touch  each  other  externally,  the  diameter  of  one 
being  double  of  the  diameter  of  the  other ;  through  the  point  of  contact 
any  line  is  drawn  to  meet  the  circumferences  of  both ;  shew  that  the  part 
of  the  line  which  lies  in  the  larger  circle  is  double  of  that  in  the  smaller. 

82.  If  two  circles  touch  each  other  externally  and  parallel  diame- 
ters be  drawn,  the  straight  line  joining  the  extremities  of  these  diameters 
will  pass  through  the  point  of  contact. 

S3*  If  two  circles  touch  each  other  internally,  and  any  circle  be 
described  touching  both,  prove  that  the  sum  of  the  distances  of  its  centre 
from  the  centres  of  the  two  given  circles  will  be  invariable. 

84.  If  two  circles  touch  each  other  externally,  and  a  straight  line 
which  touches  both  of  them  intersect  another  straight  line  passing 
through  their  centres,  at  a  point  whose  distance  from  the  nearer  circle  is 
equal  to  its  diameter,  the  radius  of  one  of  the  circles  will  be  twice  as 
great  as  that  of  the  other. 

85.  If  two  circles  touch  each  other,  any  straight  line  passing 
through  the  point  of  contact  cuts  off  similar  parts  of  their  circum- 
lerences. 
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86.  If  a  Straight  line  be  drawn  cutting  any  number  of  concentric 
^ircles^  shew  that  the  segments  so  cut  off  are  similar. 

87.  If  from  any  point  in  the  circumference  of  the  exterior  of  two 
concentric  circles,  two  straight  lines  be  drawn  touching  the  interior  and 
cutting  the  exterior ;  the  distance  between  the  points  of  contact  will  be 
half  that  between  the  points  of  intersection. 

88.  If  three  equal  circles  have  a  common  point  of  intersection, 
prove  that  a  straight  line  joining  any  two  of  the  points  of  intersection 
will  be  perpendicular  to  the  straight  line  joining  the  other  two  points  of 
intersection. 

89.  If  three  circles  touch  each  other  in  one  point,  and  if  from  a 
point  external  to  all,  a  pair  of  tangents  be  drawn  to  each  circle,  the 
three  chords  joining  the  points  of  contact  will  all  pass  through  one 
point 

90.  Two  equal  circles  cut  one  another,  and  a  third  circle  toachei 
each  of  these  two  equal  circles  externally ;  the  straight  line  which  joins 
the  points  of  section  will,  if  produced,  pass  through  the  centre  of  tiie 
third  circle. 

91.  If  on  any  three  chords  drawn  through  the  same  point  in  tiie 
circumference  of  a  circle,  as  diameters,  three  circles  be  described :  the 
points  of  intersection  of  these  circles  two  and  two  lie  in  the  same  straight 
line. 

92.  Three  equal  circles  whose  centres  are  in  one  straight  line  an 
so  placed  that  the  two  extreme  circles  touch,  and  that  point  of  contact 
is  the  centre  of  the  middle  one :  shew  that  by  joining  the  points  of  in- 
tersection of  the  circles,  a  rectangle  will  be  formed  whose  diagonals  in- 
tersect in  the  centre  of  the  middle  circle. 

93.  A  number  of  circles  touch  each  other  at  the  same  point,  and 
a  straight  line  is  drawn  from  it  cutting  them :  the  straight  lines  joininf 
each  point  of  intersection  with  the  centre  of  the  circle  will  be  aS 
parallel. 

94.  A  fixed  circle  is  cut  by  a  series  of  circles,  all  of  which  pass 
through  two  given  points :  shew  that  the  lines  which  join  the  points  d 
intersection  of  the  fixed  circle  with  each  circle  of  the  series,  all  converge 
to  one  point. 

95.  A  series  of  circles  touching  each  other  at  one  point  are  cut  by 
a  fixed  circle ;  shew  that  the  intersections  of  the  pairs  of  tangents  to  die 
latter,  at  the  points  where  it  is  cut  by  each  of  the  other  circles,  lie  in  a 
straight  line. 

96.  If  a  common  tangent  be  drawn  to  any  number  of  circles^ 
which  touch  each  other  internally ;  and  from  any  point  in  this  tangent 
as  a  centre,  a  circle  be  described  cutting  the  others,  and  from  this  centre 
lines  be  drawn  through  the  intersections  of  the  circles  respectively;  the 
segments  of  those  within  each  circle  will  be  equal. 

97.  If  in  the  diameter  or  diameter  produced  of  a  circle,  twe 
points  be  taken  equally  distant  from  the  centre ;  the  sum  of  the  squares 
of  the  distances  of  any  point  in  the  circumference  from  these  two  points 
IS  constant. 

98.  If  from  any  point  in  the  diameter  of  a  circle,  straight  lines  be 
drawn  to  the  extremities  of  a  parallel  chord,  the  squares  of  these  lines 
are  together  equal  to  the  squares  of  the  segments  into  which  the  diame- 
ter is  divided. 

QQ,    If  any  two  chords  be  drawn  in  a  circle  perpendicular  to  each 
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other^  the  sum  of  their  squares  is  equal  to  twice  the  square  of  the  dia- 
meter diminished  by  four  times  the  square  of  the  line  joining  the  centre 
with  their  point  of  intersection. 

100.  liet  ABCD  be  any  quadrilateral  figure^  let  the  line  joining 
the  middle  points  of  the  diagonals  be  bisected  in  E,  and  with  centre  E 
any  circle  be  described.     Prove  that  for  all  points  P  in  this  circle^ 

is  the  same,  and  that  it  =  £^»+  £5"  +  jB'D»+  4 .  EP^. 

101.  ABCD  is  a  quadrilateral  figure  having  the  angles  at  A  and  B 
right  angles;  CD  is  bisected  in  E,  and  with  centre  E  and  distance 
EC  a  circle  is  drawn  cutting  AD  and  BC,  or  these  lines  produced  in 
H,  C.  AF  is  a  tangent  to  the  circle,  and  FEG  a  diameter.  Join  AG, 
and  shew  that  the  squares  on  the  four  sides  of  the  quadrilateral  figure 
are  together  equal  to  twice  the  square  on  AG. 

102.  If  two  circles  be  concentric,  and  any  chord  in  the  interior 
circle  be  produced  either  way  to  meet  the  circumference  of  the  exterior 
circle,  the  rectangle  contained  by  the  whole  line  thus  produced  and  the 
part  produced,  is  a  constant  quantity. 

103.  If  there  be  two  concentric  circles,  and  any  chord  of  the  greater 
circle  cut  the  less  in  any  point,  this  point  will  divide  the  chord  into 
two  segments  whose  rectangle  is  invariable. 

104.  Prove  that  if  a  straight  line  could  be  drawn  from  any  assumed 
point  in  the  curve  of  a  semi-circle  to  meet  the  diameter  produced,  so 
that  the  part  of  the  line  without  the  curve  should  be  equal  to  the  radius, 
.any  angle  might  be  trisected. 

105.  If  AOB  be  a  chord  to  the  outer,  and  a  tangent  to  the  inner  of 
two  concentric  circles,  whose  diameters  are  D  and  d ;  and  if  any  two 
chords  ^OF,  COD  be  drawn  through  0:  and  E,  D,  and  C,  F  be  joined, 
tutting  AB  in  M  and  N  respectively,  then 

4>.CN.NF^MN'=D^-d\ 

106.  If  a  rectangle  ABKI  be  described  on  the  diameter  of  the 
circle  AB,  cutting  the  perimeter  in  C,  and  from  C,  CA,  CB  be  drawn, 
and  AD,  BD  parallel  to  BC,  AC,  the  rectangle  ADBC  is  equal  to  the 
rectangle  ABKI, 

107.  Two  points  are  taken  in  the  diameter  of  a  circle  at  any  equal 
distances  from  the  centre;  through  one  of  these  draw  any  chord,  and 
join  its  extremities  and  the  other  point.  The  triangle  so  formed  has 
the  sum  of  the  squares  of  its  sides  invariable. 

108.  If  chords  drawn  from  any  fixed  point  in  the  circumference  of 
a  circle,  be  cut  by  another  chord  which  is  parallel  to  the  tangent  at  that 
point,  the  rectangle  contained  by  each  chord,  and  the  part  of  it  inter- 
cepted between  the  given  point  and  the  given  chord,  is  constant. 

109.  ABC  is  a  triangle  whose  acute  vertex  is  A  and  base  BC, 
shew  that  BC  is  less  than  AC^+AB^  by  twice  the  square  of  a  line 
drawn  from  A  to  touch  the  circle  of  which  BC  is  the  diameter. 

110.  A  chord  POd  cuts  the  diameter  of  a  circle  in  0,  in  an  angle 
equal  to  half  a  right  angle ; 

P0>0a"=2(rad.)«. 

111.  Let  ACDB  be  a  semicircle  whose  diameter  is  AB;  and  J.D, 
BC  any  two  chords  intersecting  in  P ;  prove  that 

AB'=DA.AP+CB.BP. 
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112.  The  centre  of  the  circle  ACE  is  divided  into  six  equal  parte 
in  the  points  A,  B,  C,  D,  E,  F ;  G  is  the  centre  of  ACE;  with  radius 
A  C,  and  centres  A^  D,  describe  two  circles  intersecting  in  H;  with  radius 
AC,  and  centres  C,  E,  describe  two  circles  intersecting  in  X; 

AK.AG^K&. 

113.  If  on  the  radius  AC  of  a.  circle  another  semicircle  be  described 
and  a  perpendicular  BDE  be  drawn  to  the  diameter  cutting  the  circles 
in  B  and  D,  and  AB,  AD  be  joined,  then  the  square  on  AB  is  double 
of  the  square  on  AD. 

114.  If  ABDC  be  any  parallelogram^  and  if  a  circle  be  described 
passing  through  the  point  A,  and  cutting  the  sides  AB,  AC,  and  the 
diagonal  AD,  in  the  points  F,  G,  H  respectively,  shew  that 

AB.AF^AC.AG  =  AD,AH. 

115.  ACB  is  an  isosceles  triangle  having  a  right  angle  at  C;  with 
centre  C  and  distance  CA,  describe  a  circle ;  if,  from  a  point  Q  in  the 
circumference  of  this  circle,  QRr  be  drawn  parallel  to  AB  meeting  AC, 
BC,  in  R,  r,  respectively,  prove  that 

1 16.  If  any  two  circles  touch  each  other  in  the  point  O,  and  lines  be 
drawn  through  0  at  right  angles  to  each  other,  the  one  line  cutting  the 
circles  in  P,  P',  the  other  in  Q,  Q':  and  if  the  line  joining  the  centrei 
of  the  circles  cut  them  in  A,  A\ 

PP'^-¥QiCC'=AAr 

117*  If  from  the  intersection  of  any  two  tangents  to  a  circle,  any 
straight  line  be  drawn  cutting  the  chord  which  joins  the  two  points  m 
contact  and  again  meeting  the  circumference,  it  shall  be  divided  by  the 
circumference  and  the  chord  into  three  segments,  such  that  the  rectangle 
contained  by  the  whole  and  the  middle  point  shall  be  equal  to  the  rect- 
angle contained  by  the  extreme  parts. 

118.  The  straight  line  AB  joining  A  and  B,  the  centres  of  two 
circles,  whose  radii  are  R  and  r  respectively,  is  divided  in  C,  so  that 
AC^—BC=R*-'7*,  and  a  straight  line  is  drawn  from  C  perpendicular 
to  AB ;  prove  that  the  tangents  drawn  to  both  circles  from  any  point  in 
this  line  are  equal. 

119*  Two  circles  whose  centres  are  A  and  B,  touch  one  another  in 
the  point  C ;  shew  that  if  Z>  be  a  point  without  the  circles  such  that 
DA,  DB  make  equal  angles  with  DC,  the  rectangle  contained  by  the 
tangents  drawn  from  D  is  equal  to  the  square  of  DC. 

120.  If  to  any  point  C  in  a  circle,  a  tangent  ACB  be  drawn,  and 
from  A,  C,  B  perpendiculars  be  drawn  to  the  diameter  DE,  and  CF  be 
produced  to  / ;  the  rectangle  contained  by  AB,  CI  is  equal  to  that  con- 
tained by  DE,  GH. 

121.  If  ^  be  a  point  within  a  circle,  BC  the  diameter,  and  through 
A,  AD  be  drawn  perpendicular  to  the  diameter,  and  BAE  meeting  the 
circumference  in  E,  then  BA.BE  =  BC. BD. 

122.  FEI  is  a  common  tangent  to  two  circles,  meeting  the  line 
which  joins  the  centres  produced  in  the  point  /;  IDCGH  is  any 
straight  line  cutting  the  circles.     Prove  that 

/jB^x  IF  =  ID  X  IH  =  IC  X  IG. 

123.  If  the  sides  of  a  quadrilateral  figure  inscribed  in  a  circle  be 
produced  to  meet,  and  from  each  of  the  points  of  intersection  a  straight 
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ine  be  drawn  touching  the  circle^  the  squares  of  these  tangents  are 
ogether  equal  to  the  square  of  the  straight  line  joining  the  points  of 
atersection. 

124.  If  from  a  point  without  a  circle  two  straight  lines  be  drawn 
o  touch  or  cut  the  circle,  and  from  the  same  point  a  secant  be  drawn 
hrough  the  line  joining  the  points  of  contact  or  intersection^  and 
erminating  in  the  circumference,  it  will  be  so  divided,  that  the 
ectangle  under  the  whole  line  and  its  middle  segment  shall  be  equal 
o  the  rectangle  under  the  extreme  segments. 

125.  If  two  chords  of  a  circle  intersect  each  other  without  the 
irde  at  right  angles,  the  sum  of  the  squares  of  the  segments  is  equal 
o  the  square  of  the  diameter. 

126.  If  a  circle  roll  within  another  of  twice  its  size,  any  point  in 
ts  circumference  will  trace  out  a  diameter  of  the  first. 

127.  If  from  a  given  point  S,  a  perpendicular  Sy  be  drawn  to  the 
angent  Pt/  at  any  point  P  of  a  circle  whose  centre  is  C7,  and  in  the 
ine  MP  drawn  perpendicular  CS^  or  in  MP  produced,  a  point  Q  be 
Iways  taken  such  that  MQ  =  Sy,  then  the  locus  of  Q  is  a  straight  line. 

128.  If  from  a  fixed  point  P,  any  two  straight  lines  be  drawn  cut- 
ing  a  circle,  and  BD,  AC  he  drawn  intersecting  in  0,  prove  that  0  is 
ilways  in  the  straight  line  joining  the  points  where  the  tangents  from 
P  meet  the  circle. 

129.  If  a  rod  move  betwixt  two  fixed  straight  lines  CP,  CQ, ;  and 
he  perpendiculars  from  P,  Q  upon  CP,  CQ  respectively  meet  in  R, 
whiht  tiiose  from  P,  Q  upon  CQ,  CP  respectively  meet  in  S :  the  loci 
>f  R  and  S  will  be  two  circles  having  their  common  centre  in  C. 

130.  In  all  triangles  upon  the  same  base  and  with  equal  angles  at 
he  vertex,  the  perpendiculars  drawn  from  the  angles  at  the  base  to  the 
opposite  sides  in  each  triangle  shall  intersect  each  other  in  the  circum- 
erence  of  a  circle;  prove  this^  and  describe  the  circle. 
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GEOMETRICAL  EXERCISES  ON  BOOK  IV. 


PROBLEM  I. 


To  describe  a  circle  which  shall  touch  a  straight  line  given  in  position, 
and  pass  through  two  given  points,    (Apollonii  de  Tactionibus^  Prob.  7*) 

Analysis.  Let  AB  be  the  given  straight  line^  and  C,  D  the  two 
given  points. 

Suppose  the  circle  required  which  passes  through  the  points  C,  D, 
to  touch  the  line  AB  in  the  point  E. 


CG 


Join  C,  D,  and  produce  DC  to  meet  AB  in  F, 
and  let  the  circle  be  described  having  the  centre  L, 
join  also  LE,  and  draw  LH  perpendicular  to  CD. 
Then  CD  is  bisected  in  H,  and  LE  is  perpendicular  to  AB. 
Aha,  since  from  the  point  F  without  the  circle,  are  drawn  two 
straight  lines,  one  of  which  FE  touches  the  circle,  and  the  other  FDC 
cuts  it;  the  rectangle  contained  by  FC,  FD,  is  equal  to  the  square  of 
FE.    (ill.  36.) 

Synthesis.     Join  C,  D,  and  produce  CD  to  meet  AB  in  F, 
take  the  point  E  in  FB^  such  that  the  square  of  FE,  shall  be  equal 
to  the  rectangle  FD,  FC. 

Bisect  CD  in  H,  and  draw  HK  perpendicular  to  CD; 
then  HK  passes  through  the  centre,     (iii.  1.  Cor.  1.) 
At  E  draw  EG  perpendicular  to  FB, 
then  EG  passes  through  the  centre,     (iii.  I9.) 
consequently  L,  the  point  of  intersection  of  these  two  lines  is  the 
centre  of  the  circle. 
It  is  also  manifest,  that  another  circle  may  be  described  passing 
through  C,  D,  and  touching  the  line  AB  on  the  other  side  of  the  point 
F;  and  this  circle  will  be  equal  to,  greater  than,  or  less  than  the  other 
circle,  according  as  the  angle  CFB  is  equal  to,  greater  than^  or  less  than 
the  angle  CFA. 
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PROBLEM   II. 
Inscribe  a  circle  in  a  given  sector  of  a  circle. 

Analysis.  Let  CAB  be  the  given  sector,  and  let  the  required  circle 
whose  centre  is  0,  touch  the  radii  in  P,  Q,  and  the  arc  of  the  sector 
in  B. 


Join  OP,  OQ^  these  lines  are  equal  to  one  another. 

Join  also  CO. 
Then  in  the  triangles  CPO,  CQO,  the  two  sides  PC,  CO  are  equal 
to  QC,  CO,  and  the  base  OP  is  equal  to  the  base  OQ ; 

therefore  the  angle  PCO  is  equal  to  the  angle  QCO; 
and  the  angle  ACB  is  bisected  by  CO : 
also  CO  produced  will  bisect  the  arc  AB  in  D.    (iii.  26.) 
If  a  tangent  EDF  be  drawn  to  touch  the  arc  AJB  in  D ; 
and  CA,  CB  be  produced  to  meet  it  in  ^,  F: 
the  inscription  of  the  circle  in  the  sector  is  reduced  to  the  inscrip- 
tion of  a  circle  in  a  triangle,     (iv.  4.) 


PROBLEM  III. 

ABCD  is  a  rectangular  parallelogram.  Required  to  draw  "EG,  FG 
parallel  to  AD,  DC,  so  that  the  rectangle  EF  may  be  equal  to  thejigure 
EMD,  and  EB  equal  to  FD. 

Analysis.  Let  EG,  FG  be  drawn,  as  required,  bisecting  the  rect- 
angle ABCD. 

Draw  the  diagonal  BD  cutting  EG  in  H  and  FG  in  K. 
Then  BD  also  bisects  the  rectangle  ABCD; 
and  therefore  the  area  of  the  triangle  KGH  is  equal  to  that  of  the 
two  triangles  EHB,  FKD. 


V.     B 


Draw  GL  perpendicular  to  BD,  and  join  GB, 
also  produce  FG  to  M,  and  EG  to  N. 
If  the  triangle  LGH  be  supposed  equal  to  the  triangle  EHB,  by 
adding  HGB  to  each, 

the  triangles  LGB,  GEB  are  equal,  and  they  are  upon  the  same 
base  GB,  and  on  the  same  side  of  it; 

therefore  they  are  between  the  same  parallels, 
that  is,  if  LE  were  joined,  LE  would  be  parallel  to  GB; 
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and  if  a  semicircle  were  described  on  GB  as  a  diameter^  it  would 
pass  through  the  points  JE,  L ;  for  the  angles  at  E,  L  are  right  angles : 

also  LE  would  be  a  chord  parallel  to  the  diameter  GB; 

therefore  the  arcs  intercepted  between  the  parallels  LE,  GB  are  equal, 

and  consequently  the  chords  EB,  LG  are  also  equal; 

but  BB  is  equal  to  GM,  and  GM  to  GN; 

wherefore  LG,  GM,  GN,  are  equal  to  one  another ; 

hence  G  is  the  centre  of  the  cirde  inscribed  in  the  triangle  BDC. 

Synthesis.    Draw  the  diagonal  BD. 

Find  G  the  centre  of  the  circle  inscribed  in  the  triangle  jBDC; 

through  G  draw  EGN  parallel  to  BC,  and  FKM  parallel  to  AB. 

Then  EG  and  FG  bisect  the  rectangle  A  BCD. 

Draw  GL  perpendicular  to  the  diagonal  BD. 

In  the  triangles  GLH,  EHB,  the  angles  GLH,  HEB  are  equal, 

each  being  a  right  angle,  and  the  vertical  angles  LHG,  EHB,  also 

the  side  LG  is  equal  to  the  side  EB; 

therefore  the  triangle  LHG  is  equal  to  the  triangle  EHB. 
Similarly,  it  may  be  proved,  that  the  triangle  GLA  is  equal  to  the 
triangle  KFD ; 

uierefore  the  whole  triangle  KGH  is  equal  to  the  two  triangles 
EHB,  KFD; 
and  consequently  EG^  FG  bisect  the  rectangle  ABCD. 


THEOREM  1. 

If  an  equilateral  triangle  be  inscribed  in  a  circle,  the  square  of  the 
side  of  the  triangle  is  triple  the  square  of  the  radius,  or  of  the  side  of 
the  regular  hexagon  inscribed  in  the  same  circle.  (Euclid's  Elements, 
XIII.  12.) 

Let  ABD  be  an  equilateral  triangle  inscribed  in  the  circle  ABDy 
of  which  the  centre  is  C. 


Join  BC,  and  produce  BC  to  meet  the  circumference  in  E,  also 
join  AE, 

And  because  ABD  is  an  equilateral  triangle  inscribed  in  the  circle ; 
therefore  AED  is  one  third  of  the  whole  circumference^ 
and  therefore  AE  is  one  sixth  of  the  circumference, 
and  consequently,  the  straight  line  AE  is  the  side  of  a  regular 
hexagon  (iv.  15.),  and  is  equal  to  EC. 

And  because  BE  is  double  of  EC  or  AE, 

therefore  the  square  of  BE  is  quadruple  of  the  square  of  AE, 

but  the  square  of  BE  is  equal  to  the  squares  oiAB,  AE; 

therefore  the  squares  o£  AB,  AE  are  quadruple  of  the  souare  of  AE, 

and  taking  from  these  equals  the  square  of  AE, 

therefore  the  square  o£  AB  is  triple  the  square  ofAE^ 
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PROBLEMS. 

4.  In  a  given  circle^  place  a  straight  line  equal  and  parallel  to  a 
given  straight  line  not  greater  than  the  diameter  of  the  circle. 

5.  From  two  given  points  in  the  circumference  of  a  given  circle, 
inflect  straight  lines  to  a  point  in  the  opposite  circumference,  such  as  to 
intercept  on  a  given  chord,  a  segment  which  may  be  equal  to  a  given 
line. 

6.  In  a  given  circle  to  place  a  straight  line  equal  to  a  given 
straight  line,  not  greater  than  the  diameter  of  the  circle,  which  shall 
pass  through  a  given  point,  either  within  or  without  the  circle. 

7-     Trisect  a  given  circle  by  dividing  it  into  three  equal  sectors. 

8.  In  a  given  circle  place  a  straight  line  cutting  two  radii  which 
are  perpendicular  to  each  otner,  in  such  a  manner,  that  the  line  itself  may 
be  trisected. 

9*  Draw  through  the  angles  of  an  equilateral  triangle  three 
straight  lines  which  shall  form  by  their  intersection  another  equilateral 
triangle ;  shew  that  there  may  be  an  infinite  number  of  such  triangles, 
and  describe  the  greatest. 

10.  Describe,  about  a  given  circle,  a  triangle  having  each  of  the 
angles  at  the  base  double  the  vertical  angle. 

11.  Inscribe  three  circles  in  an  isosceles  triangle  touching  each 
other,  and  each  of  them  touching  two  of  the  three  sides  of  the  triangle. 

12.  In  a  given  triangle  inscribe  two  isosceles  triangles  of  equal 
areas,  having  one  of  the  equal  sides  of  the  one  equal  to  one  of  the  equal 
sides  of  the  other,  and  each  of  these  equal  sides  equal  to  half  one  of  the 
sides  of  the  given  triangle. 

13.  In  a  given  segment  of  a  circle  inscribe  an  isosceles  triangle, 
such  that  its  vertex  may  be  in  the  middle  of  the  chord,  and  the  base 
and  perpendicular  together  equal  to  a  given  line. 

14.  Describe  a  circle  which  shall  pass  through  three  given  points. 
What  condition  is  necessary  in  order  that  it  may  pass  through  four 
given  points  ? 

15.  Describe  a  circle  about  a  given  triangle,  and  the  sides  of  the 
triangle  being  6,  8,  10,  find  the  radius  of  the  circle. 

16.  Inscribe  in  a  circle  a  triangle  whose  sides  or  sides  produced 
shall  pass  through  three  given  points  in  the  same  plane. 

17*  In  a  given  triangle  having  inscribed  a  circle,  inscribe  another 
circle  in  the  space  thus  intercepted  at  one  of  the  angles. 

18.  Inscribe  a  square  in  a  given  square.  Shew  that  an  infinite 
number  can  be  inscribed,  and  find  the  least. 

19-     Inscribe  a  circle  in  a  rhombus. 

20.  In  a  given  circle  inscribe  a  rectangle  equal  to  a  given  recti- 
lineal figure  not  exceeding  half  of  the  square  upon  the  diameter. 

21.  Inscribe  the  greatest  quadrilateral  figure  in  a  given  circle. 
Can  a  circle  always  be  inscribed  in  a  proposed  quadrilateral  figure,  or 
described  about  one  ? 

22.  Let  two  straight  lines  be  drawn  from  any  point  within  a  circle 
to  the  circumference :  describe  a  circle,  which  shall  touch  them  both, 
and  the  arc  between  them. 

23.  From  a  given  point  without  a  given  circle  two  tangents  are 
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drawn  to  the  circle ;  describe  another  circle  which  shall  touch  the  first 
circle  and  its  tangents. 

24.  Having  given  the  distances  of  the  centres  of  two  equal  circles 
which  cut  one  another^  inscribe  a  square  in  the  space  included  between 
the  two  circumferences. 

25.  If  two  circles  cut  each  other^  inscribe  in  the  space  between 
them  a  parallelogram  of  which  one  side  is  given. 

26.  Find  a  point  which  is  equally  distant  from  three  given  points, 
the  three  points  not  being  in  the  same  straight  line. 

27.  Describe  a  circle  about  a  figure  formed  by  constructing  an 
equilateral  triangle  upon  the  base  of  an  isosceles  triangle^  the  vertical 
angle  of  which  is  four  times  the  angle  at  the  base.  State  also  in  what 
case  it  is  possible  to  'circumscribe  any  trapezium  with  a  circle. 

28.  To  describe  a  circle  about  the  quadrilateral  figure  formed  by 
two  tangents  drawn  fix)m  the  same  points^  and  the  lines  drawn  from  the 
circumference  to  the  centre. 

29*  The  centre  of  the  circle  which  touches  the  two  semicircles 
described  on  the  sides  of  a  right-angled  triangle  is  the  middle  point  of 
the  hypothenuse. 

30.  If  a  straight  line  AB  is  bisected  in  the  point  C,  and  upon  the 
lines  AB,  A  C,  and  CB,  and  towards  the  same  side  of  AB,  three  semi-* 
circles  are  described;  it  is  required  to  describe  a  circle  which  shall 
touch  each  of  these  semicircles^  and  to  compare  its  diameter  with  the 
line  AB. 

31.  If  on  one  of  the  bounding  radii  of  a  quadrant  a  semicircle  be 
described^  and  on  the  other^  another  semicircle  be  described^  so  as  to 
touch  the  former  and  the  quadrantal  arc ;  find  the  centre  of  the  circle 
inscribed  in  the  figure  bounded  by  the  three  curves. 

32.  In  a  given  triangle  inscribe  a  parallelogram  which  shall  be 
equal  to  one  half  the  triangle.  Is  there  any  limit  to  the  number  of  such 
parallelograms  ? 

33.  In  a  given  triangle  to  inscribe  a  triangle^  the  sides  of  which 
shall  be  parallel  to  the  sides  of  a  given  triangle. 

34.  Inscribe  an  equilateral  triangle  in  a  square.  (1)  When  the 
vertex  of  the  triangle  is  in  an  angle  of  the  square.  (2)  When  the 
vertex  of  the  triangle  is  in  the  point  of  bisection  of  a  side  of  the  square. 

35.  By  means  of  the  compasses  alone^  it  is  required  to  inscribe  itf 
a  square  an  equilateral  triangle  having  one  angle  in  an  angle  of  the 
square. 

36.  Given  a  circle  and  two  points  A,  B,  exterior  to  it,  find  a  point 
X  in  the  circle  such  that  if  XA,  XB,  be  drawn  cutting  the  circle  m  P, 
Q,  PQ  shall  be  parallel  to -^5. 

37.  Two  points  being  given  without  a  given  circle,  determine  a 
point  in  the  circumference,  from  which  lines  being  drawn  to  the  two 
given  points  shall  contain  the  greatest  possible  angle. 

38.  Given  two  points  A,  B,  within  a  circle.  Determine  the 
point  P  in  the  circumference  such  that  the  angle  APB  shall  be  a 
maximum. 

39*  Determine  that  point  in  the  arc  of  a  quadrant  from  which 
two  lines  being  drawn,  one  to  the  centre  and  the  other  bisecting  the 
radius,  the  included  angle  shall  be  the  greatest  possible. 

40.  The  given  straight  line  ^C  is  inclined  at  any  angle  to  the 
straight  line  CD ;  to  find  a  point  D  in  the  straight  line  CD,  such,  that 
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the  angle  subtended  by  the  given  part  AB  of  AC  may  be  the  greatest 
possible. 

41.  Find  a  point  in  a  triangle  from  which  two  straight  lines 
drawn  to  the  extremities  of  the  base  shall  contain  an  angle  equal  to 
twice  the  vertical  angle  of  the  triangle.  Within  what  limitations  is  this 
possible? 

42.  Given  the  base  of  a  triangle^  and  the  point  from  which  the 
perpendiculars  on  its  three  sides  are  equal ;  construct  the  triangle.  To 
what  limitation  is  the  position  of  this  point  subject  in  order  that  the 
triangle  may  lie  on  the  same  side  of  the  base  ? 

43.  Describe  a  circle  touching  three  straight  lines. 

44.  Draw  a  circle  touching  two  given  straight  lines^  and  passing 
through  a  given  point. 

45.  To  describe  a  circle  which  shall  touch  a  given  circle  in  a 
given  point,  and  also  a  given  straight  line. 

4o.  To  describe  a  circle  touching  a  given  circle  in  a  given  point, 
and  passing  through  a  given  point  not  in  the  circumference  of  the  given 
circle.     In  what  case  is  this  impossible  ? 

47*  Describe  a  circle  touching  a  given  straight  line,  and  also  two 
given  circles. 

48.  Describe  a  circle  which  shall  touch  a  given  circle,  and  each 
of  two  given  straight  lines. 

49.  Two  points  are  given,  one  in  each  of  two  given  circles; 
describe  a  circle  passing  through  both  points  and  touching  one  of 
the  circles. 

50.  Shew  how  to  describe  a  circle  that  shall  have  its  centre  in 
a  given  straight  line,  which  shall  pass  through  a  given  point,  and  also 
touch  another  given  straight  line. 

51.  Describe  a  circle  which  shall  touch  two  sides  and  pass  through 
one  angle  of  a  given  square. 

52.  If  two  circles  touch  each  other  externally,  describe  a  circle 
which  shall  touch  one  of  them  in  a  given  point,  and  also  touch  the  other. 
In  what  case  does  this  become  impossible  ? 

5S,  Describe  a  circle  touching  a  straight  line  in  a  given  point, 
and  also  touching  a  given  circle.  When  the  line  cuts  the  given  circle, 
shew  that  your  construction  will  enable  you  to  obtain  six  circles  touch- 
ing the  given  circle  and  the  given  line,  but  not  necessarily  in  the  given 
point. 

54.  Describe  three  circles  touching  each  other  and  having  their 
centres  at  three  given  points.  In  how  many  different  ways  may  this 
be  done  ? 

55.  Describe  three  equal  circles  touching  each  other,  and  each 
passing  through  the  angle  of  a  given  equilateral  triangle. 

56.  Having  given  the  hypothenuse  of  a  right-angled  triangle,  and 
the  radius  of  the  inscribed  circle,  to  construct  the  triangle. 

57.  Having  given  the  vertical  angle  of  a  triangle,  and  the  radii  of 
the  inscribed  and  circumscribed  circles,  to  construct  the  triangle. 

58.  Given  the  base  and  vertical  angle  of  a  triangle,  and  also  the 
radius  of  the  inscribed  circle,  required  to  construct  it. 

59.  Given  the  three  angles  of  a  triangle,  and  the  radius  of  the 
inscribed  circle,  to  construct  the  triangle. 

60.  A  straight  line  is  drawn  from  the  extremity  of  the  diameter 
(212)  of  a  circle,  and  making  an  angle  with  it  equal  to  one  third  of  a 
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right  angle ;  another  circle  whose  radius  is  ^ » R,  touches  the  former 
circle  externally  and  the  straight  line.     Find  its  position. 

61.  If  the  base  and  vertical  angle  of  a  plane  triangle  be  given, 
prove  that  the  locus  of  the  centres  of  me  inscribed  circle  is  a  circle^  and 
find  its  position  and  magnitude. 

62.  To  describe  two  circles,  each  having  a  given  semidiameter, 
which  shall  touch  the  same  straight  line,  and  also  each  other. 

63.  In  a  given  circle  inscribe  three  equal  circles  touching  each 
other  and  the  given  circle. 

64.  Find  the  centre  and  diameter  of  a  circle  that  touches  three 
given  circles,  each  of  which  touches  the  other  two. 

65.  Describe  in  a  given  circle  three  circles  which  shall  touch  one 
another  and  the  given  circle. 

66.  If  there  be  three  concentric  circles,  whose  radii  are  1,  2,  3; 
determine  how  many  circles  may  be  described  round  the  interior  one, 
having  their  centres  in  the  circumference  of  the  circle,  whose  radius  is 
2,  and  touching  the  interior  and  exterior  circles,  and  each  other. 

67*     Shew  how  a  right  angle  may  be  divided  into  five  equal  parts. 

68.  Upon  a  given  straight  line  to  construct  a  regular  pentagon. 
Would  an  equilateral  stellated  pentagon  answer  the  conclitions  of 
Euclid's  definition? 

69.  Describe  a  triangle  which  shall  be  equal  to  a  given  equilateral 
and  equiangular  pentagon,  and  of  the  same  altitude. 

70.  Inscribe  a  regular  pentagon  in  a  given  square  so  that  four 
angles  of  the  pentagon  may  touch  respectively  the  four  sides  of  the 
square. 

71  •     Inscribe  a  regular  decagon  in  a  given  circle. 

72.  Express  the  side  of  a  regular  decagon  inscribed  in  a  circle,  in 
terms  of  the  radius. 

73.  Having  an  equilateral  triangle  inscribed  in  a  given  circle^ 
shew  how  a  regular  hexagon  may  be  described  about  the  same  circle. 

74.  Compare  the  area  of  an  equilateral  and  equiangular  hexagoi 
inscribed  in  a  circle,  with  that  of  one  circumscribing  the  same  cirde. 

75.  Inscribe  a  regular  hexagon  in  a  given  equilateral  triangle. 

76.  Inscribe  a  hexagon  equilateral,  but  not  equiangular  in  a  given 
square. 

77*  To  inscribe  a  regular  dodecagon  in  a  given  circle^  and  shew 
that  its  area  is  equal  to  the  square  of  the  side  of  an  equilateral  triangle 
inscribed  in  the  circle. 

78.  Determine  the  distance  between  the  opposite  sides  of  an 
equilateral  and  equiangular  hexagon  inscribed  in  a  circle ;  and  compare 
the  area  of  the  hexagon  with  the  area  of  the  rectangle  formed  by  joining 
corresponding  extremities  of  the  opposite  sides. 

79*  In  a  given  pentagon  describe  an  equilateral  and  equiangukr 
hexagon,  so  that  five  of  its  angles  may  touch  the  five  sides  of  the 
pentagon. 

80.  On  a  given  straight  line  describe  an  equilateral  and  eqnian* 
gular  octagon. 

81.  To  inscribe  an  equilateral  and  equiangular  octagon  in  a  cirde. 

82.  Find  the  area  of  an  equilateral  and  equiangular  octagon. 

83.  Compare  the  area  of  the  regular  hexagon  inscribed  in  a  drde 
with  the  area  of  the  circumscribing  octagon. 

84.  Describe  a  regular  octagon  equal  to  a  given  regular  pentagon* 


ON    BOOK    IV.       PROBLEMS.  337 

85.  Find  the  value  of  the  interior  angle  of  a  regular  decagon^  and 
:  a  regular  quindecagon. 

So.  The  angles  of  a  ten-sided  figure  are  in  arithmetic  progression^ 
id  the  common  difference  is  10^,     Required  the  angles. 

S7»  The  interior  angles  of  a  rectilineal  figure  are  in  arithmetic 
regression ;  the  least  angle  is  120°^  and  the  common  difference  5^, 
«quired  the  number  of  sides. 

88.  The  angles  of  a  polygon  of  l6  sides  are  in  arithmetic  pro« 
ression^  the  smallest  angle  is  30^  required  the  common  difference. 

S9»  If  the  angles  of  a  rectilinear  figure  be  in  arithmetic  progression 
id  the  least  angle  be  S(f,  and  the  common  difference  15^  find  the 
timber  of  sides. 

90.  The  angles  of  an  octagon  are  in  arithmetic  progression^  and 
lie  common  difference  is  10^^  find  the  angles. 

91*  How  many  sides  has  each  of  die  regular  polygons  when  one 
*the  interior  angles  of  each  polygon  is  104°,  135',  156°  respectively  ? 

92.  Shew  that  a  regular  polygon  can  be  described  which  has  its 
des  each  equal  to  a  given  line^  and  each  angle  equal  to  140°^  and 
instruct  it. 

93.  Find  the  centre  of  the  circle  which  will  circumscribe  a  given 
^^ar  polygon  of  any  number  of  sides. 

94.  Given  a  polygon  traced  upon  a  plane^  describe  a  triangle  that 
lall  have  an  equivalent  area. 

95»  To  convert  a  given  regular  polygoi\  into  another  which  shall 
&ve  the  same  perimeter,  but  double  the  number  of  sides. 

96.  Produce  the  sides  of  a  given  heptagon  both  ways,  till  they 
leet^  forming  seven  triangles;  required  the  sum  of  their  vertical  angles; 
BO  the  sum  of  the  vertical  angles  when  the  figure  has  (n)  sides. 

97;     Shew  what  regular  figures  will  fill  up  the  plane  space  round 
point.     What  advantage  arises  from  the  honey-comb  consisting  of 
ezagonal  cells  ? 

98.  Into  what  number  of  equal  parts  may  a  right  angle  be  divided 
eometrically  }  What  connection  has  the  solution  of  this  problem  with 
le  possibility  of  inscribing  regular  figures  in  circles  ? 

99*  Find  the  least  triangle  which  can  be  circumscribed  about  a 
iven  circle. 

100.  On  the  sides  of  an  equilateral  triangle  three  squares  are  de- 
nibed.  Compare  the  area  of  the  triangle  formed  by  joining  the  centres 
r  these  squares  with  the  area  of  the  equilateral  triangle. 

101.  If  three  equal  circles  touch  each  other;  to  compare  the  area 
P  the  triangle  formed  by  joining  their  centres  with  the  area  of  the  tri- 
igle  formed  by  joining  the  points  of  contact. 

102.  Four  equal  circles  touch  each  other  and  a  given  circle  ex- 
mally :  compare  the  radius  of  one  of  the  four  circles  with  the  radius 
:  the  given  circle. 

103.  A  circle  having  a  square  inscribed  in  it  being  given,  to  find  a 
rde  in  which  a  regular  octagon  of  a  perimeter  equal  to  that  of  the 
[uare,  may  be  inscribed. 

104.  What  plane  rectilineal  figure  is  that  in  which  a  similar  recti* 
aeal  figure  can  be  inscribed,  whose  area  shall  be  one  n^  part  of  the 
'ea  of  the  former. J*     Ex.   «  =  2,  «  =  4. 
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2.  The  centres  of  the  circles  inscribed  in^  and  drcomtcrilMd 
about,  an  equilateral  triangle  coincide ;  and  the  diameter  of  one  is  twice 
the  diameter  of  the  other. 

3.  An  equilateral  triangle  is  inscribed  in  a  circle^  and  through 
the  angular  points  another  is  circumscribed:  compare  the  sides  and 
areas  of  the  two  triangles,  and  shew  that  the  line  joining  any  two  points 
of  contact  is  parallel  to  the  remaining  side. 

4.  If  an  equilateral  triangle  be  inscribed  in  a  circle^  and  the  ad- 
jacent arcs  cut  off  by  two  of  its  sides  be  bisected,  the  line  joining  the 
points  of  bisection  shall  be  trisected  by  the  sides. 

5.  If  perpendiculars  A  ay  Bb,  Cc  be  drawn  from  the  angular 
points  of  a  triangle  ABC  upon  the  opposite  sides,  shew  that  they  will 
bisect  the  angles  of  the  triangle  abc,  and  thence  prove  that  the  peri- 
meter of  abc  will  be  less  than  that  of  any  other  triangle  which  can  be 
inscribed  in  ABC. 

6.  ABC  is  an  equilateral  triangle,  and  upon  BC,  A  C,  AB,  equi- 
lateral triangles  jB  a  C,  AbC,  Ac  By  are  described;  prove  that  die  tri- 
angle acb  is  equilateral. 

7*  If  on  the  sides  of  any  triangle,  three  equilateral  triangles  be 
described,  and  circles  inscribed  in  each  of  these  triangles,  the  straight 
lines  joining  the  centref  of  the  circles  will  form  an  equilateral  tri* 
angle. 

8.  If  an  equilateral  triangle  be  inscribed  in  a  circle,   and  a 
straight  line  be  drawn  from  the  vertical  angle  to  meet  the  circumftrenoe^ 
it  will  be  equal  to  the  sum  or  difference  of  the  straight  lines  drawn  fron     I 
the  extremities  of  the  base  to  the  point  where  the  line  meets  the  dream' 
ference,  according  as  the  line  does  or  does  not  cut  the  base. 

9.  ABC  is  an  equilateral  triangle ;  AF,  DB,  are  drawn  perpes* 
dicular  to  the  sides  BC,  A  C,  intersecting  each  other  in  D :  shew  tbit 
if  FS  be  drawn  to  the  middle  point  of  AB,  it  will  be  a  tangent  to  tki 
circle  described  about  CEDF, 

10.  The  perimeter  of  an  equilateral  triangle  inscribed  in  a  cirde 
is  greater  than  the  perimeter  of  any  other  isosceles  triangle  inscribed  ia 
the  same  circle. 

11.  If  an  equilateral  triangle  be  turned  about  its  centre  in  its  own 
plane,  any  two  positions  of  the  altitude  will  always  make  the  tsflw 
angle  as  those  of  the  sides ;  and  there  will  be  three  positions  of  toash 
cidence  of  the  triangle. 

12.  If  an  equilateral  triangle  be  inscribed  in  a  circle,  any  of  Hi 
sides  will  cut  off  one-fourth  part  of  the  diameter  drawn  through  the 
opposite  angle. 

13.  The  perpendicular  from  the  vertex  on  the  base  of  an  eoiu* 
-lateral  triangle,  is  equal  to  the  side  of  an  equilateral  triangle  inscribtaia 
a  circle  whose  diameter  is  the  base.     Required  proof. 

14.  If  a  circle  be  inscribed  in  a  right-angled  triangle^  the  ezom 
of  the  sides  containing  the  right  angle  above  the  hypothenuse  is  equal 
to  the  diameter  of  the  inscribed  circle. 

15.  If  two  circles  be  drawn  one  within,  and  the  other  about,  • 
given  right-angled  triangle,  the  sum  of  their  diameters  will  equal  the 
sum  of  the  sides  containing  the  right  angle. 
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16.  ABC  is  a  triaDgle  inscribed  in  a  circle^  the  line  joining  the 
middle  points  of  the  arcs  AB,  AC,  will  cut  off  equal  portions  of  the 
two  contiguous  sides  measured  from  the  angle  A, 

17*  If  in  a  given  triangle  a  circle  be  inscribed,  and  tangents  to  it 
be  drawn  parallel  to  the  sides ;  the  sum  of  the  perimeters  of  the  three 
small  triangles  cut  off  by  these  tangents  will  equal  the  perimeter  of  the 
given  triangle. 

18.  Let  the  three  perpendiculars  from  the  angles  of  a  triangle 
ABC  on  the  opposite  sides  meet  in  P,  a  circle  described  so  as  to  pass 
through  P  and  anj  two  of  the  points  A,  B,  C,  is  equal  to  the  cir- 
cumscribing circle  of  the  triangle. 

Id*  If  from  the  centre  of  the  circle  circumscribing  any  triangle, 
perpendiculars  be  let  fall  upon  the  sides^  the  sum  of  these  perpen- 
diculars is  equal  to  the  sum  of  the  radii  of  the  inscribed  and  circum- 
scribed circles. 

20.  The  line  joining  the  centres  of  the  inscribed  and  circum- 
scribed circles  of  a  triangle,  subtends  at  any  one  of  the  angular  points 
an  angle  equal  to  the  semi-difierence  of  the  other  two  angles. 

21.  If  ACB  be  any  plane  triangle,  GCF  its  circumscribing  circle, 
and  GEF  a  diameter  perpendicular  to  the  base  AB,  then  if  CF  be 
joined,  the  angle  GFO  is  equal  to  half  the  difference  of  the  angles  at  the 
base  of  the  triangle. 

22.  The  straight  line  which  bisects  any  angle  of  a  triangle  in- 
scribed in  a  circle,  cuts  the  circumference  in  a  point  which  is  equi« 
distant  from  the  extremities  of  the  side  opposite  to  the  bisected  angle, 
and  from  the  centre  of  a  circle  inscribed  in  the  triangle. 

23.  In  a  triangle  ABC  let  AD  bisecting  the  angle  A  meet  BC  in 
D :  from  O  the  centre  of  the  inscribed  circle  draw  OE  perpendicular 
to  BC;  then  is  the  angle  BOE  equal  to  the  angle  DOC. 

24.  Any  number  of  triangles  having  the  same  base  and  the  same 
vertical  angle,  will  be  circumscribed  by  one  circle. 

25.  From  any  point  B  in  the  radius  CA  of  a  given  circle  whose 
ottitre  is  C,  a  straight  line  is  drawn  at  right  angles  to  CA  meeting  the 
circumference  in  D;  the  circle  described  round  the  triangle  CBD 
touches  the  given  circle  in  D. 

26.  The  diameter  of  a  semicircle  is  divided  into  two  parts,  on  each 
of  which  as  diameter  a  semicircle  is  described,  and  on  the  same  side  as 
the  given  one.  If  a  circle  be  described  touching  each  of  these  three 
semicircles,  the  distance  of  its  centre  from  their  common  diameter  is 
equal  to  twice  its  radius. 

27*  The  locus  of  the  centres  of  the  circles,  which  are  inscribed  in 
all  right-angled  triangles  on  the  same  hypothenuse,  is  the  quadrant 
described  on  the  hypothenuse. 

28.  If  a  circle  be  described,  touching  the  base  of  a  triangle  and 
the  sides  produced,  and  a  second  circle  be  inscribed  in  the  triangle ; 
prove  that  the  points  where  the  circles  touch  the  base  are  equidistant 
.from  its  extremities,  and  that  the  distance  between  the  points  where 
they  touch  either  one  of  the  sides,  is  equal  to  the  base. 

29*  If  a  circle  be  described  about  a  triangle  ABC,  and  perpen- 
diculars be  let  fall  from  the  angular  points  A,  B,  C,  on  the  opposite 
tides,  and  produced  to  meet  the  circle  in  D,  E,  F,  respectively,  the 
circumferences  EF,  FD,  DE,  are  bisected  in  the  points  A,  B,  C, 

30.     If  from  the  angles  of  a  triangle,  lines  be  drawn  to  the  points 
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where  the  inscribed  circle  touches  the  sides;  these  lines  ihall  intersect 
in  the  same  point. 

31.  A  square  is  inscribed  in  another,  the  difference  of  the  areas  ii 
twice  the  rectangle  contained  by  the  segments  of  the  side  which  arc 
made  at  the  angular  point  of  the  inscribed  square. 

32.  The  sides  of  a  given  square  are  bisected,  and  by  jcnning  the 
bisections  another  is  inscribed ;  another  in  this,  and  so  on,  ad  infinitum. 
Shew  that  the  sum  of  all  the  inscribed  squares  is  equal  to  the  area  of 
the  original  one. 

S3.  The  square  inscribed  in  a  circle  is  equal  to  half  the  square 
described  about  the  same  circle. 

34f.  Shew  that  no  parallelogram  can  be  inscribed  in  a  circle  except 
a  rectangle. 

35,  The  square  is  greater  than  any  oblong  inscribed  in  the  same 
circle. 

S6.  If  two  triangles  have  one  side  of  the  one  equal  to  one  side  of 
the  other,  and  the  angles  opposite  these  sides  equal,  the  circumscribiog 
circles  are  equal. 

37.  If  a  quadrilateral  rectilineal  figure  be  described  about  a  cirde, 
the  angles  subtended  at  the  centre  of  the  circle  by  any  two  oppositt 
sides  of  the  figure,  are  together  equal  to  two  right  angles. 

38.  If  a  quadrilateral  figure  be  described  about  a  circle,  the  somi 
of  the  opposite  sides  are  equal ;  and  each  sum  equal  to  half  the  perimeter 
of  the  figure. 

39.  Shew  that  a  circle  may  be  inscribed  within  any  quadrilatenl 
figure  if  the  sums  of  its  opposite  sides  be  equal. 

40.  If  two  opposite  sides  of  a  quadrilateral  figure  about  or  in  a 
circle  be  at  equal  distances  from  the  centre,  the  other  sides  will  be 
parallel. 

41.  Of  all  quadrilateral  figures  contained  by  four  given  straiglit 
lines,  the  greatest  is  that  which  is  inscriptible  in  a  circle. 

42.  If  any  number  of  quadrilaterals  inscribed  in  a  circle,  have  • 
common  side,  and  the  sides  adjacent  to  this  be  produced  to  meet,  tlie 
lines  joining  the  point  of  concourse  with  the  intersection  of  the  diagonA 
of  the  quadrilateral,  shall  all  meet  in  the  same  point. 

43.  Four  circles  are  drawn,  of  which  each  touches  one  side  of  t 
quadrilateral  figure,  and  the  adjacent  sides  produced ;  shew  that  the 
centres  of  these  four  circles  will  all  lie  in  the  circumference  of  a  circle. 

44.  Let  AB,  AC,  be  the  bounding  radii  of  a  quadrant ;  complete 
the  square  ABDC  and  draw  the  diagonal  AD;  then  the  part  of  die 
diagonal  without  the  quadrant  will  be  equal  to  the  radius  of  a  drde 
inscribed  in  the  quadrant 

45.  If  the  sides  of  a  quadrilateral  figure  circumscribing  a  cird^ 
touch  the  circle  at  the  angular  points  of  an  inscribed  quadrilatenl 
figure ;  all  the  diagonals  will  intersect  at  the  same  point. 

46.  If  a  circle  be  inscribed  in  a  square,  an  equilateral  triangle  ii 
the  circle,  and  a  circle  in  the  triangle,  the  lines  drawn  from  the  vertieei 
of  the  triangle  to  meet  in  any  point  of  the  inner  circle,  and  the  radioi 
4>f  that  circle,  have  their  squares  together  equal  to  tke  given  square. 

47*  If  anv  number  of  parallelograms  be  inscribed  in  a  givei 
parallelogram,  the  diameters  of  all  the  figures  shall  cut  one  another  vk 
the  same  point. 

48.     If  equilateral  parallelograms  successively  decreasing  in  aret 
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by  one  half  be  inscribed  one  in  the  other^  the  sides  of  the  circumscribing! 
figures  must  throughout  be  bisected. 

49.  Shew  that  if  two  circles  be  inscribed  in  a  third  to  touch  one 
another^  the  tangents  of  the  points  of  contact  will  all  meet  in  the  same 
point. 

50.  Shew  that  nine  equal  circles  may  be  placed  in  contact^  so  that 
a  square  whose  side  is  three  times  the  diameter  of  one  of  them  will  cir- 
cumscribe them. 

51.  ABCP,  and  A'B'CP'  are  two  concentric  circles,  ABC, 
A'WC  are  any  two  equilateral  triangles  inscribed  in  them.  If  P,  P'  be 
any  two  points  in  the  circumferences  of  these  circles,  shew  that 

^/p.  ^  jj/pa  ^  ^/p2  =  ^  p/-  +  BF'^  +  CF'K 

52*  In  the  fig.  Prop.  10,  Book  iv,  shew  that  the  base  BD  is  the 
side  of  a  regular  decagon  inscribed  in  the  larger  circle,  and  the  side  of 
a  regular  pentagon  inscribed  in  the  smaller  circle. 

53.  In  the  fig.  Prop.  10,  Book  iv,  produce  DC  to  meet  the  circle 
in  F,  and  draw  BF;  then  the  angle  ABF  shall  be  equal  to  three  times 
the  angle  BFD. 

54.  If  the  alternate  angles  of  a  regular  pentagon  be  joined,  the 
figure  formed  by  the  intersection  of  the  joining  lines  will  itself  be  a 
regular  pentagon.  * 

55.  If  ABCDE  be  any  pentagon  inscribed  in  a  circle,  and  AC, 
BD,  CE,  DA,  EB  be  joined,  then  are  the  angles  ABE,  BCA,  CDB, 
DEC,  EAD,  together  equal  to  two  right  angles. 

56.  If  the  sides  of  an  equilateral  and  equiangular  pentagon  be 
produced  to  intersect;  the  straight  lines  joining  llie  points  of  intersection 
will  form  another  equilateral  and  equiangular  pentagon. 

57*  AB,  AC  are  the  sides  of  a  regular  pentagon  and  a  regular 
decagon  inscribed  in  a  circle,  and  drawn  on  different  sides  of  the  point 
A,  shew  that  if  BC  be  joined,  the  difference  between  BC  and  ^C  is 
equal  to  the  radius  of  the  circle. 

58.  If  the  sides  of  an  equilateral  pentagon  be  produced,  the  stel- 
lated figure  which  results  is  equilateral  and  equiangular  likewise.  What 
is  the  sum  of  its  re-entrant  angles }  What  is  the  sum  of  the  exterior 
imgles  which  are  not  in  contact  with  the  primitive  pentagon  } 

59.  If  the  sides  of  the  pentagon  ABCDE  be  produced  both  ways, 
so  as  to  meet  in  the  points  a,  /?,  7,  B,  e;  prove  that  the  sum  of  the  angles 
lit  these  points  is  equal  to  two  right  angles. 

60.  A  watch-ribbon  is  folded  up  into  a  fiat  knot  of  five  edges> 
shew  that  the  sides  of  the  knot  form  an  equilateral  pentagon. 

61.  Shew  that  perpendiculars  from  each  of  the  angles  of  a  regular 
pentagon  upon  the  opposite  side,  pass  through  the  same  point.  Find 
also  the  value  of  the  angle  contained  by  any  two  of  them,  and  compare 
it  willi  an  exterior  angle  of  the  pentagon. 

62.  The  difference  between  the  side  and  the  diagonal  of  a  regular 
pentagon  is  equal  to  the  side  of  another  regular  pentagon,  whose  diagonal 
IS  equal  to  the  side  of  the  first. 

6S,  If  AB,  CD  are  two  diameters  drawn  at  right  angles  to  each 
iDdier  in  the  circle  whose  centre  is  0,  if  the  radius  OB  is  bisectfed  in  E 
and  on  EA  there  be  taken  EF  equal  to  EC,  shew  that  CF  will  be  the 
tide  of  the  inscribed  pentagon. 

64.  If  from  the  extremities  of  the  side  of  a  regular  pentagon  in- 
scribed in  a  circle,  straight  lines  be .  drawn  to  the  middle  of  the  arc 
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subtended  by  the  adjacent  side^  their  difference  is  equal  to  the  radius ; 
the  sum  of  their  s(j[uares  to  three  times  the  square  of  the  radius ;  and 
.the  rectangle  contained  by  them  is  equal  to  the  square  of  the  radius. 

65.  If  all  the  sides  of  a  regular  hexagon  be  produced  both  ways 
till  they  meet^  the  angles  thus  formed  are  together  equal  to  four  right 
angles. 

66.  If  any  two  consecutive  sides  of  a  hexagon  inscribed  in  a  circle 
be  respectively  parallel  to  their  opposite  sides^  the  remaining  aides  are 
parallel  to  each  other. 

67.  Prove  that  the  area  of  a  regular  hexagon  is  greater  than  that 
of  an  equilateral  triangle  of  the  same  perimeter. 

68.  If  the  alternate  sides  of  a  regalar  hexagon  be  produced  to 
meet^  the  figure  so  formed  will  be  regular,  and  have  an  area  equal  to 
twice  the  area  of  the  hexagon. 

69»  If  two  equilateral  triangles  be  inscribed  in  a  circle  so  as  to 
have  the  sides  of  one  parallel  to  the  sides  of  the  other^  the  figure  com- 
mon to  both  will  be  a  regular  hexagon^  whose  area  and  perimeter  will 
be  equal  to  the  remainder  of  the  area  and  perimeter  of  the  two  triangles. 

70.  If  from  the  centre  of  an  equilateral  hexagon  and  each  of  its 
angles^  perpendiculars  be  drawn  to  any  line,  the  sum  of  those  drawn 
from  liie  angles  will  be  equal  to  six  times 'that  which  is  drawn  firom  die 
centre. 

71.  If  a  regular  hexagon  be  inscribed  in  a  circle^  six  circles  eqvil 
to  it  may  be  described^  every  one  touching  the  original  circle^  and  tm 
of  the  others.  If  the  centres  of  these  circles  be  joined  successively,  • 
regular  hexagon  will  be  formed  whose  area  is  four  times  the  area  of  w 
former :  and  if  the  outermost  points  of  the  six  circles  be  joined,  another 
hexagon  will  be  formed  whose  area  is  seven  times  the  area  of  the  first 

72.  If  the  alternate  sides  of  a  regular  hexagon  be  produced  to 
meet  one  another,  and  the  angular  points  of  the  triangles  thus  formed 
be  joined,  a  regular  hexagon  will  be  formed,  the  area  of  which  is  eqoil 
to  three  times  the  area  of  the  original  hexagon. 

7S.  If  in  any  circle  the  side  of  an  inscribed  hexagon  be  produeel 
till  it  becomes  equal  to  the  side  of  an  inscribed  square,  a  tangent  drawn 
from  the  extremity,  without  the  circle,  shall  be  equal  [to  the  side  of  m 
inscribed  octagon. 

74.  A  regular  octagon  inscribed  in  a  circle  is  equal  to  the  rect- 
angle contained  by  the  sides  of  the  squares  inscribed  in,  and  circumscribed 
about  the  circle. 

75.  If  a  straight  line  bisect  at  right  angles  any  side  AB  of  a  reffAtt 
polygon  of  an  odd  number  of  sides,  shew  that  it  will  pass  through  die 
point  of  intersection  of  the  two  sides  of  the  polygon  which  are  Doet 
remote  from  AB. 

^  76.  Shew  that  every  equilateral  figure  inscribed  in  a  circle  is  ata> 
equiangular,  and  that  the  converse  of  this  is  true  when  the  number  cf 
sides  is  odd,  but  not  necessarily,  when  the  number  of  sides  is  even. 

77-  Prove  that  the  opposite  sides  of  any  equiangular  rectilineil 
figure  are  parallel  when  the  number  of  sides  is  even. 

78.  ^  If  equal  straight  lines  be  placed  similarly  round  a  cirde  just 
without  it,  the  loci  of  their  extremities  will  be  concentric  circles. 

79'  If  any  number  of  equal  straight  lines  be  placed  in  the  drcinn-  A 
ference  of  a  circle,  the  points  of  bisection  will  be  in  the  drcumfercncr  h 
of  a  circle  having  the  same  centre.  Ik 
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80.  If  a  polygon  has  {n  +  4)  sides,  prove  that  the  angles  formed 
at  the  points  of  concourse  of  these  sides  produced^  are  together  equal  to 
(2n)  right  angles. 

81.  The  interior  angles  of  all  polygons  are  equals  provided  the 
number  of  sides  be  the  same  in  all. 

82.  Prove  that  of  the  polygons  of  a  given  number  of  sides,  which 
can  be  inscribed  in  a  given  circle,  the  greatest  is  that  which  is  equi- 
lateral. 

83.  Of  all  polygons  formed  with  given  sides,  the  greatest  is  that 
which  may  be  inscribed  in  a  circle.  ^ 

84.  Of  all  polygons  having  equal  perimeters,  and  the  same  number 
of  sides,  the  equilateral  polygon  has  the  greatest  area. 

85.  In  any  polygon  of  an  even  number  of  sides,  inscribed  in  a 
circle,  the  sum  of  the  1st,  3rd,  5th,  &c.  angles  is  equal  to  the  sum  of  the 
2nd,  4th,  6th,  &c. 

86.  In  any  plane  equilateral  and  equiangular  polygon  of  (n)  sides, 
where  (n)  is  any  odd  number,  if  lines  be  drawn  from  one  of  the  angles 
to  the  extremities  of  the  opposite  side,  the  angle  contained  by  these 
lines  is  equal  to  one  n^^  of  two  right  angles. 

87.  If  a  polygon  be  inscribed  in  a  circle,  and  from  each  angle  be 
drawn  lines  to  the  next  angle  but  one,  the  lines  so  drawn  will  include  a 
polygon  of  the  same  number  of  sides,  and  the  sum  of  the  angles  of  the 
included  polygon  at  the  extremities  of  any  one  of  its  sides  equals  the 
ram  of  the  angles  of  the  original  polygon  uirough  which  that  side  pro- 
duced, passes :  if  the  origin^  polygon  be  regular,  the  included  one  will 
also  be  regular. 

SB*  Xf  any  two  sides  of  a  regular  polygon  taken  alternately,  be 
produced  to  meet,  the  figure  contained  by  the  straight  line  made  up  of 
cme  side  and  the  part  produced,  the  part  produced  of  the  other,  and  the 
distances  of  their  extremities  to  the  centre,  will  be  a  quadrilateral  about 
which  a  circle  may  be  described. 

89»  What  is  the  difficulty  of  inscribing  geometrically  an  equilateral 
heptagon  or  undecagon  in  a  given  circle  ?  Assuming  the  demonstrations 
of  Euclid  in  his  4th  book,  shew  that  any  equilateral  figure  of  2"+*,  3  x  2", 
'5  X  2%  or  15  X  2"  sides,  (where  n  is  any  of  the  numbers  0,  1,  2,  S,  &c.) 
may  be  inscribed  in  a  circle. 

90.  If  a  point  be  assumed  in  a  regular  polygon  of  n  sides,  from 
which  perpendiculars  are  drawn  to  each  of  the  sides,  or  the  sides  pro- 
duced, the  sum  of  these  perpendiculars  is  n  times  the  radius  of  the 
inscribed  circle. 

91.  If  from  any  point  within  a  polygon,  straight  lines  be  drawn 
perpendicular  to  the  several  sides,  the  sum  of  these  perpendiculars  shall 
be  equal  to  the  sum  of  the  perpendiculars  drawn  from  the  centre  of  the 
polygon. 

92.  If  from  a  point  whose  distance  is  d  from  the  centre  of  a  circle 
whose  radius  is  r,  perpendiculars  be  drawn  on  all  the  sides  of  a  regular 
polygon  of  n  sides  circumscribing  the  circle,  the  sum  of  the  squares  of 


the  perpendiculars  =«(•—+/•'). 


93.     If  two  circles  have  the  same  centre,  and  a  regular  polygon  be 

described  about  the  outer  circle,  and  from  any  point  in  the  circumference 

of  the  inner  circle  perpendiculars  be  drawn  to  the  sides  of  the  polygon, 

the  figure  formed  by  joining  the  bott(»n  of  the  perpendiculars  will  have 

^  inyariable  magnitude. 
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PROBLEM  I. 
To  inscribe  a  square  in  a  given  triangle. 

Analysis.    Let  ABC  be  the  ^iven  triangle^  the  base  BC,  and  the 
perpendicular  AD  of  which  are  given. 


Let  FGHK  be  the  required  inscribed  square. 

Then  BUG,  BDA  are  similar  triangles^ 

and  GH  is  to  GB,  as  AD  is  to  AB, 

but  GF  is  equal  to  GH ; 

therefore  GF  is  to  GB  as  AD  is  to  AB, 

Let  BF  be   joined  and  produced  to  meet  a  line  drawn  from  A 

parallel  to  the  base  BC  in  the  point  E. 

Then  the  triangles  BGF,  BAB  are  similar^ 
and  AE  is  to  AB  as  GF  is  to  GB, 
but  GF  is  to  GB  as  AD  is  to  AB. 
Wherefore  AE  is  to  ^B  as  AD  is  to  AB ; 
hence  AE  is  equal  to  AD. 
Synthesis.    Through  the  vertex  A,  draw  AE  parallel  to  BC  the 
base  of  the  triangle^ 

make  AE  equal  to  AD, 
join  EB  cutting  ACin  F, 
through  F,  draw  FG  parallel  to  BC,  and  FK  parallel  to  AD ; 
also  through  G  draw  GH  parallel  to  AD. 
Then  GHKF  is  the  square  required. 
The  different  cases  may  be  considered  when  the  triangle  is  equihf 
teral^  scalene^  or  isosceles^  and  when  each  side  is  taken  as  the  base. 


THEOREM  I. 

If  from  the  extremities  of  any  diameter  of  a  given  circle,  perpen- 
diculars be  drawn  to  any  chord  of  the  circle,  they  shall  meet  the  chords 
or  the  chord  jiroduced  in  two  points  which  are  equidistant  from  the 
centre.     (Archimedis  Lemm.  Prop.  13.) 

First,  let  the  chord  CD  intersect  the  diameter  AB  in  L,  but  not  tt 
right  angles;  and  from  A,  B,  let  AE,  BF  be  drawn  perpendicular  to  CD. 
Then  the  points  F,  E  are  equidistant  from  the  centre  of  the  diord  CD: 
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Join  EB,  and  from  /  the  centre  of  the  circle,  draw  IG  perpen- 
dicular to  CDy  and  produce  it  to  meet  EB  in  H, 

Then  IG  bisects  CD  in  G ;    (in.  2.) 

and  /G,  AE  being  both  perpendicular  to  CD,  are  parallel,     (i.  29.) 

Therefore  BI  is  to  BH  as  I  A  is  to  H£ ;     (vi.  2.) 

and  jBH  is  to  FG  as  HE  is  to  GE ; 

therefore  BI  is  to  FG  as  I  A  is  to  GE ; 

but  .6/  is  equal  to  I  A ; 

therefore  FG  is  equal  to  GE. 

It  is  also  manifest  that  IJE  is  equal  to  OF, 

When  the  chord  does  not  intersect  the  diameter,  the  perpendiculars 

intersect  the  chord  produced.  • 


THEOREM   II, 

If  two  diagonals  of  a  regular  pentagon  be  drawn  to  cul  one  another ,  the 
greater  segments  will  be  equal  to  the  side  of  the  pentagon^  and  the 
diagonals  will  cut  one  another  in  extreme  and  mean  ratio^  (Euclid's 
Elements,  xiii.  8.) 

Let  the  diagonals  AC,  BE  be  drawn  from  the  extremities  of  the  side 
AB  of  the  regular  pentagon  ABCDE,  and  intersect -each  other  in  the 
point  H. 


Then  BE  and  AC  are  cut  in  extreme  and  mean  ratio  in  H,  and  the 
greater  segment  of  each  is  equal  to  the  side  of  the  pentagon. 

Let  the  circle  ABCDE  be  described  about  the  pentagon,    (iv.  14.) 

Because  EA,  AB  are  equal  to  AB,  BC,  and  they  contain  equal  angles ; 

therefore  the  base  EB  is  equal  to  the  base  AC,     (i.  4.) 

and  the  triangle  EAB  equal  to  the  triangle  CBA, 

and  the  remaining  angles  will  be  equal  to  the  remaining  angles, 

each  to  each,  to  which  the  equal  sides  are  opposite. 

Therefore  the  angle  BAC  is  equal  to  the  angle  ABE ; 

and  the  angle  j^HE  is  double  of  the  angle  BAH,    (i.  32.) 

but  the  angle  EAC  is  also  double  of  the  angle  BAC,    (vi.  33.) 

therefore  the  angle  HAE  is  equal  to  AHE^ 

and  consequently  HE  is  equal  to  EA  (i.  6.)  or  to  AB. 

And  because  BA  is  equal  to  AE, 
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the  angle  ABE  is  equal  to  the  angle  AEB ; 

but  the  angle  ABE  has  been  proved  equal  to  BAH ; 

therefore  the  angle  BE  A  is  equal  to  the  angle  BAH ; 

and  ABE  is  common  to  the  two  triangles  ABE^  ABH ; 

therefore  the  remaining  angle  BAE  is  equal  to  the  remaining  angle  AHB: 

and  consequently  the  trian^es  ABE,  ABH  are  equiangular ; 

therefore  EB  is  to  BA  as  An  to  BH :  but  BA  is  equal  to  EH, 

therefore  EB  is  to  EH  as  EH  is  to  BH, 

but  BE  is  greater  than  EH ;  therefore  EH  is  greater  than  HB; 

therefore  BE  has  been  cut  in  extreme  and  mean  ratio  in  H. 
Similarlv,  it  may  be  shewn,  that  AC  has  also  been  cut  in  extreme  and 
mean  ratio  m  H,  and  that  the  greater  segment  of  it  CH  is  equal  to  the 
side  of  the  pentagon. 

PROBLEM  IL 

Divide  a  ^iven  arc  of  a  circle  into  two  parts  which  shall  have  their 
chords  in  a  given  ratio.     (Pappi  Math.  Coll.  vii.  155.) 

Analysis.  Let  A,  B  be  the  two  given  points  in  the  circumference  of 
the  circle,  and  C  the  point  required  to  be  founds  such  that  when  the 
chords  AC  and  BC  are  joined,  the  lines  AC  and  BC  shall  have  to  one 
another  the  ratio  of  E  to  F. 


E- 

F 


Draw  CD  touching  the  circle  in  C; 
Join  AB  and  produce  it  to  meet  CD  in  D. 
Since  the  angle  BAC  is  equal  to  the  angle  BCD,    (iii.  32.) 
and  the  angle  CDB  is  common  to  the  two  triangles  DBC,  DAC; 
therefore  the  third  angle  CBD  in  one,  is  equal  to  the  third  angle 
DCA  in  the  other,  and  the  triangles  are  similar, 
therefore  AD  is  to  DC  as  DC  is  to  DB;  (vi.4.) 
hence  also  the  square  of  AD  is  to  the  square  of  DC  as  AD  is  to 
BD.     (vi.  20.  Cor.) 

But  ^D  is  to  ^C  as  DC  is  to  CB,     (vi.  4.) 
andADistoDCasAC  toCB,    (v.l6.) 
also  the  square  of  ^D  is  to  the  square  of  DC  as  the  square  of  AC 

is  to  the  square  of  CB ; 
but  the  square  of  ^D  is  to  the  square  of  DC  as  AD  is  to  DB; 
wherefore  the  square  of  ^C  is  to  the  square  of  CB  as  AD  is  to  BD; 

but  AC  is  to  CB  as  E  is  to  F,    (constr.) 
therefore  AD  is  to  DB  as  the  square  of  ^  is  to  the  square  of  F. 

Hence  the  ratio  of  ^D  to  DB  is  given, 
and  AB  is  given  in  magnitude,  because  the  points  A,  B  in  the 
circumference  of  the  circle  are  given. 
Wherefore  also  the  ratio  of  AD  to  AB  is  given,  and  also  the  magni- 
tude of  AD, 
Synthesis.    Join  AB  and  produce  it  to  D,  so  that  AD  shall  beta 
BD  as  the  square  of  E  to  the  square  of  F. 
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From  D  draw  DC  to  touch  the  circle  in  C,  and  join  CB,  CA. 
Since  AD  is  to  DB  as  the  square  of  E  is  to  the  square  of  F,  (constr.) 
and  AD  is  to  DB  as  the  square  of  AC  is  to  the  square  of  BC; 
therefore  the  square  of  ^C  is  to  the  square  of  BC  as  the  square  of 
E  is  to  the  square  of  F, 

and  AC  is  to  BC  as  E  is  to  F. 

PROBLEM    III. 

A,  B,  C  are  given  points.  It  is  required  to  draw  through  any  other 
point  in  the  same  plane  with  A,  B,  and  C,  a  straight  line,  such  that  the 
sum  of  its  distances  from  two  of  the  given  points,  may  he  equal  to  its 
distance  from  the  third,     (Phil.  Trans.  £din.  1792.) 

Analysis.  Suppose  F  the  point  required^  such  that  the  line  XFH 
being  drawn  through  any  other  point  X,  and  AD,  BE,  CH  perpendicu* 
lars  on  XFH,  the  sum  of  BE  and  CH  is  equal  to  AD. 

A 


Join  AB,  BC,  CA,  then  ABC  is  a  triangle. 
Draw  AG  to  bisect  the  base  BC  in  G,  and  draw  GK  perpendicular  to  EF, 

Then  since  BC  is  bisected 'in  G, 
the  sum  of  the  perpendiculars  CH,  BE  is  double  of  GK ; 
but  CH  and  BE  are  equal  to  AD,    (hyp.) 
therefore  AD  must  be  double  of  GK; 

but  since  AD  is  parallel  to  GK, 
the  triangles  ADF^  GKF  are  similar^ 
therefore  AD  is  to  AF  as  GK  is  to  GF ; 
but  AD  is  double  of  GK,  therefore  AF  is  double  of  GF ; 
and  consequently^  GF  is  one  third  of  AG  the  line  drawn  from  the 
vertex  of  the  triangle  to  the  bisection  of  the  base. 
But  ^  G  is  a  line  given  in  magnitude  and  position^ 
therefore  the  point  F  is  determined. 
Synthesis.    Join  AB,  AC,  BC,  and  bisect  the  base  BC  of  the 
triangle  ABC  in    G;   join  AG   and   take    GF   equal  to  one  third 
of  GA; 

the  line  drawn  through  X  and  F  will  be  the  line  required. 
It  is  also  obvious^  that  while  the  relative  position  of  the  points  A,  B, 
C,  remains  the  same^  the  point  F  remains  the  same^  wherever  the  point 
X  may  be.  The  point  X  may  therefore  coincide  with  the  point  F,  and 
when  this  is  the  case^  the  position  of  the  line  FX  is  left  undetermined. 
Hence  the  following  porism. 

A  triangle  being  given  in  position^  a  point  in  it  mav  be  found,  such, 
that  any  straight  line  whatever  being  drawn  through  that  point,  the 
perpendiculars  drawn  to  this  straight. line  from  the  two  angles  of  the 
triangle,  which  are  on  one  side  of  it,  will  be  together  equal  to  the  per- 
pendicular that  is  drawn  to  the  same  line  from  the  angle  on  the  other 
side  of  it. 
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PROBLEMS. 

4.  Given  the  perimeter  of  a  triangle:  describe  it  so  that  it  may 
be  similar  to  a  given  triangle. 

5.  On  a  given  base  to  describe  a  triangle  equal  to  a  given  tri- 
angle. 

6.  Given  the  perimeter  of  a  right-angled  triangle^  it  is  required 
to  construct  it^ 

(1)  If  the  sides  are  in  arithmetical  progression. 

(2)  If  the  sides  are  in  geometrical  progression. 

7»  Given  the  vertical  angle,  the  perpendicular  drawn  from  it  to 
the  base,  and  the  ratio  of  the  segments  of  the  base  made  by  it  to  con- 
struct the  triangle. 

8.  Find  the  locus  of  intersection  of  two  lines  drawn  from  two 
given  points,  so  that  their  lengths  are  in  a  given  ratio. 

9*  In  the  triangle  ABC,  let  D  be  the  middle  point  of  AB,  and  E 
the  foot  of  the  perpendicular  let  fall  from  C  on  AB ;  then  prove  that,  if 
CB  -  CA  =  DEf  the  three  sides  CA,  AB,  BC  are  in  arithmetical  pro- 
gression.    Also  shew  how  such  a  triangle  may  be  constructed. 

10.  Apply  (vi.  c.)  to  construct  a  triangle ;  having  given  the  ver- 
tical angle,  the  radius  of  the  inscribed  circle,  and  the  rectangle  con- 
tained by  the  straight  lines  drawn  from  the  centre  of  the  circle  to  the 
angles  at  the  base. 

11.  Having  given  the  difference  of  the  angles  at  the  base,  the 
perpendicular  altitude,  and  the  ratio  of  the  sides,  to  construct  the  tin- 
angle. 

12.  Given  the  vertical  angle  and  the  base  of  a  triangle,  and  also 
a  line  drawn  from  either  of  the  angles  at  the  base  cutting  the  opposite 
side  in  a  given  ratio,  to  construct  the  triangle. 

]  S.  Upon  a  given  straight  line  as  an  hypothenuse,  describe  a  right- 
angled  triangle  which  shall  have  its  three  sides  in  continued  proportion. 

14.  In  any  triangle  inscribe  a  triangle  similar  to  a  given  triangle. 

15.  Oiven  the  base,  the  ratio  of  the  sides  containing  the  vertical 
angle,  and  the  distance  of  the  vertex  from  a  given  point  in  the  base;  to 
construct  the  triangle. 

16.  Given  the  base,  the  vertical  angle,  and  the  ratio  of  the  parts 
that  the  line  bisecting  the  base  is  divided  into,  by  the  line  joining  the 
centres  of  the  circumscribed  and  inscribed  circles,  to  construct  the 
plane  triangle. 

17*  The  vertical  angle  and  the  base  of  a  triangle  are  given,  and 
the  ratio  of  the  segments  into  which  one  of  the  sides  adjacent  to  the 
vertical  angle  is  divided  by  a  perpendicular  drawn  from  the  opposite 
angle,  construct  the  triangle. 

18.  Upon  the  given  base  AB  construct  a  triangle  bavins  its 
sides  in  a  given  ratio  and  its  vertex  situated  in  the  given  indelnite 
line  CD. 

19*     Describe  an  equilateral  triangle  equal  to  a  given  triangle. 

20.  Given  the  hypothenuse  of  a  right-angled  triangle,  and  the 
side  of  an  inscribed  square.    Required  the  two  sides  of  the  triangle. 

21.  Given  the  perimeter  of  a  right-angled  triangle,  and  we  per- 
pendicular drawn  from  the  right  angle  upon  the  opposite  side ;  to  find 
the  three  sides  (l)  geometrically,  (2)  algebraically. 
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22.  Given  one  of  the  angles  and  die  perimeter  of  a  plane  triangle^ 
to  find  the  sides^  when  the  area  is  the  greatest  possible. 

23.  To  make  a  triangle^  which  shall  be  equal  to  a  given  triangle, 
and  have  two  of  its  sides  equal  to  two  given  straight  lines ;  and  shew 
that  if  the  rectangle  contained  by  the  two  straight  lines  be  less  than  twice 
the  given  triangle,  the  problem  is  impossible. 

24.  From  the  obtuse  angle  of  a  triangle,  it  is  required  to  draw  a 
line  to  the  base,  which  shall  be  a  mean  proportional  between  the  seg^ 
ments  of  the  base.     How  many  answers  does  this  question  admit  of? 

25.  To  find,  by  a  geometrical  construction,  an  arithmetic,  geo- 
metric, and  harmonic  mean  between  two  given  lines. 

26*.  Find  two  arithmetic  means  between  two  given  straight 
lines. 

27*  Draw  a  straight  line  such  that  the  perpendiculars  let  fall  from 
any  point  in  it  on  two  given  lines  may  be  in  a  given  ratio. 

28.  In  the  figure  to  Proposition  47,  Book  i.  draw  through  G  a 
right  line,  so  that  the  sum  of  the  perpendiculars  falling  on  it  £om  B 
and  C  may  be  equal  to  BK. 

29.  Find  a  point,  such  that  the  perpendiculars  let  fall  from  it  chi 
three  straight  lines  given  in  position  may  be  in  a  given  ratio. 

50.  If  a  perpendicular  be  drawn  from  a  given  point  of  a  given 
•line ;  find  a  point  in  it,  such  that  lines  drawn  from  it  to  the  extremities 
of  the  given  line,  may  be  in  a  given  ratio. 

31.  To  find  a  point  P  in  the  base  BC  of  a  triangle  produced,  so 
that  PD  being  drawn  parallel  to  AC,  and  meeting  AC  produced  to  D, 
AC  :  CP  ::  CP  :  PD. 

^  32.  Determine  the  point  in  the  produced  side  of  a  triangle,  from 
^hich  a  straight  line  being  drawn  to  a  given  point  in  the  base,  shall  be 
intersected  by  the  other  side  of  the  triangle  in  a  given  ratio. 

33.  A  point  and  a  straight  line  being  given  in  position,  to  draw  a 
line  parallel  to  the  given  line,  so  that  all  the  lines  drawn  through  the 
given  point  may  he  divided  at  it  in  a  given  ratio. 

34.  It  is  required  to  cut  off  a  part  of  a  given  line  so  that  the  part 
cut  off  may  be  a  mean  proportional  between  idle  remainder  and  another 
given  line« 

35.  Find  a  straight  line  which  shall  have  to  a  given  straight  line 

the  ratio  of  1  :  J 5, 

36.  It  is  required  to  divide  a  given  finite  straight  Mne  into  twa 
parts,  the  squares  of  which  shall  have  a  given  ratio  to  each  other. 

37-  The  sum  of  two  straight  lines  and  another  straight  Ikie,  a 
mean  proportional  between  them  being  given,  to  find  the  two  lines. 

38.     To  divide  a  given  line  in  harmonieal  proportion. 

39*  Prove  both  geometritjally  and  algebraically,  that  an  arithmetic 
mean  between  two  quantities  is  greater  than  a  geometric  mean.  Also 
having  given  the  sum  of  two  Hnes,  and  the  excess  of  their  arithmetic 
above  their  geometric  mean,  find  by  a  construction  the  lines  themselves. 

40.  Determine  that  point  in  the  base  produced  of  a  right-angled 
triangle  from  which  the  line  drawn  to  the  angle  opposite  the  base,  shall 
have  the  same  ratio  to  the  base  produced,  which  the  perpendicular  has 
to  the  base  itself. 

41.  On  two  given  straight  lines  similar  triangles  are  described. 
Required  to  find  a  third,  on  which,  if  a  triangle  similar  to  them  be 
described,  its  area  shall  equal  the  difference  of  their  areas. 
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42.  C  is  a  given  point  in  a  given  line  AB,  it  is  required  to  deter- 
mine a  point  P,  so  that  AP  and  BP  together  may  be  equal  to  a  given 
line,  and  the  angle  APB  be  bisected  by  PC, 

43.  From  the  vertex  of  a  triangle  to  the  base,  to  draw  a  straight 
line  which  shall  be  an  arithmetic  mean  between  the  sides  containing  the 
vertical  angle. 

44.  To  draw  a  line  from  the  vertex  of  a  triangle  to  the  base, 
which  shall  be  a  mean  proportional  between  the  whole  base  and  one 
segment. 

45.  The  distances  of  three  of  the  angles  of  a  square  from  a  given 
point  are  given,  to  construct  the  square.  Shew  that  the  same  data  will 
afford  two  solutions  of  the  problem,  and  that  the  assumed  distance  of 
the  interjacent  angle  must  have  to  the  sum  of  the  other  two,  a  less  ratio 
than  that  of  the  side  of  a  square  to  its  diagonal. 

46.  From  two  straight  lines  cut  off  two  parts  having  a  given  rado^ 
so  that  the  sum  of  the  squares  of  the  remainders  may  be  equal  to  a 
given  square. 

47*  If  a  given  straight  line  AB  he  divided  into  any  two  parts  in 
the  point  C,  it  is  required  to  produce  it,  so  that  the  whole  line  produced 
may  be  harmonically  divided  in  C  and  B. 

48.  Two  straight  lines  and  a  point  between  them  being  given  in 
position,  to  draw  two  lines  from  the  given  point  to  terminate  in  the 
lines  given  in  position,  so  that  they  shall  contain  a  given  angle,  and 
have  a  given  ratio. 

49*  If  a  straight  line  be  divided  in  two  given  points,  determine  i 
third  point  such  that  its  distances  from  the  extremities  may  be  propor- 
tional to  its  distances  from  the  given  points. 

50.  Through  a  p\en  point  between  two  indefinite  straight  lines 
not  parallel  to  each  other,  to  draw  a  straight  line  which  shall  be  termi* 
nated  by  them,  so*  that  the  rectangle  contained  by  its  segments  shall  be 
less  than  the  rectangle  contained  by  the  segments  of  any  other  straight 
line  drawn  through  the  same  point  and  terminated  by  the  same  straight 
lines. 

51.  A  rectangular  leaf  ABCD  of  which  the  side  AB=^S4a,  and 
the  side  BC  =lSa  nas  its  two  corners,  A  and  B,  equally  bent  up  at  ri^t 
angles  to  the  rest  of  the  leaf,  and  the  crease  is  inclined  at  the  same  angle 
to  each  side.  From  the  points  A  and  B  straight  lines  are  drawn  to  w 
middle  point  of  CD,  these  are  found  to  be  at  right  angles  to  each  other, 
find  how  much  of  the  leaf  is  bent  up. 

52.  ABC  is  a  right-angled  triangle ;  find  the  point  P  in  AC,  to 
that  the  sum  of  the  distances  from  A  and  ^C  is  the  least  possible. 

53.  ABC  is  a  right*angled  triangle,  having  a  right  angle  at  C, 
find  a  point  P  in  the  hypothenuse,  so  situated,  that  PA  may  be  half 
of  the  perpendicular  dropped  from  P  upon  BC  the  base. 

54.  Find  three  points  in  the  sides  of  a  triangle,  such  that  thej 
being  joined,  the  triangle  shall  be  divided  into  four  equal  triangles. 

55.  Determine  two  straight  lines,  such  that  the  sum  of  their 
squares  may  equal  a  given  square,  and  their  rectangle  equal  a  given 
rectangle. 

56.  From  the  vertex  of  any  triangle  ABC,  draw  a  straight  line 
meeting  the  base  produced  in  D,  so  that  the  rectangle  DB .  DC^  AU^* 

57*  Describe  a  circle  passing  through  two  given  points  and  touch- 
ing a  given  circle. 
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58.  Describe  a  circle  "which  shall  pass  through  a  given  point  and 
touch  a  given  straight  line  and  a  given  circle. 

59.  Through  a  given  point  draw  a  circle  touching  two  given 
circles. 

60.  With  a  given  radius  to  describe  a  circle>  touching  two  given 
circles. 

61.  Describe  a  circle  which  shall  have  its  centre  in  a  given  line, 
and  shall  touch  a  circle  and  a  straight  line  given  in  position. 

62.  In  a  given  circle  place  a  straight  line  parallel  to  a  given 
straight  line,  and  having  a  given  ratio  to  it ;  the  ratio  not  being  greater 
than  that  of  the  diameter  to  the  given  line  in  the  circle. 

63»  If  any  rectangle  be  inscribed  in  a  given  triangle,  required  the 
locus  of  the  point  of  intersection  of  its  diagonals. 

64.  In  the  diameter  BB'  of  a  circle  produced,  a  point  A  is  taken 
such  that  AB  =  ^  of  the  radius :  from  A  a  tangent  AC  is  drawn  to  the 
circle;  find  a  point  D  in  the  circle  such  that  AD  shall  be  a  mean  pro- 
portional between  AB  and  AC. 

65.  Through  a  given  point  within  a  given  circle,^  to  draw  a 
straight  line  such  that  the  parts  of  it  intercepted  between  that  point  and 
the  circumference,  may  have  a  given  ratio. 

^  66.  From  a  given  point  without  a  circle,  it  is  required  to  draw  a 
straight  line  to  the  concave  circumference,  which  shall  be  divided 
in  a  given  ratio  at  the  point  where  it  intersects  the  convex  circum- 
ference. 

67*  Find  a  point  external  to  two  circles  in  the  same  plane  that  do 
not  meet,  such  that  if  straight  lines  be  drawn  through  it  cutting  both 
circles,  the  portions  of  all  such  straight  lines  intercepted  within  the 
circles,  shall  be  proportional  to  their  radii. 

Hence  draw  a  pair  of  common  tangents  to  two  circles,  and  determine 
within  what  limits  a  point  must  be  situated,  so  that  a  straight  line  may 
be  drawn  from  it  cutting  both. 

68.  Given  the  magnitude  and  position  of  two  circles ;  to  draw  a 
chord  AB  of  the  greater  to  touch  the  less  at  C,  so  that  CA  shall  have  to 
CB  a  given  ratio. 

69*  From  what  point  in  a  circle  must  a  tangent  be  drawn,,  so  that 
a  perpendicular  on  it  from  a  given  point  in  the  circumference  may  be 
cut  by  the  circle  in  a  given  ratio  ? 

70.  If  a  straight  line  be  divided  into  any  two  parts,  to  find  the 
locus  of  the  point  in  which  these  parts  subtend  equal  angles. 

71-  A  given  rectangular  field  is  to  be  laid  out  as  a  grass-plot 
(having  the  form  of  a  double  square,)  surrounded  by  a  walk  of  uniform 
breadth.    Find  the  breadth  of  the  walk,  and  give  a  construction  for  it 

72.  Given  the  sides  of  a  quadrilateral  figure  inscribed  in  a  circle, 
to  find  the  ratio  of  its  diagonals. 

73.  If  in  a  given  equilateral  and  equiangular  hexagon  another  be 
inscribed,  to  determine  its  ratio  to  the  given  one. 

74.  From  a  given  point  in  the  side  of  a  triangle,  to  draw  lines  to 
the  sides  which  shall  divide  the  triangle  into  any  number  of  equal  parts. 

75.  Any  two  triangles  being  given,  to  draw  a  straight  line  parallel 
to  a  side  of  the  greater,  which  shall  cut  off  a  triangle  equal  to  the  less. 

76.  To  divide  a  given  triangle  into  two  parts,  having  a  given 
ratio  to  one  another,  by  a  straight  line  drawn  parallel  to  one  of  its  sides. 

77*    Inscribe  a  square  in  a  given  right-angled  isosceles  triangle. 
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78.  Of  the  two  squares  which  can  be  inscribed  in  a  right-angled 
triangle^  which  is  the  greater  ? 

79.  The  area  of  a  rectangle  inscribed  in  a  given  triangle  being 
given^  it  is  required  to  find  its  four  sides. 

SO.  Inscribe  a  square  in  a  sector  of  a  circle^  so  that  the  angular 
points  shall  be  one  on  each  radius^  and  the  other  two  in  the  circum* 
lerence. 

81.  Inscribe  in  a  square  a  triangle  of  which  one  side  and  the  area 
are  given. 

82.  Determine  which  is  the  greatest^  and  which  the  leasts  of  the 
three  squares  which  may  be  inscribed  in  a  given  triangle. 

83.  Inscribe  a  square  in  a  given  equilateral  and  equiangular  pen- 
tagon. 

84.  Inscribe  a  parallelogram  in  a  given  triangle  similar  to  a  given 
parallelogram. 

85.  Inscribe  the  greatest  parallelogram  in  a  given  triangle. 

86.  Apply  (vi.  25.)  to  describe  a  triangle  whose  sides  are  as  3,  4, 
5,  and  its  area  equal  to  a  square  of  side  6 ;  what  are  the  sides  of  the 
triangle  ? 

87.  Inscribe  a  square  In  a  segment  of  a  circle. 

88.  Inscribe  the  greatest  parallelogram  in  a  given  semicirclew 

89.  In  a  given  rectangle  inscribe  a  parallelogram  of  given  area 
and  containing  an  angle  equal  to  a  given  angle;  and  point  out  the 
limitations  of  the  problem. 

90.  Describe  a  rectangular  parallelogram  which  shall  be  equal  to 
a  given  square^  and  have  its  sides  in  a  given  ratio. 

91*  Through  a  given  pointy  either  within  or  without  a  given 
triangle^  to  draw  a  straight  line^  which  shall  cut  off  from  the  triangle 
any  part  required. 

92.  Two  similar  rectilineal  figures  being  given^  to  find  a  third 
figure^  which  shall  be  similar  to  them^  and  also  have  its  area  a  mean 
proportional  between  them. 

93.  In  a  given  rectangle  inscribe  another^  whose  sides  shall  bear 
to  each  other  a  given  ratio. 

94.  To  describe  a  figure  similar  to  each  of  two  other  figures^  and 
equal  to  their  sum  or  difference. 

95.  It  is  required  to  cut  off  from  a  rectangle  a  similar  rectangle 
which  shall  be  any  required  part  of  it. 

96.  Inscribe  in  a  given  circle  an  isosceles  triangle  whose  base  shall 
be  equal  to  its  altitude. 

97*     Inscribe  in  a  circle  two  isosceles  triangles^  the  area  of  one  ci 

which  shall  be  one-fourth  the  area  of  the  other. 

98.    In  a  given  segment  of  a  circle  to  inscribe  a  similar  segment 
99'    An  equilateral  triangle  and  an  equilateral  and  equianffokr 

pentagon  have  the  same  perimeter:  compare  the  radii  of  the  curdes 

inscribed  in  them. 

100.     A  series  of  circles  is  described  all  touching  two  given  straight 

lines^  and  also  touching  each  other  externally  in  succession;  find  the 

law  of  their  diameters. 
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3.  If  two  triangles  are  to  each  other  as  their  bases :  prove  that 
ley  have  the  same  altitude. 

4.  Triangles  and  parallelograms  of  unequal  altitudes  are  to  each 
her  in  the  ratio  compounded  of  the  ratios  of  their  bases  and  altitudes. 

5.  By  the  construction  in  Props.  2,  a,  Book  vi^  the  line  made  up 
*the  base  and  the  part  produced  is  divided  harmonically. 

6.  If,  in  similar  triangles^  from  any  two  equal  angles  to  the 
)posite  sides,  two  straight  lines  be  drawn  making  equal  angles  with 
le  homologous  sides,  these  straight  lines  will  have  the  same  ratio  as  the 
des  on  which  they  fall,  and  will  also  divide  those  sides  proportionally. 

7.  From  Prop.  2,  Book  vi,  shew  how  a  line  may  be  drawn  on 
le  ground  through  a  given  point  parallel  to  a  given  straight  line  by 
eans  of  a  piece  of  string. 

8.  If  two  systems  of  parallel  straight  lines  at  equal  distances  cut 
le  another,  the  figures  between  them  wUl  be  all  similar  parallelograms. 

9.  Let  AB,  AC  be  two  given  straight  lines,  take  AD=  —  th  of 

w 

B,  and  AE=  -  th  of  ^C;  join  BE,  CD  to  meet  in  F;  shew  that  BF 
DC 


w+1 

10.  ABC  is  a  triangle ;  Ah,  Ac  zre  taken  = ,  —  respectively, 

b.  Be  meet  in  D,  and  AD  produced  meets  BC  in  E:  shew  that 
,AE={n'^l)AD;  and  E  is  the  middle  point  of  AB, 

11.  Any  three  lines  being  drawn  making  equal  angles  with  the 
tree  sides  of  any  triangles  towards  the  same  parts,  and  meeting  one 
lother,  will  form  a  triangle  similar  to  the  original  triangle. 

12.  If  the  original  triangle.  Prop.  8,  Book  vi,  be  isosceles,  and 
npendiculars  be  continually  drawn  from  the  foot  of  the  last  to  the 
iposite  side,  the  sum  of  all  the  triangles  so  formed  is  equal  to  the  area 
'  the  original  triangle. 

13.  If  a,  b,  c  represent  respectively  the  sides  and  hypothenuse  of 
right-angled  triangle,  and  k  be  the  length  of  the  line  drawn  from  the 
;ht  angle  perpendicular  to  the  opposite  side :  prove  that  the  triangle 
hose  sideb  are  a  +  b,  h,  and  c  +  A,  is  also  right-angled. 

14.  Shew  geometrically  that  the  diagonal  and  side  of  a  square  are 
oomniensurable. 

15.  If  from  any  point  in  the  circumference  of  a  circle  perpen- 
culars  be  drawn  to  the  sides,  or  sides  produced,  of  an  inscribed 
[angle :  shew  that  the  three  points  of  intersection  will  be  in  the  same 
raight  line. 

16.  If  the  sides  AB,  AC  o£  &  given  triangle  be  cut  proportionally 
.  any  two  points  D  and  F,  and  perpendiculars  to  the  sides  from  those 
nnts  intersect  in  L:  prove  that  all  the  points  L  corresponding  to 
ifferent  positions  of  D  and  F  will  be  in  a  straight  line  passing 
irough  A, 

1 7-  Shew  that  the  locus  of  the  vertices  of  all  the  triangles  con- 
ducted uppn  a  given  base,  and  having  their  sides  in  a  given  ratio,  is  a 
ircle. 

23 
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18.  BD,  CD  are  perpendicular  to  the  sides  A B^  AC  of  b.  triangle 
ABC,  and  CE  is  drawn  perpendicular  to  AD,  meeting  AB  in  Ei  shew 
that  the  triangles  ABC^  ACE  are  similar. 

19.  If  one  side  of  a  triangle  be  produced^  and  the  other  shortened 
by  equal  quantities,  the  line  joining  the  points  of  section  will  be  divided 
by  the  base  in  the  inverse  ratio  of  the  sides. 

20.  CAB,  CEB  are  two  triangles  having  a  common  angle  CBA, 
and  the  sides  opposite  to  it  CA,  CE,  equal:  if  BAE  be  produced  to  D, 
and  ED  be  taken  a  third  proportional  to  BA,  AC,  then  shall  the  triangle 
BDC  be  similar  to  the  triangle  BAC. 

21.  In  any  right-angled  triangle^  one  side  is  to  the  other^  as  th( 
excess  of  the  hypothenuse  above  the  second,  to  the  line  cut  off  from  the 
first  between  the  right  angle  and  the  line  bisecting  the  opposite  angle. 

22.  If  from  the  extremities  of  the  base  of  a  triangle,  two  straight 
lines  be  drawn,  each  of  which  is  parallel  to  one  of  the  sides,  and  equal 
to  the  other,  the  straight  lines  ioming  their  other  extremities  with  the 
other  extremities  of  the  base,  will  cut  off  equal  segments  from  the  sidesy 
and  each  of  these  will  be  a  mean  proportional  between  the  other  two 
segments. 

23.  If  a  line  AB  be  divided  in  extreme  and  mean  ratio  in  C,  and 
produced  to  D  so  that  BD  is  equal  to  BC  the  larger  segment,  then  AD 
18  similarly  divided  in  B,  Also  if  a  point  E  be  taken  in  BC,  such  that 
BE  is  equal  to  AC,  AE  is  similarly  divided  in  C. 

24.  In  any  triangle,  if  a  perpendicular  be  let  fall  upon  the  base 
from  the  vertical  angle,  the  base  will  be  to  the  sum  of  the  sides,  as  the 
difference  of  the  sides  to  the  difference  or  sum  of  the  segments  of  the 
base  made  by  the  perpendicular,  according  as  it  falls  witmn  or  without 
the  triangle. 

25.  From  the  vertex  of  an  isosceles  triangle  two  straight  lina  [ 
dravm  to  the  opposite  angles  of  the  square  described  on  the  base,  cot 
the  diagonals  of  the  square  in  E  and  F:  prove  that  the  line  EFv  j 
parallel  to  the  base.  j 

26.  If  an  n}^  part  be  cut  off  from  any  straight  line,  the  rectangb 
contained  by  the  whole  line  and  the  remaining  part,  shall  be  equal  to  i 
n  times  the  rectangle  contained  by  the  two  parts.  ! 

27*  If  two  triangles  are  equal,  and  the  sides  about  one  angle  of 
the  one  are  reciprocally  proportional  to  the  sides  about  one  angle  of  the 
other,  then  two  angles  are  either  equal  or  supplements  to  each  other. 

28.  If  the  vertical  angle  CAB  of  a  triangle  ABC  be  bisected  by  i 
AD,  to  which  the  perpendiculars  CE,  BF,  are  drawn  from  the  remam-  1 
ing  angles:  bisect  the  base  BC  in  G,  join  GE,  GF,  and  prove  these  linef 
equal  to  each  other. 

29*  If  perpendiculars  be  drawn  from  the  extremities  of  the  Um 
of  a  triangle  on  a  straight  line  which  bisects  the  angle  opposite  to  dtf 
base,  the  area  of  the  triangle  is  equal  to  the  rectangle  contained  by 
either  of  the  perpendiculars,  and  the  segment  of  l£e  bisecting  hot 
between  the  angle  and  the  other  perpendicular, 

30.  If  lines  be  drawn  from  the  angles  of  a  triangle  bisecting  die 
opposite  sides,  shew  that  the  line  joining  the  points  of  bisection  ii 
parallel  to  the  third  side  of  the  triangle. 

31,  If  the  three  sides  of  a  triangle  be  bisected,  the  lines  which 
join  the  points  of  bisection  will  divide  the  triangle  into  four  cquil 
triangles,  each  of  them  similar  to  the  whole  triangle. 
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32»  If  in  the  figure^  Prop.  10,  Book  iv,  the  straight  lines  DC,  BA 
be  produced  to  meet  the  circle  again  in  E,  F,  and  EF  be  joined :  shew 

that  the  triangle  CEF  is  to  the  triangle  ABD  as  S  +  J5  :  2 ;  and  that 
the  triangle  ABD  is  a  mean  proportional  between  CEF  and  BCD. 

33.  The  square  of  the  line  bisecting  the  vertical  angle  of  any 
triangle  is  a  mean  proportional  between  the  differences  of  the  squares 
of  each  side  containing  that  angle^  and  the  square  of  the  adjacent  seg- 
ment of  the  base. 

34*,  If  the  triangle  ABC  has  the  angle  at  C  a  right  angle^  and 
from  C  a  perpendicular  be  dropped  on  the  opposite  side  intersecting  it 
in  A  then  AD  :  DB  ::  AC  :  CB". 

35,  If  the  triangle  ACB  has  a  right  angle  C,  and  AD  be  drawn 
bisecting  the  angle  A,  and  meeting  CB  in  D,  prove  that 

AC  :  AD"  ::  BC  :  BC  +  BD. 

36.  If  through  the  point  of  bisection  of  the  base  of  a  triangle  any 
line  be  drawn^  intersecting  one  side  of  the  triangle^  the  other  produced^ 
and  a  line  drawn  parallel  to  the  base  from  the  vertex^  this  line  shall  be 
cut  harmonically. 

37'  If  the  interior  angle  BAC,  and  the  exterior  angle  DAC  of  any 
triangle  ^J?C  be  bisected  by  lines  AE,  AF,  which  also  cut  BC  in  E,  F: 
riiew  that  BF,  BC,  BE  are  in  harmonic  progression. 

38.  •  ACB  is  a  triangle  whose  base  AB  is  divide  in  E,  and  pro- 
duced to  F,  so  that  AE  :  EB,  and  also  AF  :  FB,  as  AC  :  CB.  Join 
CEf  CF,  and  shew  that  the  angle  ECF  is  a  right  angle. 

39'    The  square  described  upon  the  side  of  a  regular  pentagon  in 
-.    a  drcle^  is  equal  to  the  square  of  the  side  of  a  regular  hexagon^  together 
:    with  the  square  upon  the  side  of  a  regular  decagon  in  the  same  circle. 

40.  From  B  the  right  angle  of  a  right-angled  triangle  ABC^  Bp 
It  let  fall  perpendicular  to  AC,  fromp^  P9  ^^  ^^t  fall  perpendicular  to 
BA,  &c. :  prove  that 

Bp+pq  +  &c,  :  AB  ::  AB  +  AC  :  BC. 

41.  If  CD  be  drawn  from  the  vertex  C  to  any  point  D  in  the  base 
af  the  triangle  ABC,  then 

ACBD+BCAD^CD'.AB+AB.AD.BD. 

42.  If  on  the  two  sides  of  a  right-angled  triangle  squares  be 
described^  the  lines  joining  the  acute  angles  of  the  triangle  and  the 
oppofiite  angles  of  tne  squares^  will  cut  off*  equal  segments  from  the 
sides;  and  each  of  these  equal  segments  will  be  a  mean  proportional 
between  the  remaining  segments. 

43.  ABC  is  an  equilateral  triangle;  E  any  point  in  ^C;  in  BC 
produced  take  CD  =  CA,  CF=  CE,  AF,  DE  intersect  in  H; 

HC         AC 
EC  ~  AC ^  EC 

44.  ABC  is  an  isosceles  triangle ;  draw  CJB  perpendicular  to  the 
base  AB ;  draw  ADF  intersecting  CE  in  D,  and  CBmF; 

DE     CA-  CF 

CE"  CA^CF' 

45.  If  in  a  triangle  ABC,  CA  be  produced  to  D,  and  from  CB, 
BE  be  cut  off*  equal  to  AD ;  then  the  line  ED  joining  the  points  of 
section  will  divide  the  base  in  the  inverse  ratio  of  CD  :  CE. 

23 — 2 
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46.  In  any  right-angled  triangle  ABC,  (whose  h3rpothena8e  is 
AB)  bisect  the  angle  A  by  AD  meeting  CB  in  D,  and  prove  that 

2  AC  :  AC- CD'  ::  BC  :  CD. 

47.  ABC  is  a  right-angled  triangle^  ADE  is  an  isosceles  triangle, 
and  AF  is  perpendicular  to  DE :  shew  that  AF  is  a.  mean  proportimud 
between  A C  and  ^  {AB  +  AC). 

48.  If  from  the  angles  of  a  triangle  straight  lines  be  drawn  bisect- 
ing the  opposite  sides^  the  sum  of  the  squares  of  the  sides  :  sum  of  the 
squares  of  the  bisecting  lines  ::  4  :  3. 

49.  From  any  two  angles  of  a  triangle,  straight  lines  are  drawn  to 
the  points  of  bisection  of  the  opposite  sides:  prove  that  the  point  of  tlieir 
intersection  is  distant  from  eitner  angle,  two-thirds  of  the  line  drawn 
from  it. 

50.  If  the  exterior  angle  CAD  of  a  triande  BAC  be  bisected  by  a 
straight  line  AE  which  likewise  cuts  the  base  BC  produced  in  ^i  shew 
that  the  rectangle  BE,  EC  is  equal  to  the  rectangle  BA,  AC  together 
with  the  square  of  AE, 

51.  If  any  point  be  taken  in  the  plane  of  a  parallelogram  from 
which  perpendiculars  are  let  fall  on  the  diagonal,  and  on  the  sides 
which  include  it,  the  rectangle  of  the  diagonal  and  the  perpendicular  on 
it,  is  equal  to  the  sum  or  oifference  of  tne  rectangles  of  the  sides  and 
the  perpendiculars  on  them. 

52.  BE,  ^ Care  parallel  lines ;  F,  G,  H,  &c.  a  series  of  equidistant 
points  in  ^C;  draw  Bfh  cutting  BE  in  B,  and  EF,  EG,  EH,  &c  ii 
f,  g,  h,  &c.     Bf,  Bg,  Bh,  &c.  are  in  harmonic  progression. 

53.  If  diverging  lines  cut  a  straight  line,  so  that  the  whole  is  to 
one  extreme,  as  the  other  extreme  is  to  the  middle  part,  they  will  inter* 
sect  every  other  intercepted  line  in  the  same  ratio. 

54.  A  straight  line  CD  is  drawn  bisecting  the  vertical  angle  C  of 
a  triangle  ACB,  and  cutting  the  base  AB  in  D;  also  on  AB  produced 
a  point  E  is  taken  equidistant  from  C  and  D :  prove  that  AE .  Bt 

=  DEr, 

55»  From  an  angle  of  a  triangle  a  line  is  drawn  to  the  middle 
point  of  the  opposite  side,  and  through  the  point  of  bisection  of  this  Una 
another  is  drawn  from  either  angle  to  the  side  subtending  it.  Prove 
that  the  latter  line  divides  this  side  into  segments  which  are  as  2  to  1. 

56.  No  triangle  can  be  inscribed  in  a  square,  greater  than  half 
the  square. 

57*  If  the  opposite  sides  of  a  hexagon  inscribed  in  a  circle  be 
produced  till  they  meet,  the  three  points  of  intersection  will  be  in  the 
same  straight  line. 

58.  If  a  hexagon  be  described  about  a  circle,  the  three  lines  joiiiiog 
the  opposite  angular  points,  intersect  in  a  point. 

59*  The  square  inscribed  in  a  circle  is  to  the  square  inscribed  io 
the  semicircle  ::  5  :  2. 

60.  If  a  square  be  inscribed  in  a  right-angled  triangle  of  whid 
one  side  coincides  with  the  hypothenuse  of  the  triangle,  the  extremi- 
ties of  that  side  divide  the  base  into  three  segments  that  are  continaed 
proportionals. 

61.  The  square  inscribed  in  a  semicircle  is  to  the  square  inscribed 
in  a  quadrant  of  the  same  circle  ::  8  :  5. 

62.  Shew  that  if  a  triangle  inscribed  in  a  circle  be  isoscdei, 
having  each  of  its  sides  double  the  base,  the  squares  described  upon 
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the  radius  of  the  circle  and  one  of  the  sides  of  the  triangle  shall  be 
to  each  other  in  the  ratio  of  4  :  15. 

63.  If  on  the  diameter  of  a  semicircle^  t'wo  equal  semicircles  be 
described^  and  in  the  curvilinear  space  a  circle  be  inscribed  touching 
the  three  semicircles,  the  radius  of  this  circle  shall  be  to  the  radius  of 
either  less  semicircle  ::  2  :  3. 

64.  If  a  straight  line  be  draivn  through  the  points  of  bisection 
of  any  two  sides  of  a  triangle,  it  will  divide  the  triangle  into  two 
parts  which  are  to  each  other  as  1  to  3. 

65.  If  A^,  A^  be  the  areas  of  the  squares  inscribed  in,  and  cir- 
cumscribed about  a  given  circle,  A  that  of  a  regular  octagon  inscribed 
in  the  same  circle,  shew  that  Ai  :  A  ::  A  :  A^. 

66.  The  diagonals  of  a  trapezium,  two  of  whose  sides  are  parallel, 
put  one  another  in  the  same  ratio. 

67*  If  from  any  two  points  within  or  without  a  parallelogram, 
straight  lines  be  drawn  perpendicular  to  each  of  two  adjacent  sides  and 
intersecting  each  other,  they  form  a  parallelogram  similar  to  the  former. 

68.  ABCD  is  a  trapezium  of  which  the  opposite  sides  AD^  BC 
are  parallel,  shew  that 

AC'-Biy  :  AB'-'DC  ::  BC+AD  :  BC-^AD. 

6q.  The  rectangle  contained  by  two  lines  is  a  mean  proportional 
between  their  squares. 

70.  1^  AD  is  drawn  bisecting  the  angle  BAG,  and  AE  is  drawn 
nt  right  angles  to  AD ;  if  BDCE  be  any  straight  line  cutting  AB, 
AD,  AC,  AE  respectively  in  the  points  B,  C,  D,  E:  shew  that 

1  1  2 

+ 


BE     BD^BC 

71.  If  from  a  point  to  a  straight  line  there  be  drawn  four  lines  in 
liarmonical  proportion,  two  of  which  terminate  in  its  extremities ;  the 
whole  line  and  the  three  parts  into  which  it  is  divided,  will  be  in  har- 
uonieal  proportion  also. 

72.  If  through  a  given  point  within  a  triangle  lines  be  drawn  from 
the  angles  to  the  opposite  sides,  and  the  points  of  section  be  joined,  the 
three  first  drawn  lines  will  be  harmonically  divided. 

73.  HKLy  PQR  are  two  triangles ;  prove  that  if  the  straight 
lines  HP,  KQ,  LR  meet  in  one  point,  the  intersections  of  KL,  QR ; 
LH,  RP ;  HKy  PQ  lie  in  a  straight  line. 

74.  Four  lines  AB,  CD^  EF,  GH,  drawn  in  any  direction,  inter- 
sect in  the  same  point  P;  then  if  from  any  point  m  in  one  of  these 
lines,  another  be  drawn  parallel  to  the  next  in  order,  cutting  the  remain- 
ing two  in  p  and  q;  the  ratio  of  mp  :  pq  is  the  same  in  whichever  line 
the  point  m  is  taken. 

75.  If  a  straight  line  be  harmonically  divided,  and  the  angle  con- 
tained by  lines  drawn  from  the  extremity  and  one  point,  be  bisected  by 
a  line  drawn  from  the  other  point ;  that  line  shall  be  at  right  angles  to 
the  line  which  is  drawn  from. the  other  extremity. 

76.  Through  the  point  of  intersection  D  of  two  straight  lines 
drawn  from  two  angles  of  a  triangle  to  bisect  the  opposite  sides,  a 
straight  line  EDFG  is  made  to  pass,  meeting  two  sides  in  E  and  F  and 
the  remaining  side  produced  in  G :  prove  that 

1  1  1 

DE^  DF'DG' 
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77*  From  A^  the  lines  AB^  AC,  AD,  AE,  are  drawn  intersecting 
in  B,  C,  D  and  E;  and  F,  G,  H  and  K;  the  lines  BE  and  FKwYndim 
inclined  to  each  other  at  any  angle,  shew  that  if 

BE  :  ED  ::  BC  :  CD, 
then  FK  :  KH  ::  FG  :  GH. 

78.  If  two  lines  intersecting  each  other^  are  each  terminated  by 
two  unlimited  lines  given  in  position^  the  ratio  of  the  rectangles  ooo- 
tained  by  their  respective  segments  will  be  the  same  with  the  nSk 
of  the  rectangles  made  by  the  segments  of  any  other  two  lines  inter- 
secting  each  other  which  are  similarly  terminated^  and  are  respective 
parallel  to  the  former. 

79.  If  from  any  point  four  straight  lines  be  drawn,  so  tint  a 
line  parallel  to  one  of  them  falling  upon  the  other  three  may  be  bi- 
sected by  the  middle  one  of  these,  then  will  the  four  lines  cut  anj 
line  in  harmonic  proportion. 

80.  Let  DACEB  be  points  in  a  straight  line  such  that 

AC  :  CB  ::  AD  :  DB,  and  AE=EB; 
shew  that  rectangle  DCJ^  equals  rectangle  J.  CJB. 

81.  APB  is  a  quadrant,  SPT  a  straight  line  touching  it  at  P,PM 
perpendicular  to  CA ;  prove  that  triangle  SCT :  triangle  A  CB ::  triuifjtt 
ACB  :  triangle  CMP. 

82.  ABC  is  a  triangle,  right-angled  at  A,  and  having  the  an|^ 
ABC  twice  the  angle  ACB,  draw  BD,  bisecting  the  angle  ABC,  ioi 
meeting  AC  in  D ;  AE,  DF  are  perpendiculars  on  BC,  meeting  it 
respectively  in  the  points  E  and  F,     Shew  that 

_  1 J_ 1 

BE.DF"  AETBF"  BE .  AE  • 

83.  In  the  triangle  ABC,  AC=  2 .  BCi  If  CD,  CM  respectifdif 
bisect  the  angle  C,  and  the  exterior  angle  formed  by  producing  iC; 
prove  that  the  triangles  CBD,  ACD,  ABC,  CDE,  have  their  aresstf 

1,  ^,  O,  4* 

84.  D,  E,  are  the  middle  points  of  the  sides  CA,  CB  of  a  triangle; 
join  D  and  E,  and  draw  AE,  BD,  intersecting  in  O ;  then  shall  thi 
areas  of  the  triangles  DOE,  EOB,  BOA,  be  in  geometrical  progressioB. 

85.  If  triangles  AEF,  ABC  have  a  common  angle  A,  triangii 
ABC  :  triangle  AEF  ::  AB .  AC :  AE .  AF. 

86.  If  ABC  be  a  right-angled  triangle  having  the  riffht  angle  ^ 
B,  and  squares  ABDE,  CBFG,  be  described  on  the  sides  AB,  CB;  id 
DE,  FG  be  produced  to  meet  AC  produced  in  the  points  H  taadli 
the  triangle  ABC  will  be  a  mean  proportional  between  the  trian^ 
AEH,  CGK. 

87*  If  there  be  three  equal  rectangles  contained  by  AB,  JGi 
CD,  CH;  EF,EK.  Thenlf  EK-^CH=CH-AG,  AB-CDinaU 
to  CD -EF  II  AB  :  EF.  Also  if  this  latter  proportion  hold,  EK-  CB 
=  CH  -AG,  Prove  this,  and  explain  how  this  is  really  a  geometricil 
proof  of  the  common  propositions  of  harmonic  progression. 

SS,  If  about  an  equilateral  triangle  another  be  described,  and 
about  this  latter  another,  and  so  on.  Prove  that  the  areas  of  the  tri- 
angles are  in  geometrical  progression. 
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89*  If  a  tangent  to  two  circles  be  drawn  cutting  the  straight  line 
which  joins  their  centres^  the  chords  are  parallel  which  join  the  points 
of  contact  and  the  points  where  the  line  through  the  centres  cuts  the 
circumferences. 

90.  Given  three  unequal  circles  which  do  not  intersect^  and  let 
pairs  of  double  tangents  be  drawn  internally  to  each  pair  of  them,  the 
three  intersections  will  be  in  one  right  line. 

91*  If  one  chord  in  a  circle  bisect  another,  and  tangents  drawn 
from  the  extremities  of  each  be  produced  to  meet>  the  line  joining 
their  points  of  intersection  will  be  parallel  to  the  bisected  chord. 

92.  If  corresponding  points  at  which  the  tangents  are  parallel^  be 
taken  in  the  circumferences  of  two  circles  which  cut  each  other^  the 
Straight  lines  joining  them  will  cut  the  line  passing  through  both  cen- 
tres in  the  same  point ;  and  if  B  be  the  distance  of  that  point  from 

the  centre  of  the  circle  whose  radius  is  (r\  B  =  = ,  where  (a)  is 

'         K  ^  r  ^  ' 

the  distance  between  the  centres  of  the  circles^  and  R  the  radius  of  the 

other  circle. 

93.  If  two  lines  AP,  BP,  drawn  from  two  fixed  points  A,  B,  have 
a  constant  ratio,  the  locus  of  P  is  a  circle :  prove  this  and  find  the  radius 
of  the  circle. 

:,  9^.     In  any  isosceles  triangle  having  the  angles  at  the  base  each 

:;   doable  of  the  vertical  angle,  if  r,  /  be  the  radii  of  the  inscribed  and 
circumscribed  circles,  (a)  either  side,  shew  that 

A  r.r'  :  ^,a'  ::  ^^-l  :  Js  +  S. 

jl  .  95.  Let  ACB  be  the  diameter  of  any  circle  whose  centre  is  C,  P 
;  sny  point  in  it,  Q  a  point  so  taken  that  CP :  CA  ::  CA :  CQ ;  take  M  any 
,  point  in  the  circumference,  join  Qilf,  AM,  PM,.  Prove  that  AM  always 
I  bisects  the  angle  QMP. 

96.  The  rectangle  contained  by  the  sides  of  any  triangle  is  to 
the  rectangle  by  the  radii  of  the  inscribed  and  circumscribed  circles^  as 
Inrice  the  perimeter  is  to  the  base. 

97*  In  any  triangle,  the  rectangle  contained  by  the  excess  of  half 
the  perimeter  above  each  of  the  two  sides  including  an  angle,  is  equal 
to  tne  rectangle  contained  by  the  radius  of  the  inscribed  circle,  and 
til^  radius  of  Uie  circle  which  touches  the  base  and  the  two  sides  pro^ 
duced. 

98.  If  a  straight  line  touch  a  circle,  and  a  perpendicular  be  drawn 
frmn  the  point  of  contact  upon  any  diameter ;  and  if  from  the  extremi- 
ties of  the  same  diameter,  and  from  the  centre,  perpendiculars  be  raised 
upon  the  diameter  and  produced  to  meet  the  line  which  touches  the  circle^ 
these  four  perpendiculars  are  proportional. 

99*  A  point  is  taken  in  the  diameter  of  a  circle,  and  another  point 
ill  the  diameter  produced,  so  that  the  radius  is  a  mean  proportional 
between  their  distances  from  the  centre :  prove  that  the  lines  drawn 
from  these  points  to  any,  the  same  point  in  the  circumference,  are 
always  in  the  same  ratio. 

100.  If  from  the  extremity  of  a  diameter  of  a  circle  tangents  be 
drawn,  any  other  tangent  to  the  circle  terminated  by  them  is  so  divided 
at  its  point  of  contact  that  the  radius  of  the  circle  is  a  mean  proportional 
between  its  segments. 

101.  If  through  any  point  in  the  arc  of  a  quadrant  whose  radius  is  R, 
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two  circles  be  drawn  touching  the  bounding  radii  of  the  quadrant,  and 
r,  /  be  the  radii  of  these  circles :  shew  that  rr^  =  W, 

102.  If  a  circle  be  inscribed  in  an  equilateral  triangle^  another 
similar  triangle  in  the  circle^  another  circle  in  the  last  triangle,  and  so 
on  for  ever ;  the  radius  of  the  first  circle  shall  be  equal  to  the  sum  of 
the  radii  of  all  the  others. 

103.  Let  the  two  circles,  radii  22,  r,  which  touch  (1)  the  three  sides 
of  a  triangle  ABCy  and  (2)  one  side,  BCy  and  the  other  two  produced, 
touch  AB  in  A>  ^v  -^C'  in  jBj,  E^\  shew  that 

104.  ACB  is  the  quadrant  of  a  circle,  AD,  BDy  lines  drawn  from 
the  extremities  A  and  JS,  so  that  JD  is  always  equal  to  CD.  Prove 
that  the  point  D  is  in  the  circumference  of  a  semicircle  whose  diameter 
is  to  the  diameter  of  the  circle  to  which  the  quadrant  belongs,  i8 

1  to  J2. 

105.  Let  the  two  diameters  AB,  CD,  of  the  circle  ADBC  be  at 
right  angles  to  each  other,  draw  any  chord  EF^  join  CE,  CF,  meeting 
AB  in  G  and  H;  prove  that  the  triangles  CGH  and  CEF  are 
similar. 

106.  Let  P  be  a  given  point  within  a  circle  upon  the  radius  ACt 
and  let  a  point  Q  be  taken  externally  upon  the  same  radius  prodaced, 
so  that  CP :  CA ::  CA :  CQ ;  if  from  any  point  M  in  the  circumfereDci 
straight  lines  MP,  MQ  be  drawn  to  the  two  points  P  and  Q,  then 
straight  lines  will  every  where  have  the  same  ratio,  or  MPiMQz 
APiAQ. 

107.  If  any  triangle  ABC  be  inscribed  in  a  circle,  and  at  the  poiiits 
A,  B,  C,  tangents  be  drawn,  and  produced  to  meet  the  opposite  sidei 
of  the  triangle  produced  in  the  points  D,  E,  F ;  these  points  will  be  is 
a  straight  line. 

108.  Prove  that  there  may  be  two,  but  not  more  than  two,  simibr 
triangles  in  the  same  segment  of  a  circle. 

109.  If  the  rectangles  under  the  segments  of  the  diagonals  of  a 
quadrilateral  figure  be  equal,  a  circle  may  be  described  about  it. 

110.  By  help  of  vi.  d.  it  may  be  shewn,  that  if  three  of  the  angnbr 
points  of  a  quadrilateral  figure  in  a  circle,  be  equally  distant  from  eadi 
other,  then  the  distance  of  the  fourth  from  the  middle  one  equals  the 
sum  of  the  distances  from  the  other  two. 

111.  A  BCD  is  any  trapezium  inscribed  in  a  circle.  Its  sides  are 
produced  to  meet  in  P  and  Q.  Prove  the  following  proportkm; 
PD.DQiAD.DCy.PB.BQiAB.BC. 

112.  If  a  straight  line  drawn  from  the  vertex  of  an  isosoda 
triangle  cutting  the  base,  be  produced  to  the  circumference  of  a  drde 
described  about  the  triangle,  the  rectangle  contained  by  the  whole  Ime 
produced  and  the  part  of  it  between  the  vertex  and  the  base,  is  equal  ta 
the  square  of  either  of  the  sides  of  the  triangle. 

113.  A  circle  may  be  described  about  any  quadrilateral  figure,  if* 
when  any  two  of  its  sides  are  produced  to  meet,  the  rectangle  by  one 
side  produced  and  the  part  produced,  shall  be  equal  to  the  rectangle  by 
the  other  side  produced  and  the  part  produced. 

114.  In  the  figure  to  Prop.  47>  Book  i,  the  points  A,  D,  L,  E,ut 
in  the  circumference  of  a  circle. 

115.  If  the  line  bisecting  the  vertical  angle  of  a  triangle  be  divided 
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into  parts  which  are  to  one  another  as  the  base  to  the  sum  of  the  sides^ 
the  point  of  division  is  the  centre  of  the  inscribed  circle. 

116.  In  a  plane  triangle,  if  the  line  joining  the  centre  of  the  cir- 
cumscribed circle  and  the  point  of  intersection  of  the  perpendiculars,  be 
bisected;  the  point  so  determined  is  distant  from  the  vertical  angle, 
two  thirds  of  the  line  drawn  from  that  angle  to  the  bisection  of  the  base. 

117.  If  two  circles  touch  each  other  externally  and  also  touch  a 
straight  line,  the  part  of  the  line  between  the  points  of  contact  is  a 
mean  proportional  between  the  diameters  of  the  circles. 

118.  If  a  perpendicular  be  drawn  from  the  right  angle  to  the  hypo- 
thenuse  of  a  nght-angled  triangle,  and  circles  be  inscribed  within  the 
two  smaller  triangles  into  which  the  given  triangle  is  divided,  their 
diameters  will  be  to  each  other  as  the  sides  containing  the  right  angle. 

1 19.  If  from  a  point  without  a  circle  there  be  drawn  three  straight 
lines,  two  of  which  touch  the  circle,  and  the  other  cuts  it,  the  line 
which  cuts  the  circle  will  be  divided  harmonically  by  the  convex  cir- 
cumference, and  the  chord  which  joins  the  points  of  contact. 

120.  The  perpendicular  drawn  from  the  centre  of  a  circle  on  the 
chord  of  any  arc,  is  a  mean  proportional  between  half  the  radius  and  the 
line  made  up  of  the  radius  and  the  perpendicular  drawn  from  the  centre 
on  the  chord  of  double  the  arc. 

121.  About  a  triangle  ABC  describe  a  circle,  and  through  the 

Sdnts  ABC  draw  tangents  DAF,   FBE,  BCD,  forming   a  triangle 
FE ;  shew  that  the  rectangle  DE,  AF,  is  to  the  rectangle  EC,  DF, 
in  the  duplicate  ratio  of  AB  to  CB. 

122.  If  two  straight  lines  be  drawn  from  the  same  point,  and 
divided  into  parts  reciprocally  proportional  to  the  whole  lines,  a  circle 
may  be  described  through  the  extremities  and  the  points  of  division. 

123.  Let  S  be  any  point  in  the  radius  of  a  circle  whose  centre  is 
O  and  radius  OA.  In  OA  produced,  take  OL  a  third  proportional  to 
the  two  OS9  OA,  draw  any  straight  line  LE  to  the  circumference,  and 
join  SE,  AE;  AE  bisects  the  angle  LES.     Required  a  demonstration. 

124.  If  a  straight  line  AB  be  bisected  in  C,  and  upon  AB  and  AC 
semicircles  be  described,  and  from  B  a  straight  line  be  drawn  touching 
the  inner  semicircle  and  terminated  by  the  other  in  Z) ; 

then  BD:AC::4fj2:3. 

125.  If  through  the  vertex,  and  the  extremities  of  the  base  of  a  tri- 
angle, two  circles  be  described,  intersecting  one  another  in  the  base  or  its 
continuation,  their  diameters  are  proportional  to  the  sides  of  the  triangle. 

126.  A  straight  line  ABCD  is  terminated  and  trisected  at  the 
points  where  it  meets  the  circumferences  of  two  circles  that  cut  each 
other,  and  it  is  intersected  in  E  by  FG  which  joins  their  centres :  shew 
that  AE:  ED::2EF  +  EG:2EG  +  EF. 

127.  If  a  triangle  be  inscribed  in  a  circle,  and  from  its  vertex,  lines 
be  drawn  parallel  to  the  tangents  at  the  extremities  of  its  base,  they  will 
cut  off  similar  triangles. 

128.  If  a  semicircumference  be  divided  into  any  number  of  equal 
parts  AB,  BC,  CD,  BE,  &c.,  and  the  straight  lines  AB,  AC,  AD,  AE, 
&C.,  be  drawn,  then  AB:AC::AC:AB  +  AD  and  AC:AD  +  AB:: 
AD:AC  +  AE. 

129'  If  BEHNbe  a  line  cutting  a  circle  whose  centre  is  Jf ,  and  points 
in  the  circumference  jS' and  N;  also  if  BFIKbe  a  line  touching  it  where 

EF,  NKy  are  perpendicular  on  BI ;  then  BP  =  ^^ .  BF.  BK. 
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130.  BEF  is  a  circle  inscribed  in  the  triangle  ABC  touching  the 
sides  BC,  AC,  AB,  in  D,  E,  F ;  HIK  is  a  circle  touching  AB  mK 
and  CB,  CA,  produced  in  if,  / ;  in  CH  take  CL  =  CA,  and  in  CI  take 
CM=CB;  then  FK=  AM  and  i>AF.FB  =  AL.  MB. 

131.  If  the  sides  of  a  triangle  be  in  arithmetic  progression,  and  a 
and  a,  be  the  longest  and  shortest  sides,  and  r  and  Tj  the  radii  of  the 
inscribed  and  circumscribed  circles,  6rri  =aa,. 

132.  ABC  is  a  triangle  inscribed  in  a  circle;  AB,  AC,  BC, pro- 
duced, cut  a  line  given  in  position,  in  points  m,  n,  p,  respectively.  If 
^m9  Kf  Uy  ^6  ^^  lengths  of  the  lines  drawn  from  m,  n,  p,  touching  the 
circle,  shew  that  t^.i^.t^^  An. Bm .  Cp  =  Am . Bp .  Cn. 

133.  If  two  circles  cut  each  other  so  that  the  circumference  of  one 
may  pass  through  the  centre  of  the  other,  and  from  that  centre,  lines  be 
drawn  cutting  both  circumferences,  the  segments  of  the  lines  inter- 
cepted between  the  circumferences,  will  be  to  each  other  as  the  per- 
pendiculars let  fall  from  the  intersections  with  the  inner  circumference 
upon  the  line  which  joins  the  points  of  intersection  of  the  circles. 

134.  If  one  point  be  taken  in  the  radius  of  a  circle  and  another  in 
the  radius  produced,  such  that  the  radius  is  a  mean  proportional  between 
their  distances  from  the  centre,  and  from  the  nearer  point,  a  perpen- 
dicular be  erected  from  any  point  in  which  tangents  are  drawn  to  the 
circle,  the  line  joining  the  points  of  contact  will  always  pass  through 
the  farther  point. 

135.  If  A  be  the  area  of  any  triangle,  prove  that  the  area  of  a 

triangle  whose  angular  points  divide  the  sides  of  the  former  in  the  ratio 

of  n  to  1,  is  equal  to 

«'  —  «  +  1     J 
.  A. 


2 


(n  + 1) 

136.  If  two  chords  in  a  circle  intersect  each  other,  and  the  two 
segments  of  one  chord  have  the  same  ratio  to  each  other  as  the  two 
segments  of  the  other  chord ;  a  straight  line  bisecting  the  angle  cos- 
tamed  by  the  two  segments  which  form  corresponding  terms  of  tbe 
ratios,  will  pass  through  the  centre  of  the  circle. 

137*  The  product  of  all  the  sides  of  any  triangle  is  equal  to  four 
times  its  area  multiplied  into  the  radius  of  its  circumscribed  circle. 

138.  If  as  in  Euclid  vi.  3,  the  vertical  angle  BAC  of  the  triangle 
BAC  be  bisected  by  AD,  and  BA  be  produced  to  meet  CE  drawn 
parallel  to  ^D  in  E ;  shew  that  AD  will  be  a  tangent  to  the  circle 
described  about  the  triangle  EAC. 

139.  If  a  triangle  ABC  be  inscribed  in  a  circle,  and  a  straight  line 
BD  be  drawn  parallel  to  the  tangent  at  A,  meeting  AC  or  AC  produced 
in  D,  then  will  ADiABii  ABiAC. 

140.  If  a  circle  be  inscribed  in  a  right-angled  triangle  and  another 
be  described  touching  the  side  opposite  to  the  right  angle  and  the  pro- 
duced parts  of  the  other  sides,  shew  that  the  rectangle  under  the  radii 
is  equal  to  the  triangle,  and  the  sum  of  the  radii  equal  to  the  sum  of  the 
sides  which  contain  the  right  angle. 

141.  ACB  is  an  isosceles  triangle  inscribed  in  a  semicircle,  of 
which  the  diameter  is  AB ;  from  any  point  in  AC  produced,  DE  u 
drawn  perpendicular  to  AB,  and  cutting  the  semicirde  in  F,  and  CB 
in  G.    Prove  that  EF  is  a  mean  proportional  between  EG  and  ED. 

142.  If  two  circles  cut  each  other,  and  a  common  chord  ABCDE 
be  drawn,  meeting  one  circle  in  A  and  D,  the  other  in  B  and  Ej  and 
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the  line  joining  these  points  of  intersection  in  C ;  then  the  square  of 
BD  shall  be  to  the  square  of  AE  as  the  rectangle  BC,  CD,  is  to  the 
rectangle  AC,  CE, 

143.  If  a  circle  be  inscribed  in  a  triangle,  and  another  be  described 
about  it;  the  distance  between  their  centres  is  a  mean  proportional 
between  the  radius  of  the  circumscribed  circle^  and  its  excess  above 
twice  the  radius  of  the  inscribed  circle. 

144.  The  diagonals  AC,  BD,  of  a  trapezium  inscribed  in  a  circle 
cut  each  other  at  right  angles  in  the  point  E ;  the  rectangle  AB .  BC : 
the  rectangle  AD .  DC ::  BE :  ED. 

145.  If  two  circles  touch  each  other  internally  in  a  point  A,  from 
which  a  straight  line  ABC  is  drawn  cutting  the  circles  in  ^^  C ;  then  if 
another  straight  line  drawn  through  either  of  these  points  perpendicular 
to  the  line  which  joins  the  centres,  cut  the  other  circle  in  D,  AD  shall 
be  a  mean  proportional  between  AB  and  AC, 

146.  Two  circles  whose  radii  are  as  2:3  touch  each  other  in- 
ternally; through  the  centre  of  the  smaller  circle  a  straight  line  is 
drawn  perpendicular  to  their  common  diameter ;  and  from  the  points 
where  this  straight  line  meets  the  circumference  of  the  larger  circle, 
tangents  are  drawn  to  the  smaller  circle ;  shew  that  these  tangents  will 
be  perpendicular  to  each  other. 

147.  If  two  circles  cut  each  other  in  any  two  points,  and  from 
either  point  diameters  be  drawn,  the  extremities  of  these  diameters  and 
the  other  point  of  intersection  are  in  the  same  straight  line.  Also,  if 
on  the  line  joining  the  points  of  intersection,  as  a  diameter,  a  circle  be 
described,  and  any  line  be  drawn  from  one  extremity  of  this  diameter 
cutting  the  two  circles,  the  parts  of  this  line  intercepted  between  the 
circumference  of  the  circle,  and  the  circumferences  of  the  other  two 
circles  shall  be  proportional  to  the  perpendiculars  drawn  in  these  circles 
from  the  other  extremity  of  the  diameter. 

148.  If  two  circles  can  be  described  so  that  each  shall  touch  the 
other  and  three  sides  of  a  quadrilateral  figure,  one  fourth  of  the  differ- 
ence of  the  sums  of  the  opposite  sides  is  a  mean  proportional  between 
the  radii.  Express  the  area  of  the  quadrilateral  figure  in  terms  of  the 
sides  and  the  radii  of  the  circles. 

149.  Two  circles  intersect  in  A  and  B ;  AD,  AD',  are  diameters; 
AC,  AC,  are  chords,  each  of  which  touches  the  circle  of  which  it  is  not 
a  chord ;  the  line  AEE'  bisects  the  angle  DAD'  and  cuts  the  circles  in 
^and  E' ;  then  the  common  tangent  to  the  circles  is  a  mean  propor- 
tional between  the  chords  DE,  D'E' ;  and  their  common  chord  AB  is 
a  mean  proportional  between  the  chords  BC,  BC 

150.  The  sides  containing  a  given  angle  are  in  a  given  ratio  and 
the  vertex  is  fixed ;  shew  that  if  the  extremity  of  one  of  the  sides 
moves  in  a  given  line,  so  does  the  extremity  of  the  other. 

151.  Two  equal  circles  are  drawn  intersecting  in  the  points  A  and 
B,  a  third  circle  is  drawn  with  centre  A  and  any  radius  not  greater  than 
AB  intersecting  the  former  circles  in  D  and  C,  Shew  that  the  three 
points  B,  C,  D,  lie  in  one  and  the  same  straight  line. 

152.  Two  equal  circles  are  drawn  intersecting  in  the  points  A  and 
B,  a  third  circle  is  drawn  with  centre  A  and  any  radius  not  greater  than 
AB  intersecting  the  former  circles  in  D  and  C;  join  BA  and  upon  it  as 
a  diameter,  describe  a  semicircle  BEA  ;  then  if  from  the  point  B  any 
line  BFEG  be  drawn  cutting  ABD  in  F,  AEB  in  E,  and  ACB'mG, 
FE  equals  EG. 
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153.  S  18  a.  fixed  point  in  OA  the  radius  of  a  circle,  centre  0 ;  in 
OA  produced^  OL  is  taken  a  third  proportional  to  OS  and  OA,  and 
from  the  point  L,  any  line  LPQ  is  drawn  cutting  the  circle  in  P  and  Q, 
and  if  the  line  LPQ  cut  the  line  drawn  from  S  at  right  angles  to  -40  in 
the  point  B,  prove  that  LQ  is  divided  harmonically  in  the  points  E 
and  P,  that  is,  LQ  :  LP  ::  QE  :  EP. 

154.  iS'  is  a  fixed  point  in  OA  the  radius  of  a  circle,  centre  O;  in 
OA  produced,  OL  is  taken  a  third  proportional  to  OS  and  OA,  and 
from  the  point  L  any  line  LPQ  is  drawn  cutting  the  circle  in  P  and  Q; 
it  is  required  to  demonstrate  the  following  properties : 

(1)  If  PS  be  joined,  the  ratio  of  LP  to  PS  is  a  constant  ratio. 

(2)  If  QS  be  also  joined,  the  rectangle  contained  by  PS,  SQ  is  i 
constant  rectangle. 

(3)  If  through  S  a  line  be  drawn  at  right  angles  to  AO,  tangents 
to  the  circle  at  P  and  Q  will  cut  this  line  in  one  and  the  same  point 

N.B.  By  means  of  the  first  property,  it  may  be  shewn  that  the 
following  proposition  inserted  in  Simson's  edition  of  the  '^  Data  "  is  not 
true.  (Prop.  80.)  *^  If  the  sides  about  an  angle  of  a  triangle  have  a 
given  ratio  to  each  other,  and  if  the  perpendicular  drawn  from  that 
angle  to  the  base  has  a  given  ratio  to  the  base ;  the  triangle  is  given  in 
species." 

155.  A  circle,  a  straight  line,  and  a  point  being  given  in  position, 
required  a  point  in  the  line,  such  that  a  line  drawn  from  it  to  the 
given  point  may  be  equal  to  a  line  drawn  from  it  touching  the  cirde. 
What  must  be  the  relation  among  the  data,  that  the  problem  may 
become porismatic,  i.e.  admit  of  innumerable  solutions? 

156.  If  a  point  (C)  be  taken  in  any  one  (as  AB)  of  three  indefinite 
straight  lines  that  intersect  in  A,  B,  and  C;  and  lines  (as  OB^A')  be 
drawn  from  C  cutting  AC,  BC  (as  in  B%  A');  then  all  the  intersections 
of  each  pair  of  lines  (as  BB\  A  A')  drawn  from  B  and  A  to  the  points 
of  section  (B^,  A^,  lie  in  a  line  that  passes  through  C 

157»  In  the  sides  AB,  AC  of  a  given  triangle  ABC,  take  two 
points  M,  N,  and  in  the  line  joining  them  take  a  point  P,  such  thit 

MB     AN     MP 
AM"  NC  PN' 

prove  that  if  PB,  PC,  be  joined,  the  triangle  BPC  is  twice  the  triangle 
AMN ;  and  that  the  circle  described  about  the  triangle  AMN  will 
always  pass  through  a  fixed  point. 

158.  Lines  are  drawn  from  the  angular  points  A,  B,  C  of  t 
triangle  through  any  point,  meeting  the  opposite  sides  in  a,  h,  c;t 
circle  is  described  through  these  three  points  cutting  the  same  sides 
in  fl',  h',  c'.     Shew  that  A  a',  Bh\  Cc'  meet  in  one  point. 

Assuming  that  Ab  .  Be  .  Ca  =  Ba  .  Cb  ,  Ac,  and  conversely,  that 
when  this  relation  holds,  the  lines  pass  through  one  point. 

159.  In  the  figure  annexed  to  the  47th  Proposition,  Book  i,  if 
the  points  G,  H;  F,  K;  be  joined,  the  lines  GH^  FK,  and  BC,  if 
produced,  meet  in  one  and  the  same  point. 

160.  If  any  point  D  be  taken  in  the  interior  of  a  triangle,  and  AD, 
BD,  and  CD  be  respectively  produced  to  meet  BC,  AC,  and  AB  in  E, 
F,  G:  then  AF.BG.CE  =  AG.  BE.  CF. 

161.  If  a  straight  line  intersect  the  two  sides  AC,  BC  of  a  plane 
triangle  in  the  points  b,  a,  and  the  base  AB  produced  in  c :  prove  that 
AbxBcx  Ca  =  AcxBaxCb. 


ON    BOOK    VI.       THEOREMS.  365 

162.  If  perpendiculars  be  raised  upon  the  middle  points  of  the 
sides  of  a  triangle^  and  respectively  equal  to  half  of  those  sides^  and  the 
extremities  of  those  perpendiculars  be  joined ;  the  sum  of  the  squares 
of  these  last  lines  is  equal  to  the  sum  of  the  squares  of  the  sides  of  the 
triangle  together  with  six  times  its  area. 

163.  If  R  be  the  radius  of  the  circle  inscribed  in  a  right-angled 
triangle  ABC,  right-angled  at  A  ;  and  a  perpendicular  be  let  fall  from 
A  on  the  hypothenuse  SC,  and  if  r,  /  be  the  radii  of  the  circles  inscribed 
in  the  triangles  ADB,  ACD:  prove  that  r'+r"^  R'. 

164.  If  from  the  extremities  of  the  base  of  a  triangle^  perpen- 
.diculars  be  let  fall  on  the  opposite  sides^  and  likewise  straight  lines 

drawn  to  bisect  the  same^  the  intersection  of  the  perpendiculars,  that  of 
the  bisecting  lines,  and  the  centre  of  the  circumscribing  circle  will  be 
in  the  same  straight  line. 

165.  If  a  circle  be  inscribed  in  any  plane  triangle,  and  a  right  line 
•drawn  from  the  vertex  to  the  point  where  the  circle  touches  its  base : 
prove  that  the  middle  point  of  that  line,  the  centre  of  the  circle,  and 
the  middle  point  of  the  base  of  the  triangle,  are  in  the  same  straight  hne^ 

166.  A  circle  is  inscribed  in  a  triangle;  and  a  second  triangle  is 
formed,  whose  sides  are  equal  to  the  distances  of  the  points  of  contact 
from  the  angles  of  the  triangle.  If  r  be  the  radius  of  the  circle  inscribed 
in  the  first  triangle ;  and  p,  p'  the  radii  of  the  inscribed  and  circum- 
scribed circles  of  the  second  triangle,  then  will  r*  =  2/»p'. 

167*  The  side  of  an  equilateral  triangle  inscribed  in  a  circle  :  side 
of  a  square  inscribed  in  the  same  ::  ^3  :  J^ ;  and  the  area  of  the 
triangle  :  area  of  a  square  ::  S^j^  :  4^4. 

168.  If  two  equilateral  polygons  be  drawn,  one  within,  and  the 
other  about  a  circle,  and  another  of  half  the  number  of  sides  be  in- 
scribed in  the  circle,  this  shall  be  a  mean  proportional  between  the 
other  two. 

169.  One  of  the  sides  of  a  rectilinear  figure  is  divided  into  any 
number  of  parts,  and  figures  described  upon  the  parts,  similar  and 
similarly  situated  to  the  rectilinear  figure,  shew  that  the  sum  of  the 
peripheries  9f  the  smaller  figures  is  equal  to  the  periphery  of  the  larger ; 
and  if  the  parts  be  equal  and  n  in  number,   that  the  areas  of  the 

smaller  figures  are  together  equal  to  ~th  of  the  area  of  the  larger. 

170.  Area  of  inscribed  pentagon :  area  of  circumscribing  pentagon 
::  the  square  of  the  radius  of  the  circle  inscribed  within  the  greater 
pentagon  :  the  square  of  the  radius  of  circle  circumscribing  it. 

171.  If  the  sides  of  any  regular  figure  be  bisected  and  each  two 
adjacent  points  of  bisection  be  joined,  a  similar  figure  will  be  formed, 
and  its  area  will  be  to  that  portion  of  the  area,  of  the  original  figure 
which  is  without  it  as  the  square  on  the  diameter  of  the  circle  circum- 
scribing it  is  to  the  square  on  one  of  its  sides. 

172*  A  regular  hexagon  inscribed  in  a  circle  is  a  mean  proportional 
Ibetween  an  inscribed  and  circumscribed  equilateral  triangle. 

173.  If  two  regular  polygons  P  and  Q  of  the  same  number  of 
sides  be,  the  one  inscribed  in  a  circle,  and  the  other  circumscribed  about 
it,  and  also  a  polygon  of  twice  the  number  of  sides  R  be  inscribed 
in  the  same  circle,  then  R  shall  be  a  geometrical  mean  between  P 
and  Q. 
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GEOMETRICAL  EXERCISES  ON  BOOK  XI. 


THEOREM  I. 

Define  ihe  projection  of  a  straight  line  on  a  plane  ;  and  prove  that  if 
a  straight  line  he  perpendicular  to  a  plane,  its  projection  on  any  other 
plane,  produced  if  necessary,  will  cut  the  common  intersection  of  the  two 
planes  at  right  angles. 

Let  AB  be  any  plane  and  CEF  another  plane  intersecting  the 
former  at  any  angle  in  the  line  EF;  and  let  the  line  GH  be  perpen- 
dicular to  the  plane  CEF, 


B 


Draw  GK,  HL  perpendicular  on  the  plane  AB,  and  join  LK, 
then  LK  is  the  projection  of  the  line  GH  on  the  pl^e  AB ; 
produce  EF,  to  meet  KL  in  the  point  JU;     * 
then  JEF,  the  intersection  of  the  two  planes^  is  perpendicular  to 
LK,  the  projection  of  the  line  GH  on  the  plane  AB» 
Because  the  line  GH  is  perpendicular  to  the  plane  CBF, 
every  plane  passing  tnrough  GH,  and  therefore  the  projecting 

plane  GHKL  is  perpendicular  to  the  plane  CEF  ; 
but  the  projecting  plane  GHLK  is  perpendicular  to  the  plane 

AB;  (constr.) 
hence  the  planes  CEF,  and  AB  are  each  perpendicular  to  the  third 

plane  GHLK; 
therefore  EF,  the  intersection  of  the  planes  AB,  CEF,  is  perpen* 

dicular  to  that  plane ; 
and  consequently^  EF  is  perpendicular  to  every  straight  line  which 
meets  it  in  that  plane ; 

but  EF  meets  LK  in  that  plane. 
Wherefore,  EF  is  perpendicular  to  KL,  the  projection  of  GH  on 
the  plane  AB. 
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THEOREM   II. 

Prove  that  four  times  the  square  described  upon  the  diagonal  of  a 
rectangular  parallelopiped,  is  equal  to  the  sum  (fthe  squares  described 
on  the  diagonals  of  the  parallelograms  containing  the  parallelopiped. 

Let  AD  be  any  rectangular  parallelopiped;  and  AD,  BG  two  diago- 
nals intersecting  one  another;  also  AG,  BD,  the  diagonals  of  the  two 
opposite  faces  HF,  CE. 
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Then  it  may  be  shewn  that  the  diagonals  AD,  BG,  are  ecjual ;  as 
also  the  diagonals  which  join  CF  and  HE :  and  that  the  four  diagonals 
of  the  parallelopiped  are  equal  to  one  another. 

The  diagonals  AG,  BD  of  the  two  opposite  faces  HF,  CE  are  equal 
to  one  another:  also  the  diagonals  of  the  remaining  pairs  of  the  opposite 
faces  are  respectively  equal. 

And  since  AB  is  perpendicular  to  the  plane  CE,  it  is  perpendicular 
to  every  straight  line  which  meets  it  in  that  plane^ 

therefore  AB  is  perpendicular  to  BD, 

and  consequently  ABu  is  a  right-angled  triangle. 

Similarly,  GDB  is  a  right-angled  triangle. 

And  the  square  of  AD  is  equal  to  the  squares  of  AB,  BD,     (i.  47*) 

also  the  square  of  BD  is  equal  to  the  squares  of  BC,  CD, 
therefore  the  square  of  AD  is  equal  to  the  squares  of  AB,  BC,  CD ; 
similarly  the  square  of  BG  or  of  AD  is  equal  to  the  squares  of  AB^ 
BC,  CD. 
Wherefore  the  squares  of  AD  and  BG,  or  twice  the  square  of  AD, 
is  equal  to  the  squares  of  AB,  BC,  CD,  AB,  BC,  CD; 

but  the  squares  of  BC,  CD  are  equal  to  the  square  of  BD,  the 

diagonal  of  the  face  CE ; 
similarly^  the  squares  of  AB,  BC  are  equal  to  the  square  of  the 

diagonal  of  the  face  HB; 
also  the  squares  of  AB,  CD,  are  equal  to  the  square  of  the  diagonal 
of  the  face  BF;  for  CD  is  equal  to  BE. 
Hence^  double  the  square  of  AD  is  equal  to  the  sum  of  the  squares  of 
the  diagonals  of  the  three  faces  HF,  HB,  BC. 

In  a  similar  manner^  it  may  be  shewn,  that  double  the  square  of  the 
diagonal  is  equal  to  the  sums  of  the  squares  of  the  diagonals  of  the  three 
faces  opposite  to  HF,  HB,  BC. 

Wherefore,  four  times  the  square  of  the  diagonal  of  the  parallelopi- 
ped is  equal  to  the  sum  of  the  squares  of  the  diagonals  of  the  six  faces. 
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PROBLEJMS. 

1.  Two  of  the  three  plane  angles  which  form  a  solid  angle,  and 
also  the  inclination  of  their  planes  being  given,  to  find  the  third  plane 
angle. 

2.  Having  three  points  given  in  a  plane,  find  a  point  above  the 
plane  equidistant  from  tnem. 

3.  To  describe  a  circle  which  shall  touch  two  given  planes,  and 
pass  through  a  given  point. 

4.  Two  triangles  have  a  common  base,  and  their  vertices  are  in  a 
straight  line  perpendicular  to  the  plane  of  the  one ;  there  are  given  the 
vertical  angle  of  the  other,  the  angles  made  by  each  of  its  sides  with  the 
plane  of  the  first  and  the  distance  of  the  vertices  of  the  two  trianglefl, 
to  find  the  common  base. 

5.  Find  the  distance  of  a  given  point  from  a  given  line  in  space. 

6.  Find  a  point  in  a  given  straight  line  such  that  the  sums  of  its 
distances  from  two  given  points  (not  in  the  same  plane  with  the  given 
straight  line)  may  be  the  least  possible. 

7.  Draw  a  line  perpendicular  to  two  lines  which  are  not  in  the 
same  plane. 

8.  Two  planes  being  given  perpendicular  to  each  other  draw  a 
third  perpendicular  to  both. 

9*  Required  the  perpendicular  from  the  vertex  upon  the  base  of 
a  triangular  pyramid,  all  the  sides  of  which  are  equilateral  triangles  of 
a  given  area. 

10.  Qiven  the  lengths  and  positions  of  two  straight  lines  which 
do  not  meet  when  produced  and  are  not  parallel;  form  a  parallelopiped 
of  which  these  two  lines  shall  be  two  of  the  edges. 

11.  How  many  triangular  pyramids  may  be  formed  whose  edges 
are  six  given  straight  lines,  of  which  the  sum  of  any  three  will  form  a 
triangle  ? 

12.  Bisect  a  triangular  p3rramid  by  a  plane  passing  through  one 
of  its  angles,  and  cutting  one  of  its  sides  in  a  given  direction. 

13.  Define  a  cube.  When  this  solid  is  cut  by  a  plane  obliquely 
to  any  of  its  sides,  the  section  will  be  an  oblong,  always  greater  than  the 
side,  if  made  by  cutting  opposite  sides.  Draw  a  plane  cutting  two 
adjacent  sides,  so  that  the  section  shall  be  equal  and  similar  to  the  side. 


THEOREMS. 


3.  If  two  straight  lines  are  parallel,  the  common  section  of  any 
two  planes  passing  through  them  is  parallel  to  either. 

4h  If  three  limited  straight  lines  be  parallel,  and  planes  pass 
through  each  two  of  them,  and  the  extremities  be  joined,  a  prism  will 
be  formed,  the  ends  of  which  wiU  be  parallel  if  the  straight  lines  be 
equal. 
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5.  If  two  Straight  lines  be  parallel^  and  one  of  them  inclined  at 
any  angle  to  a  plane^  the  other  also  shall  be  inclined  at  the  same  angle 
to  the  same  plaiie. 

6.  Parallel  planes  are  cut  by  parallel  straight  lines  at  the  same 
angle. 

7.  If  from  a  point  A  above  a  plane^  straight  lines  AB,  AC  he 
drawn,  meeting  it  in  B  and  C,  of  which  AB  is  perpendicular  to  the 
plane,  and  ^C  perpendicular  to  a  straight  line  DC  in  that  plane,  and 
CB  be  joined,  CB  shall  be  perpendicular  to  DC. 

8.  Three  straight  lines  not  in  the  same  plane,  but  parallel  to  and 
equidistant  from  each  other,  are  intersected  by  a  plane,  and  the  points 
of  intersection  joined;  shew  when  the  triangle  thus  formed  will  be 
equilateral  and  when  isosceles. 

9.  If  two  straight  lines  in  space  be  parallel,  their  projections  on 
any  plane  will  be  parallel. 

10.  Of  all  the  angles,  which  a  straight  line  makes  with  any 
straight  lines  drawn  in  a  given  plane  to  meet  it,  the  least  is  that  which 
measures  the  inclination  of  the  line  to  the  plane. 

1  ] .  Three  parallel  straight  lines  are  cut  by  parallel  planes,  and  the 
points  of  intersection  joined,  the  figures  so  formed  are  all  similar  and 
equal.. 

12.  If  a  straight  line  be  at  right  angles  to  a  plane,  the  intersection 
of  the  perpendiculars  let  fall  from  the  several  points  of  that  line,  on 
another  plane,  is  a  straight  line  which  makes  right  angles  with  the  com- 
mon section  of  the  two  planes. 

13.  If  two  straight  lines  be  cut  by  four  parallel  planes,  the  two 
segments,  intercepted  by  the  first  and  second  planes,  have  the  same  ratio 
to  each  other  as  the  two  segments  intercepted  by  the  third  and  fourth* 
planes. 

14.^  If  there  be  two  straight  lines  which  are  not  parallel,  but  which 
do  not  meet,  though  produced  ever  so  fkr  both  ways,  shew,  that  twa 
parallel  planes  may  be  determined  so  as  to  pass,  the  one  through  the 
•ne  line,  the  other  through  the  other ;  and  that  ihe  perpendicular  dis- 
tance of  these  planes  is  the  shortest  distance  of  any  point  that  can  be 
taken  in  the  one  line  from  any  point  taken  in  the  other. 

15.  If  from  a  point  above  the  plane  of  a  circle  straight  lines  be 
drawn  to  the  circumference  there  will  be  only  two  of  them  equal  inf 
length,  and  they  will  be  equidistant  from  the  shortest  and  longest,  and 
on  opposite  sides.    What  is  the  exception  to  this  proposition  ? 

16.  Two  planes  intersect  each  other,  and  from  any  point  in  one 
of  them  a  line  is  drawn  perpendicular  to  the  other,  and  also  another  line 
perpendicular  to  the  line  of  intersection  of  both ;  shew  that  the  plane 
which  passes  through  these  two  lines  is  perpendicular  to  the  line  of 
intersection  of  the  plane. 

17*  Two  points  are  taken  on  a  wall  and  joined  by  a  line  which 
passes  round  a  corner  of  the  wall.  This  line  is  the  shortest  when  its 
parts  make  equal  angles  with  the  edge  at  which  the  parts  of  the  wall 
meet. 

18.  If  four  straight  lines  in  two  parallel  planes  be  drawn,  two 
from  one  point  and  two  from  another,  and  making  equal  angles  with 
another  plane  perpendicular  to  these  two,  then  if  the  first  and  third  be 
parallel,  the  second  and  fourth  will  be  likewise. 

19.  If,  round  a  line  which  is  drawn  from  a  point  in  the  common 
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section  of  two  planes  at  right  angles  to  one  of  them,  a  third  plane  be 
made  to  revolve,  shew  that  the  plane  angle  made  by  the  three  planes  is 
then  the  greatest,  when  the  revolving  plane  is  perpendicular  to  each  of 
the  two  fixed  pliuies. 

20.  The  content  of  a  rectangular  parallelopipedon  whose  length  is 
any  multiple  of  the  breadth  and  breadtn  the  same  multiple  of  the  depth 
is  the  same  as  that  of  the  cube  whose  edge  is  the  breadm. 

21.  A  rectangular  parallelepiped  is  bisected  by  all  the  planes 
drawn  through  the  axis  of  it. 

22.  If  a  straight  line  be  divided  into  two  parts,  the  cube  of  the 
whole  line  is  equal  to  the  cubes  of  the  two  parts  together  with  thrice  the 
right  parallelepiped  contained  by  their  rectangle  and  the  whole  line. 

23.  If  a  right-angled  triangular  prism  be  cut  by  a  plane,  the  volume 
of  the  truncated  part  is  equal  to  a  prism  of  the  same  base  and  of  height 
equal  to  one  third  of  the  sum  of  the  three  edges. 

24.  If  a  four-sided  solid  be  cut  off  from  a  given  cube,  by  a  plane 
passing  through  the  three  sides  which  contain  any  one  of  its  solid  angles, 
the  square  of  the  number  of  standard  units  in  the  base  of  this  solid,  shall 
be  equal  to  the  sum  of  the  squares  of  the  numbers  of  similar  units,  con- 
tained in  each  of  its  sides. 

25.  In  an  oblique  parallel opiped  the  sum  of  the  squares  of  the 
four  diagonals  equals  the  sum  of  the  squares  of  the  twelve  edges. 

26.  If  an^  point  be  taken  within  a  given  cube,  the  square  de- 
scribed on  its  distance  from  the  summit  of  anv  of  the  solid  angles  of  the 
cube,  is  equal  to  the  sum  of  the  squares  described  on  its  several  perpen- 
dicular distances  from  the  three  sides  containing  that  angle. 

27*  Shew  that  a  cube  may  be  cut  by  a  plane,  so  that  the  section 
shall  be  a  square  greater  in  area  than  the  &ce  of  the  cube  in  the  propor* 
tionof  9  to8. 

28.  Why  cannot  a  sheet  of  paper  be  made  to  represent  the  vertex 
of  a  pyramid,  without  folding  ? 

29*  A,  B  are  two  fixed  points  in  space,  and  CD  a  constant  length 
of  a  given  straight  line ;  prove  that  the  pyramid  formed  by  joining  the 
four  points  A,  S,  C,  D  is  always  of  the  same  magnitude,  on  whatever 
part  of  the  given  line  CD  be  measured. 

30.  Define  similar  rectilineal  figures;  and  prove,  that  if  a  pjmimid 
with  a  polygon  for  its  base  be  cut  by  a  plane  parallel  to  the  base,  the 
section  wiU  be  a  polygon  similar  to  the  base. 
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THEOREM  I. 


If  semicircles  ADB,  BEG  be  described  on  the  sides  AB,  BC  of  a 
right-angled  triangle,  and  on  the  hypothenuse  another  semicircle  AFBGC 
he  described^  passing  through  the  vertex  B/  the  lunes  AFBD  and  BGCE 
are  together  equal  to  the  triangle  ABC. 


It  has  been  demonstrated  (xii.  2.)  that  the  areas  of  circles  are  to  one 
another  as  the  squares  of  their  diameters;  it  follows  also  that  semicircles 
.will  be  to  each  other  in  the  same  proportion. 

Therefore  the  semicircle  ADB  is  to  the  semicircle  ^J3C,  as  the  square 
of  AB  is  to  the  square  of  AC, 

and  the  semicircle  CEB  is  to  the  semicircle  ABC  as  the  square  of 

jBC  is  to  the  square  of  AC, 
hence  the  semicircles  ADB,  CEB,  are  to  the  semicircle  ABC  as 
the  squares  of  AB,  BC  are  to  the  square  o£  AC; 
but  the  squares  of  AB,  BC  are  equal  to  the  square  of  AC:     (i.  47-) 
therefore  the  semicircles  ADB,  CEB  are  equal  to  the  semicircle 
ABC.    (v.  14.) 
From  these  equals  take  the  segments  AFB,  BGC  of  the  semidrcle 
on  AC,  and  the  remainders  are  equal, 

that  is,  the  lunes  AFBD,  BGCE  are  equal  to  the  triangle  BAC. 


THEOREM  II. 

If  on  any  two  segments  of  the  diameter  of  a  semicircle  semicircles  he 
described,  all  towards  the  same  parts,  the  area  included  between  the  three 
circumferences  {called  ap/3ri\o9)  will  be  equal  to  the  area  of  a  circle,  the 
diameter  of  which  is  a  mean  proportional  between  the  segments,  (Archi<« 
medis  Lemm.  Prop.  4.) 

Let  ABC  be  a  semicircle  whose  diameter  Is  AB, 
and  let  AB  be  divided  into  any  two  parts  in  D, 
.    and  on  AD,  DC  let  two  semicircles  be  described  on  the  same  side  ; 

also  let  DB  be  drawn  perpendicular  to  AC* 
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Then  the  area  contained  between  the  three  semicircles^  is  equal  to 
the  area  of  the  circle  whose  diameter  is  BD, 


Since  AC  is  divided  into  two  parts  in  C, 
the  square  of  AC  is  equal  to  the  squares  of  AD,  DC,  and  twice  the 
rectangle  AD,  DC;    (ii.  4.) 

and  since  BD  is  a  mean  proportional  between  AD,  DC ; 
the  rectangle  AD,  DC  is  equal  to  the  square  of  DB,   (vi.  170 
therefore  the  square  of  AC.  is  equal  to  the  squares  of  AD,  DC,  and 
twice  the  square  of  DB, 
But  circles  are  to  one  another  as  the  squares  of  their  diameters  or 
radii,     (xii.  2.) 

therefore  the  circle  whose  diameter  is  AC,  is  equal  to  the  circles 
whose  diameters  are  AD,  DC,  and  double  the  circle  whose  diameter 
is  BD; 

wherefore  the  semicircle  whose  diameter  is  ^C  is  equal  to  the  circle 
whose  diameter  is  BD,  together  with  the  two  semicircles  whose 
diameters  are  AD  and  DC: 

if  the  two  semicircles  whose  diameters  are  AD  and  DC  be  taken 

from  these  equals, 
therefore  the  figure  comprised  between  the  three  semi-circumferences 
is  equal  to  the  circle  whose  diameter  is  DB. 


THEOREM  XXL 

Eveiy  section  of  a  sphere  hy  a  plane  is  a  circle. 

If  the  plane  pass  through  the  centre  of  the  sphere,  it  is  manifest  tbt 
the  section  is  a  circle,  having  the  same  diameter  as  the  generating  semi^ 
circle. 

But  if  the  cutting  plane  does  not  pass  through  the  centre, 
let  AEB  be  any  other  section  of  the  sphere  made  by  a  plane  not 
passing  through  the  centre  of  the  spnere. 


Take  the  centre  C,  and  draw  the  diameter  HCK  perpendicular  to 
the  section  AEB,  and  meeting  it  in  X); 

draw  AB  passing  through  D,  and  join  ^C; 
take  E,  F,  any  other  points  in  the  line  AEB,  and  join  CE,  DE; 
CFy  DF, 
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Then  since  CD  is  perpendicular  to  the  plane  ABB,  it  is  perpen- 
dicular to  every  straight  line  which  meets  it  in  that  plane, 

therefore  the  angles  CDA,  CDE,  CDF  are  right  angles^ 
and  CA,  CF,  CB,  being  lines  drawn  from  C,  the  centre  of  the 
sphere  to  points  in  the  surface^  are  therefore  equal  to  one 
another. 
Hence,  in  the  right-angled  triangles,  CDA,  CDF,  CDE ; 
the  square  of  DA  is  equal  to  the  difference  of  the  squares  of  CA 

and  CD; 
and  the  square  of  DF  is  equal  to  the  difference  of  the  squares  of 

CF,  and  CD; 
also  the  square  of  DE  is  equal  to  the  difference  of  the  squares  of 
C£  and  CD: 
therefore  the  squares  of  DA,  DF,  DE  are  equal  to  one  another; 
and  therefore  the  lines  DA,  DF,  DE  are  equal  to  one  anoUier. 
But  DA,  DF,  DE  are  three  equal  lines  drawn  from  the  same  point 
D,  in  the  same  plane, 

hence  the  points  A,  F,  E  lie  in  the  circumference  of  a  circle  of 
which  D  is  the  centre. 


THEOREM  IV. 

There  can  be  only  Jive  regular  solids. 

If  the  faces  be  equilateral  triangles.  The  angle  of  an  equilateral  tri- 
ingle  is  one  third  of  two  right  angles ;  and  six  angles,  each  equal  to  the 
ngle  of  an  equilateral  triangle,  are  equal  to  four  right  angles ;  and 
herefore  a  number  of  such  angles  less  than  six,  but  not  less  than 
kree  are  necessary  to  form  a  solid  angle.  Heiice  there  cannot  be  more 
ban  three  regular  figures  whose  faces  are  equal  and  equilateral  tri- 
ngles. 

If  the  faces  be  squares.  Since  four  angles,  each  equal  to  a  right 
ngle,  can  fill  up  space  round  a  point  in  a  plane.  A  solia  angle  may  be 
ormed  with  three  right  angles,  but  not  with  a  number  greater  or  less 
ban  three.  Hence,  there  cannot  be  more  than  one  regular  solid  figure 
^hose  faces  are  equal  squares. 

If  the  faces  be  equal  and  regular  pentagons.  Since  each  angle  of  a 
egular  pentagon  is  a  right  angle  and  a  fifth  of  a  right  angle:  the 
lagnitude  of  three  such  angles  being  less  than  four  right  angles,  may 
Drm  a  solid  angle,  but  four,  or  more  than  four,  cannot  form  a  solid  angle, 
ience,  there  cannot  be  more  than  one  regular  figure  whose  faces  are 
qual  and  regular  pentagons. 

If  the  faces  be  equal  and  regular  hexagons,  heptagons,  octagons,  or 
ny  other  regular  figures;  it  may  be  shewn  that  no  number  of  them 
an  form  a  solid  angle. 

Wherefore  there  cannot  be  more  than  five  regular  solid  figures^ 
f  which,  there  are  three,  whose  faces  are  equal  and  equilateral  trian- 
:les;  one,  whose  faces  are  equal  squares;  and  one,  whose  faces  are 
qual  and  regular  pentagons. 
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PROBLEMS. 

1.  In  what  sense  is  it  said  that  the  circle  does  not  admit  of 
quadrature  ?  Describe  generally  the  process  by  which  Archimedes  ob- 
tained a  first  approximation  to  the  ratio  of  the  circumference  of  a  circle 
to  its  diameter. 

2.  Given  a  circle  traced  upon  a  plaiie^  describe  another  whose 
area  is  exactly  twice  as  great  as  that  of  the  former. 

3.  ABC  is  a  circle  of  given  radius^  describe  another  concentric 
circle  ahc  whose  area  shall  be  equal  to  3  times  the  area  of  ABC, 

4.  Divide  a  circle  into  any  number  of  equal  parts  by  means  of 
concentric  circles. 

5.  To  divide  a  circle  into  any  number  of  equal  parts,  the  peri- 
meters of  which  shall  be  equal  to  the  circumference  of  the  circle. 

6.  Two  circles  touch  each  other  internally^  and  the  area  of  the 
lune  cut  out  of  the  larger  is  equal  to  twice  the  area  of  the  smaller  circle. 
Required  the  ratio  of  the  diameters  of  these  circles. 

7.  If  on  one  of  the  radii  of  a  quadrant  a  semicircle  be  described ; 
and  on  the  other^  another  semicircle  so  described  as  to  touch  the  former 
and  the  quadrantal  arc;  compare  the  area  of  the  quadrant  with  the 
area  of  the  circle  described  in  the  figure  bounded  by  the  three  curves. 

8.  The  centres  of  three  circles  A,  B,  and  C  are  in  the  same  right 
line,  B  and  C  touch  A  internally,  and  each  other  externally ;  P^Q  beio^ 
the  points  where  A  is  touched  by  By  C  respectively :  to  find  a  point  R 
on  A  such  that  the  portion  of  the  lune  PR  intercepted  between  B  and 
A  may  be  equal  to  the  portion  of  QR  between  C  and  A. 

9*  The  diameter  of  a  circle  is  divided  into  two  parts,  upon  eadi 
of  which  as  diameters  circles  are  described;  when  the  remaining  ares 
of  the  great  circle  is  equal  to  that  of  one  of  these  two  circles,  find  the 
ratio  which  the  parts  of  the  diameter  bear  to  one  another. 

10.  Describe  a  sphere  about  a  given  regular  tetrahedron  ;  and  the 
edge  of  the  tetrahedron  being  1,  find  the  radius  of  the  sphere. 

11.  Having  given  an  irregular  fragment,  which  contains  a  portion 
of  spherical  surface :  shew  how  the  radius  of  the  sphere,  to  which  the 
fragment  belongs,  may  be  practically  determined. 

IS.  Let  three  given  spheres  be  placed  on  a  horizontal  plane  in 
mutual  contact  with  each  other ;  find  the  sides  of  the  triangle  formed 
by  joining  the  points  in  which  the  spheres  touch  the  plane. 

13.  Construct  the  five  regular  solids. 

14.  Having  given  six  straight  lines,  of  which  each  is  less  than  the 
sum  of  any  two,  determine  how  many  tetrahedrons  can  be  formed,  of 
which  these  straight  lines  are  the  edges. 

15.  Inscribe  a  sphere  within  a  tetrahedron. 

16.  Find  the  dihedral  angle  contained  by  two  adjacent  faces  of  a 
regular  octahedron :  and  find  its  solidity. 

17.  Shew  how  to  find  the  content  of  a  pyramid,  whatever  be  the 
figure  of  its  base,  the  altitude  and  area  of  the  base  being  given. 

18.  A  pyramid  of  triangular  base  is  composed  of  ten  spherical 
b^ls  of  given  radius ;  the  base  is  composed  of  six,  the  next  layer  of 
three,  and  the  remaining  one  is  placed  upon  diem.  Find  the  distance 
of  the  upper  ball  from  the  ground. 
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5.  The  area  of  a  circle  is  equal  to  half  the  rectangle  contained  by 
two  straight  lines  which  are  equal  to  its  circumference  and  radius. 

6.  Compare  the  angle  in  a  segment^  which  is  one  fourth  part  of 
a  circle^  with  a  right  angle. 

7*  In  different  circles  the  radii  which  bound  equal  sectors  coh^* 
tain  angles  reciprocally  proportional  to  their  circles. 

8.  Prove  that  the  sectors  of  two  different  circles  are  equals  when 
their  angles  are  inversely  as  the  squares  of  the  radii. 

9.  If  the  diagonals  of  a  quadrilateral  inscribed  in  a  circle  cut  each 
other  at  right  angles^  and  circles  be  described  on  the  sides ;  prove  that 
the  sum  of  two  opposite  circles  will  be  equal  to  the  sum  of  the  other  two. 

10.  If  circles  be  inscribed  in  the  triangles  formed  by  drawing 
the  altitude  of  a  triangle  right-angled  at  the  vertex^  the  circles  and  the 
triangles  are  proportional. 

11.  Two  straight  lines  are  inclined  to  each  other  at  a  given  angle, 
find  the  area  of  all  the  circles  which  can  be  described  touching  each 
other  and  the  two  given  lines,  the  position  of  the  centre  of  the  last  circle 
being  given. 

12.  If  two  chords  of  a  circle  intersect  each  other  either  within  or 
without  the  circle  at  right  angles ;  and  if  on  these  segments  as  diame^ 
ters,  circles  be  described,  the  areas  of  these  four  circles  are  together 
equal  to  that  of  the  original  circle. 

13.  Shew  that  the  semicircles  described  on  the  diagonals  of  a 
right-angled  parallelogram  together  equal  the  sum  of  the  semicircles 
described  on  the  sides. 

14.  The  diameter  of  a  semicircle  is  divided  into  any  number  of 
parts,  and  on  these  parts  semicircles  are  described.  Shew  that  theiv 
circumferences  are  together  equal  to  that  of  the  given  semicircle. 

15.  If  two  circles  be  so  placed  that  their  planes  are  parallel,  and 
the  straight  line  which  joins  their  centres  perpendicular  to  the  plane  of 
each ;  the  straight  lines  which  join  the  opposite  extremities  of  any  pair 
of  parallel  diameters  will  all  intersect  the  straight  line  which  joins  the 
centres  in  the  same  point :  if  the  circles  be  equal,  that  point  will  be  the 
bisection  of  the  aforesaid  straight  line. 

16.  If  through  a  point  without  the  plane  of  a  circle  straight  lines 
be  drawn  to  its  circumference  and  a  plane  be  drawn  parallel  to  the 
circle  on  either  side  of  the  point,  the  points  of  intersection  of  the  lines 
with  the  plane  will  be  in  a  circle,  and  the  area  of  this  and  of  the  first 
circle  will  be  as  the  squares  of  their  distances  from  the  point  given. 

17*  If  the  arc  of  a  semicircle  be  trisected,  and  from  the  points  of 
section  lines  be  drawn  to  either  extremity  of  the  diameter,  the  difference 
of  the  two  segments  thus  made  will  be  equal  to  the  sector  which  stands 
on  either  of  the  arcs. 

18.  The  centres  of  three  circles  A,  jB,  and  C  are  in  the  same 
right  line,  B  and  C  touch  A  internally,  and  each  other  externally. 
Shew  that  the  portion  of  the  area  of  A,  which  is  outside  B  and  C,  is 
equal  to  the  area  of  the  semicircle  described  on  the  chord  of  A  which 
touches  B  and  C  at  their  point  of  contact. 

19>  If  three  equal  circles  intersect,  so  that  each  of  the  circum- 
ferences pass  through  the  centres  of  the  other  two,  the  spaces  bounded 
by  the  circumferences  intercepted  will  be  all  equaL 
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20.  Take  any  three  points.  A,  B,  C  in  the  circumference  of  a 
circle.  Join  AB,  BC,  AC,  and  draw  AD .  AE  parallel  to  the  tangents 
at  B  and  C,  and  meeting  BC  produced  if  necessary  in  D  and  E ;  and 
prove  that  the  segments  BD  and  EC  are  to  each  other  in  the  duplicate 
ratio  of  AB  to  AC, 

21.  If  the  diameter  AB  of  a  circle  he  divided  into  an  odd  number 

(n  —  IN**         /»  + 1\*^ 
— -  j    and  ( — ^  )     divisions ; 

and  A  EC,  AFD,  CGB,  DHB  be  semicircles:  shew  that  the  perimeter 
of  the  figure  AECGBHDF  is  equal  to  that  of  the  circle,  and  its  area  an 
n^  part  of  the  area  of  the  circle. 

22.  The  circle  inscribed  in  a  square  is  equal  to  four  equal  circles 
touching  one  another  and  the  sides  of  that  square  internally. 

23.  I£  AB  he  &  circular  arc,  centre  0,  and  AD  be  drawn  perpen- 
dicular to  BO,  and  the  arc  ^C  taken  equal  to  AD,  then  the  sector  ^OC 
equals  the  segment  ACB, 

24f,  Let  AB  and  DC  be  two  diameters  of  a  given  circle,  at  right 
angles  to  each  other ;  AEB  a  circular  arc  described  with  radius  DB  or 
DA ;  prove  that  the  area  of  the  lune  AEBC  =  are&  of  triangle  ADB, 

25,  If  two  points  B,  D,  be  taken  at  equal  distances  from  the  ends 
of  the  arc  of  a  quadrant,  and  perpendiculars  BG,  DH  be  drawn  to  the 
extreme  radius ;  the  space  BGHD  shall  be  equal  to  the  sector  BOD, 

26.  ^BCis  an  isosceles  right-angled  triangle.  On  JBC  is  described 
a  semicircle  BDEC,  and  BFC  is  a  circle  whose  radius  is  AB  and  centre 

A,  The  segment  BCF  is  equal  to  the  segments  BAD,  ACE, 

27*  If  a  semicircle  be  described  on  the  hypothenuse  AB  of  t 
right-angled  triangle  ABC,  and  from  the  centre  E,  the  radius  ED  be 
drawn  at  right  angles  to  AB,  shew  that  the  difference  of  the  segments 
on  the  two  sides  equals  twice  the  sector  CED, 

28.  If  semicircles  be  described  upon  the  sides  of  a  right-angled 
triangle  on  the  interior,  the  difference  between  the  sum  of  the  circular 
segments  thus  standing  upon  the  exterior  of  the  sides  and  segments  of 
the  base  equals  the  space  intercepted  by  the  circumferences  described 
on  the  sides. 

29*  Semicircles  are  described  upon  the  radii  CA,  CB  of  a  qua- 
drant, and  intersect  each  other  in  a  pomt  D,  shew    (a)  That  the  point! 

B,  D,  A  are  in  one  straight  line.  (6)  That  the  area  common  to  both  semi- 
circles is  equal  to  the  area  without  them,  (c)  That  the  remaining  areas 
of  the  two  semicircles  are  equal,  each  is  one  fourth  of  the  square  on  AC, 

SO,  If  two  parallel  planes  cut  a  sphere  so  that  the  sections  are 
equal,  tliey  are  equidistant  from  the  centre. 

31.  Shew  that  all  lines  drawn  from  an  external  point  to  touch  a 
sphere  are  equal  to  one  another ;  and  thence  prove  that  if  a  tetrahedron 
can  have  a  sphere  inscribed  in  it  touching  its  six  edges,  the  sum  of 
every  two  opposite  edges  is  the  same. 

32.  If  two  equal  circles  cut  one  another  in  the  diameter,  and 
a  plane  cut  them  perpendicularly  to  the  same  diameter,  the  points  of 
section  of  this  plane  with  the  circumferences,  are  in  a  circle. 

SS,  In  any  polyhedron  having  different  faces,  some  with  an  even, 
some  with  an  odd  number  of  sides :  shew  that  the  number  oi  those 
faces  which  have  an  odd  number  of  sides  is  necessarily  an  even  number. 

S4.  The  angles  of  inclination  of  the  faces  of  a  regular  tetrahedron 
and  of  a  regular  octahedron  are  supplementary  to  each  other. 
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This  Appendix,  presented  to  the  student,  is  intended  to 
supply  some  omissions  in  the  notes,  and  to  afford  some  assistance 
in  the  application  of  the  principles  of  Geometry  to  the  solution 
of  Problems. 

The  first  part  supplies  some  additional  notes  on  the  elements^ 
and  a  more  full  exposition  of  the  method  of  the  Geometrical 
Analysis. 

The  second  consists  of  a  short  tract  on  the  theory  of  Trans- 
versals, embracing  only  the  most  elementary  properties. 

The  third  part  consists  of  hints,  remarks,  &c.  on  the  Prob- 
lems and  Theorems.  The  constructive  part  of  the  analysis  or 
synthesis  is  generally  given,  either  wholly  or  partially,  and  the 
rest  with  the  demonstration  is  left  to  the  student.  In  some  instances 
only  brief  remarks  and  references  to  Euclid  are  given. 

These  hints  and  remarks,  it  is  hoped,  will  be  found  service- 
able to  the  student  in  his  geometrical  studies,  without  paralyzing 
the  efforts  of  his  own  mind. 

R.  P. 

Trinity  College, 
\7th  November,  1847- 
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ADDITIONAL  NOTES  TO  BOOK  I. 

It  has  been  maintained  by  some  writers  both  of  ancient  and  modem  times,  that 
Geometry  is  a  perfectly  abstract  Science,  a  body  of  truths  completely  independent  of  all 
tiumau  observation  and  experience.  The  truths  of  Geometry  may,  possibly,  be  a  portion 
of  absolute  and  universal  truths,  such  as  change  not  in  all  time,  and  which  maintain 
the  same  constant  universality  under  every  conceivable  state  of  existence.  Still  it 
noust  be  admitted  that  however  abstract  and  independent  of  experience  such  truths 
may  be  in  themselves,  it  was  not  as  such  that  they  were  originally  discovered,  or 
in  that  form  that  they  are  apprehended  by  the  human  mind. 

The  natural  process  of  the  human  mind  in  the  acquirement  of  knowledge  and  in 
the  discovery  of  truth,  is,  to  proceed  from  ihe  particular  to  the  generaly  from  the  tensihle 
to  the  abstract.  It  is  perhaps  not  too.  much  to  affirm,  that  the  human  mind  would 
Dever  have  speculated  on  the  abstract  properties  of  circles  and  triangles  unless  some 
vitible  forms  of  such  figures  had  first  been  exhibited  to  the  senses.  It  does  seem  more 
probable  and  analogous  to  the  rise  and  progress  of  other  branches  of  human  knowledge, 
that  the  fundamental  truths  of  Geometry  should  have  been  first  discovered  from  sug- 
gestions  made  to  the  senses;  and  this  opinion,  too,  is  not  repugnant  to  the  earliest 
historical  notices  existing  on  the  subject.  The  human  mind  is  so  constituted  that  exact 
knowledge  in  any  Science  can  only  be  acquired  progressively.  Every  successive  step 
in  advance  must  be  taken  as  a  sequel  to,  and  dependent  upon,  the  previous  acquire- 
Dients ;  and  some  intelligible  facts  and  first  principles  must  form  the  basis  of  all  human 
Science. 

Now  the  only  possible  way  of  explaining  terms  denoting  simple  perceptions  is  to 
iJLcite  those  simple  perceptions.  The  impossibility  of  defining  a  word  expressive  of  a 
limple  perception  is  well  known  to  every  (me  who  has  paid  any  attention  to  his  own 
intellectual  progress.  The  only  way  of  rmdering  a  simple  term  intelligible  is  to  exhibit 
the  object  of  which  it  is  the  sign,  or  some  sensible  representation  of  it.  A  straight  line 
Jierefore  must  be  drawn,  and  by  drawing  a  curved  line  and  a  crooked  line,  the  dis- 
inction  will  be  perfectly  understood.  Again,  the  definition  of  a  complex  term  consists 
nerely  in  the  enumeration  of  the  simple  ideas  for  which  it  stands,  and  it  will  be  fitmnd 
Jiat  all  definitions  must  have  some  term  or  terms  equally  requiring  definition  or  expla- 
lation  with  the  one  defined.  The  sensible  evidence  of  things  is  only  to  be  acqufared  by 
the  evidence  of  the  senses. 

The  definitions  of  Euclid  appeal  directly  to  the  senses ;  and  the  fundamental  theorem 
[Euc.  I.  4)  which  fnrms  the  basis  of  all  the  succeeding  propositions,  is  demonstrated  by 
me  of  the  simplest  appeals  to  experience.  At  every  step  there  is  a  referonce  made  to 
lomething  exhibited  to  Uie  senses,  the  ecrfncidence  of  the  lines,  the  angles,  and  lastly,  the 
lurfaces  of  the  two  triangles,  and  by  shewing  a  perfect  coincidence,  their  equality  is 
inferred.  The  instance  exhibited,  and  the  proof  applied  to  it,  is  equally  valid  for  any 
triangles  whatever  which  have  the  same  specified  conditions  given  in  the  hyi»othe8is. 
The  same  reasoning  may  be  applied  to  any  similar  case  which  can  be  conceived,  and  thus 
from  a  single  instance  demonstrated  by  appeal  to  the  senses,  we  are  led  to  admit  the 
statement  contained  in  the  general  enunciation.  These  considerations  appear  to  support 
the  opinion,  that  the  truths  of  Geometry,  as  a  portion  of  human  Science,  rest  ultimately 
on  the  evidence  of  the  senses. 

It  may  also  be  suggested,  whether  it  be  not  a  pohit  of  considerable  importance  to  be 
able  to  discriminate,  where  human  Science  begins,  and  how  certainty  is  acquired. 
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2  APPENDIX  TO  EUCLID'S  ELEMENTS. 

Prop.  XXIX.  With  respect  to  the  difieient  proponls  made  for  the  amendment  of 
Enclid*!  method  of  treatmg  the  subject  of  panDel  stimigfat  Imes,  it  maj  be  observed, 
that  thej  all  oontist  in  setting  out  either  with  a  difierent  or  a  modilifd  icsult  ham  dut 
of  Eadid, — all  true,  jmd  more  or  less  obrioas  to  the  senses. 

Euclid  has  discussed  the  dementarj  properties  of  triangles,  at  of  two  lines  whidi 
meet  one  another  and  are  intersected  by  a  third  line^  before  he  has  entered  upon  die 
discussion  of  the  properties  of  two  lines  which  do  not  meet  when  thej  are  intersected  bjr 
a  third  line.  The  principal  objection  to  £iidid*s  method  of  treating  the  sobjeet  of 
paiyllfl  lines,  is  the  assumption  of  one  truth  as  an  axiamy  wiiich  forms  the  convetK  of  s 
theorem  which  he  has  demonstrated  as  the  serenleenth  proposition  of  the  first  book. 
Almost  erery  writer  on  the  subject  admits  die  neeositj  of  swmming  some  positiTe  pw- 
pertj  of  parallel  lines  as  the  basis  of  the  reasonings  on  such  lines :  and  that  ammdmait 
of  £uclid*s  method  would  leem  to  be  the  best  which  simply  supplies  a  defect,  and  lesfci 
the  so-called  twelfth  axiom  to  assume  its  rightful  position  as  a  theorem,  and  to  fiiU  into 
ito  proper  place  after  the  serenteenth  proposition. 

Two  straight  lines  in  the  same  plane  which  do  not  meet,  when  prodnoed,  may  be 
convergent  or  divergent  with  respect  to  each  other,  according  to  the  directions  in  wbicfa 
both  lines  are  produced ;  or,  when  produced  in  either  direction,  diey  may  be  neither 
divergent  nor  convergent. 

When  a  third  line  falls  upon  two  straight  lines  and  makes  the  two  interior  an|^s  on 
one  side  of  it  less  than  two  right  angles ;  on  that  side  of  the  line,  the  two  strsi^t 
lines  are  convergent,  and  will,  if  produced  far  enough,  meet  one  another,  as  it  is  slattd 
in  the  so-called  twelfth  axiom.  On  the  other  side  of  the  line,  the  two  interior  an^ 
are  greater  than  two  right  angles,  and  the  two  straight  lines  are  divergent^  and  will  nercr 
meet,  how  far  soever  they  may  be  produced. 

The  limiting  position  of  the  two  straight  lines,  is,  when  they  are  neither  eonvergCKi 
nor  divergent,  that  is,  when  they  do  not  meet  when  produced  in  either  direction ;  and 
such  lines  are  then  said  to  be  parallel  to  one  another.  If  the  two  parallel  lines  be  inter- 
sected by  a  third  line,  the  following  properties  exist  respecting  the  angjles,  whether  the 
intersecting  line  be  perpendicular  or  be  not  perpendicular  to  either  of  the  parallel  lines. 

(1)  The  two  interior  angles  on  each  side  of  the  intersecting  line  are  equal  to  two 
right  angles.    Euc.  i.  28. 

(2)  The  alternate  angles  on  each  side  of  the  intersecting  line  an  equal  to  one 
another.    Euc  i.  27. 

(3)  The  exterior  angles  are  equal  to  their  corresponding  interior  an^es  on  the 
same  jdde  of  the  intersecting  line.    Euc.  i.  28. 

If  the  intersecting  line  be  perpendicular  to  one  of  the  parallel  lines ;  it  is  also  perpea- 
dicular  to  the  other :  and 

(4)  The  perpendicular  distance  between  the  two  lines  is  always  the  same. 

If  it  has  been  correctly  stated,  that  all  axioms  are  in  reality  theorems  assomed 
without  proof,  and  that  all  demonstrated  truths  must  depend  on  some  truths  assomed 
or  admitted  to  be  true,  not  necessarily  truths  first  disooyered,  but  truths  the  most  simpb 
and  which  arise  directly  from  the  subject  of  the  definitions ;  the  doctrine  of  parsUd  lioa 
may  be  legitimately  treated  by  assuming  some  one  of  the  positive  properties  of  inch 
lines  as  the  basis  for  demonstrating  their  other  properties. 

Any  one  of  the  four  positive  properties  just  stated  may  be  assumed  as  the  fonndatko 
of  the  theory  of  parallel  lines,  and  that  theory  may  be  made  to  depend  on  the  iiittmct 
between  the  parallel  lines,  or  on  some  of  the  angles  made  by  any  intersecting  line.  If 
the  former  assumption  be  adopted :  does  it  not  involve  that  lines  which  are  perpcndieolff 
to  one  of  the  parallel  lines,  are  also  perpendicular  to  the  other,  as  well  as  that  ill 
such  distances  are  equal  ?     This  would  require  more  to  be  taken  for  granted,  tluB 
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would  be  necessary  by  assuming  the  equality  of  the  exterior  and  interior  angler,  or 
either  of  the  two  remaining  properties  respecting  the  angles  which  the  parallels  make> 
with  any  intersecting  line. 

In  general,  with  respect  to  indirect  demonstrations,  it  may  be  questioned  whether 
they  ought  ever  to  be  admitted  as  a  legitimate  mode  of  proof  in  a  primary  and  fun- 
damental proposition.  Indirect  demonstrations  are  properly  and  most  effectually  applied 
in  proving  the  converse  of  a  proposition  which  has  been  demonstrated  by  a  direct  appeal 
to  assumed  or  demonstrated  principles.  To  make  a  negative  property  or  an  indirect 
demonstration  the  basis  of  a  positive  doctrine,  seems  to  be  an  inversion  of  the  natural 
process  the  mind  pursues  in  the  investigation  of  truth,  and  to  leave  the  doctrine  exposed, 
to  all  the  objections  which  may  be  made  from  the  illogical  attempt  to  prove  a  positive. 
ftom  a  negative  truth. 

For  a  more  philosophical  view  of  the  subject,  reference  may  be  made  to  Professor 
Powell^s  able  Pamphlet,  "On  the  Theory  of  Parallel  Lines." 
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The  doctrine  of  Ratio  and  Proportion  is  one  of  the  most  important  in  the  whole 
course  of  mathematical  truths,  and  it  appears  probable  that  if  the  subject  were  read 
simultaneously  in  the  Algebraical  and  Geometrical  form,  the  investigations  of  the 
properties,  under  both  aspects,  would  mutually  assist  each  other,  and  both  become 
equally  comprehensible ;  also  their  distinct  characters  would  be  more  easily  perceived. 
In  the  definition  of  Ratio  as  given  by  Euclid,  all  reference  to  a  third  magnitude 
of  the  same  geometrical  species,  as  a  measure  for  comparing  the  two,  whose  ratio  is 
the  subject  of  conception,  has  been  carefully  avoided.  It  is  their  relation  one  to  the 
other,  without  the  intervention  of  their  sum,  their  difference,  or  any  standard  unit  what- 
ever. One  of  the  magnitudes  is  made  the  standard  by  which  the  other  is  estimated ;  but 
even  this  is  not  effected  by  means  which  require  the  inquiry,  ^'  how  many  times  is  the 
one  contained  in  the  other  ?*'  Such  a  procedure  would,  undoubtedly,  have  been  legitimate, 
had  it  been  also  convenient :  but  it  would  at  once  have  led  to  considerations  respecting 
fractions  or  irrational  functions.  Euclid  effects  his  demonstrations  by  the  aid  of  multiples 
instead  of  quotients :  by  repetitions  of  the  magnitudes  themselves,  instead  of  finding  what 
multiple  the  one  magnitude  is  of  the  other,  or  what  multiple  each  of  them  is  of  some 
third  magnitude.  Euclid*s  results  too  are  obtained  with  greater  logical  brevity,  and  he 
employs  fewer  principles  in  their  establishment,  than  any  writer  has  yet  been  able  to  do, 
in  a  strictly  legitimate  form^  by  means  of  the  Modem  Algebra. 

The  simple  idea  of  ratio  of  itself,  and  absolutely  considered,  could  not,  however,  lead, 
to  any  conclusion  respecting  the  properties  of  figures  any  more  than  the  mere  idea  of 
magnitude.  //  is  by  the  comparison  of  two  or  fnore  magnitudes  subjected  to  some 
specijic  conditions  in  the  first  four  books  of  the  Elements,  that  all  the  propositions 
have  been  demonstrated  :  and  it  is  by  tlte  comparison  of  the  ratios  of  two  or  more  pairs 
of  correlative  magnitudes,  subject  to  specifed  conditions^  that  the  properties  of  figures 
depending  on  ratio  are  to  be  established.  Euclid  does  not  offer  even  a  solitary  property 
of  a  single  ratio,  or  of  the  magnitudes  whose  ratio  it  is :  except,  indeed,  that  already 
adverted  to,  as  constituting,  in  fact,  an  axiom. 

As  each  of  two  ratios  involves  the  idea  of  two  magnitudes,  the  least  number  of 
magnitudes  between  which  a  comparison  of  ratios  is  possible,  is  four,  two  for  each  of  the 
ntios.  AVhen  these  ratios  are  equal,  the  sixth  definition  gives  the  name  of  proportionals 
to  them  collectively,  and  points  out  the  mode  in  which  they  are  to  be  spoken  of,  and  the 
ordinary,  though  somewhat  inconvenient  mode  of  writing  themt 
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The  fifth  definitum  is  that  of  equal  ratioi.  The  definitiim  of  ntio  itidf  (clefs.  3,  4) 
eontahis  no  criterion  by  which  one  ratio  may  be  known  to  be  eqoal  to  another  ratio ; 
analogous  to  that  by  which  one  magnitude  is  known  to  be  equal  to  another  magnitude 
(Euc.  I.  Ax.  8).  The  preceding  definitions  (3,  4)  only  restrict  the  coooeptiao  of  ratio 
within  certain  limits,  but  lay  down  no  test  for  comparison,  or  the  deductioo  of  pro- 
perties. All  Euclid  *s  reasonings  were  to  turn  upon  this  comparison  of  ratios,  and  hence 
it  was  competent  to  lay  down  a  criterion  of  equality  and  inequality  of  two  ratios  between 
two  pairs  of  magnitudes.    In  short,  his  effective  definition  is  a  definition  of  proportionsls. 

The  precision  with  which  this  definition  is  expressed,  considering  the  number  of 
conditions  involved  in  it,  is  remarkable.  Like  all  complete  definitions,  the  tenns  (the 
subject  and  predicate)  are  convertible:  that  is, 

(a)  If  the  four  magnitudes  be  proportionals,  and  any  equimultiples  be  taken  ai 
prescribed,  they  shall  have  the  specified  relations  with  respect  to  '^  greater,  greater,  &c." 

(5)  If  of  four  magnitudes,  two  and  two  of  the  same  Oeometrical  Species,  it  can  be 
shewn  that  the  prescribed  equimultiples  being  taken,  the  conditions  under  which  thoie 
magnitudes  exist,  mutt  he  such  as  to  fulfil  the  criterion  '^  greater,  greater,  &c.*' ;  then 
these  four  magnitudes  shall  be  proportionals. 

It  may  be  remarked,  that  the  cases  in  which  the  second  part  of  the  criterion  (^'eqotl, 
equal'*)  can  be  fulfilled,  are  comparatively  few:  namely,  those  in  which  the  given 
magnitudes,  whose  ratio  is  under  consideratioui  are  both  exact  multiples  of  some  third 
magnitude— or  those  which  are  called  commenturahk.  When  this,  however,  is  fulfilled, 
the  other  two  will  be  fulfilled  as  a  consequence  of  ihit,  Wlien  this  is  not  the  caie,  or 
the  magnitudes  are  incommensurable^  the  other  two  criteria  determine  the  proportionslity. 
However,  when  no  hypothesis  respecting  commensurability  is  involved,  the  content- 
poraneous  existence  of  the  three  cases  (^'greater,  greater;  equal,  equal;  less,  less**) 
must  be  deduced  from  the  hypothetical  conditions  under  which  the  magnitudes  exist,  to 
render  the  criterion  valid. 

The  following  axioms^  though  not  expressed  by  Euclid,  are  virtually  employed  by 
him,  and  may  be  added  to  the  four  he  has  given. 

Ax.  6.  A  part  of  a  greater  magnitude  is  greater  than  the  same  part  of  a  lot 
magnitude. 

Ax.  6.  That  magnitude  of  which  any  part  is  greater  than  the  same  part  of  another, 
is  greater  than  that  other  magnitude. 

The  fifth  book  of  the  Elements  as  a  portion  of  Euclid's  System  of  Geometry  ought 
to  be  retained,  as  the  doctrine  contains  some  of  the  most  important  characteristics  of  an 
effective  instrument  of  intellectual  Education.  This  opinion  is  favoured  by  Dr  Banov 
in  the  following  expressive  terms :  "  There  is  nothing  in  the  whole  body  of  the  EkmcnU 
of  a  more  subtile  invention,  nothing  more  solidly  established,  or  more  accurately  handled 
than  the  doctrine  of  proportionals.*' 
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Prop.  XXIII.  The  doctrine  of  compound  ratio,  Including  duplicate  and  tripliette 
ratio,  in  the  form  in  which  it  was  propounded  and  practised  by  the  ancient  Oeometcn 
has  been  almost  wholly  superseded.  However  satisfactory  for  the  purposes  of  exact 
reasoning  the  method  of  expressing  the  ratio  of  two  surfaces,  or  of  two  solids  by 
two  straight  lines,  may  be  in  itself,  it  has  not  been  found  to  be  the  form  best  sniled 
for  the  direct  application  of  the  results  of  Oeometry.  Almost  all  modem  writers  oi 
Geometry  and  its  applications  to  every  branch  of  the  Mathematical  Sdencet,  have  adoptdt 
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AB 

the  algebraical  notation  of  a  quotient  AB  :  BC ;  or  of  a  fraction  ^-^ ;  for  expressing 

BU 

the  ratio  of  two  magnitudes :  as  well  as  the  form  of  a  product  AB  x  BC,  or  AB .  BC, 

for  the  expression  of  a  rectangle.     The  want  of  a  concise  and  expressive  method  of 

notation  to  indicate  the  proportion  of  G^metricol  Magnitudes  in  a  form  suited  for  the 

direct  application  of  the  results,  has  doubtless  favoured  the  introduction  of  Algebraical 

8]rmbols  into  the  language  of  Oeometry.      It  must  be  admitted,  however,  that  such 

notations  in  the  language  of  pure  Oeometry  are  liable  to  very  serious  objections,  chiefly 

on  the  ground  that  pure  Geometry  does  not  admit  the  Arithmetical  or  Algebraical  idea  of 

A  product  or  a  quotient  into  its  reasonings.    On  the  other  hand,  it  may  be  urged,  that  it 

is   not  the  emplo3rment  of  S3rmbols  which   renders  a  process  of  reasoning  peculiarly 

Geometrical  or  Algebraical,  but  the  ideas  which  are  expressed  by  them.     If  symbols  be 

employed  in  Geometrical  reasonings,  and  be  understood  to  express  the  magnitudes  themm 

telvet  and  the  conception  of  their  Geometrical  ratiOy  and  not  any  measures,  or  numerical 

values  of  them^  there  would  not  appear  to  be  any  very  great  objections  to  their  use, 

provided  that  the  notations  employed  were  such  as  are  not  likely  to  lead  to  misconception. 

It  is,  however,  desirable,  for  the  sake  of  avoiding  confusion  of  ideas  in  reasoning  on  the 

properties  of  number  and  of  magnitude,  that  the  language  and  notations  employed  both 

in  Geometry  and  Algebra  should  be  rigidly  defined  and  strictly  adhered  to,  in  all  cases. 

At  the  commencement  of  his  Geometrical  studies,  the  student  is  recommended  not  to 

employ  the  sjrmbols  of  Algebra  in  Geometrical  demonstrations  (see  preface).    How  far  it 

may  be  necessary  or  advisable  to  employ  them  when  he  fully  understands  the  nature  of 

the  subject,  is  a  question  on  which  some  difierence  of  opinion  exists. 

The  following  is  an  example  of  the  method  which  is  generally  used : 

If  (figure  £uc.  vi.  23)  the  parallelograms  be  supposed  to  be  rectangular. 

Then  the  rectangle  a6  :  the  rectangle  DG  ::  BC  :  CG,  £uc.  vi.  1. 

'  and  the  rectangle  DG  :  the  rectangle  CF  ::  CD  :  EC, 
whence  the  rectangle  AC  :  the  rectangle  CF  ::  BC .  CD  :  EC .  CG. 

Or,  the  areas  of  two  rectangles  are  proportional  to  the  products  of  the  units  con- 
tained in  their  adjacent  sides  respectively. 

If,  however,  we  agree  that  the  ratio  of  BC .  CD  to  EC  .  CG  shall  be  interpreted  to 
represent  the  ratio  compounded  of  the  ratios  of  the  adjacent  sides  of  the  rectangles  ;  we 
may  express  the  proportion  in  the  following  form. 

The  ratio  of  the  areas  of  two  rectangles  is  as  the  ratio  which  is  compounded  of  the 
ntios  of  their  bases  and  altitudes. 

Also,  in  a  similar  way,  it  may  be  shewn  that  the  ratio  of  the  areas  of  any  two 
parallelograms,  whether  they  be  equiangular  or  not,  is  as  the  ratio  compounded  of  the 
ntios  of  their  bases  and  altitudes. 

In  conclusion,  the  Student  must  always  remember  that  the  introduction  of  numerical 
measures  or  Algebraical  operati<»is,  must  be  regarded  as  a  departure  from  the  ancient 
Geometry,  which,  as  a  Science,  recognizes  no  unit  of  measurement  whatever. 


ON  THE  CLASSIFICATION  OF  PROPOSITIONS. 

There  are  only  two  forms  of  Propositions  in  the  Elements,  the  theorem  and  the 
problem.  In  the  theorem,  it  is  asserted,  and  is  to  be  proved,  that  if  a  geometrical  figure 
be  constructed  with  certain  specified  conditions,  then  some  other  specified  relations  must 
necessarily  exist  between  the  constituent  parts  of  that  figure.  Thus : — if  squares  be 
described  on  the  sides  and  hypothenuse  of  a  right-angled  triangle,  the  square  on  the 
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hjrpothenuse  must  necessarily  be  equal  to  the  other  two  squares  upon  the  sides  (Euc  l 
47).  In  the  problem^  certain  things  are  given  in  magnitude,  position,  or  both,  and  it  ii 
required  to  find  certain  other  things  in  magnitude,  position,  or  both,  that  shall  necestarilfi 
have  a  specified  relation  to  the  data,  or  to  each  other,  or  to  both.  Thus : — a  circle  being 
given,  it  may  be  required  to  construct  a  pentagon,  which  shall  have  its  angular  points  in 
the  circumference,  and  which  shall  also  have  both  all  its  sides  equal,  and  all  its  aogki 
equaL  (Euc.  iv.  11.) 

In  £uclid*s  propositions,  it  may  be  remarked,  there  is  in  general,  an  aim  at  de/MiC' 
ness,  considered  in  reference  to  the  qucesitum  of  the  problem,  and  the  predicate  of  the 
theorem.  The  gucesitum  of  the  problem  is  either  a  single  thing,  as  the  perpendicular  in 
Euc.  I.  11 ;  or  at  most  two,  as  the  tangents  to  the  circle  in  the  first  case  of  £uc.  iii.  17; 
and  in  the  most  general  problems,  even  those  which  transcend  the  ordinary  geometry, 
the  solutions  are  always  restricted  to  a  definite  number,  which  can  always  be  assigned 
a  priori  tat  every  problem.  In  certain  cases,  however,  the  conditions  given  in  Euclid  sie 
not  suflicient  to  fix  entirely  the  quaesitum  in  all  respects.  For  instance,  Euc  iv.  10,  the 
magnitude  of  the  triangle  is  any  whatever,  and  therefore  not  entirely  fixed  in  all  respects; 
or,  again,  in  Euclid  iv.  11,  the  pentagon  may  be  any  whatever,  so  that  its  position  in  the 
circle  is  not  fixed.  To  fix  the  magnitude  of  the  triangle  or  the  position  of  the  pentagon, 
some  other  condition  independent  of  the  data,  must  be  added  to  the  conditions  of  the 
problem.  The  length  and  position  of  some  line  connected  with  the  triangle,  (as  one  of  the 
equal  sides,  the  base,  the  perpendicular,  &c)  would  have  fixed  the  triangle  in  magnitude 
and  position ;  and  the  position  of  one  angular  point  of  the  pentagon,  or  the  conditioD 
that  one  side  of  the  pentagon  should  pass  through  a  given  point  (though  this  point  most 
be  subject  to  a  certain  restriction  as  to  position,  if  within  the  circle),  or  any  other  possible 
conditions,  would  have  confined  the  pentagon  to  a  single  position,  or  to  the  altematiTe 
of  two  positions.  Such  is  the  only  kind  of  indeterminateness  in  the  problems  of  ^^the 
Elements.*'  In  the  enunciation  of  the  theorems  too,  the  same  aim  at  singleness  in  the 
property  asserted  to  be  consequent  on  the  hypothesis,  is  apparent  throughout.  Iheie 
is,  however,  a  remarkable  difference  in  the  characters  of  the  hjrpotheses  themselves,  in 
Euclid's  theorems:  viz. 

(1)  That  in  some  of  them,  one  thing  alone,  or  a  certain  definite  number,  possess  the 
property  which  is  aflirmed  in  the  enunciation. 

(2)  That  all  the  things  constituted  subject  to  the  hypothetical  conditions,  posieii 
the  afiEumed  property. 

As  instances  of  the  first  class,  the  greater  number  of  theorems  in  the  Elements  may 
be  referred  to,  as  Euc.  i.  4,  6,  6,  8,  which  are  of  the  simplest  dass.  In  these,  only  one 
thing  is  asserted  to  be  equal  to  another  specified  thing.  In  all  the  theorems  of  the 
Second  Book,  one  thing  is  asserted  to  be  equal  to  several  other  things  taken  together; 
and  the  same  occurs  in  Euc.  i.  47,  as  well  as  frequently  in  the  other  Books.  They 
sometimes  also  take  the  form  of  asserting  that  no  certain  magnitude  is  greater  or  lev 
than  another,  as  in  Euc.  i.  16,  or  that  two  things  together  are  less  than  or  greater  thsn, 
some  one  thing  or  several  things,  as  Euc.  i.  17*  In  all  cases,  however,  this  dsss  ii 
distinguished  by  the  circumstance,  that  the  things  asserted  to  have  the  property  are  of  s 
given  finite  number. 

As  instances  of  the  second  class,  reference  may  be  made  to  Euc.  i.  35>  36, 87, 38, 
-where  all  the  parallelograms  in  the  two  former,  and  all  the  triangles  in  the  two  latter,  sie 
asserted  to  have  the  property  of  being  equal  to  one  given  parallelogram  or  one  given 
triangle.  Or  to  Euc  iii.  14,  20,  21 ;  the  lines  in  the  circle  in  Prop,  14,  or  the  an^ 
at  the  cucumference  in  Props.  20,  21,  are  any  whatever,  and  therefore  all  the  lines  or 
^gles  constituted  as  in  the  enimciations,  fulfil  the  conditions.  Or  again,  in  Book  v.  the 
two  pairs  of  indefinite  multiples,  which  form  the  basis  of  Eudid's  definition  of  pRH 
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portionals;  or  his  propositions  ^^ex  cequo,**  and  *^ex  aequo  perturbato,*^  and  the  Propo- 
sitions E,  G,  U,  K;  or,  lastly,  £uc.  vi.  2,  in  which  the  property  is  (really,  though  not 
formally,)  affirmed  to  be  true  when  any  line  is  drawn  parallel  to  any  one  of  the  sides  of 
the  triangle. 

The  very  circumstance,  indeed,  just  noticed  parenthetically,  prevails  so  much  in 
£uclid*s  enunciations,  as  to  render  it  clear  that  it  was  his  object  as  much  as  possible  to 
render  the  conditions  of  the  hypothesis  formally  definite  in  number ;  and  if  these  remarks 
]tiad  no  prospective  reference,  the  circumstance  would  scarcely  deserve  notice.  Still,  with 
such  prospective  reference,  it  is  necessary  to  insist  upon  the  fact,  that  however  the  form 
of  enunciation  may  be  calculated  to  remove  observation  from  it,  the  h3rpothesis  itself  is 
indefinite,  or  includes  an  indefinite  number  of  things,  which  an  additional  condition 
would,  as  in  the  case  of  the  problem,  have  restricted  either  to  one  thing  or  to  a  certain 
number  of  things. 

Sometimes  too,  the  theorem  is  enunciated  in  the  form  of  a  negation  of  possibility,  as 
Euc.  I.  7,  III.  4,  5,  6,  &c.  These  offer  no  occasion  for  remark,  except  to  the  ingenious 
modes  of  demonstration  employed  by  Euclid.  All  such  demonstrations  must  necessarily 
be  indirect,  assuming  as  an  admitted  truth  the  possibility  of  the  fact  denied  in  the  enun- 
ciation. 

Both  among  the  Theorems  and  Problems,  cases  occur  in  which  the  h3rpothese8  of  the 
one,  and  the  data  or  quaesita  of  the  other,  are  restricted  within  certain  limits  as  to 
magnitude  and  position.  The  determination  of  these  limits  constitutes  the  doctrine  of 
Maxima  and  Minima,  Thus : — the  limit  of  possible  diminution  of  the  sum  of  the  two 
sides  of  a  triangle  described  upon  a  given  base,  is  the  magnitude  of  the  base  it^lf, 
Euc.  I.  20,  22 : — the  limit  of  the  side  of  a  square  which  shall  be  equal  to  the  rectangle 
of  the  two  parts  into  which  a  given  line  may  be  divided,  is  half  the  line,  as  it  appears 
from  Euc  ii.  5  i—~tke  greatest  line  that  can  be  drawn  from  a  given  point  within  a 
cirde,  to  the  circumference,  Euc.  iii.  7)  is  the  line  which  passes  through  the  centre  of 
the  circle ;  and  t?id  least  line  which  can  be  so  drawn  from  the  same  point,  is  the  part 
produced,  of  the  greatest  line  between  the  given  point  and  the  circumference.  Euc.  iii.  8, 
also  affords  another  instance  of  a  maximum  and  a  minimum  when  the  given  point  is 
outside  the  given  circle. 

The  theorem  Euc.  vi.  27  is  a  case  of  the  mascimum  value  which  a  figure  fulfilling 
the  other  omditions  can  have ;  and  the  succeeding  proposition  is  a  problem  involving 
this  fact  among  the  conditions  as  a  part  of  the  data,  in  truth,  perfectly  analogous  to 
Euc.  I.  20,  22 ;  and  finally,  there  are  instances  either  direct  or  virtual  in  Euc.  xi.  20, 
21,  22,  23. 

The  doctrine  itself  was  carefully  cultivated  by  the  Greek  Geometers,  and  no  solution 
of  a  Problem  or  demonstration  of  a  theorem  was  considered  to  be  complete,  in  which  it 
was  not  determined,  whether  there  existed  such  limitations  to  the  possible  magnitudes 
concerned  in  it,  and  how  those  limitations  were  to  be  actually  determined. 

Such  Propositions  as  directly  relate  to  Maxima  and  Minima,  may  be  proposed  either 
as  Theorems  or  Problems.  For  the  most  part,  however,  it  is  the  more  general  practice 
to  propose  them  as  Problems ;  but  this  has  most  probably  arisen  from  the  greater  brevity 
of  the  enunciations  in  the  form  of  a  Problem.  Wlien  proposed  as  a  Problem,  there  is 
greater  difficulty  involved  in  the  solution,  as  it  required  to  find  the  limits  with  respect  to 
increase  and  decrease ;  and  then  to  prove  the  truth  of  the  construction :  whereas  in  the 
form  of  a  Theorem,  the  construction  itself  is  given  in  the  hypothesis. 

It  may  be  remarked  that  though  the  Differential  Calculus  is  always  effective  for  the 
determination  of  Maxima  and  Minima,  (in  cases  where  such  exist)  yet  in  numerous 
cases,  where  it  is  applied  to  Problems  of  the  classes  which  were  cultivated  by  the  Ancient  • 
Geometers^  it  is  far  less  direct  and  elegant  in  its  determinations  than  the  Geometrical 
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methods.  Now  if  reference  be  made  to  what  has  been  stated  respecting  Theorenis,  where  the 
hypothesis  is  indeterminate,  or  wanting  in  that  completeness  which  reduces  the  property 
spoken  of  to  a  single  example  of  the  figure  in  question,  a  consequence  of  that  pecuUarUy 
in  such  classes  of  Propositions  may  be  remarked. 

This  peculiarity  introduces  another  class  of  Propositions,  which,  though  in  '^the 
Elements  **  somewhat  disguised,  formed  an  important  portion  of  the  Ancient  Geometry  t^ 
the  doctrine  of  Loci,  > 

If  the  converse  of  £uc.  i.  34,  35,  36,  37)  and  £uc.  iii.  20,  21,  be  taken  in  the  forai 
of  Problems,  they  will  become, 

( 1 )  Given  the  base  and  area,  to  construct  the  parallelogram. 

(2)  Given  the  base  and  area,  to  construct  the  triangle. 

(3)  Given  the  base  and  vertical  angle,  to  construct  the  triangle. 

Now  three  conditions  ars  necessary  to  fix  the  magnitude  of  a  triangle  or  a  paralleto- 
gram,  and  in  general,  three  only  are  sufficient  for  the  purpose;  but  here  it  will  be 
observed  that  only  two  are  given  in  each  case.  The  precise  triangle  or  parallelognan, 
viewed  as  peculiarly  solving  the  Problem,  cannot  be  separated  from  all  the  othert,  except 
by  adding  some  third  condition  to  the  two  already  given. 

The  side  of  the  parallelogram  in  (1),  and  the  vertex  of  the  triangle  in  (2),  opposite 
to  the  base,  may  be  in  any  positions  in  a  certain  line  parallel  to  the  base ;  and  the  vertex 
of  the  triangle  in  (3),  may  be  at  any  point  in  the  circumference  of  a  segment  of  a  certain 
circle.  The  parallel  line  in  which  the  vertices  of  all  the  equal  triangles  are  situated,  in 
one  case,  and  the  arc  of  the  circle  in  which  the  vertices  of  all  the  triangles  having 
equal  vertical  angles  are  situated,  is  each  called  the  locus  of  the  vertex  of  the  triangle, 
since  it  occupies,  in  each  case,  all  the  places  in  which  that  vertex  may  be  situated  so  u  to 
fulfil  the  required  conditions.  In  the  same  way,  the  parallel  to  the  base  is  also  the 
locus  of  all  the  positions  in  which  the  other  two  angular  points  of  the  parallelognun 
may  be  situated.  These  Problems  are  the  simplest  instances  of  that  class  which  if 
called  Local  Problems;  and  their  peculiar  character  is,  that  the  data  are  one  less  than  the 
number  of  conditions  required  by  the  nature  of  the  Problem  to  restrict  the  quaesitom 
to  a  single  or  specified  number  of  cases ;  as  in  these  Problems  the  data  consist  of  two 
conditions,  while  the  exactly  defining  conditions  must  be  three. 

Again,  viewed  as  Theorems,  they  may  be  thus  enunciated :  ^. 

( 1 )  If  the  base  and  area  of  a  parallelogram  be  given,  the  locus  of  the  other  angoltf 
points  will  be  a  straight  line  parallel  to  the  base. 

(2)  If  the  base  and  area  of  a  triangle  be  given,  the  locus  of  its  vertex  is  a  straight 
line  parallel  to  the  base. 

(3)  If  the  base  and  vertical  angle  of  a  triangle  be  given,  the  locus  of  the  vertex  will 
be  an  arc  of  a  circle. 

In  the  original  form  of  the  propositions,  the  entire  meaning,  and  that  justified  by 
Euclid^s  own  reasoning,  is  that  which  would  result  from  saying,  *' all  triangles,**  **sU 
parallelograms,**  &«•  It  will  obviously  be  the  case  here,  as  in  the  Maxinui  and  Miakmy 
that  the  proposition  may  be  enunciated  either  as  a  local  theorem  or  as  a  local  probkm; 
and  the  circumstances  will  be  similar  as  to  the  comparative  brevity  of  enunciation  aofi 
difficulty  of  the  solution,  when  the  proposition  is  given  in  the  form  of  a  Problem. 

The  great  use  made  of  loci  by  the  Ancient  Geometers  was  in  the  constmctiai  of 
determinate  Problems.  A  certain  number  of  data  are  required  according  to  the  natoie  of 
the  Problem  for  rendering  the  quasitum  determinate ;  as,  for  instance,  those  in  die  ciM 
of  the  triangle.  The  subject  will  be  better  illustrated  by  an  example,  and  one  may  be 
founded  on  the  second  and  third  propositions  already  noticed,  which  will  take  the  fbUov« 
ing  form : — 

Given  the  base,  the  area,  and  the  vertical  angle  of  a  triangle,  to  constmci  it* 
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When  the  base  and  the  area  of  a  triangle  are  given,  the  locus  of  its  vertex  is  a  straight 
line  which  can  be  determined  from  these  data  \  and  when  the  base  and  vertical  angle  are 
given,  the  locus  of  the  vertex  is  a  portion  of  the  circumference  of  a  circle  which  can  be 
determined  from  these  data.  Now  the  point  or  points  of  intersection  of  these  loci,  will 
fulfil  both  conditions,  that  the  triangle  shall  have  thef  given  area,  and  the  given  vertical 
angle.  To  express  the  principle  generally : — let  there  be  n  conditions  requisite  for  the 
determination  of  a  point  which  either  constitutes  the  solution,  or  upon  which  the  solution 
of  the  problem  depends.  Find  the  locus  of  this  point  subject  to  (»-l)  of  these  con- 
ditions ;  and  again,  the  locus  of  the  point  subject  to  any  other  (n  —  1)  of  these  conditions. 
The  intersection  of  these  two  loci  gives  the  point  required. 

It  may  be  observed  that  (n  -  2)  of  the  data  must  be  the  same  in  determining  the 
two  loci,  and  no  one  of  the  n  data  must  be  a  consequence  of,  or  depend  upon,  the 
remaining  (n-l)  data,  in  other  words,  the  n  data  must  separately  express  n  independent 
conditions. 

There  are  however  cases  in  which  one  datum  is  involved  in  another,  and  these  are  of 
two  different  lands-^sseniial  and  accidental.  To  illustrate  this  distinction,  let  the  fol- 
lowing  Problem  be  taken ; 

Given  the  base,  the  area,  and  the  perpendicular  drawn  from  the  vertex  to  the  base  of 
the  triangle,  to  construct  it.     Or, 

Oiven  the  base,  the  vertical  angle  and  the  sum  of  the  other  two  angles  at  the  base  of 
the  triangle,  to  construct  it. 

Now  in  each  of  these  problems,  the  third  datum  is  absolutely  determined  and  in- 
yariable,  in  consequence  of  its  essential  dependence  on  the  two  previous  ones. 

This  dependence  is  universal  and  essential. 

Again,  suppose  the  problem  were ; — 

Oiven  the  base  of  a  triangle  and  a  circle  in  magnitude  and  position,  and  likewise  the 
Vertical  angle,  to  construct  the  triangle. 

In  this  case,  the  given  circle  will  generally  be  a  different  one  from  that  which  forms 
the  locus  of  the  vertical  angle,  and  in  that  case,  the  intersections,  or  the  point  of  contact, 
of  the  two  circles  will  give  either  two  solutions  or  one  solution  of  the  Problem.  But  on 
the  other  hand,  the  given  circle  may  coincide  with  the  locus,  and  thus  again  render  the 
Problem  indeterminate  in  this  particular  case.  Generally  the  Construction  is  possible, 
and  only  accidentally  it  becomes  indeterminate. 

The  distinction  between  these  two  cases  is  very  important. 

As  Problems  are  generally  constructed  by  the  intersections  of  loci,  it  is  easy  to 
imagine  cases  and  conditions  that  shall  give  loci  which  can  never  meet. 

For  instance,  in  the  problem  just  stated,  the  two  circles  may  never  meet;  and  in 
the  preceding  one,  the  straight  line  and  circle  may  never  meet.  In  all  such  cases  the 
problem  is  impossible  with  the  given  conditions:  these  conditions  being  incompatible 
with  each  other  in  their  nature,  or  more  frequently,  in  their  magnitude  and  position, 
and  with  the  co-existence  of  that  which  constitutes  the  qusesitum.  The  limiting  cases^ 
of  possibility  belong  to  the  doctrine  of  Maxima  and  Minima. 

The  importance  of  the  distinction  alluded  to,  when  one  datum  is  contained  in  another, 
arises  ftom  its  constituting  the  foundation  of  another  Class  of  Propositions.  These  arcr 
the  Porisms, 

Whenever  the  qussitum  is  a  point,  the  problem  on  being  rendered  indeterminate, 
becomes  a  locus,  whether  the  deficient  datum  be  of  the  essential  or  of  the  accidental 
kind.  When  the  qussitum  is  a  straight  line  or  a  circle,  (which  were  the  only  two  loci 
admitted  into  the  ancient  Elementary  Geometry)  the  problem  may  admit  of  an  oc* 
eidenially  indeterminate  case ;  but  will  not  invariajbly  or  even  very  frequently  do  so.^ 
This  will  be  the  Case,  when  the  line  or  circle  shall  be  so  far  arbitrary  in  its  position^  a^^ 
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depends  upon  the  deficiency  of  a  single  condition  to  fix  it  perfectly r—^tiiat  is,  (for 
instance)  one  point  in  the  line,  or  two  points  in  the  circle,  may  be  determined  from  tbe 
given  conditions,  but  the  remaining  one  is  indeterminate  from  the  accidental  relations 
among  the  data  of  the  problem. 

Determinate  Problems  become  indeterminate  by  the  merging  of  some  one  datum  in 
the  results  of  the  remaining  ones.  This  may  arise  in  three  difierent  ways ;  first,  from 
the  coincidence  of  two  points ;  secondly,  from  that  of  two  straight  lines ;  and  thirdly, 
ftom  that  of  two  circles.  These,  further,  are  the  only  three  ways  in  which  this  accidental 
coincidence  of  data  can  produce  this  indeterminateness ;  that  is,  in  other  words,  convert 
the  Problem  into  a  Porism. 


GEOMETRICAL   ANALYSIS. 


The  term  Analysis  is  usually  understood  to  signify  the  separation  of  any  thing 
into  its  constituent  parts  for  the  purpose  of  examining  them  separately ;  but  as  employed 
in  Oeometry,  it  expresses  a  reversal  of  the  order  of  the  parts  of  a  demonstration,  or  an 
examination  of  the  conditions  attached  to  the  construction  of  a  Problem.  The  term  used 
in  its  strict  etymological  sense  is  not  exactly  in  accordance  with  the  use  made  of  it  in 
Oeometry.  Yet  this  is  of  little  importance,  so  that  its  applied  meaning  be  deaily 
understood  i^~A  meaning  which  it  is  difficult  to  express  in  the  same  words  when  applied 
to  the  Theorem  and  the  Problem,  For  the  purpose  of  securing  perspicuity,  it  is  there* 
fore  deemed  the  better  plan,  to  consider  it  separately  under  the  aspect  it  heqvaiilj 
bears  in  each  of  these  applications.  The  very  descriptive  use  of  it  given  by  Leslie,  in 
his  usually  forcible  antithetic  manner,  will  in  each  case,  be  very  striking :  ^  Analyiia 
presents  the  medium  of  invention ;  -  while  Synthesis  naturally  directs  the  oouise  of 
instruction." 


THE  ANALYSIS  OF  THEOREMS. 


It  will  have  been  remarked,  that  in  the  Elements,  Euclid  frequently  oses  the  ku 
direct  method  of  demonstration :— that  is,  of  proving  the  truth  of  a  theorem  by  demon- 
strating that  a  contrary  conclusion  is  incompatible  with  the  hjrpothesis  of  that  theoicm. 
To  efiect  this,  he  supposes  the  enunciated  property  to  be  false ;  and  its  contrary  to  be 
true.  He  reasons  from  the  assumed  truth  of  this  false  property,  till  he  arrives  at  a  coo- 
elusion  dependent  upon  that  assumption,  which  is  contrary  to  the  original  hypotfaosis; 
and  thence  it  is  inferred  that  the  assumption  being  incompatible  in  Its  consequcDcss  with 
the  origbal  conditions  of  the  theorem,  those  conditions  and  that  sssomptian  cmdoC 
60-exist.  If,  then,  all  the  alternatives  of  the  alleged  property  be  thus  eouunined,  sod 
thereby  excluded  from  compatibility  with  the  original  hypothesis,  it  will  nmaisrilj' 
foUow,  that  this  property  itself  is  true.  Thus  in  Euc.  i.  26,  where  one  indaded  sngle 
BAG  is  alleged  in  the  enunciation  to  be  greater  than  the  otha  £DF,  under  the 
hypothesis  of  BA,  AC,  being  respectively  equal  to  £D,  DF,  but  BC  greater  dian  £F: 
instead  &(  proving  the  assertion  itself,  he  admits,  that  in  the  first  place  tha  angle  £AC  is 
equal  to  the  angle  EDF,  and  in  the  second,  that  it  is  less.  The  consequenoes  of  tkew 
admissions  are  both  shewn  to  be  incompatible  with  the  hypothesis,  and  hence  it  ii 
inferred  that  the  angle  BAC  can  neither  be  equal  to  EDF,  nor  less  than  it.  Wheicftfe 
as  these  are  the  only  alternatives  to  the  truth  of  the  enunciation,  and  both  tber  sie 
ftlse,  it  follows  that  the  alleged  relation  of  the  angles  BAC^  £DF  is  true. 
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This  method  of  proof  occurs  very  frequently  in  the  first  and  third  books  (^  Eudid, 
and  occasionally  in  the  fifth  and  sixth.  In  the  eleventh  and  twelfth,  it  also  occurs 
frequently ;  and  it  may  be  remarked  generally,  that  it  occurs  more  often  in  the  outset  of 
the  developement  of  a  system  of  truths  than  in  the  more  advanced  parts,  or  in  the 
more  recondite  theorems. 

It  must  naturally  have  occurred  to  Geometers,  who  were  familiar  with  the  use  of  this 
mode  of  assumption,  to  inquire :  '<  What  would  be  the  effect  of  supposing  the  alleged 
theorem  to  be  true,  instead  of  false  ?*'  He  who  first  asked  this  question  made  the  first 
step  in  the  Geometrical  Analysis.  He  would  see  at  once  that  the  conclusion  ought  to 
be  consistent  with  the  hjrpothesis,  and  with  all  previously  known  properties  of  the 
hypothetical  figure.  He  may,  indeed,  find  it  of  little  convenience,  often  of  none,  in 
suggesting  a  direct  proof  of  a  very  elementary  theorem,  but  as  he  would  be  of  course  led 
to  try  its  efficacy  in  more  complex  cases,  he  would  be  gradually  impressed  with  the  facts : 
-—that  in  many  cases  his  steps  were  merely  the  reversal  of  the  steps  which  he  had 
employed  in  the  h3rpothetic  demonstration  of  the  theorem ;  and  that  in  all  cases,  a 
reversal  in  the  order  of  the  steps  of  his  analysis  would  constitute  a  synthetic  demon- 
stratioQ,  though  perhaps  different  from  any  one  previously  known  to  him.  He  had  then 
discovored  the  true  principle  of  the  Geometrical  Analytit  of  Theorems ;  and  it  would 
require  but  little  additional  skill  to  reduce  the  whole  process  to  a  complete  system.  It 
is  then  probable  that  his  discovery  would  lead  to  some  such  rules  as  the  following  :— 

(1)  Assume  that  the  Theorem  is  true. 

(2)  Proceed  to  examine  any  consequences  that  result  from  this  admission,  by  the  aid 
of  other  truths  respecting  the  figure  which  have  been  already  proved. 

(3)  Examine  whether  any  of  these  consequences  be  themselves  such  as  are  already 
known  to  be  truey  or  to  be  false. 

(4)  If  any  one  of  them  be  false,  we  have  arrived  at  a  reduciio  ad  absurdum^  which 
proves  that  the  theorem  itself  is  false,  as  in  Euc.  i.  25. 

(5)  If  none  of  the  consequences  so  deduced  be  known  to  be  either  true  or  false, 
proceed  to  deduce  other  consequences  from  all  or  any  of  these,  as  in  (2). 

(6)  Examine  these  results,  and  proceed  as  in  (3)  and  (4) ;  and  if  still  without  any 
conclusive  indications  of  the  truth  or  falsehood  of  the  alleged  theorem,  proceed  still 
further,  until  such  are  obtained. 

In  the  case  of  the  theorem  being  false,  we  shall  ultimately  arrive  at  some  result 
contradictory  either  to  the  original  hypothesis,  or  to  some  truth  depending  upon  it. 
Euclid's  indirect  demonstrations  always  end  with  a  contradiction  to  the  immediate 
bjrpothesis ;  but  as  the  propositions  to  which  he  applies  the  method  are  so  extremely 
elementary,  this  could  scarcely  happen  otherwise,  as,  so  far,  deductions  would  be  made 
from  the  hjrpothesis  by  direct  steps.  Where,  however,  we  find  a  contradiction  in  our 
results  to  any  of  the  consequences  of  the  hjrpothesis,  our  conclusion,  that  the  theorem  is 
false,  is  as  legitimate  as  though  the  contradiction  had  immediately  been  of  the  h3rpothesis 
itself.  Nevertheless,  if  it  should  be  imposed  as  a  rule,  that  the  contradiction  shall  be  of 
the  hypothesis  itself,  it  only  requires  that  we  reverse  the  hypothesis  of  the  property 
which  is  so  contradicted,  emplo3ring  the  contradiction  instead  of  the  conclusion  of  that 
property ;  and  we  shall  thus  have  carried  back  that  contradictory  result  into  direct  con. 
txast  with  the  original  h3rpothesis. 

It  may  sometimes  happen  that  our  attempts  thus  to  analyse  a  theorem  may  be 
carried  on  through  a  considerable  number  of  successive  steps,  and  yet  no  conclusive 
evidence  of  the  truth  or  falsehood  of  the  alleged  theorem  present  themselves.  Nor  can 
we  ever  judge,  d  priori^  whether  we  should  succeed  by  continuing  the  process  further  in 
any  one  particular  direction.  Under  one  aspect  this  may  be  considered  an  inconvenience ; 
but  even  were  it  a  real  inconvenience,  it  is  inevitable,  and  must  so  far  be  taken  as  a 
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.drawback  upon  the  value  of  the  method.  The  inconvenience  is,  however,  more  apparent 
than  real ;  or,  at  least,  the  inconvenience  is  amply  compensated  by  the  advantages  it 
otherwise  confers,  not  indeed  in  reference  to  the  demonstration  of  the  proposed  theorem, 
but  in  its  extension  of  geometrical  discovery.  A  mistake  might  occur  in  the  synthetic 
deduction  of  a  proposed  theorem,  or  the  theorem  might  be  a  mistaken  inference  from 
analogy,  or  from  the  contemplation  of  carefully  drawn  diagrams ;  but  it  does  not  often 
happen  that  a  theorem  is  proposed  for  solution,  of  the  truth  of  which  the  proposer  has 
not  satisfied  himself.  The  probabilities  then  are  greatly  in  favour  of  such  proposition 
being  correct.  Now  in  this  case,  all  the  investigations  which  have  been  made  with  s 
view  to  the  analysis  of  that  theorem  will  become  so  many  tynthetic  demonstrations  of  the 
results  which  have  been  obtained  during  those  unsuccessful  attempts  to  analyse.  It 
will  in  general  be  found,  too,  that  they  are  of  such  a  character  as  it  would  scarcely  have 
occurred  to  any  Geometer  to  adopt  with  pure  reference  to  S3mthetic  purposes.  There 
can,  in  fact,  he  little  doubt  that  the  greater  part  of  the  most  profound  and  original 
theorems  that  are  found  in  the  writings  of  the  greatest  Oeometers  of  ancient  and  of/ 
modem  times,  have  originated  in  attempts  to  analyse  some  proposed  theorem ;  and  whidi 
have  failed  merely  from  the  direction  which  was  pursued,  lying  in  that  of  the  more 
recondite  instead  of  the  more  simple  order  of  truths  connected  with  the  proposed  one. 
Such  failures  should  therefore  be  always  carefully  preserved,  iill  the  proposition  itself, 
from  which  they  were  deduced,  be  proved  either  to  be  true  or  false. 

Should  the  course  of  analysing  pursued  in  the  first  instance  not  promise  to  succeed, 
by  the  conclusions  becoming  more  and  more  elementary  in  their  character,  some  other 
properties  of  the  figure  connected  with  the  assumed  truth  should  be  tried  in  the  same 
manner ;  and  if  this  should  also  fail  to  accomplish  the  immediate  object,  the  investigations 
should  be  pursued  as  before. 

It  has  occasionally,  though  extremely  seldom,  happened  that  several  such  attempts 
have  failed  in  succession.  Yet  some  mode  of  deduction  must  necessarily  become  a  tme 
analysis  of  the  theorem ;  and  this  will  always  result  from  adequate  perseverance  in  these 
attempts.  All  the  results  obtained  in  the  preceding  efforts  to  analyse  the  theorem,  will 
then  constitute  a  circle  of  truths,  connected  with  each  other  by  the  medium  of  that  one 
ftom  which  they  all,  as  it  were,  radiate ;  and  often  among  truths  so  related,  a  general 
principle  may  be  detected,  that  shall  prove  of  the  utmost  value  in  the  treatment  of  entire 
classes  of  propositions  that  now  stand  in  an  uninteresting  state  of  isolation  ftom  each 
other.  Moreover,  by  systematizing  the  propositions  of  Oeometry,  we  simplify  their 
didactic  developement ;  and  by  contemplating  such  attempted  analyses  of  single  theorems, 
if  taken  in  connexion  with  each  other,  very  great  benefits  may  be  conferred  upon  Geo- 
metrical Science  and  its  practical  applications. 

Tliere  is  not  the  slightest  difference  between  analysis  and  synthesis^  as  far  as  the  eoitrse 
of  consecutive  deduction  is  concerned.  Both  are  direct  applications  of  the  ordinary  enthj- 
meme ;  and  both  require  the  same  specific  habits  of  mind,  and  the  same  icsouroes  as 
regards  truths  already  known.  The  only  difference  consists,  as  far  as  mere  reasoning  is 
concerned,  in  the  difference  of  the  starting  points  of  the  investigation.  In  Synthesis  we 
start  from  the  enunciated  property  as  a  truth  temporarily  admitted;  and  ultimately 
arrive  at  some  property  which  we  previously  knew  to  be  true  of  the  hypothetical  figure. 
We  have  only  io  reverse  the  order  of  the  Syllogisms,  and  of  the  subject  and  predicate  in 
each  of  them,  to  convert  the  analysis  into  the  S3mthesis  in  one  case,  or  the  synthesis  into 
the  analysis  in  the  other.  They  are  so  connected,  in  fact,  that  had  the  hypothesis  of  the 
proposed  theorem  been  already  proved  by  one  process,  the  analysis  of  which  we  have 
spoken,  would  have  become  the  83mthesis  of  the  other  property. 

It  must  now  be  obvious  that  the  synthesis  of  the  theorem  can  be  at  once  formed  fWmi 
the  analysis,  by  the  reversal  of  the  steps  ahready  described,  that  the  analysis  may,  if 
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desirable,  be  altogether  suppressed.  On  the  other  hand,  for  all  the  purposes  of  giving 
full  and  legitimate  conviction  of  the  truth  of  a  theorem,  the  analysis  is  always  sufficient, 
without  adding  the  synthesis.  It  is,  however,  desirable,  in  a  course  of  G^metrical  study, 
to  complete  the  formal  draft  of  the  investigation  both  in  the  analytic  and  synthetic  form* 


THE  ANALYSIS  OF  PROBLEMS. 


Ik  every  Geometrical  operation  we  perform  in  the  construction  of  a  Problem,  we  have 
in  mind  some  precedent  reason, — a  knowledge  of  some  properties  of  the  figure,  either 
axiomatic  or  not,  which  would  result  from  that  operation,  and  a  preception  of  its  ten- 
dency towards  accomplishing  the  object  proposed  in  the  Problem.  Our  processes  for 
construction  are  founded  on  our  knowledge  of  the  properties  of  the  figure,  supposed  to 
exist  already t  subjected  to  the  conditions  which  are  enunciated  in  the  Proposition  itself. 
No  Problem  could  be  constructed  (except  by  mere  trials,  and  verified  by  mere  instru- 
mental experiments)  antecedently  to  the  admission  of  our  knowledge  of  some  properties 
of  the  figure  which  it  is  proposed  to  construct.  The  simple  reason  for  the  operations 
employed,  is,  that  they  collectively  and  ultimately  fulfil  the  prescribed  conditions ;  and 
their  so  fulfilling  the  conditions,  is  only  known  by  previously  reasoning  upon  the  figure 
supposed  already  to  be  so  constructed  as  to  embody  those  conditions.  Let  any  Problem 
be  selected  firom  Euclid,  and  at  each  step  of  the  operation,  let  the  question  be  asked, 
*^  Why  that  step  is  taken  ?*'  It  will  in  all  cases  be  found  that  it  is  because  of  some 
known  property  of  the  figure  required,  either  in  its  complete  or  intermediate  states,  of 
which  the  inventor  of  the  construction  must  have  been  in  possession.  This  antecedency 
of  Theorems  to  all  Geometrical  construction  in  Scientific  Oeometry  is  universal  and 
essential  to  its  nature. 

Let  the  construction  of  Euc  iv.  10  be  taken  in  illustration  of  what  has  been  stated. 
There  are  five  operations  specified  in  the  construction :— . 

(1)  Take  any  line  AB. 

(2)  Divide  that  line  in  C,  so  that,  &c. 

(3)  Describe  the  circle  BD£  with  centre  A  and  radius  AB. 

(4)  Pkice  BD  in  that  circle,  equal  to  AC. 

(5)  Join  the  points  A,  D. 

Why  should  either  of  these  operations  be  performed  rather  than  any  others  ?  And 
what  due  have  we  to  enable  us  to  foresee  that  the  result  of  them  will  be  such  a  triangle 
as  was  required  ?  The  demonstration  affixed  to  it  by  Euclid,  does  undoubtedly  prove 
that  these  operations  must,  in  conjunction,  produce  such  a  triangle :  but  we  are  furnished 
In  the  Elements  with  no  obvious  reason  for  the  adoption  of  these  steps,  except  we  sup- 
pose them  accidental.  To  suppose  that  all  the  constructions,  even  the  simple  ones, 
were  the  result  of  accident  only,  would  be  supposing  more  than  could  be  shewn  to  be 
admissible.  No  construction  of  the  problem  could  have  been  devised  without  a  previous 
knowledge  ot  some  of  the  properties  of  the  figure  which  was  to  be  produced.  In  fact,  in 
directing  the  figure  to  be  constructed,  we  assume  the  possibility  of  its  existence ;  and  we 
study  the  properties  of  such  a  figure  on  the  h3rpothesis  of  its  actual  existence.  It  is  this 
9tady  of  the  properties  of  the  figure  that  constitutes  the  Analysis  of  the  problem. 

Let  then  the  existence  ot  a  triangle  BAD  be  admitted  which  has  each  of  the  angles 
ABD,  ADB  double  of  the  angle  BAD,  in  order  to  ascertain  any  properties  it  may 
possess  which  would  assist  in  the  actual  construction  of  such  a  triangle. 

Then,  shxce  the  angle  ADB  is  double  of  BAD,  if  we  draw  a  line  DC  to  bisect  ADB 
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and  meet  AB  in  C,  the  angle  ADC  will  be  equal  to  CAD ;  and  heooe  (£uc.  i.  G)  the 
sides  AC,  CD  are  equal  to  one  another. 

Again,  since  we  have  three  points  A,  C,  D,  not  in  the  same  straight  line,  let  us 
examine  the  effect  of  describing  a  circle  through  them  t  that  is^  describe  the  cirde  ACD 
about  the  triangle  ACD  ( Euc.  iv.  6). 

Then,  since  the  angle  ADB  has  been  bisected  by  DC,  and  since  ADB  is  double  of 
DAB,  the  angle  CDB  is  equal  to  the  angle  DAC  in  the  alternate  segment  of  the  circle; 
the  line  BD  therefore  coincides  with  a  tangent  to  the  circle  at  D  (converse  of  Euc 
III.  32). 

AVhence  it  follows  that  the  rectangle  contained  by  AB«  BC,  is  equal  to  the  square  of 
BD.    (Euc.  III.  .36.) 

But  the  angle  BCD  is  equal  to  the  two  interior  opposite  angles  CAD,  CDA ;  or 
since  these  are  equal  to  each  other ;  BCD  is  the  double  of  CAD,  that  is  of  BAD.  And 
since  ABD  is  also  double  of  BAD,  by  the  conditions  of  the  triangle,  the  angles  BCD, 
CBD  are  equal,  and  BD  is  equal  to  DC,  that  is,  to  AC. 

It  has  been  proved  that  the  rectangle  AB,  BC,  is  equal  to  the  square  of  BD ;  and 
hence  the  point  C  in  AB,  found  by  the  intersection  of  the  bisecting  line  DC>  is  such, 
that  the  rectangle  AB,  BC  is  equal  to  the  square  of  AC.     (Euc.  ii.  11.) 

Finally,  since  the  triangle  ABD  is  isosceles,  having  each  of  the  angles  ABD,  ADB 
double  of  the  same  angle,  the  sides  AB,  AD  are  equal,  and  hence  the  points  B,  D,  are  in 
the  circumference  of  the  circle  described  about  A  with  the  radius  AB.  And  since  the 
magnitude  of  the  triangle  is  not  specified,  the  line  AB  may  be  of  any  length  whatever. 

From  this  ^'  Analysis  of  the  problem,*'  which  obviously  is  nothing  more  than  an 
examination  of  the  properties  of  such  a  figure  supposed  to  exist  already,  it  wiU  be  st 
once  apparent,  tnhy  those  steps  which  are  prescribed  by  Eudid  for  its  constxuctioo,  were 
adopted. 

The  line  AB  is  taken  of  any  length,  hecaute  the  problem  does  not  prescribe  any 
specific  magnitude  to  any  of  the  sides  of  the  triangle :  the  circle  BDE  is  described  about 
A  with  the  distance  AB,  because  the  triangle  is  to  be  isosceles,  having  AB  fat  one  aide, 
and  therefore  the  other  extremity  of  the  base  is  in  the  circumference  of  that  circle  s  the 
line  AB  is  divided  in  C  so  that  the  rectangle  AB,  BC  shall  be  equal  to  the  square  of 
AC,  because  the  base  of  the  triangle  must  be  equal  to  the  segment  AC :  and  the  line  AP 
is  drawn,  because  it  completes  the  triangle,  two  of  whose  sides  AB,  BD  axe  abeady 
drawn. 

A  careful  examination  of  this  process  will  point  out  the  true  character  of  the  mediod 
by  which  the  construction  of  all  problems  (except  perhaps  a  few  simple  ones  which 
involve  but  very  few  and  very  obvious  steps)  have  been  invented :  althou^  the  actual 
analysis  itself  has  been  suppressed  or  concealed,  as  amongst  the  ancient  Geometeis,  it 
appears  to  have  been  the  general  practice. 

It  will  be  inferred  at  once,  that  the  use  of  the  Analysis  in  reference  to  the  constmctioa 
of  problems,  is  altogether  indispensable  in  its  actual  form,  where  the  problem  lequiici 
several  steps  for  its  construction;  as  it  has  been  shewn  to  be  virtually  (though  the 
operations  may  in  certain  simple  problems  be  carried  on  mentally  and  almost  ud« 
suspectedly)  essential  to  the  construction  of  all  problems  whatever. 

Wbenever  we  have  reduced  the  construction  to  depend  upon  problems  which  hsfi 
been  already  constructed,  our  analysis  may  be  terminated ;  as  was  the  eaee  where,  in  the 
preceding  example,  we  arrived  at  the  division  of  the  line  AB  in  C ;  this  problem  baring 
been  already  constructed  as  the  eleventh  of  the  second  book. 


ON  THE  THEORY  OF  TRANSVERSALS. 


The  theory  of  Transversals  can  be  applied  with  great  brevity  and  readiness  in 
lie  demonstration  of  inverse  propositions,  in  which  it  is  required  to  prove,  that  three, 
sr  more  than  three,  convergent  lines,  under  certain  conditions,  when  produced,  shall 
pass  through  the  same  point;  or,  when  three,  or  more  than  three  points,  formed  by 
tlie  intersections  of  lines  drawn  in  certain  directions,  are  situated  in  the  same  straight 
line.  It  has  appeared  desirable  to  give  in  detail  a  few  of  the  principal  properties :  at 
tiie  same  time,  it  may  be  remarked,  that  the  theory  of  Transversals  appears  to  be 
not  an  unsuitable  transition  from  the  Ancient  to  the  Modem  Geometry,  as  it  involves 
Duty  Greometrical  and  Algebraical  considerations,  without  reference  to  Trigonometry. 

A  rectilinear  transversal  is  defined  to  be  a  straight  line  which  intersects  a  system 
of  other  straight  lines,  (figures.  Prop.  I.) 

Thus,  if  a  straight  line  cba  be  drawn  intersecting  two  sides  AB,  AC  of  a  triangle 
ABC,  in  the  points  c,  b,  and  meeting  the  third  side  BC  produced  in  a ;  or  intersecting 
die  three  sides  produced  ma,b,c;  the  line  cba  so  drawn  is  called  a  transversal 

The  transversal  divides  each  of  the  sides  of  the  triangle,  or  the  sides  produced, 
into  two  segments  which  lie  between  the  vertices  of  the  triangle  and  the  transversal 

Thus  Ac,  cB  are  the  segments  of  the  side  AB  between  the  two  vertices.  A,  B 
and  the  transversal  cba:  Kb,  bO  the  segments  of  AC;  and  Ba,  aC  the  segments 
of  BC.  Also,  A6,  Ca,  Be  and  6C,  aB,  c A  are  respectively  the  altepiate  segments 
of  the  odes  made  by  the  transversal  cba» 

Any  figure  formed  by  the  meeting  of  four  straight  lines  at  their  extremities,  is 
called  a  simple  quadrilateral :  thus  each  of  the  three  figures  formed  by  the  four  lines 
B<;,  cb,  bCf  CB;  AC,  Ca,  ac,  cA;  AB,  Ba,  ab,  bA  is  called  a  simple  quad- 
riiaterdl. 

The  complete  figure  formed  by  the  production  of  tlie  opposite  sides  of  the  simple 
i]imdrilateral  to  meet  each  other,  or  two  adjacent  sides  to  meet  the  other  two  sides  is 
called  a  complete  quadrHatertd, 

Thus  the  same  complete  quadrilateral  is  formed  from  each  of  the  three  simple 
quadrilaterals; 

(1)  By  the  production  of  the  opposite  sides  Be,  C6,  and  BC,  cb,  of  the  simple 
[joadiilateral  BcbCB  to  meet  in  the  points  A,  a. 

(2)  By  the  production  of  the  two  opposite  sides  Ac,  aC  of  the  simple  quad- 
rilateral AcaCA  to  meet  in  the  point  B. 

(3)  By  the  production  of  the  two  adjacent  sides  Ab,  ab  of  the  simple  quad- 
rilateral ABa^A  to  meet  the  other  two  adjacent  sides  in  the  points  C,  c. 

The  six  points  at  which  every  two  of  the  four  lines  meet  or  intersect  are  called 
the  vertices  of  the  complete  quadrilateral,  and  the  points  A,  B,  C,  a,  &,  c  are  the  six 
irertices  of  the  complete  quadrilateral  ABabA. 

The  three  straight  lines  which  join  every  two  opposite  vertices  of  a  complete 
quadrilateral  are  called  its  diagonals,  thus  the  lines  A  a,  Bb,  Cc  are  the  three 
diagonals  of  the  complete  quadrilateral  ABabA^ 
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The  line  cba  was  considered  as  a  transversal  intersecting  the  sides  or  the  a 
produced  of  the  triangle  ABC. 

In  a  similar  manner  AbC  may  be  considered  as  a  transversal  intersecting  the 
sides  of  the  triangle  cBa;  and  the  alternate  segments  of  the  ddes  are  BA,  cb,  aC 
and  Ac,ba,  CB  respectively. 

Also  AcB  is  a  transversal  to  the  triangle  bCa;  and  aB,  CA,  be  and  BC,  kb, 
ca  are  respectively  the  alternate  segments  of  the  sides  of  the  triangle. 

And  lastly,  aCB  is  a  transversal  to  the  triangle  Abe;  and  AB,  ea,  bC  and  Be, 
ab,  CA  are  respectively  the  alternate  segments  of  the  sides. 

If  a  straight  line  be  drawn  as  a  transversal  intersecting  the  four  sides  of  a 
complete  quadrilateral  and  two  of  its  diagonals ;  the  three  pairs  of  pcnnts  in  which  it 
intersects  the  two  diagonals,  and  the  alternate  sides,  produced  if  necessary,  of  the 
complete  quadrilateral,  are  called  conjugate  points  of  the  transversal,  thus  iii»ni'; 
n,  n;p,p';  are  the  three  pairs  of  conjugate  points  of  the  transversal  nm,  (figure^ 
Prop.  IV.) 

PROPOSITION  I. 

If  a  straight  line  intersect  two  sides  AB,  AC,  of  a  triangle  ABC  in  the 
points  c,  b,  and  the  base  BC  produced  in  a:  or  intersect  the  three  sides  AB, 
AC,  BC  produced  in  the  points  c,  b,  a:  prove  that  Ab.Bc.Ca=aB.bC.cA. 

Conversely.  If  two  points  c,  h  be  taken  in  the  sides  [AB,  AC  of  a  triangb 
ABC,  and  a  third  point  a  in  the  remaining  side  produced;  or  if  the  three  pobnU 
c,  h,  By  be  in  the  three  sides  produced  of  the  triangle,  such  that 

Ab.Bc.Ca==aB.bC.cA: 

the  points,  a,  b,  c  shaM  be  in  the  same  straight  line.  (Geom.  Ex.  Theo.  161.  p.  364.) 

First.    Through  A  the  vertex  of  the  triangle  ABC,  draw  AD  parallel  to  BC 

b 


Then  T-=jj5>  ^7  ^  similar  triangles  ADc,  cBa; 

Ab    AD 
and  nT  =  p~>  ^7  the  similar  triangles  DA6,  ftCa; 

,         A*. Be    aB 
wnence     .    in^TT'- 
cA,bC    Ca 

And,  therefore,  A&.Bc.CaeaB.&C.cA; 

or,  the  rectangular  parallelopipeds  contained  by  the  alternate  segments  intercepted 
between  the  vertices  of  a  triangle  and  a  transversal,  are  equal  to  one  another. 


ON  TH£  THEORY  OF  TRANSVERaAUS.  17 

Secondly.  Join  c5,  ba:  if  ^ a  be  not  in  the  same  straight  line  as  be,  let  ba'^  be 
in  the  same  straight  line  with  it 

Then*  sinoe  cba'  is  a  transversal  to  the  triangle  ABC, 

therefore,  Ab.Bc.Ca'  =  aB,bC.cA; 

but  A6.Bc.Ca  =  aB.dC.cA; 
,  Ca     oB         ,  Co     Ca' 

^^«^C^'=?B'^^^  =  ^' 

therefore  — 5-= -th  ;  and  aB  =  a'B ; 
aiy    a  JtS 

or  the  point  a'  coincides  with  the  p<xnt  a ;  and  therefore  the  three  points  c,  6^  a  are 
in  the  same  straight  line. 

Cob.  1.  The  expression  A6.Bc.Ca*=aB.6C.cA,  may  be  put  under  the 
fioDowing  fcnrm,  which  perhaps  will  be  found  the  most  convenient  in  practice,  as  it 
cannects  together  the  ratio  of  the  aegments  of  each  side. 

Aft  Ca  Be 
ftC'aB'cA""    ' 
and  this  form  of  the  expression  may  be  interpreted  to  mean,  in  the  language  of  pure 
Geometry,  that  the  ratio  compounded  of  the  ratios  of  the  segments  of  the  three  sides 
of  the  triangle  taken  in  order,  is  a  ratb  of  equality. 

Or,  in  the  language  of  Algebraical  ratio ;  that  the  product  of  the  ratios  of  the 
segments  of  each  of  the  three  sides  taken  in  order,  is  equal  to  unity. 

If,  however,  this  form  be  objected  to,  as  not  b^ng  strictly  Geometrical;  as  well 
as  the  preceding  one,  as  involving  the  conception  of  a  solid,  and  which  ought  not  to 
be  admitted  into  considerations  on  plane  Geometry :  the  expression  itself  may  be 
retained  in  the  form  in  which  it  was  deduced  from  the  two  proportions, 

,,       A6.Bc    oB 
^"^  JAT^^XTa' 
which  may  be  exhibited  under  the  three  following  forms: 

aB  :  Ca  ::  Aft. Be  :  cA.ftC; 
or  ftA  :  Cft  ::  Ba.Ac  :  aC.cBi 
or  cB  :  Ac  ::  Ba.Cft  :  aC.ftA; 

and  expressed  in  the  following  terms: 

If  a  transversal  be  drawn  to  any  triangle,  the  sc^pnents  of  any  one  side  between 
the  transversal  and  two  vertices  of  the  triangle,  are  to  each  other  as  the  ratio  com- 
pounded of  the  ratios  of  the  alternate  segments  of  the  other  two  sides :  or,  as  the 
*  rectangles  contained  by  the  alternate  segments  of  the  other  two  sides. 

CoR.  2.    If,  in  the  same  way  as  the  line  acb  was  considered  as  a  transversal 

to  the  triangle  ABC,  the  lines  AC,  AB,  BC  be  considered  as  transversals  to  the 

triangles  cBa,  ftCo,  Ac  ft,  respectively;  the  four  following  results  are  obtained: 

Aft  Ca   Be  ,  BC  aft  cA  ,, 

ftC'^'^"    '^  -^  C^ftcAB"    '^    -^ 

aB   CA  fte  ™  M  £?  ^_i    riv^ 

BCAftea"    '  ^     ^^         Be   aftCA"^'  ^^^'^ 

These  four  results  are  not  independent  of  each  other,  but  any  one  of  the  four 
may  be  deduced  from  the  remaining  three. 

*  ba'  is  not  drawn  in  the  diagram. 

c 
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Cor.  3.  Again,  if  every  two  of  the  three  independent  results  be  oomlnned,  three 
other  expressions,  each  consisting  of  eight  segments,  are  obtained,  which  will  express 
the  relations  which  subsist  between  the  four  lines  that  form  the  complete  quadrilateral, 
and  their  eight  segments. 

CB.Bc    AB.Ba 


Ilius,  from  I.  and  II.,  is  deduced 


cb.bC  "  Ab,ba' 


from  I.  and  IV., "dTTT* TsTT:;;  » 

^       ¥       J  ¥¥T  Bc.cft     Ac.ca 

fiom  I.  and  III, g__=___  . 

Cor.  4.  From  the  general  expresmon  (I)  of  the  product  of  the  ratios  of  the  seg- 
ments, let  the  consequences  be  deduced ;  first,  when  the  transversal  is  parallel  to  any 
one  of  the  sides  of  the  triangle :  and  secondly,  when  the  transversal  passes  through 
the  vertex  A  of  the  triangle,  and  meets  the  base  or  the  base  produced  in  the  p(»nt  a. 

Cor.  5.  If  BCa  be  considered  as  a  transversal  to  the  three  straight  lines  AB, 
AC,  A  a,  which  are  drawn  through  the  same  point  A;  then  drawing  AD  perpen- 
dicular to  a  By  the  following  property  may  be  proved: 

BC.Ca»+Ca.BA»=cAC«.Ba+BC.Ca.aB. 

(See  Geom.  Ex.  Theo.  41,  p.  355). 

Cor.  6.  Ascertain  whether  this  theorem  holds  good  when  the  point  A  is  sup- 
posed to  &11  any  where  in  the  transversal  BCa. 


PROPOSITION  11. 

J(f  three  straight  lines  he  draum  from  the  angles  of  a  triangle  throuj^  anj/ 
point  O  within  tJie  triangle,  and  be  produced  to  meet  the  opposite  sides  in  a,  h, 
c:  prove  that  Ac.Ba,Cb  =  cB,aC.bA, 

Conversely.  If  three  straight  lines  be  draum  from  the  angles  of  a  triangle  ABC 
to  meet  the  opposite  sides  in  the  points  a,  b,  c,  «o  that  Ac.Ba.C6  -cB.aCbA: 
then  the  three  straigU  lines  so  drawn  shaU  pass  through  the  same  point*  (Geom. 
Ex.  Theo.  160,  p.  364.x 

First.  Through  the  vertex  A  draw  EAF  parallel  to  BC,  and  meeting  Bh,  Ce 
produced,  in  F,  E  respectively. 


AE    AO 

Then  — ri  =  7r"»  by  the  similar  triangles  EAO,  OaC; 
aKj    KJa  a  _  w  9 

AF 
«^,  by  the  similar  triangles  AFO,  OaB; 
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„  Ba    AF 

Cb    BC 
Again,  rr-Tc*  by  the  similar  triangles  AftF,  CftB; 

Ac    AE 
also,  'n  =  np>  by  the  similar  triangles  AcE,  BcC; 

,  Ac  Ba  Cb    , 

wbence  — jr .  -^ .  r-r  =  *  5 
CD  aC  oA 

or  Ac.Ba.C6  =  cB.aC.ftA. 

Secondly.  Let  Xa,  B  b  intersect  each  other  in  the  point  O ;  and  let  c  be  such  a 
point  in  AB,  that  Ac .  Ba .  C6  =  cB .  aC .  6A. 

Join  CO,  then  CO  produced,  passes  through  the  point  c. 

If  CO  produced  do  not  pass  through  the  point  c,  let  it  pass  through  c'  *,  some 
other  pdnt  in  AB. 

Since  O  is  a  point  within  the  triangle,  and  A  a,  B5,  Cc'^  are  drawn  through  it, 
and  meet  the  sides  of  the  triangle  in  a,  b,  c  ;  therefore 

Ac'.Bo.C6  =  c'B.aC.6A. 

But  Ac.Ba,C6  =  cB.aC.6A,  by  hypothesis; 

^     .      Ac'    cB        ,  Ac    Ac  -"^ 

therefore  -ir-  =  r5'»  ^^^  "^  =  -io> 
Ac    cB  cB    cB 

AB    AB        -     „      _ 
whence  -rD=— 5">  ai^d  cB^cB; 

C  D       CD 

or,  the  point  C  coincides  with  the  point  c,  and  therefore  COc  coincides  with  COc, 
and  the  three  lines  A  a,  Bb,Cc,  pass  through  the  same  point  O. 

This  Proposition  is  also  true  when  the  point  O  is  outside  the  triangle  and  on 
either  side  of  the  base  BC ;  also  the  expression  Ac.Ba.C6  =  cB.aC.6A  maybe 
put  under  the  forms : 

Ac  :  cB  ::  aC.bX  :  Ba.Cb; 

Ca  :  aB  ::  cA,bC  :  Bc.Ab; 

Cb  :  bA  ::  cB.aC  :  Ac.Ba; 

and  expressed  in  the  following  terms: 

If  three  straight  lines  be  drawn  from  the  angles  of  a  triangle  through  any  point 
to  meet  the  opposite  sides,  or  the  opposite  sides  produced ;  the  s^rments  of  each  side 
are  in  the  same  ratio,  as  the  ratio  compounded  of  the  ratios  of  the  alternate  segments 
of  the  other  two  sides. 

Cor.  1.  The  following  relations  may  also  be  shewn  to  exist  between  the  six  lines 
and  their  twelve  segments. 

(1)  When  AOa  is  taken  as  a  transversal  to  the  triangles  BCc,  CBb, 

Ba  CA  60^  Ba  CO   cA^ 

aV'Ab'OB"    *         aCOc'AB 

(2)  When  BOb  is  taken  as  a  transversal  to  the  triangles  ACc,  CAa, 

CO   cB   Ab  Cb  AO   oB 

Oc*BA*6C"    '         bA'Oa'BC 

*  Go'  is  not  drawn  in  the  diagram. 
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(3)  When  COc  is  taken  as  a  tnmsrenal  to  the  tmng^  ABb,  BAa, 

•   Be  AC  60__,     Ac  BC  aO 
cACAOB"  '    cBCaOA" 

(4)  When  AcB  istakenasatiansyersaltothetrinig^COa,  C06> 

Cc   OA   flB  Ce  OB   *A 

COAa'BC"    '         ^•BA'AC" 

(5)  Wlien  AbC  is  taken  as  a  transvenal  to  the  tiiangles  BOo,  BOc, 

B^  OA  flC  B6   OC  CA 

60AaCB"    *         ftOCc'AB"*" 

(6)  WhenBaCistakenasatransYCTsaltotfietnangks  A06,  AOr^ 

Aa   OB   6C  Ac  DC   cB 

aO'  B6*CA"    •         iiO*  Cc'BA" 
These  twelve  relations  are  deduced  when  the  point  O  is  considered  to  be  inthin 
the  triangle ;  they  are  also  true  when  the  pdnt  O  is  outside  die  triang^  and  on 
either  side  of  the  base. 

It  is  also  worth  while  to  ascertain  how  many  of  these  properties  fbnn  independent 
conditions  of  relation  between  the  lines  and  their  segments. 

Cob.  2.  In  a  similar  manner,  if  the  three  diagonals  ci£aaf  complete  qoadrilateFBl 
be  drawn,  it  will  be  foond  that  the  figure  contains  thirty-three  simple  quadrilaterals, 
and  forty-four  relations  may  be  deduced  from  them  by  means  of  Prop.  I.  and  IL 

Con.  3.  By  combining  the  relation  proved  in  Prop.  II.  with  the  second,  third, 
and  sixth  in  Cor.  1 :  the  following  relation  between  ^be  ades  of  the  triangle,  the 
transversals,  and  their  segments  is  deduced 

AO  BO  CO^AB  BC  CA 
Oa    Ob'Oc     Ab'Bc'Ca' 


PROPOSITION  III. 

If  through  a  given  point  within  a  triangle  tines  are  drawn  from  the  angles  to 
the  opposite  sides,  and  the  points  of  section  be  joined,  ti^  first  three  lines  wiU  be 
harmonically  divided,    (Geom.  Ex.  Theo.  72,  p.  357.) 

Let  Aa,  Bb,  Cc  be  drawn  through  any  point  O  within  the  triangle  ABC  mat- 
ing the  opposite  sides  in  a,  b,  c. 

Draw  ab,  be,  ca,  intersectmg  Cc,  Aa,  B6,  in  c,  ii,  b',  rei^)ectively. 

Then  the  lines  A«^  Bb,  Cc,  are  each  divided  harmonically. 

Q 
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From  the  point  by  three  stndght  lines  bX,  6c,  bOy  an  drawn  to  the  angks  of  the 
triangle  AcO: 

theitfore  ^^.^.g^  «i,  by  Ptop.  IL, 
^  AB  cC   Oo 

for  BaC  is  a  transversal  to  the  triangle  AcO; 

„         Oa    Oa' 
ilence  — r  =-77" » 
aA    a  A 

,  Aa    Aa*    Aa-atf 

or  Aa  :  0«  ::  Aa-aa' :  aa'-Ofl; 

wherefore  Ao,  aa',  Oa  are  in  bannonical  proportion;  or  the  line  A  a  is  divided 
harmonically  in  the  points  a',  O. 

In  a  similar  way,  it  may  be  shewn  that  B^^  bb',  Ob',  are  in  harmonical  pro- 
portion; as  also  Cc,  cc',  Oc. 

Cob.  1.  If  the  lines  ab,  be,  ca  be  produced  to  meet  the  three  sides  of  the 
triangle  produced  in  the  points  P,  Q,  R;  the  lines  bV,  aO,  5R,  are  divided  harmo- 
nically in  the  points  0,  a;  b',e;  4i,c;  respectively :  as  also  AP,  CO,  CR,  the  ades 
produced  of  the  triangle,  in  the  pdints,  c,  B;  b.  A;  a,  B;  respectively. 

First  From  the  point  A,  the  straight  lines  Ab,  AO,  Ac  are  drawn  to  b,  O,  c, 
the  angular  pdnts  of  the  triangle  bcO,  and  these  lines  cut  the  side  be  in  a  and  meet 
the  other  sides  b O,  cO  produced  in  B,  C; 

therefore  -t-.t^t;.  tTt^I*  ^7  Prop.  II. 
ac  CO   B6 

And  the  transversal  RC  intersects  the  sides  produced  of  the  same  triaiiigle  beO  i 

^^^"^  R^-eO-  B6"=^'  ^  ^^-  ^• 

„        6R    bxi     6R-R« 
^""^Ri^Jc'R^TR-c' 

or  b'R,  Ra',  Re  are  m  harmonical  proportion. 

Similarly,  it  may  be  shewn  that  P6  is  divided  harmonically  in  a,  c' ;  as  also  Qa 
in  c,lr. 

Secondly.    Since  -r-rg.  ^=^  by  Prop.  IL, 

^   ,  Ab  Ca  BP    ,    1,^  p^  T 

For  the  transversal  Pa6  intersects  the  triangle  ABC. 

„         BP    Be 
^^'^  PA=^' 

,  AP    cA    PA-Pc 
^PB-B^^-P^^^PB' 

or  AP,  Pc,  PB  are  in  harmonical  proportion^  and  the  line  PA  is  divided  harmonically 
inc^B. 
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In  a  mmilar  way,  it  may  be  shewn,  that  CO,  and  CR,  are  hannomcally  divided  in 
b,  A;  a,  B,  respectively. 

Cor.  2.  Since  the  lines  XaOa,  ba'cR,  CaBR;  Bb'Ob,  ab'cQU  C&AQ; 
CcOc,  bc'aVy  AcBP;  are  the  diagonals  produced  of  the  three  complete  quadri- 
laterals BACOB,  ABCOA,  ACBOA,  respectively:  the  results  of  Prop.  III.  and 
Cor.  1.  may  be  generally  expressed  in  the  following  terms: 

If  the  three  dis^nals  of  a  complete  quadrilateral  be  drawn  and  be  produced  to 
meet  one  another ;  each  of  the  diagonals  is  divided  harmonically  by  the  other  two. 

Cor.  3.    The  three  points  P,  Q,  R,  are  in  the  same  straight  line. 

For  considering  Pa5,  Qca,  Rc&,  as  transversals  to  the  triangle  ABC,  by  Prop.  I. 

we  obtain ; 

AP  Bo  C6  AP_A6  Ca 

PBflC'ftA"^'  ^"^  PB-ftCaB' 

CQ  Ac  Ba  £5^2?  ^^ 

QAcBaC"*'  ^^  QA"aBcA' 

BR  Cb  Ac  l?-.l£  ^ 

RC'fcAcB"  '  ^^  RC"cA  6C' 

AP  BR  CQ     /Co  Be  kby 
^«°^PBRCQA'UbcA*6C/- 

-,  ^  Ca  Be  A6         ,     -, 

^^'^•^•6c=^'^y^"'p-^^' 

,,      -      AP  BR  CQ    , 
therefore  pg.j^.^  =  l; 

which  is  the  condition  fulfilled  when  a  straight  line  is  drawn  intersecting  the  three 
sides  of  a  triangle,  AB,  CA,  CB  produced,  in  the  points  P,  Q,  R. 
Hence  the  three  points  P,  Q,  R,  are  in  the  same  straight  line. 

Cor.  4.    Ilie  lines  Aa,  B6,  Cc  may  be  considered  as  transversals  to  the  triai^le 
abc,  and  a  similar  series  of  relations  may  be  deduced,  as  m  Prop.  II. 


PROPOSITION  IV. 

If  three  lines  be  drawn  from  the  angles  A,  B,  C  of  a  triangle  through  anypwnt 
O  to  meet  the  (opposite  sides  in  the  points  a,  b,  c  ;  and  if  a  transversal  be  drawn 
intersecting  these  lines  in  m',  n',  p',  and  the  sides  of  the  triangle,  produced  ifnecet- 
sary,  in  the  points  m,  n,  p :  then  the  three  following  relations  exist  between  the  parti 
into  which  the  transversal  is  divided. 

mp   mn   mp'   m'n'    ,       ^,^         nm'   n'p   nm    n'p*    , 
pm    nm  pm    nm  mn    pn   mn    pn 


mp    np'   mp    np'     , 
pn    pm    pn   p  m 
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First,  the  triangle  mnm'  is  intersected  by  the  transversals  AB^  B6, 

n 


^, -       mA   flB    mp     ,  inB    aO    m'n' 

tneretore -r— .:;j— -. -^=1;         "d—./S"/'"^^— =  !• 
Aa    Bm  |>m  Ba   Om    nm 

Again^  the  same  triangle  is  intersected  by  the  transversals  AC,  Cc, 

,      f      >»'»  mC    aA  _  fn'O    aC    mp' 

nm  '  Ca  *  Am'~    '  Oa  'Cm'p'm'™  ' 

,  .     ,  ,      -  trip   m'n    mp'  mn 

whence  is  deduced  — - . .  —r- .  — ;— =  1. 

pm'   nm  p'm'   n  m 

Secondly.  In  a  similar  way  since  the  triangle  nn'b  is  intersected  by  the  trans- 
versals BA,  Aa;  and  by  BC,  Co;  four  relations  arise^  from  which  may  be  deduced 

nm'   np   nm   «'p'_, 
m n    pn   mn    p n 

Thirdly.  Ilie  triangle  pp'c  is  intersected  by  the  transversal  CA,  Aa;  and  by 
CB^  Bb;  other  four  relations  are  found  from  which  there  results 

mp    n'p    m'p    np 
pn   p  m    pn   p  m 

Cor.  From  these  three  relations,  each  involving  dght  of  the  segments  of  the. 
transversal,  a  relation  may  be  found  which  involves  only  six  segments ;  multiplying 
these  results  together,  is  deduced 

mp'  nm'  pn' 
p  n   mp  n  m 

Three  other  forms  may  be  deduced  from  the  same  three  expressions,  (I.)  by. 
multipljnng  (1)  and  (2)  tog^her  and  dividing  by  (3) ;  (II.)  by  multiplying  (1)  and  (3) 
together  and  dividing  by  (2) ;  (III.)  by  mtdtiplying  (2)  and  (3)  together  and  dividing 
by  (1). 


PROPOSITION  V. 

If  any  polygon  he  intersected  by  a  transversal,  the  segments  of  the  sides  have  to 
each  other  a  relation  similar  to  that  of  the  segments  qf  the  sides  of  a  triangle. 

Let  ABCD  be  a  polygon  of  four  sides,,  and  let  its  opposite  sides  AB,  CD  bo 
intersected  m  ^,  c  by  a  transversal  which  meets  AD,  CB  produced  in  d,  b. 
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Join  AC  intersecting  the  transversal  db  in  O. 

Then  the  transversal  dcO  intersects  the  triangle  ACD, 

*u««^      Arf  Dc  CO    ,     „ 
therefore  2g.^.^-  =  l,    Prop.  I. 

And  the  transversal  baO  intersects  the  triangle  ABC, 

♦u--^   Aa  B6  CO  ,   ^   . 

„„    Aa  Bb  Cc   Dd    , 
aB  bC  cD   oA 

or,  the  ratio  coa^>ounded  of  the  ratios  of  the  segments  of  the  four  sides  of  the 
polygon  taken  in  order,  is  a  ratio  of  equality. 

This  result  may  also  be  expressed  thus 

Aa.B5.Cc.D(;«aB.&C.cD.(;A, 

or  it  may  be  exhibited  in  the  form  of  a  proportion^  for  instance 

Aa.Cc    bC.dA 
aB.cb*ftB.rfD' 

The  transversal  bOacd  was  supposed  in  the  preceding  result  to  intersect  AB, 
CD>  two  opposite  sides  of  the  polygon ;  the  same  property  is  also  true  when  the 
transversal  intersects  two  adjacent  sides,  or  the^ur  Mes  produced. 

Let  ABCDE  be  a  polygon  of  five  sides,  and  let  A£,  CD,  any  two  sides  of  it,  be 
intersected  by  a  transversal  in  the  pcnnts  e^  c:  let  BA,  BC,  D£  produced,  meet  the 
transversal  m  a^b,  d,  respectively.  Draw  the  diagonals  £B,  EC  intersecting  the 
transversal  in  fn,  ft. 


then  — w.— T'-cialj  for  mea  intersects  the  triangle  ABE. 
mB  aA  cE      '  ® 
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mE'nC'bB'^  '  intersects  BCE, 

Cn  Ed  Dc    ^         , . ^      ^    ^^_ 

"~T&-  jt:'"-7t=1>  cna  intersects  CDE. 
nE  rfD  cC 

,^^    Ba  Ac  Ed   Be  Cb    , 
Wnence  — t-  .  -=; .  -77^ .  —7=- .  rn  =  1 ; 
aA  e£  c^D  cC  6B   ' 

or,  as  before,  the  ratio  compounded  of  the  ratios  of  the  segments  of  the  mdes  of  the 
figure  successively  taken  in  order  is  a  ratio  of  equality. 

In  a  similar  manner,  for  any  polygon  ABCDEF  of  six  sides,  when  intersected 
by  a  transversal,  adopting  the  same  notation  as  for  the  polygon  of  five  mdes,  it  may 
be  proved,  that 

Ba  Af  Fe  Ed^Dc  C6_ 

aA'fF'eE'dD'cC'bB"^' 

or  the  ratio  compounded  of  the  ratios  of  the  s^rments  of  the  six  sides  taken  in  order 
is  a  ratio  of  equality. 

And  similarly  for  any  polygon  whatever,  whedier  the  transversal  intersect  two  of 
the  sides  of  the  polygon  or  only  the  sides  produced. 

CoR.  If  the  hexagon  be  inseriptible  in  a  circle,  then  the  three  points  of  inter- 
fiectbns  of  the  alternate  sides  produced,  are  in  the  same  straight  line. 


Camot  was  the  first  who  systematically  pointed  out  the  importance  of  the  relations 
of  position  in  Geometrical  figures.  This  he  exhibited  in  a  tract  entitled  "De  la 
Correlation  des  figures  de  GSom6trie"  published  in  1801.  His  greater  work  on  the 
subject  appeared  in  1803,  under  the  title  of ''  Qr^omStrie  de  Position,"  and  three  years 
afterwards,  m  1806,  his  tract  "  Sur  la  TkSorie  des  Transversales''  The  subject  has 
been  both  extended  and  simplified  by  subsequent  writers ;  among  whom  may  be 
named  C.  J.  Brianchon,  who  published,  in  1818,  his  **  Application  de  la  TMorie  des 
Transversales/'  Many  interesting  properties  of  Transversals  will  be  found  in  the 
notes  of  M.  Chasles's  ''Aperfu  Historique  des  Methodes  en  G^om^trie,"  The  only 
English  work  in  which  the  subject  is  systematically  treated,  is  the  last  edition  of 
Button's  Course  of  Mathematics,  in  whidi  the  theory  is  applied  both  to  Elementary 
Geometry,  and  to  properties  of  the  Clonic  Sections. 


D 


26  APPENDIX  TO  EUCLID'^S  ELEMENTS. 


HINTS,  &c.  TO  THE  PROBLEMS.    BOOK  I. 

2.  There  is  another  method  whereby  a  line  may  be  dinded  into  three  equal 
parts : — by  drawing  from  one  extremity  of  the  given  line,  another  making  any  acute 
angle  with  it,  and  taking  three  equal  distances  from  the  extremity,  then  joinmg  the 
extremities,  and  through  the  other  two  points  of  division,  drawing  lines  psunllel 
to  this  line  tlu-ough  the  other  two  points  of  division,  and  to  the  given  line ;  the  three 
triangles  thus  formed  are  equal  in  all  respects.  This  may  be  extended  for  any  number 
of  parts. 

5.  This  b  a  particular  case  of  Euc.  i.  22. 

6.  The  same  remark  applies. 

7.  Let  A  be  the  given  pomt  without  the  line,  and  B  the  given  point  in  the  line. 
Suppose  D  the  point  reouired  in  the  line.  If  AB  and  AD  be  joined,  DAB  is  an 
isoscdeB  triangle :  draw  DE  perpendicular  to  AB,  arid  the  construction  is  obvious. 

8.  This  may  be  effected  m  two  ways,  (1)  by  Euc.  i.  9,  10,  when  the  two  lines 
meet ;  (2)  when  the  lines  are  produced  bevond  the  point  of  intersection,  by  Euc.  i.  9, 
31.  It  may  be  remarked  also,  that  the  une  drawn  through  the  given  point  makes 
equal  angles  with  the  two  given  lines,  Euc.  i.  5. 

9.  Suppose  the  two  lines  CB>  DB  to  meet  in  B,  and  that  EAF  drawn  throafi;h 
the  given  pomt  A,  is  bisected  in  that  point.  Through  A,  draw  AG  parallel  to  EC, 
and  through  G,  GH  parallel  to  EF.  Then  EAGH  is  a  parallelogram^  and  BG  is 
equal  to  GF.    Hence  the  synthesis. 

10.  Apply  Euc.  I.  1,  9. 

11.  The  an^le  to  be  trisected  is  one-fourth  of  a  right  angle.  If  an  eomlateral 
triangle  be  described  on  one  of  the  sides  of  the  triangle  which  contains  tne  given 
angle^  and  a  line  be  drawn  to  bisect  that  angle  of  the  equilateral  triangle  which  is  at 
the  given  angle,  the  angle  contained  between  this  line  and  the  other  mde  of  the 
triangle,  will  oe  one  twelmi  of  a  right  angle,  or  equal  to  one  third  of  the  given  ande. 

It  may  be  remarked,  generally,  that  anv  angle  which  is  the  half,  foiuth,  e^gntb, 
&c.  part  of  a  right  angle,  may  be  trisected  oy  Plane  Geometry. 

12.  This  may  be  done  by  means  of  Euc.  i.  47,  taking  three  lines  of  3,  4,  5  omts. 
Or,  by  means  of  fQuai  straight  lines,  figure  Euc.  1. 1,  if  an  equilateral  triiemgle  CBF 
be  described  on  CB,  and  another  CFG  on  CF,  the  line  drawn  from  G  to  B  is  at 
right  angles  to  AB.  Or,  take  a  point  D  in  AB,  draw  DE  equal  to  DC  and 
inclined  to  AB^  C  being  the  given  point.  Join  EC,  and  produce  it  tall  CG  be  emial 
to  CD;  make  CF  equal  to  CE,  join  FG  and  produce  it  till  GH  be  equal  to  GC. 
Then  CH  will  be  perpendicular  to  AB. 

13.  Take  any  point  in  the  given  line,  and  apply  Euc.  L  23,  31. 

14.  The  only  distinction  between  this  ana  Prob.  8,  above,  is  in  the  quaegitnm. 
The  qusesita  in  both  are  essentially  connected. 

15.  The  two  given  points  ma]^  be  both  on  the  same  side,  or  one  point  may  be 
on  each  side  of  the  line.  If  the  point  required  in  the  line  be  supposed  to  be  founds 
and  lines  be  drawn  joining  this  point  and  the  f^ven  points,  an  isosceles  tnangle  is 
formed,  and  if  a  prpendicular  be  drawn  on  the  base  from  the  point  in  the  line: 
the  construction  is  obvious. 

16.  The  line  to  which  the  given  line  is  to  be  parallel,  may  pass  through  an  angle 
of  the  triangle,  or  it  may  not;  if  it  do  not,  draw  through  an  angle  of  the  triangle  a 
line  parallel  to  this  line,  Euc.  i.  31.  If  a  line  equal  to  the  given  line  be  supposed 
to  be  drawn  parallel  to  the  line  through  one  of  the  angles,  a  parallelogram  may  be 
formed  and  the  construction  determinai. 

17.  The  construction  of  this  problem  may  be  effected  fix)m  Prob.  1,  p.  293. 

18.  If  the  point  in  the  base  be  supposed  to  be  deteimined,  and  lines  orawn  from 
it  parallel  to  the  sides,  it  will  be  found  to  be  in  the  line  which  bisects  the  vertical 
angle  of  the  triangle. 

19.  This  may  be  effected  by  Prob.  3,  p.  295. 

20.  The  line  required  is  obviously  the  diagonal  joining  the  two  obtuse  angles. 

21.  If  AC  be  drawn  from  A  one  extremity  of  the  given  line  AB  making  my 


HINTS  TO  THE  PROBLEMS.       BOOK  I.  27 

ai^le  less  than  the  given  angle,  and  if  from  A,  a  line  AD  he  drawn  making  with 
AC  an  angle  equal  to  the  given  angle,  and  BC,  BD  he  drawn  from  B  paralld  to 
AD,  AC  respectively : — ^the  parallelogram  b  formed  with  the  given  conditions.  The 
Prohlem  is  indeterminate. 

22.  If  in  the  figure  Euc.  i.  1,  the  circles  intersect  each  other  in  C,  C',  and  CA, 

AC,  C'B,  BC  he  joined,  ACBC  is  the  parallelogram  required. 

23.  See  the  figure^  Euc.  i.  35. 

24.  Construct  a  right-angled  parallelogram  hy  Euc.  i.  44,  equal  to  the  given 
quadrilateral  figure,  and  from  one  of  the  angles  draw  a  line  to  meet  the  opposite  side 
and  equal  to  the  hase  of  the  rectangle,  and  a  line  from  the  adjacent  angle  parallel  to 
this  line  will  complete  the  rhomhus. 

25.  Bisect  BC  in  D,  and  through  the  vertex  A  draw  AE  parallel  to  BC,  with 
centre  D  and  radius  equal  to  half  the  sum  of  AB,  AC,  descrihe  a  circle  cutting  AE 
in  E. 

26.  Make  a  triangle  ABC  equal  to  the  given  figure,  by  Prob.  27.  Produce  the 
base  BC,  if  necessary,  making  BD  equal  to  the  given  base.  On  BD  make  the 
triangle  BDE  equal  to  ABC ;  through  E  draw  EG  parallel  to  BD,  and  upon  BD 
descnbe  a  segment  of  a  circle  containing  an  angle  equal  to  the  given  angle,  Euc.  in. 
33,  and  cutting  EG  in  H ;  join  HB,  HD.    HBD  is  the  required  triangle. 

27.  K  the  fiffure  ABCD  be  one  of  four  sides ;  join  the  opposite  angles  A,  C  of 
the  figure,  throudi  D  draw  DE  parallel  to  AC  meetmg  BC  produced  in  E,  join  AE : 
—the  triangle  ABE  may  be  proved  equal  to  the  foursided  figure  ABCD. 

If  the  figure  ABCDE  be  one  of  five  sides,  produce  the  base  both  ways,  and  the 
figure  may  be  transformed  into  a  triangle,  by  two  constructions  similar  to  that  em- 
ployed for  a  figure  of  four  sides.  If  the  figure  consist  of  six,  seven,  or  any  number 
of  sides,  the  same  process  must  be  repeated. 

28.  From  the  given  point  A,  let  fall  AB  on  the  given  straight  line,  and  upon  AB 
describe  an  equilateral  triangle  PAB.  Produce  AP  to  meet  the  given  line  in  D,  and 
bisect  the  angle  BAD  by  AC  meeting  the  given  line  in  C.  On  AC,  BD,  describe  the 
equilateral  triangles  QAC,  RAD ;  if  P,  Q,  K  can  be  proved  to  be  in  a  straight  line  the 
locus  of  the  vertices  of  the  triangles  on  the  same  side  of  AB  will  be  a  straight  line. 

29.  Let  ABC,  be  the  given  triangle  whose  base  is  BC.  In  BC,  produced  if  neces- 
sary, take  BD  equal  to  the  ^ven  base  of  the  required  isosceles  triangle :  on  BD  let 
BD  be  the  base  of  the  reqmred  isosceles  triangle.  On  BD  let  a  triangle  BDE  be 
formed  equal  to  ABC.  If  this  triangle  be/ not  isosceles,  an  equal  triangle  which  shall 
be  isosceles,  may  be  formed  on  the  same  base  BD,  Euc.  i.  37. 

30.  See  Theorem  69,  p.  304. 

31.  Let  ABC  be  the  required  triangle  having  the  right  angle  ABC,  and  such 
that  the  sum  of  AC  and  AB  is  double  of  BC. 

NowsinceAC+AB  =  2BC,  therefore  AC- BC  =  BC-AB.  OnACtakeAD 
equal  to  this  difference.  Then  AC  =  BC  +  AD,  AB  =  BC-AD,  and  smce  AC* 
=r  AB»+BC«,  it  foUows  that  BC*  =  4BC.AD,  and  BC=4AD.  Hence  AD  the 
difference  between  the  hypothenuse  and  one  side  BC  is  known,  and  therefore  the 
hypoUienuse  AC  =  5  AD.  Hence  the  constructbn  of  the  triangle  depends  on  the 
division  of  the  hypothenuse  into  five  equal  parts.    See  the  remark  on  Prob.  2. 

32.  Let  the  two  given  lines  meet  m  A,  and  let  B  be  the  given  point. 

If  BC,  BD  be  supposed  to  be  drawn  making  eoual  angles  with  AC,  AD  and 
DC  be  joined,  BCD  is  the  triangle  required,  and  £e  figure  ACBD  may  be  shewn 
to  be  a  parallelogram.    Whence  the  construction. 

33.  This  is  a  particular  case  of  Prob.  7^,  p.  351. 

34.  This  problem  cannot  be  solved  without  proportion. 

35.  This  IS  a  case  of  the  more  general  problem : — ^To  divide  a  triangle  into  two 
parts,  having  a  given  ratio  to  one  another  by  a  line  parallel  to  any  line  given  in 
position.    See  note  on  Prob.  76,  p.  351. 

36.  Let  D  be  the  required  point  within  the  triangle  ABC,  such  that  the  lines 

AD,  BD,  CD  trisect  the  triangle.  If  these  lines  be  prcSuced  to  meet  the  sides  of  the 
triangle  in  E,  F,  G,  it  may  be  shewn  that  the  sides  are  bisected  in  these  points. 

37.  It  is  proved,  Euclid  i.  34,  that  each  of  the  diagonals  of  a  parallelogram 
bisects  the  figiure,  and  it  may  easily  be  shewn  that  they  also  bisect  each  other.  It  is 
hence  manifest  that  any  straight  line  which  bisects  a  parallelogram  must  pass 
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through  the  intersection  of  the  diagonals.    The  different  portions  of  a  line  through 
the  intersection  of  the  diagonals  wUl  suggest  the  constructions  in  the  different  cases. 

38.  (1)  Reduce  the  trapezium  ABCD  to  a  triangle  BAB  hy  Proh.  27,  and 
bisect  the  triangle  BAB  bv  a  line  AF  from  the  vertex.  If  F  Ms  without  BC, 
through  F  draw  FG  parallel  to  AC  or  DE,  and  join  AG. 

Or  thus.  Draw  the  diagonals  AC,  BD ;  bisect  BD  in  £,  and  jcnn  AE,  EC. 
Draw  FEG  parallel  to  AC  the  other  diagonal^  meeting  AD  in  F,  and  DC  in^G. 
AG  being  joined  bisects  the  trapezium. 

(2)  Let  E  be  die  given  point  in  the  side  AD.  Join  EB.  Bisect  the  quadrilateral 
EBCD  by  EF.  Make  the  triangle  EFG  equal  to  the  triangle  EBA,  on  that  side  of 
EF  on  which  the  greater  part  of  ABCE  lies.  Bisect  the  triangle  EFG  hj  EH. 
EH  bisects  the  figure. 

39.  (1)  DF  bisects  the  triangle  ABC  (fig.  Prob.  3,  p.  295).  On  each  side  of 
the  point  F  in  the  line  BC,  take  FG,  FH,  each  equal  to  one  third  of  BF,  the  lines 
DG,  DH  shall  trisect  the  triangle.    Or, 

Let  ABC  be  any  triangle,  D  the  given  pcnnt  in  BC.  Trisect  BC  in  £,  F.  Join 
AD,  and  draw  EG,  FH  parallel  to  AD.  Join  DG,  DH:  these  lines  trisect  the 
triangle.    Draw  AE,  AF  and  the  proof  is  manifest 

(2)  Let  ABC  be  any  triangle ;  trisect  the  base  BC  in  D,  E,  and Jmn  AD,  AE. 
From  D,  E,  draw  DP,  EP  par^  to  AB,  AC  and  meeting  in  P.  Scan  AP,  BP, 
CP;  these  three  lines  trisect  the  triangle. 

(3)  Let  P  be  the  given  point  within  the  triangle  ABC.  Trisect  the  base  BC  in 
D,  E.  From  the  vertex  A  draw  AD,  AE,  AP.  Join  PD,  draw  AG  parallel  to  PD 
and  j(Hn  PG.  Then  BGPA  is  one  tlurd  of  the  triangle.  The  problem  may  be  sobred 
by  trisecting  dther  of  the  other  two  sides  and  making  a  similar  construction. 

40.  Trisect  the  side  AB  in  E,  F,  and  draw  EG,  FH  parallel  to  AD  or  BC, 
meeting  DC  in  G  and  H.  If  the  given  point  P  be  in  EF,  the  two  lines  drawn  from 
P  throufi^h  the  bisections  of  EG  and  FH  will  trisect  the  parallebgram.  If  P  be  in 
FB,  a  Ime  from  P  through  the  bisection  of  FH  will  cut  off  one  third  of  the  pa- 
rallelogram, and  the  remaming  trapezium  is  to  be  bisected  by  a  line  from  P,  one  cf 
its  angles.    If  P  coincide  with  E  or  F,  the  solution  is  obvious. 

41.  If  a  line  be  drawn  from  the  given  point  in  the  side  of  the  parallelofcram 
through  the  intersection  of  the  diagonals,  the  parallelogram  is  Insected;  and  the 
probl^  is  reduced  to  the  bisection  of  a  trapezium  two  of  whose  sides  are  paiaDd, 
Dy  a  line  drawn  from  the  extremity  of  one  of  the  parallel  sides. 

42.  If  a  straight  line  be  drawn  from  the  given  pdnt  through  the  intersectioD  of 
the  diagonals  and  meeting  the  opposite  side  of  the  square;  the  problem  is  then 
reducea  to  the  bisection  m  a  trapezium  by  a  line  drawn  from  one  of  its  anjiks. 

43.  If  the  angles  at  the  base  of  the  isosceles  triangle  be  bisected,  the  line  jomiog 
the  points  where  the  bisecting  lines  meet  the  opposite  udes  of  the  triajigle,  will  cot  off 
the  trapezium  required. 

44.  The  base  may  be  divided  into  nine  equal  parts,  and  lines  may  be  drawn 
from  the  vertex  to  the  points  of  division.  Or,  the  sides  of  the  triangle  may  be 
trisected,  and  the  points  of  trisection  joined. 

45.  (1)  By  supposing  the  point  F  found  in  the  side  AB  of  the  pandldoffnm 
ABCD,  such  that  the  angle  contained  by  AP,  PC  may  be  bisected  by  the  line  FD; 
CP  may  be  proved  equal  to  CD ;  hence  the  solution  is  obvious. 

(2)  By  supposing  the  point  P  found  in  the  side  AB  produced,  so  that  PD  nwr 
bisect  the  angle  contained  by  ABP  and  PC ;  it  may  be  shewn  that  the  mde  AB 
must  be  produced,  so  that  BP  is  equal  to  BD. 

46.  Produce  one  side  of  the  square  till  it  become  equal  to  tiie  diagonal,  the  line 
drawn  from  the  extremity  of  this  produced  side  and  parallel  to  the  a^acent  side  of 
the  square,  and  meeting  the  diagonal  produced,  determines  tiie  point  reqimred. 

47.  It  Lb  sufficient  to  suggest,  that  triangles  on  equal  bases,  and  of  equal 
altitudes,  are  equal. 

48.  Let  ABC  be  the  required  triangle  hsmng  the  angle  ACB  a  right  angle.  In 
BC  produced,  take  CE  equal  to  AC,  and  with  centre  B  and  radius  BA  desoibe  a 
circular  arc  cutting  CE  in  D,  and  jom  AD.  Then  DE  is  the  difference  between  the 
sum  of  the  two  sides  AC,  CB  and  the  hypothenuse  AB ;  also  one  side  AC  the  per- 
pendicular is  given.    Hence  the  construction.    On  any  line  EB  take  EC  equal  to 
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the  given  side^  ED  equal  to  the  given  difference.  At  C,  draw  CA  perpendicular  to 
CB,  and  equal  to  EC,  join  AD,  at  A  in  AD  make  the  angle  DAB  equal  to  ADB, 
and  let  AB  meet  EB  in  B.    Then  ABC  is  the  triangle  required. 

49.  Let  AD  be  the  sum  of  the  base  and  hvpothenuse,  AB  the  sum  of  the  base 
and  perpendicular  (figure,  Euc.  n.  10).  At  D  draw  a  line  perpendicular  to  AD,  and 
through  B  draw  EBG  making  with  AB  an  angle  ABE  equal  to  half  a  right  angle, 
and  meeting  the  perpendicular  to  AD  in  G.  Join  AG  and  draw  BH  equal  to  BD  and 
meeting  AG  in  H.  From  A  draw  AE  paraUel  to  HB  meeting  EBG  in  £;  draw 
EF  parallel  to  AD  meeting  the  perpendicular  at  D  in  F;  and  lastly,  draw  EC  per- 
penmcular  to  AD.    Then  the  triangle  AEC  is  the  triangle  required. 

The  proof  of  this  problem  involves  the  consideration  of  similar  triangles;  it 
should  have  been  placed  among  the  Problems  to  Book  vi. 

50.  Draw  two  straight  lines  making  an  angle  A  equal  to  the  given  angle,  and 
on  one  of  them  take  a  part  AD  equal  to  half  the  sum  of  the  sides ;  bisect  the  angle 
A;  then  the  problem  is  reduced  to  constructing  a  riffht-angled  triangle,  having  given 
the  sum  of  the  base  and  the  hypothenuse,  and  the  angle  contained  between  the 
perpendicular  and  the  hypothenuse.  Suppose  the  thing  done,  and  that  EF  is  the 
position  of  the  base,  join  DF,  and  draw  DG  parallel  to  EF,  the  ang^  EDG  is 
bisected  bv  DF. 

51.  On  the  line  which  is  equal  to  the  perimeter  of  the  reouired  triangle  describe 
a  tnangle  havingits  angles  equal  to  the  given  angles.  Then  tne  rest  of  the  process 
is  suggested  by  rrob.  2,  p.  221. 

52.  Let  ABC  (fig.  to  Euc.  i.  20)  be  the  required  triangle,  having  the  base  CB 
equal  to  the  given  base,  the  angle  ABC  equal  to  the  given  angle,  ana  the  two  sides 
BA,  AC  together  equal  to  the  ^ven  line  BD.  Join  DC,  then  since  AD  is  equal  to 
AC,  the  triangle  ACD  is  isosceles,  and  therefore  the  angle  ADC  is  equal  to  the 
angle  ACD.     Hence  the  construction  of  the  triangle. 

53.  Let  ABC  be  the  required  triangle  (fig.  to  Euc.  i.  18),  having  the  angle 
ACB  equal  to  the  given  angle,  and  the  base  BC  equal  to  the  given  line,  also  CD 
equal  to  the  diflference  of  the  two  sides  AB,  AC.  If  dD  be  joined,  then  ABD  is  an 
isosceles  triangle.  Hence  the  synthesis.  Does  this  construction  hold  good  in  all  cases  ? 

54.  Let  ABC  be  the  required  triangle,  (fig.  Euc.  1. 18,)  of  which  the  side  BC  is 

f'ven  and  the  angle  BAC,  also  CD  the  difference  between  the  sides  AB,  AC.  Join 
D ;  then  AB  is  equal  to  AD,  because  CD  is  their  difference,  and  the  triangle  ABD 
is  isosceles,  whence  the  angle  ABD  is  equal  to  the  angle  ADB ;  and  since  twice  the 
angle  ABD  and  BAD  are  equal  to  two  right  angles,  it  follows  that  ABD  is  half  the 
supplement  of  the  given  an^le  BAC.     Hence  the  construction  of  the  triangle. 

55.  Let  AB  oe  the  given  base,  at  B  draw  BE  at  right  angles  to  AB,  with 
centre  A  and  radius  ecpSi  to  the  sum  of  the  two  remaining  sides  describe  a  circle 
cutting  BE  in  E,  and  join  AE.  On  BE  take  BF  equal  to  the  given  altitude,  and 
through  F  draw  FC  parallel  to  AB  and  meeting  AE  in  C :  join  CB,  then  ACB 
is  the  triangle  requirea. 

56.  Let  CD  be  the  given  difference  of  the  sides  AB,  AC  (figure,  Euc.  i.  18), 
and  BC  the  given  base.  Let  ABC  be  the  triangle  required ;  at  B  draw  BF  perpen- 
dicular to  BC,  through  A  draw  AEparallel  to  BC  meeting  BF  in  E,  and  proouce 
CA  to  meet  BF  in  F.  Join  BD.  Tnen  AD,  AB,  AF  are  equal  to  one  another,  and 
the  triangle  may  be  constructed  on  the  base  BC  with  altitude  BE,  and  having  the 
difference  of  the  sides  equal  to  CD.  For  the  point  D  is  determined  by  two  cirdes 
which  touch  one  another,  one  described  with  centre  C  and  radius  CD,  and  the  other 
described  passing  through  the  points  F,  B,  and  touching  the  circle  whose  radius  is 
CD  in  D.    This  problem  requires  the  principles  of  Euc.  m.  for  its  construction. 

57.  Let  ABC  be  the  triangle,  at  C  draw  CD  perpendici:dar  to  CB  and  equal  to 
the  sum  of  the  required  lines,  tm-ough  D  draw  DE  parallel  to  CB  meetii^  Au  in  E, 
and  draw  EF  paraUel  to  DC,  meeting  BC  in  F.  Then  EF  is  equal  to  DC.  Next 
produce  CB,  making  CG  equal  to  CE,  and  join  EG  cutting  AB  in  H.  From  H 
draw  HK  perpendicular  to  EAC,  and  HL  perpendicular  to  BC.  Then  HK  and 
HL  together  are  equal  to  DC.    The  proof  depends  on  Theorem  66,  p.  303. 

58.  Let  ABC,  EBC,  DBC  (DB  oeing  joined)  be  three  e^jual  triangles  on  the 
same  base  BC  and  on  the  same  side  of  it  (fig.  Euc.  i.  41).  Join  AD,  DE.  Then 
AD  is  parallel  to  BC,  and  DE  .is  parallel  to  BC. 
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'     59.    The  diameters  of  a  square  bisect  one  another  at  right  angles. 

'  60.  This  may  be  exhibited  in  different  ways :  one  of  the  most  simple^  however, 
is  the  following.  In  the  figure,  Euc.  u.  4.  On  D£,  EB,  tdce  DE,  EM,  each  equal 
to  BC.  Join  CM  and  LM  cutting  GK  m  R  and  GF  in  Q;  also  join  CH,  HL,  and 
draw  MP  parallel  to  BA,  meeting  GF  in  P.  Then  the  square  on  CH  is  eoual  to 
the  squares  on  HG,  GC.  The  square  on  CG  is  divided  into  twoparts  by  uie  line 
OR;  and  the  souare  on  HG  into  three  parts  by  HL  and  LQ.  Tne  parts  of  the 
two  squares  HF,  CK  may  be  so  arranged  as  to  cover  exactly  the  square  CL. 

61.  Draw  two  indefimte  lines  AM,  AN  at  right  angles  to  each  other.  On  AM 
take  AB  equal  to  the  side  of  one  of  the  given  squares,  and  on  AN  take  AG  equal  to 
the  side  of  the  second  square,  join  BC,  then  the  square  on  BC  is  equal  to  the  squares 
on  AB  and  AC.  Again,  on  AM  take  AD  equal  to  BC>  and  on  AN  take  A£  equal 
to  the  side  of  the  third  square ;  join  DE,  and  the  square  on  DE  is  equal  to  the 
three  squares  on  AB,  ACf,  AE. 

62.  The  square  described  upon  the  diagonal  of  a  square  being  equal  to  double 
the  given  square ;  a  square  may  be  described  8  times  or  n  times  any  given  square, 
where  n  is  any  power  of  the  number  2. 

63.  This  18  an  Algebraical  Problem  ;-^to  find  two  rational  numbers,  the  dife- 
ence  of  whose  squares  is  a  given  rational  number. 

Let  the  given  base  of  the  triangle  contain  (a)  units,  and  if  x,  y,  denote  the  hypo- 
thenuse  and  perpendicular ;  then  a^ - al^ -y^ - {x ■¥y){x -y). 

Assume  x+y  =  na,  and  x-y^'—a: 

,  (»'+!). o         -        (n«-l).a 

whence  x  =  — r—^ — ,  and  y  -  ^ — -—^ — . 
2n       '  ^  2» 

If  a  =s  2n,  then  2»,  n'  +  1,  n' - 1,  are  the  three  sides  of  the  triangle,  where  n  is 
any  integer  greater  than  unity. 

64.  This  problem  is  the  same  as  to  construct  a  right-angled  triangle,  having 
given  the  hypothenuse  and  one  side. 

65.  If  X,  y  denote  the  base  and  perpendicular  of  the  triangle,  these  values  will 
be  found  to  be  4  and  3  from  the  equations  x—y^l,  and  x^+y^^25. 

If  a  Geometrical  Analysis  be  required.  Let  ABC  be  (fig.  Euc.  i.  18)  the  triangle 
reouired  having  the  right  angle  at  A,  BC  the  given  hypothenuse,  and  CD  the  given 
dinerence  between  the  base  AC  and  the  perpendicular  AB.  Join  BD,  then  BAD  is 
an  isosceles  right-angled  triangle.  Since  the  angle  ADB  is  half  a  right  angle,  and 
the  two  sides  DC,  Cb  are  given,  the  point  B  can  be  found.    Hence  the  synthesis. 

66.  See  Theorem  70,  p.  304. 

67.  First,  let  a  parallelogram  be  formed  on  one  side  of  the  square,  and  having 
two  of  its  sides  of  the  required  length;  next,  let  a  rhombus  be  formed  on  one  of  the 
sides  of  the  required  length.    Euc.  i.  35. 
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2.  Apply  Euc.  i.  6,  8. 

3.  This  is  proved  by  Euc.  i.  32, 13,  5. 

4.  Let  CAB  be  the  triangle  (fig.  Euc.  i.  10)  CD  the  line  bisecting  the  andk 
ACD  and  the  base  AB.  Produce  CD,  and  make  DE  equal  to  CD,  and  j<nn  £L 
Then  CB  may  be  proved  equal  to  AE,  also  AE  to  AC. 

5.  Construct  the  figure  and  apply  Euc.  i.  5,  32, 15. 

If  the  isosceles  triangle  have  its  vertical  angle  less  than  two  thirds  of  a  right 
angle,  the  line  ED  produced  meets  AB  produced  towards  the  base  and  then 
3 .  AEF=4  right  angles  +  AFE.  If  the  vertical  angle  be  greater  tlmn  two  thirda 
of  a  right  angle,  ED  produced  meets  AB  produced  towards  the  vertex,  then 
3 .  AEF  =  2  right  angles  +  AFE. 

6.  For  in  the  figure  Euc.  i.  18,  the  two  sides  CB  and  BA  are  greater  than 
CA,  but  AB  is  equal  to  AD,  therefore  the  remainder  BC  is  greater  than  DC  or  the 
difiference  between  the  two  sides  BA,  AC  of  the  triangle,  is  less  than  BC, 
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It  ma^  also  be  proved  that  the  sum  of  the  three  sides  of  the  triangle  are  preater 
than  double  any  one  of  the  sides,  but  less  than  the  double  of  any  two  of  the  sides. 

7.  In  the  Theorem,  for  AC  read  BC.  At  C  make  the  angle  BCD  equal  to  the 
angle  ACB,  and  produce  AB  to  meet  CD  in  D. 

8.  If  the  given  triangle  have  both  of  the  angles  at  the  base,  acute  angles ;  the 
difference  of  the  angles  at  the  base  is  at  once  obvious  from  Euc.  i.  32.  If  one  df  the 
angles  at  the  base  be  obtuse,  does  the  property  hold  good  ? 

9.  Let  ABC  be  a  triangle,  having  the  right  angle  at  A,  and  the  angle  at  C 
greater  than  the  angle  at  B,  also  let  AD  be  perpendic^ar  to  the  base  and  A£  be  the 
line  drawn  to  E  the  bisection  of  the  base. 

Then  AE  may  be  proved  emial  to  BE  or  EC  independently  of  Euc.  m.  31. 

10.  Let  ABC  be  a  triangle  having  the  angle  ACB  double  of  the  angle  ABC, 
and  let  the  perpendicular  AD  be  drawn  to  the  base  BC.  Take  DE  equal  to  DC 
and  join  AE.    Then  AE  may  be  proved  to  be  equal  to  EB. 

If  ACB  be  an  obtuse  angle,  men  AC  is  eqiial  to  the  sum  of  the  segments  of  the 
base  made  by  the  perpendici^ir  from  the  vertex  A. 

11.  By  bisecting  the  hypothenuse,  and  drawing  a  line  from  the  vertex  to  the 
point  of  bisection,  it  may  be  snewn  that  this  line  forms  with  the  shorter  side  and  half 
the  hypothenuse  an  equilateral  triangle. 

12.  Let  the  sides  AB,  AC  of  any  triangle  ABC  be  produced,  the  exterior 
angles  bisected  by  two  lines  which  meet  in  D,  and  let  AD  be  joined,  then  AD 
bisects  the  angle  BAC.  For  draw  DE  perpendicular  on  BC,  also  £)F,  DG  perpen- 
diculars on  AB,  AC  produced,  if  necessary.  Then  DF  may  be  proved  equal  to  DG, 
and  the  squares  of  DF^  DA  are  equal  to  tne  squares  of  FG,  GA  of  which  the  square 
of  FD  is  eq[iial  to  the  square  of  DG;  hence  AF  is  equal  to  AG^  and  Euc.  i.  8>  the 
angle  BAC  is  bisected  by  AD. 

13.  Let  ABC  be  the  obtuse-angled  triangle  having  the  obtuse  angle  at  A.  Let 
the  perpendiculars  from  D^  E  the  bisections  of  AB,  AC  meet  in  G,  join  G  and  F  the 
bisection  of  BC.    If  GF  be  proved  perpendicular  to  BC,  the  theorem  is  proved. 

Note.    It  may  be  more  readily  proved  by  transversals.  ^ 

14.  See  Theorem  29,  p.  321. 

15.  Constructing  the  figure,  then  by  the  Method  of  Transversals,  D^  E,  G  may 
be  shewn  to  be  in  a  straight  line.    See  Cor.  3.  Prop.  iii.  Appendix,  p.  22. 

16.  Let  the  two  sides  be  produced  and  the  exterior  angles  of  the  triangle  be 
bisected:  join  the  point  in  whicn  the  bisecting  lines  meet  \rith  the  third  interior  angle 
of  the  triangle.  If  this  line  be  proved  to  bisect  the  third  interior  angle  of  the  triangle^ 
the  truth  of  the  theorem  is  proved.    (Conv.  of  Theorem  12,  supra.) 

17.  This  theorem  is  the  converse  of  Theorem  10,  supra. 

18.  The  triangle  ABE  is  proved  equal  to  the  triangle  DCF,  (fig.  2.)  In  FD  if 
FG  be  taken  equal  to  ED,  and  GH  be  drawn  parallel  to  DC,  the  triangle  FGH  is 
equal  to  the  triangle  whose  base  is  DE. 

1 9.  Let  AD  bisect  the  base,  and  AE  the  vertical  angle  A,  and  meeting  the  base  in 
the  points  D,  E.    The  angle  AED  mav  be  shewn  to  be  greater  than  the  angle  ADE. 

20.  Let  ABC  be  the  triangle;  AD  perpendicular  to  BC,  AE  drawn  to  the 
bisection  of  BC,  and  AF  bisecting  the  angle  BAC.  Produce  AD  and  make  DA' 
equal  to  AD :  jom  FA',  EA'. 

21.  In  the  figure,  Euc.  i.  47,  FC  is  always  equal  to  AD^  and  AE  to  BK.  If 
AB  be  eoual  to  AC,  the  truth  of  the  proposition  is  manifest. 

22.  This  theorem  is  misplaced,  as  it  cannot  be  proved  by  the  first  book. 
First.    Prove  that  the  perpendiculars  Aa,  B5,  Cc  pass  through  the  same  point 

O,  as  Theo.  29,  p.  321 ;  or  by  the  tlieory  of  Transversals,  Prop.  u.  Appendix,  p.  22. 
Secondly.  That  the  triangles  Ac&,  Bac,  Ca5  are  equiangular  to  ABC.  Euc.  nu 
21.  Thirdly.  That  the  angles  of  the  triangle  ahc^^^  bisected  by  the  perpendiculars ; 
and  lastiy,  by  means  of  Prob.  i.  p.  293,  tlmt  ah  +  hc+ca  is  a  minimum. 

23.  Let  FC  be  perpendicular  to  AB  and  FE  be  drawn  to  any  other  point  £  in 
AB :  then  FC  may  be  proved  less  than  FE,  Euc.  i.  32, 19.  Let  CD  be  taken  equal 
to  CE  and  FD  be  joined,  then  FD  is  equsd  to  FE,  and  no  other  line  can  be  drawa 
fr(»n  F  equal  to  FE;  if  possible  let  FA  be  equal  to  FE,  which  may  be  shewn  to  be 
impossible. 

24.  Let  a  circle  be  described  through  the  points  A,  B,  C ;  bisect  AB  in  D  and 
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draw  the  diameter  EDF ;  then  the  line  which  bisects  the  anf^Ie  C  may  be  proved  to 
pass  throufi^h  the  point  F  on  the  other  side  of  AB.    Euc.  in.  21. 

25.  This  proposition  requires  for  its  proof  the  case  of  equal  triangles  omitted  in 
Euclid  :•— namely,  when  two  sides  and  one  angle  are  given,  but  not  the  angle  included 
by  the  ^ven  sides. 

26.  Let  A  be  the  given  point,  and  BC,  BD  the  two  straight  lines  intersecting 
each  other  in  B.  Suppose  AEF  the  line  required,  such  that  AF  is  terminated  m 
BD,  and  bisected  in  £  by  BC.  Join  AB,  draw  AG  parallel  to  BD,  and  join  6F. 
Then  ABFG  is  a  parallelogram. 

27.  This  is  Prop.  33,  of  Euclid's  Data.  There  are  obviously  two  points  in  the 
given  line  to  which  lines  may  be  drawn  from  the  given  i>oint. 

28.  This  may  very  easily  be  shewn.  A  restriction  however  is  necessary— 
namely,  that  the  angles  of  the  interior  figure  are  turned  from  the  base. 

29.  This  is  possible  in  certain  cases.  As  an  instance,  a  right-angled  triangle 
ABC  may  be  taken  haidng  the  right  angle  at  B.  From  A  draw  any  line  AD  to 
meet  the  base  BC  in  D.  Take  DE  equal  to  AB;  bisect  AE  m  F,  and  job  FC; 
then  the  sum  of  the  lines  CF,  FD  shall  be  greater  than  the  sum  of  CA,  AB,  the 
sides  of  the  triangle.    Pappi  Coll.  Math.  Lab.  in.  Prop.  28. 

30.  See  the  notes  on  Euc.  i.  29,  p.  50 ;  also.  Appendix,  p.  2. 

31.  See  the  notes  on  Euc.  i.  29,  p.  50;  and  Appendix,  p.  2. 

32.  This  is  manifest  from  Euc.  i.  29. 

33.  This  will  appear  from  Euc.  i.  29,  15,  26. 

34.  Draw  the  diagonal  and  apply  Euc.  i.  8,  28.  The  figure  is  either  a  square 
or  a  rhombus. 

35.  This  is  only  a  more  general  case  of  the  last  Proposition. 

36.  Apply  Euc.  I.  29,  26. 

37.  If  me  square  and  parallelogram  be  upon  the  same  base  and  between  the 
same  parallels,  the  truth  is  obvious  from  Euc.  i.  37. 

38.  The  former  assertion  is  proved  from  Euc.  i.  29,  26.  The  latter  may  be 
shewn  indirectly. 

39.  This  is  proved  by  applying  Euc.  i.  8,  4. 

40.  Let  fall  upon  the  diagonal  perpendiculars  from  the  oi^site  angles  of  the 
parallelogram.  These  perpendiculars  may  be  proved  to  be  eoual,  and  eadi  pair  of 
triangles  is  situated  on  different  sides  of  the  same  base  and  nas  eqosl  altitudes. 

41.  Let  the  line  drawn  from  A  fall  without  the  parallelogram,  and  let  CO,  BB', 
DD'  be  the  perpendiculars  from  C,  B,  D,  on  the  line  drawn  from  A ;  from  B  dnv 
BE  parallel  to  AC,  and  the  truth  is  nmnifest.  Next,  let  the  line  fr:om  A  be  drawn 
so  as  to  fell  within  the  parallelogram. 

42.  Let  FH,  GE  (figure,  Euc.  l  43)  be  joined  and  produced,  they  will  meet  the 
diagonal  CA  produced  in  the  same  point  L.  The  lines  CA,  GE,  FH  may  be  proved 
by  similar  triangles  to  converge  to  one  point,  and  when  produced,  to  meet  m  that 
point.    This  theorem  properly  falls  under  the  theorems  on  Euc.  vi. 

43.  The  perpendiculars  drawn  from  B  and  C  are  to  be  perpendicular  to  the 
sides  AB,  ACT  respectively.  Let  ABDC  be  the  paralleU^ram,  DE  perpoidicular  on 
BC  the  diagonal  At  B  let  BF  be  drawn  meeti^  £D^  produced  it  necessary  in  F. 
Join  F,  C.    If  FC  can  be  shewn  to  be  perpendicukr  to  AC,  the  theorem  is  proved. 

44.  One  case  of  this  theorem  is  induoed  in  Theorem  40,  supra.  The  ouer  case, 
when  the  point  is  in  the  diagonal  produced,  is  obvious  from  the  same  prindnle. 

45.  Let  ABCD  be  a  parallelogram  and  P  any  point  without  it»  ana  AC  the 
diagonal  Let  AP,  PD,  PB,  PC  be  joined.  Then  the  triangles  APD  and  APB 
tofl^her  are  equivalent  to  the  triangle  APC.  Draw  PGE  parallel  to  AD  meetiqg 
AB  and  DC  in  G,  E,  and  join  DG,  CG.    Then  by  Euc.  l  37. 

46.  If  the  four  sides  oi  the  figure  be  of  different  lengths,  the  troth  of  the 
theorem  may  be  shewn.  If,  however,  two  adjacent  sides  of  the  figure  be  eqoal  to 
one  another,  as  also  the  other  two :  the  lines  drawn  from  the  anffl^  to  the  bisection 
of  the  longer  diagonal,  will  be  found  to  divide  the  trape2dum  intoniur  triangles  friach 
are  equal  m  area  to  one  another. 

47.  Let  BCED  be  a  trape^um  (fig.  Euc.  vi.  2.)  of  which  DC,  BE  are  the 
dbgonals  intersecting  each  other  in  G.  If  the  triple  DGB  be  equal  to  the  triaogk 
£GC,  the  aide  DE  may  be  proved  parallel  to  the  sicfe  BC,  by  Euc  i.  39. 
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48.  Through  the  point  of  bisection  of  one  of  the  opposite  sides  which  are  not 
parallel,  draw  a  line  parallel  to  the  opposite  side,  and  meeting  the  parallel  sides,  pro- 
duced, if  necessary. 

49.  This  may  be  shewn  by  Euc.  i.  20. 

50.  This  may  be  shewn  by  Euc.  i.  35. 

51.  Draw  the  two  diagonals,  then  four  triangles  are  formed,  two  on  one  side  of 
each  diagonal  Then  two  of  the  Imes  drawn  through  the  points  of  bisection  of  two 
sides  may  be  proved  parallel  to  one  diagonal,  and  two  parallel  to  the  other  dkigonal,  in 
the  same  way  as  Theorem  45,  (which  ought  to  have  been  placed  earlier).  T%e  other 
property  is  manifest  from  the  relation  of  the  areas  of  the  triangles  made  by  the  lines 
drawn  through  the  bisections  of  the  sides* 

52.  Join  A'B',  B'C,  CD\  D'A';  then  the  triangles  D'AA%  B'CC,  may  be 
proved  to  be  equal  in  all  respects ;  as  also  the  triangles  A'BB',  C'DD' :  whence  the 
figure  A'B'C'D'  may  be  proved  to  be  a  parallelogram. 

53.  See  the  fig.  Euc.  vi.  2.  The  triangle  ABC  is  double  of  the  triangle  ABE, 
and  the  triangle  ABE  is  double  of  the  triangle  ADE.  Hence  the  triangle  ADE  is 
one  fourth  of  the  triangle  ABC.  The  line  DE  which  bisects  the  sides  may  easily  be 
shewn  to  be  parallel  to  BC. 

54.  The  lines  bisecting  the  opposite  sides  of  a  trapezium  maj  be  shewn  to  be 
the  diagonals  of  the  parallel(^ram  formed  by  joining  liie  four  pomts  of  bisection  of 
the  sides  of  the  trapezium. 

55.  Let  the  figure  be  constructed,  and  let  AC,  BD,  intersect  each  other  in  E. 
Then  by  Euc.  i.  6,  15,  26,  4,  5,  32,  29. 

56.  If  the  isosceles  triangle  be  obtuse-angled,  by  Euc.  i.  5,  32,  the  truth  will 
be  made  evident.  If  the  triangle  be  acute-angled  the  enunciation  of  the  proposition 
requires  some  modification. 

57.  Let  ED  be  bisected  in  F,  and  join  AF,  then  AF  is  equal  to  EF,  and  by 
Euc.  I.  5,  29,  32,  the  angle  ABD  is  proved  to  be  double  the  angle  DBC. 

58.  The  points  A,  C  are  two  points  in  the  adjacent  sides  BF,  BD  produced  of 
the  parallelogram.  It  may  be  shewn  that  so  long  as  the  figure  BFED  is  a  paral- 
lelogram, the  angles  made  by  FE,  DE  at  the  point  E,  with  A£  and  CE,  are  together 
equal  to  two  right  angles,  and  therefore  by  Euc.  i.  14,  the  line  AE  is  in  the  same 
straight  line  with  EC. 

In  the  enunciation  for  "  points  A,  G  and  C,"  read  **  points  A,  E  and  C." 

59.  The  most  direct  method  of  shewing  that  the  three  other  diagonals  (which 
bisect  the  sides  of  the  triangle)  pass  through  the  same  point,  is  by  means  of 
transversals. 

60.  Let  ABC  be  an  isoscdies  triangle  (fig.  Euc.  x.  42),  AE  perpendicidar  to  the 
base  BC,  and  AECG  the  equivalent  rectangle.    Then  AC  is  greater  than  AE,  &c. 

61.  Tliis  is  a  case  of  the  preceding  theorem. 

Of  all  the  triangles  which  are  equal  to  one  another,  the  isosceles  has  the  least 
perimeter,  and  it  is  easily  shewn  that  the  perimeter  of  the  triangle  or  twice  the  ade 
and  diagonal  of  the  square  is  greater  tiian  the  perimeter  of  the  square. 

62.  Let  the  angles  at  the  base  BC  be  acute  angles.  Join  DE,  CD,  CE.  Then 
C  is  a  point  within  the  parallelogram  DABE,  and  the  triangles  ACD,  BCE  may  be 
shewn  to  be  together  equal  to  half  the  parallelogram  or  double  of  the  triangle  ABC. 

63.  If  ABC,  DBC  be  two  equal  triangles  on  the  same  base,  of  which  ABC  is 
isosceles,  fig.  Euc.  i.  37.  By  producing  AB  and  making  AG  equal  to  AB  or  AC 
and  joining  GD,  the  perimeter  of  the  triiangle  ABC  may  be  shewn  to  be  less  than 
the  perimeter  of  the  triande  DBC. 

64.  Let  two  triangles  be  constructed  on  the  same  base  with  equal  perimeters,  of 
which  one  of  them  is  isosceles.  Through  the  vertex  of  that  which  is  not  isosceles 
draw  a  line  parallel  to  the  base,  and  intersecting  the  perpendicular  drawn  from  the 
vertex  of  the  isoscdes  triangle  upon  the  conmion  base.  Join  this  point  of  intersection 
and  the  extremities  of  the  base. 

65.  Let  ABC  be  a  triangle  whose  vertical  angle  is  A,  and  whose  base  BC  is 
bisected  in  D ;  let  any  line  EDG  be  drawn  through  D,  meeting  AC  in  G  and  AB 
produced  in  E,  and  forming  a  triangle  AEG  having  the  same  vertical  angle  A. 
Draw  BH  parallel  to  AC,  and  the  triangles  BDH,  GDC  are  equal.    Euc.  i.  26. 

66.  Let  ABC  be  an  isosceles  triangle,  and  from  any  point  D  in  the  base  BC, 

E 
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and  the  extremity  B,  let  three  Imes  D£,  DF,  BG  be  drawn  to  the  sides  and  makiiu; 
equal  angles  with  the  base.    Produce  ED  and  make  DH  equal  to  DF  and  join  BH. 

67.  Let  fall  also  a  perpendicular  from  the  vertex  on  the  base. 

68.  In  the  fig.  Euc.  1. 1,  produce  AB  both  ways  to  meet  the  circles  in  D  and  E, 
join  CD,  CE,  tiien  CDE  is  an  isosceles  triangle,  having  each  of  the  angles  at  the 
base  one  fourth  of  the  angle  at  the  vertex.  At  E  draw  EG  perpendicidiEu:  to  DB 
and  meeting  DC  produced  in  G.    Then  CEG  is  an  equilateral  triangle. 

69.  On  the  same  base  AB,  and  on  the  same  side  of  it,  let  two  tnangles  ABC, 
ABD  be  constructed,  having  the  side  BD  equal  to  BC,  the  angle  ASC  a  light 
anffle,  but  the  angle  ABD  not  a  right  angle ;  then  the  triangle  ABC  may  be  shewn 
tobe  greater  than  the  triangle  ABD  wh^er  the  angle  ABD  be  acute  or  obtuse. 

70.  Let  any  parallelograms  be  described  on  any  two  sides  AB,  AC  of  a  triangle 
ABC,  and  the  sides  parallel  to  AB,  AC  be  producea  to  meet  in  a  point  P.  Join  I^. 
Then  on  either  side  of  the  base  BC,  let  a  parallelogram  be  described  havinf^f  two  sides 
equal  and  parallel  to  AP.  Produce  AP  and  it  will  divide  the  parallelogram  on  BC 
into  two  parts  respectively  equal  to  the  parallelograms  on  the  sides.     Euc.  i.  35,  36. 

71.  (a)    Apply  Euc.  i.  5,  29. 

ib)    The  question  is  impeifectly  expressed. 

K  FC  intersect  AE  in  p  and  AB  in  Q ;  also  BK  intersect  AD  in  ^  and  AC  in 
P :  then  Xp  is  equal  to  P9  and  A  o  to  Qp.  In  the  case  only  of  AB  bemg  equal  to 
AC  will  the  parts  Ap,  A  9  cut  off  from  AE,  AD  be  equal  to  one  another. 

(c)  Let  AL  meet  the  base  BC  in  P,  and  let  the  perpendiculars  from  F,  K  meet 
BC  produced  in  M  and  N  respectively:  then  the  triangles  APB,  FMB  may  be 
proved  to  be  equal  in  all  respects,  as  also  the  triangles  APC,  CKN. 

(fit)  If  FH,  FG  be  produced  and  meet  in  O,  and  OB,  OC  be  joined,  the 
triangle  OBC  is  equal  in  all  respects  to  the  triangle  ADE,  and  joining  the  points 
A,  O,  the  line  AO  is  in  the  same  straight  line  wim  AL  which  meets  the  base  BC 
in  R.  Then  OR  is  a  perpendicular  from  an  angle  on  the  opposite  side  BC  of  the 
triangle  OBC.  If  BK^  CF  can  be  proved  to  be  perpendicular  to  the  other  two  sides 
OC,  OB  respectively :  then  BK  and  CF  intersect  AL  in  the  same  point. 

(e)  Let  fall  DQ  perpendicular  on  FB  produced.  Then  the  triangle  DQB  naj 
be  proved  equal  to  each  of  the  triangles  ABC>  DBF ;  whence  the  truingle  DBF  u 
equal  to  the  triangle  ABC. 

Perhaps  however  the  better  method  is  to  prove  at  once  that  the  triangles  ABC, 
FBD  are  equal,  by  shewing  that  they  have  two  sides  equal  in  each  trian^e,  and  the 
included  andbs,  one  the  supplement  of  the  other. 

(/)  If  DQ  be  drawn  perpendicular  on  FB  produced,  FQ  may  be  proved  to  he 
bisected  in  the  point  B,  and  DQ  e^ual  to  AC.  Then  the  souare  ot  FD  is  found  hf 
the  right-anglea  triangle  FQD.  Similarly,  the  square  of  KE  is  found,  and  the  earn 
of  the  squares  of  FD,  EK,  GH  will  be  found  to  be  six,(not  ^ht)  times  the  square  of 
the  hypothenuse ;  but  the  sum  of  the  squares  of  FD,  DE,  EK,  KH,  HG,  GF 
are  tq^ether  eoual  to  eight  times  the  S(juare  of  the  hypothenuse. 

ig)  The  tnree  triangles  formed  by  joining  GH,  KE,  DF  are  each  equal  to  the 
triangle  ABC.  Whence  the  sum  of  the  four  triangles  and  the  three  squares  may  be 
shewn  to  be  equal  to  the  sum  of  two  squares,  namely  of  BC  and  of  AB  +  AC. 

72.  The  former  part  is  at  once  msmifest  by  Euc.  i.  47.  Let  the  diagonals  of  the 
square  be  drawn,  and  the  given  pomt  be  supposed  to  coincide  with  the  intersectioo  of 
the  diagonals,  the  minimum  is  obvious.     Find  its  value  in  terms  of  the  8id& 

73.  Apply  Euc.  i.  47. 

74.  Let  tne  base  BC  be  bisected  in  D,  and  DE  be  drawn  perpendicular  to  the 
hypothenuse  AC.    Join  AD :  then  Euc.  i.  47. 

75.  This  is  at  once  obvious  from  Euc.  i.  47. 

76.  Let  the  equilateral  triangles  ABD,  BCE,  CAF  be  described  on  AB,  Bft 
CA  the  sides  respectively  of  the  triangle  ABC  having  the  right  angle  at  A. 

Join  DC,  AK :  then  the  triangles  DBC,  ABE  are  equal  Next  draw  DG  per- 
pendicular to  AB  and  join  CG:  then  the  triangles  BDG,  DAG,  DGC  are  equiQ  to 
one  another.  Also  draw  AH,  EK  perpendicular  to  BC ;  the  triangles  £KH,  jBKA 
are  equal.  Whence  may  be  shewn  that  the  triangle  ABD  is  equal  to  the  trian|^ 
BHE,  and  in  a  similar  way  may  be  shewn  that  CAF  is  ejjual  to  CHE. 

The  restriction  is  unnecessary :  it  only  brings  AD,  AE  into  the  same  line. 


HINTS  TO  THE  PROBLEMS.      BOOK  II.  86 


HINTS,  &c.  TO  THE  PROBLEMS.    BOOK  II. 

2.  Prob.  I.  p.  306,  sugf^rests  the  method  to  be  employed. 

3.  Let  AB  be  the  given  straight  Hne  (fig.  Euc.  ii.  4).  On  AB  describe  a  square, 
draw  the  dis^onal  BD,  and  take  AC  ^ual  to  haJf  the  diagonal  BD. 

4.  Let  BF  be  the  given  line,  (fig.  Euc.  n.  14)  and  suppose  E  the  point  of  division* 
such  that  the  rectangle  JBE,  EF  is  equal  to  the  square  ot  the  difference  of  BE  and 
EF.  On  FB  describe  the  semicircle  BHF  and  draw  EH  perpendicular  to  BF  to 
meet  the  circumference  in  H.  Join  G,  H,  and  produce  GH  to  meet  in  K,  the  line 
FK  drawn  perpendicular  to  BF.  Then  FK  may  be  shewn  to  be  equal  to  FB. 
Hence  the  construction. 

5.  A  square  may  be  found  equal  to  the  given  rectangle ;  and  then  the  Prob.  is 
reduced  to  rrob.  i.  p.  306. 

6.  This  is  a  repetition  of  Prob.  2,  by  mistake. 

7.  Let  AB  be  the  given  line.  Fmd  a  line  AE  of  which  the  square  shall  be 
three  times  the  square  of  AB ;  from  AB  cut  off  AC  equal  to  the  difference  between 
AE  and  AB,  and  C  is  the  point  of  section  such  that  the  squares  of  AB  and  BC 
are  double  the  square  of  AC. 

K  the  square  of  one  part  were  reqmred  to  be  three  times  the  square  of  the  other, 
the  problem,  by  aid  of  Euc.  u.  7,  is  at  once  reduced  to  depend  on  Euc.  n.  11. 

8.  From  the  preceding  Problem  AB* + BC*  =  2  AC* ; 

therefore  AB*  -  AC*  =  AC*  -  BC* ; 

or  (AB+AC).(AB-AO  =  (AC  +  BC).(AC-BC); 

or  (AB  +  AO.BC  =  AB.(AC-BC); 

or  AB.BC+AC.BC  =  AB.AC-AB.BC, 

therefore  2. AB.BC  =  AC.(AB-BC)  =  AC*. 

Whence  the  problem  depends  upon  the  preceding. 

9.  See  note  on  Euc.  n.  11,  p.  72. 

10.  By  assuming  the  points  of  division,  it  vtrill  be  found  that  the  line  must  be 
80  divided  that  the  square  of  the  middle  part  is  equal  to  twice  the  rectangle  contained 
by  the  extreme  parts.  Let  AB  be  the  given  line.  Describe  on  AB  any  right-angled 
tnangle  not  isosceles.  With  centre  B  and  radius  BC  describe  a  circle  cuttmg  AB  in 
D ;  and  with  centre  A  and  radius  AC  describe  a  circle  cutting  AB  in  E.  Then  D, 
£,  are  the  points  required. 

11.  Let  the  point  C  be  supposed  to  be  determined;  then  since  the  rectangle  of 
the  sum  and  difference  of  AB  and  BC  is  equal  to  the  difference  of  the  squares  of 
AB  and  BC,  of  which  AB  is  known  and  BC  imknown,  whidi  difference  is  equal  to 
the  square  of  a  given  line  AC.    Hence  BC  is  known  by  Euc.  i.  47. 

12.  Let  AB  the  given  straight  line  be  divided  in  C,  it  is  required  to  produce 
AB  so  that  the  rectai^le  contained  by  the  whole  line  produced  and  the  part  pro- 
duced, may  be  equal  to  the  rectangle  contained  by  AB,  AC.  Find  by  Euc.  n.  14, 
the  side  of  a  square  which  is  equal  to  the  rectangle  contained  by  AB,  AC :  and  then 
the  problem  is  reduced  to  that  of  producing  the  line  AB  to  some  point  D,  so  that 
the  rectangle  contained  by  AD,  DB  is  equal  to  a  given  square. 

13.  This  follows  more  simply  from  Euc.  in.  36.  If  BD  be  the  side  of  the 
given  square,  and  AC  the  difference  of  the  adjacent  sides  of  the  rectangle. 

14.  Let  EH  be  the  side  of  the  g^ven  square  (fig.  Euc.  n.  14),  and  BF  the  sum  of 
the  adjacent  sides — ^the  construction  is  obvious. 

15.  Euc.  I.  45,  47 ;  n.  14 ;  will  suggest  the  necessary  constructions. 

16.  Let  ABCD  be  the  given  rectangle.  From  A  draw  AB'  equal  to  the  given 
length  to  meet  DC,  or  DC  produced  in  B' ;  draw  BE  perpendicular  to  AB',  and 
upon  the  other  side  of  AB'  describe  a  rectangle  AB'C'D' navi^  AD'  equal  to  BE. 
Tne  line  C'D'  may  cut  DC,  or  DC  produced,  either  way.  If  D'C  cut  AD  in  F  so 
that  AF  is  less  than  FD,  then  FG  must  be  taken  equal  to  AF  and  a  line  be  drawn 
through  G  parallel  to  D'C  to  meet  DC.  The  two  rectangles  may  be  shewn  to  con- 
sist of  parts  common  or  mutually  equal  to  each  other. 
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17.  There  seems  to  be  some  inaccuraqr  in  the  enunciation  of  this  Problem.  In 
its  present  form  it  appears  to  be  impossible,  except  when  C  is  the  middle  of  AB, 
and  D  coincides  with  it. 

18.  In  the  question  for  4c  read  2c;  otherwise  the  problem  is  impossible,  Euc 
L  19.    To  construct  the  problem  generally : — 

Assume  any  line  AB  to  represent  c;  on  AB  describe  a  square  ABCD ;  produce 
AB  to  E.  On  AE  describe  a  semicircle  intersecting  CD  m  R  Draw  FG  pcr- 
pen^cular  to  AE.  Then  AG,  AB,  GE  are  the  sides  of  the  triangle.  If  BE  be 
equal  to  AB,  F  coincides  with  C,  and  the  triangle  is  equilateral. 
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3.  The  area  of  the  rhombus  is  equal  to  the  areas  of  the  four  right-angled 
triangles  formed  by  the  diagonals  and  sides  of  the  figure. 

4.  Let  ABCD  be  a  trapezium  having  the  side  AB  parallel  to  CD.  Draw  the 
diagonal  AC ;  then  the  area  of  the  trapezium  is  equal  to  the  two  triangles.  See  note 
on  Euc.  n.  def.  p.  68. 

6.    Apply  Euc.  II.  5,  Cor.  and  note  p.  68. 

6.  In  the  figure,  Euc.  n.  7.  Join  BF,  and  draw  FL  perpendicular  on  GD. 
Half  the  rectangle  DB,  BG,  may  be  proved  equal  to  the  rectangle  AB,  BC.    Or, 

Join  KA,  CD,  KD,  CK.  Then  CK  is  perpendicular  to  BD.  And  the  triaMles 
CBD,  KBD  are  each  eoual  to  the  triangle  ABk.  Hence,  twice  the  triangle  ABk  is 
equal  to  the  figure  C6KD ;  but  twice  me  triangle  ABK  is  equal  to  the  rectangle 
contained  by  AB»  BC ;  and  the  figure  CBKD  is  equal  to  half  thie  rectangle  contained 
by  DB  and  CK,  the  diagonals  of  the  squares  on  AB^  BC.    Wherefore,  &c. 

7.  This  follows  fi-om  Euc.  11.  7. 

8.  The  difference  between  the  two  unequal  parts  may  be  shewn  to  be  equal  to 
twice  the  line  between  the  points  of  section. 

9.  This  proposition  is  only  another  form  of  stating  Euc.  n.  7. 

10.  This  may  be  shewn  from  Euc.  11.  5,  Cor. 

11.  See  the  notes  on  Euc.  u.  5,  6^  10,  11,  p.  69,  &c. 

12.  The  Problem  is,  in  other  words,  given  the  sum  of  two  lines  and  the  sum  of 
thdr  squares,  to  find  the  l^les. 

Take  AB  equal  to  the  side  of  the  given  square,  and  on  AB  describe  a  semicircle 
ADB,  D  bdng  the  middle  point.  Join  DA,  DB.  With  centre  D  and  distance  DA 
or  DB  describe  a  circle  AEB ;  and  with  centre  A  and  radius  equal  to  the  sum  of 
the  ffiven  lines,  describe  another  circle  cutting  AEB  in  E.  Draw  AE  cutting  ADB 
in  (J,  and  join  CB.    AC,  CB  are  the  lines  required. 

13.  Through  E  draw  EG  jparallel  to  AB,  and  through  F,  draw  FHK  paialkl  to 
BC  and  cutting  EG  in  H.  llien  the  area  of  the  rectangle  is  made  up  ot  the  areas 
of  four  triangles ;  whence  it  may  be  readily  shewn  that  ttvtce  the  area  (not  the  area) 
ci  the  triangle  AFE,  and  the  figure  AGHK  is  equal  to  the  area  of  the  rectangle. 

14.  The  lines  must  be  reckoned  positive  or  negative,  according  to  the  dlrectioa 
in  which  they  are  measured ;  and  the  theorem  is  rather  algebraical :  From 

AP='(AE  +  EF)*j  BF»=(BE+EF)^  CF»=(EF-CE)»;  DF»=(EF-DE)*, 

the  enuncicated  property  may  be  found. 

15.  Draw  lines  from  the  angles  of  the  eqiulateral  triangle  to  the  point  from 
which  the  perpendiculars  are  drawn  to  the  sides.  The  eauilateral  triangle  is  divided 
into  three  triangles,  the  sum  of  whose  areas  are  equal  to  the  area  of  the  v/btk 
triangle.  Euc.  i.  41 ;  u.  def.  1.  The  point  may  next  oe  supposed  to  fell  on  one  of 
the  sides,  and  the  consequence  remarked ;  and  lasUv,  outside  the  triangle. 

16.  In  the  question,  for  C  read  H,  as  in  the  mnae,  Euc.  11.  11.  If  D  be  the 
pcnnt  in  AH,  so  that  HD  =  BH,  then  AB  =  AH  +  BH;  and  since  AB .  BH»  AH', 

.•.(AH  +  BH).BH  =  AH2,  and  .-.  BH'-AH»-AH.BH-AH.(AHr-BH); 

or,  HD»  =  AH .  AD ;  that  is,  AH  is  divided  m  D, 

80  that  the  rectangle  contained  by  the  whole  line  and  one  part^  is  equal  to  the  square 
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of  the  other  part.    By  a  similar  process,  HD  may  be  so  divided;  and  so  on,  by 
always  takinpf  from  the  greater  part  of  the  divided  line,  a  part  emial  to  the  less. 

Also,  if  BA  be  produced,  and  AK  be  taken  equal  to  AB,  KM  to  KH,  ML  to 
MA,  and  so  on ;  KH,  MA,  LK,  &c.  may  be  proved  to  be  similarly  divided  to  AB. 
The  proof  that  KH  is  so  divided  appears  from  the  0gure :  for  CF .  FA  :=  CA';  and 
AK=AC,  al8oAF  =  AH. 

17.  The  succession  of  steps  may  be  traced  through  the  first  and  second  books, 
the  final  step  beinff  Euc.  ii.  14. 

18.  From  C  let  fall  CF  perpendicular  on  AB.  Then  ACE  is  an  obtuse-angled 
triangle,  and  B£C  is  an  acut^angled  triangle.    Apply  Euc.  n.  12, 13 ;  and  by  Euc. 

I.  47,  the  squares  of  AC  and  CB  are  equal  to  the  square  of  AB. 

19.  Let  ABDE  be  the  square  on  AB ;  from  C  draw  CF,  CG  perpendiculars  on 
DB,  E A  produced.    Then  by  Euc.  ii.  12. 

20.  In  a  right-angled  triangle  (Euc.  i.  47),  the  square  of  the  side  subtending  the 
right  angle  is  equal  to  the  squares  of  the  sides  containing  the  right  angle ;  but  m  an 
obtuse-angled  triangle  (Euc.  n.  12),  the  square  of  the  side  subtending  the  obtuse 
angle  is  greater  than  the  square  of  the  side  containing  the  obtuse  angle;  and  in  an 
acute-angled  triangle  (Euc.  n.  13),  the  square  of  the  side  subtending  an  acute  angle 
is  less  than  the  squares  of  the  sides  which  contain  that  angle. 

21.  This  will  be  found  to  be  that  particular  case  of  Euc.  n.  12,  in  which  the 
distance  of  the  obtuse  angle  from  the  foot  of  the  perpendicular  is  half  of  the  side 
subtended  by  the  right  angle  made  by  the  perpendicuku*  and  the  base  produced. 

22.  In  every  scalene  triangle,  the  line  dmwn  from  the  vertex  to  the  bisection  of 
the  base,  divides  the  triangle  into  two  triangles,  one  obtuse-angled  and  the  other 
acute-angled.    Apply  Euc.  n.  12, 13. 

23.  (1)    Let  the  triangle  be  acute-angled  (Euc.  n.  1 3,  fig.  1 .) 

Let  A(3  be  bisected  in  E,  and  BE  be  joined ;  also  EF  be  drawn  perpendicular  to 
BC.  DF  is  equal  to  FC.  Then  the  square  of  BE  may  be  proved  to  be  equal  to  the 
square  of  EC  together  with  the  rectangle  BD,  BC. 

(2)  If  the  triangle  be  obtuse-angled,  the  perpendicular  EF  falls  within  or  without 
the  base  according  as  the  bisecting  nne  is  drawn  from  the  obtuse  or  the  acute  angle 
at  the  base. 

24.  See  Theorem  29,  p.  354. 

25.  The  truth  of  this  theorem  follows  at  once  from  Euc.  i.  47. 

26.  The  common  intersection  of  the  three  lines  divides  each  into  two  parts,  one 
of  which  is  double  of  the  other,  and  tbis  point  is  the  vertex  of  three  triangles  which 
have  lines  drawn  from  it  to  the  bisection  of  the  bases.    Apply  Euc.  n.  12,  13. 

27.  Draw  a  perpendicular  from  the  vertex  to  the  base,  and  apply  Euc.  i.  47; 

II.  5.  Cor.    Enunciate  and  prove  the  proposition  when  the  straight  line  drawn  from 
the  vertex  meets  the  base  produced. 

28.  This  follows  directly  from  Euc.  n.  13,  Case  1. 

29.  The  truth  of  this  proposition  may  be  shewn  from  Euc.  i.  47 ;  and  Euc.  n.  4. 

30.  Let  the  square  on  the  base  of  the  isosceles  triangle  be  described.  Draw 
the  diagonals  of  the  square,  and  the  proof  is  obvious. 

31.  Apply  Euc.  I.  47,  to  express  the  squares  of  the  three  ades  in  terms  of  the 
squares  of  the  perpendicular  and  of  the  segments  of  AB. 

32.  Draw  EF  parallel  to  AB  and  meeting  the  base  in  F:  draw  also  EG  per- 
pendicular to  the  base.    Then  DF  is  a  parallelogram,  and  by  Euc.  i.  47 ;  ii.  5.  Cor. 

33.  Bisect  the  ai^le  B  by  BD  meeting  the  opposite  side  in  D,  and  draw  BE 
perpendicular  to  AC.    Then  by  Euc.  i.  47 ;  ii.  5.  Cor. 

34.  This  follows  directly  from  Theorem  22,  p.  309. 

35.  Let  the  point  O  be  within  the  rectangle.  Draw  the  diagonals  intersecting 
each  other  in  P  and  join  OP.    Euc.  ii.  12,  13.    Let  O  be  without  the  triangle. 

36.  Draw  from  any  two  opposite  a^^^s,  straight  lines  to  meet  in  the  bisection  of 
the  diagonal  joining  the  other  angles.    Inen  by  Euc.  ii.  12,  13. 

37.  Draw  two  lines  from  the  point  of  bisection  of  ^tiier  of  the  bisected  sides  to 
the  extremities  of  the  opposite  side ;  and  three  triangles  will  be  formed,  two  on  one 
of  the  bisected  sides  and  one  on  the  other,  in  each  of  which  is  a  line  drawn  from  the 
vertex  to  the  bisection  of  tiie  base.    Then  by  Theorem  22,  p.  309. 

38.  K  the  eictremities  of  the  two  lines  which  bisect  the  opposite  sides  of  the 
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trapepum  be  joined,  the  figure  formed  is  a  paralleloffram  which  has  its  sides  re- 
spectively parallel  to,  and  equal  to,  half  the  diagonals  of  the  trapezium.  Hie  sum  of 
the  squares  of  the  two  diagonals  of 'the  trapezium  may  be  easily  shewn  to  be  equal  to 
the  sum  of  the  squares  of  the  four  sides  of  the  parallelogram. 

39.  Draw  perpendiculars  from  the  extremities  of  one  of  the  paralld  odes, 
meeting  the  other  side  produced,  if  necessary.  Then  from  the  four  right-angled  tri- 
angles dius  formed,  may  be  shewn  the  truth  of  the  proposition. 

40.  Let  ABC  be  any  triangle;  AHKB,  AGFC,  BDEC,  the  squares  upon 
their  sides ;  £F,  GH^  KL  the  lines  joining  the  angles  of  the  squares.  Iroduce  GA, 
KB,  EC,  and  draw  HN,  DQ«  FK  perpendicukirs  upon  them  respectively:  also 
draw  AP,  BM,  CS  perpendiculars  on  the  sides  of  the  triangle.  Then  AN  may  be 
proved  to  be  equal  to  AM ;  CR  to  CP;  and  BQ  to  BS;  and  by  Enc.  u.  12, 13. 
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3.  Let  A  be  the  centre,  the  radius  of  the  circle  being  unknown.  Take  any 
pcnnt  B  in  the  drcumference  and  find  by  means  of  the  compasses  only,  a  third  pomt 
C  in  the  circumference,  such  that  B,  A,  C,  shall  be  in  the  same  stra^nt  line. 

Many  problems  of  this  class  are  solv^  in  the  '*  G^om^trie  du  Compos,'*  par  L. 
Maschervni. 

4.  Euc.  in.  3,  suggests  the  construction. 

5.  The  least  chora  drawn  through  a  given  point,  is  the  line  perpendicular  to  diat 
diameter  which  passes  through  the  ^ven  point. 

6.  Tlie  given  point  may  be  eitber  within  or  without  the  circle.  Find  the  centre 
of  the  circle,  and  join  the  given  point  and  the  centre,  and  upon  i^na  line  describe  a 
semicircle,  a  line  equal  to  the  given  distance  majr  be  drawn  trom  the  given  point  to 
meet  the  ,arc  of  tne  semidrcfe.  When  the  point  is  without  the  drde,  the  given 
distance  may  meet  the  diameter  produced. 

7.  Let  two  unequal  circles  cut  one  another,  and  let  the  line  ABC  dravn 
through  B,  one  of  the  points  of  intersection,  be  the  line  required,  such  that  AB  is 
equal  to  BC.  Join  00'  the  centres  of  the  circles,  and  draw  OP,  O'P  peipendiculan 
on  ABC,  then  PB  is  equal  to  BP' ;  throu^  O'  draw  O'D  parallel  to  PF;  then 
ODO'  is  a  right-angled  triangle,  and  a  semicircle  described  on  OO'  as  a  diunelff 
will  pass  through  the  point  D.  Hence  the  synthesis.  If  the  line  ABC  be  supposed 
to  move  round  the  pomt  B  and  its  extremities  A,  C  to  be  in  the  extremities  of  die 
two  circles,  it  is  manifest  that  ABC  admits  of  a  maximum. 

8.  It  is  sufficient  to  suggest  that  the  angle  between  a  chord  and  a  tangent  is 
equal  to  tiie  angle  in  the  alternate  segment  of  the  circle.    Euc.  iii.  32. 

9.  There  is  some  inaccuracy  in  the  enunciation :— for  if  the  two  pdnts  be  ffnn 
in  the  circumference  of  the  circle,  the  angle  which  the  tangents  make  wilJi  the  gtvcn 
line  is  dependent  on  the  position  of  the  two  points  in  the  drcumference. 

10.  Let  D  be  thejnoint  required  in  the  diameter  BA  produced,  such  that  the 
tangent  DP  is  half  of  DB.  Join  CP,  C  being  the  centre.  Then  CPD  is  a  ra^ 
an^ed  triangle,  having  the  sum  of  the  base  PC  and  hypothenuse  CD  ckmble ottfaB 
pe^)endicular  PD.    See  Prob.  31,  p.  298. 

11.  Let  P  be  the  given  point,  and  PBA  the  given  line  cutting  the  circle  ABC 
in  the  points  B,  A.  Let  PCD  be  the  Hne  required :  join  OC,  OD,  O  being  the 
centre.  Then  the  arc  AB  being  given,  and  the  sum  of  the  arcs  BC,  AD ;  the  are 
CD  is  also  given  in  magnitude,  and  the  angle  COD  which  it  subtends  at  the  centre. 

Whence  the  construction.  Take  the  arc  RS  equal  to  the  defect  of  the  sum  oltbe 
three  arcs  AB,  DA,  BC  from  the  whole  circumference :  join  RS,  and  with  centre  0 
describe  a  circle  touching  RS,  and  from  P  draw  PCD  to  touch  this  circle. 

12.  At  any  point  P  in  the  circumference  of  the  given  drde,  draw  a  line  APB 
touching  the  circle  at  P,  the  parts  AP,  BP  being  equal  to  the  given  line.  WA 
centre  C  and  radius  CA  or  CB  describe  a  circle,  produce  the  ^ven  chord  D£  to 
meet  the  circumference  of  this  cirde  in  F.  From  F  draw  FG  to  tooch  Ihe  gifen 
cirde  in  G,  then  FG  is  the  line  required. 
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14.  Describe  a  circle  through  the  three  given  points ;  from  A  any  one  of  them^ 
draw  any  chords  and  from  the  centre  D  draw  the  perpendicular  DE  upon  it  With 
the  same  centre  and  radius  DE  describe  a  circle.  Then  from  B^  C  draw  lines  BF^ 
CG  touching  this  circle;  then  A£,  RF,  CG  are  equal  to  one  another.  The  circle, 
which  is  the  superior  limit,  is  obviously  the  circle  passing  through  the  points  A,  B,  C. 

15.  Find  the  centre,  and  the  construction  of  Euc.  m.  15  will  suggest  how  the 
radius  may  be  found,  supposing  FG  and  BC  on  the  same  side  of  the  diameter. 

16.  The  lengths  of  the  lines  ma^r  be  found  by  Euc.  iii.  15. 

1 7.  Let  ABC  be  the  required  triangle  on  the  given  base  AB,  having  the  sum  of 
the  squares  of  its  sides  AC;,  CB  equal  to  the  given  square.  If  the  base  AB  be 
bisected  in  D  and  CD  be  joined,  then  by  Theo.  22,  p.  309,  the  difference  between 
Uie  simi  of  the  squares  of  the  sides  and  of  the  square  of  half  the  base  may  be  shewn 
to  be  equal  to  double  the  square  of  CD.  Hence  CD  is  constant,  and  therefore  the 
locus  is  a  circle  whose  centre  is  D  and  radius  DC. 

18.  Let  O  be  the  centre  of  the  given  circle.  Draw  OA  perpendicular  to  the 
^ven  straight  line :  at  O  in  OA  mdce  the  angle  AOP  equal  to  the  given  angles 
produce  PO  to  meet  the  circumference  again  in  Q.  Then  P,  Q  are  two  points  mm 
which  tangents  may  be  drawn  fulfilling  ttie  required  condition. 

19.  (1)  When  the  tangent  is  on  the  same  side  of  the  two  circles.  Join  C,  C 
their  centres,  and  on  CC  describe  a  semicircle.  With  centre  C'  and  radius  equid  to 
the  difference  of  the  radii  of  the  two  circles,  describe  another  circle  cutting  the  semi- 
circle in  D ;  join  DC  and  produce  it  to  meet  the  circumference  of  the  given  circle  in  B. 
Tlm)ugh  C  draw  CA  parallel  to  DB  and  join  BA ;  this  line  touches  the  two  circles. 

(2)  When  the  tangent  is  on  the  alternate  sides.  Having  joined  C,  C ;  on  CC' 
describe  a  semicircle ;  with  centre  C,  and  radius  ecpal  to  tl^  sum  of  the  radii  of  the 
two  circles  describe  another  circle  cutting  the  semicircle  in  D,  join  CD  cutting  the 
circumference  in  A,  through  C  draw  CB  parallel  to  CA  and  join  AB. 

20.  Let  A  be  the  given  point,  PQ  any  quadrantal  arc  of  the  given  circle.  From 
C  the  centre  draw  CD  perpendicular  to  FQ  and  with  centre  C  and  radius  CD, 
describe  a  circle,  which  will  touch  PQ  in  D.  Then  two  tangents  may  be  drawn  to 
this  circle  from  A,  either  of  which  is  a  solution.  The  same  ocHistruction  serves  for 
any  given  chord  less  than  the  diameter  of  the  given  circle. 

21.  '  Let  AB,  BC,  CD  be  the  three  given  straight  lines  in  the  same  straight  line. 
On  AC  as  a  base  describe  the  locus  of  the  vertex  of  the  triangle  whose  sides  are  as 
AB  to  BC.  On  the  base  BD  describe  the  locus  of  the  vertex  of  the  trian^  whose 
sides  shall  be  as  BC  to  CD.  Let  P  be  the  intersection  of  thefie  lod.  Join  FA,  PB, 
PC,  PD ;  the  angles  ABP,  BPC,  CPD  are  equal  angles.    See  Prob.  8,  p.  348. 

22.  Let  A  Be  the  given  point  in  the  diameter  BC;  through  A  draw  DAE 
perpendicular  to  BC,  and  join  DB,  BE.  Through  A  draw  any  other  chord  FAG; 
and  join  BF,  BG ;  drsCw  FH,  GK  parallel  to  BC  meeting  DE  m  H,  K  respectively; 
join  *J3H,  BK,  and  draw  FM,'  GN  perpendicular  to  BC.  Then  HK  may  be  proved 
to  be  less  than  DE,  and  the^triangle  FBG  less  than  the' triangle  DBA. 

23.  From  A  suppose  ACD  drawn,  so  that  when  BD,  BC  are  joined,  AD  and 
DB  shall  together  be  double  of  AC  and  CB  together.  Then  tlie  angles  ACD, 
ADB  are  supplementarv*  and  hence  the  angles  BCD,  BDC  are  equal,  and  the 
triangle  BCD  is  isosceles.  Also  the  angles  BCD,  BDC  are  given,  hence  the 
tiiangle  BDC  is  given  in  species. 

Again  AD+DB=2.AC  +  2  .BC,  or  CD  =  AC  +  BC. 

Whence,  make  the  triangle  bdc  having  its  angles  at  d,  c  equal  to  that  in  the 
segment  BDA ;  and  make  ca^cd-cb,  and  join  ab.  At  A  make  the  angle  BAD 
equal  to  bad,  and  AD  is  the  line  required. 

24.  This  is  the  same  as  Problem  12,  p.  315. 

25.  Let  the  given  straight  line  AB  be  divided  at  any  point  C.  On  AB  as  a 
diameter  describe  a  circle.  Let  the  point  D  in  the  arc  be  the  point  required,  such 
that  when  DA,  DC,  DB  are  joined,  the  angles  ADC,  CDB  are  each  equal  to  half  a 
right  angle.    Produce  DC  to  meet  tlie  circumference  in  E,  then  Euc.  m.  21. 

26.  The  line  which  divides  the  circle  into  two  segments  is  eoual  to  the  line 
which  joins  the  two  points  of  intersection  of  the  drdes  in  the  figure  Euc.  i.  1. 

27.  Let  ABC  be  a  triangle  of  which  the  base  or  longest  side  is  BC,  and  let  a 
segment  of  a  circle  be  described  on  BC.    Produce  BA»  CA  to  meet  the  arc  of  th« 
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se^ent  in  D,  E,  and  join  BD,  CE.  If  circles  be  described  about  the  triangles 
ABD,  ACE,  the  sides  AB,  AC  shall  cut  off  segments  similar  to  the  segment 
described  upon  the  base  BC. 

28.  This  is  the  same  as  Euc.  m.  34,  with  the  condition,  that  the  line  must  pass 
through  a  given  point. 

29.  By  supposmg  the  tlung  done,  the  line  joining  the  points  of  intersection  d 
the  two  circles,  will  pass  throu^  the  centre  of  the  ^ven  circle.  From  one  of  the 
given  points  draw  a  line  through  the  centre  of  the  given  circle  and  cutting  the  two 
circles  in  four  po'mts ;  then  by  Euc.  m.  35. 

30.  As  a  particiilar  case,  if  the  segment  be  a  semicircle :  on  AB  the  diameter, 
the  point  K  will  be  found  to  be  distant  from  B,  one  half  of  the  radius. 

31.  If  a  segment  of  a  circle  containing  an  angle  equal  to  the  given  angle  be 
described  upon  the  hne  which  joins  the  two  given  points,  the  circumference  <^  the 
segment  will  meet  the  circumference  of  the  given  circle  in  two  points^  which  will 
give  two  solutions  of  the  Problem;  or  in  one  point  at  which  the  angle  will  be  a 

TTiftTiTrmTn. 

32.  Let  ABCD  be  the  required  trapeaum  inscribed  in  the  given  circle  (fig. 
Euc.  ni.  22)  of  which  AB  is  given,  also  the  sum  of  the  remaining  three  sides  and 
the  angle  ADC.  Since  the  angle  ADC  is  given,  the  opposite  angle  ABC  is 
known,  and  therefore  thepoint  C  and  the  side  fiC.  Produce  AD  and  make  D£ 
equal  to  DC  and  join  ECf.  Since  the  sum  of  AD,  DC,  CB  is  given,  and  DC  is 
known,  therefore  the  sum  of  AD,  DC  is  given,  and  likewise  AC,  and  the  angle 
ADC.  Also  the  angle  DEC  being  half  of  the  angle  ADC  is  g^ven.  Whence  the 
se^ent  of  the  circle  which  contains  AEC  is  given,  also  AE  is  given,  and  hence  the 
pomt  E,  and  consequently  the  point  D.    Whence  the  construction. 

33.  Join  the  centres  A,  B ;  at  C  the  point  of  contact  draw  a  tangent,  and  at  A 
draw  AF  cutting  the  tangent  in  F,  and  msJdng  with  CF  an  angle  equd  to  one  iaatfk 
of  the  given  angle.    From  F  draw  tangents  to  the  circles. 

34.  At  anypoints  P,  R  in  the  circumferences  of  the  circles  whose  centres  are  A, 
B,  draw  PQ,  RS,  tangents  equal  to  the  given  lines,  and  join  AQ,  BS.  Thrae  hang 
made  the  sides  of  a  triangle  of  which  AB  is  the  base,  the  vertex  of  the  triangle  is  the 
point  required. 

35.  Let  C,  C'  be  the  centres  of  the  given  circles,  join  CC,  and  let  DD^  be  the 
line  required,  making  the  f^ven  angle  with  CC.  Through  C  draw  CE  makkur  with 
CC  an  angle  eoual  to  the  given  angle,  and  equal  to  the  given  line,  join  CD/E&, 

36.  I^  ABCD  be  the  required  line,  such  that  the  chords  AB,  CD  are  eadi 
equal  to  the  given  line.  Take  O,  O'  the  centres  of  the  circles,  and  draw  OE  popea- 
dicular  to  AB,  and  OF  to  CD.  With  centres  O,  O'  and  radii  OE,  O'Fn- 
spectively,  describe  two  circles.  Then  the  line  ABCD  is  a  common  tanguit  to  these 
circles,  and  all  chords  which  touch  the  interior  and  are  terminated  by  the  exterior 
circles  are  equal  to  one  another. 

37.  Suppose  the  thing  done,  then  it  will  appear  that  the  line  joining  the  poioti 
of  intersection  of  the  two  circles  is  bisected  at  right  angles  by  the  line  joinii^  the 
centres  of  the  circles.  Since  the  radii  are  known,  the  centres  of  the  two  drdes  ma? 
be  determined. 

38.  Let  the  two  circles  cut  one  another  in  A  and  B.  Join  AB,  and  suppose 
A  CD  to  be  the  line  required  meeting  the  circumferences  in  C,  D,  such  that  the  part 
DE  is  equal  to  the  given  line.  Join  also  BC,  BD.  Then  the  angles  at  C,  D  may  he 
shewn  to  be  given,  and  the  point  D.    The  proof  of  this  problem  involves  proportioD. 

39.  Let  A,  B,  C  be  the  three  given  points.  Join  A,  B,  and  on  AB  aucrbt  a 
segment  of  a  circle  ADB  containing  an  angle  equal  to  that  which  the  lines  drawn  to 
the  points  A,  B  is  to  contain,  and  complete  the  arcle.  On  the  other  side  of  AB  at 
the  point  B,  make  the  angle  ABE  equal  to  the  angle  which  the  lines  drawn  to  die 

g)ints  A,  C,  is  to  contain,  and  let  the  line  BE  meet  the  circumference  in  £.    Join 
C  and  produce  it  to  meet  the  circumference  again  in  D.    D  is  the  pmnt  required. 

40.  Xet  the  two  circles  touch  each  other  at  A,  AD,  AD',  thdr  diameters;  and 
let  PQM  be  the  semichord  perpendicular  to  the  diameter.  If  PQ  be  suj^wsed  eqpol 
to  QM,  the  line  MD  may  be  shewn  to  be  equal  to  four  times  MD'. 

41.  Let  the  straight  line  joining  the  centres  of  the  two  circles  be  produoed  boili 
ways  to  meet  the  circumference  of  the  exterior  circle. 
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42.  Let  A  be  the  common  centre  of  the  two  circles,  and  BCDE  the  chord  such 
that  BE  is  double  of  CD.    From  A,  B  draw  AF,  BG  perpendicular  to  BE.    Join 

AC,  and  produce  it  to  meet  BG  in  G.  Then  AC  may  be  shewn  to  be  equal  to 
CG^  and  tne  angle  CBG  being  a  right  angle,  is  the  angle  in  the  semicircle  described 
on  CG  as  its  cuameter. 

43.  Let  C  be  the  common  centre.  Draw  any  diameter  BCD  of  the  interior 
cdrde,  and  produce  it,  making  DE  equal  to  CD.  On  DE  describe  a  semicircle 
cutting  the  circmnference  of  tl:^  exterior  circle  in  F,  join  FD  and  produce  it  to  meet 
the  interior  circumference  in  G  and  the  exterior  in  H. 

44.  It  may  be  proved  that  of  all  triangles  having  equal  vertical  angles,  and  their 
distances  from  their  vertices  to  the  bisections  of  their  bases,  equal  to  one  another,  the 
greatest  is  that  which  is  isosceles. 

45.  The  locus  of  the  point  C  when  the  string  ACB  is  kept  stretched  is  an  ellipse. 
This  Problem  appears  here  by  mistake. 

46.  Let  A  be  the  given  point  (fig.  Euc.  in.  36,  Cor.)  and  suppose  AFC  meeting 
the  circle  in  F,  C,  to  be  bisected  in  F,  and  let  AD  be  a  tangent  drawn  from  A. 
Then  2.AF=AF.  AC  =  AD»,  but  AD  is  given,  hence  also  AF  is  given. 

To  construct.  Draw  the  tangent  AD.  On  AD  describe  a  semicircle  AGD, 
bisect  it  in  G ;  with  centre  A  and  radius  AG,  describe  a  circle  cutting  the  ffiven 
drde  in  F.    Join  AF  and  produce  it  to  meet  the  circumference  again  in  CT 

47.  Let  C  be  the  centre  of  the  given  circle,  AC  the  g^ven  radius ;  produce  AC 
to  meet  the  circumference  in  B.  Wim  centre  B  and  radius  equal  to  the  given  line^ 
describe  a  circle  cutting  the  given  circle  in  D.  Through  D  draw  DE  parafiel  to  BA, 
meeting  the  circumference  in  E^  at  B  make  the  angle  CBG  equal  to  the  given  angle, 
and  from  E,  draw  EF  parallel  to  DB,  meeting  the  given  radius  in  F. 

48.  On  any  two  sides  of  the  triangle,  d^cribe  segments  of  drcles  each  contain- 
ing an  angle  equal  to  two  thirds  of  a  right  angle,  the  point  of  intersection  of  the  arcs 
within  the  triangle  will  be  the  point  required^  such  that  three  lines  drawn  from  it  to 
the  angles  of  the  triangle  shall  contain  e^ual  angles.    Euc.  in.  22. 

49.  Let  AB,  AC  be  the  lines  containing  the  given  angle  BAC,  and  let  PQ  be 
the  line  of  given  length.  Bisect  PQ  in  R  and  on  PR  describe  a  rectangle  equal  to 
the  given  area ;  also  on  PQ  describe  a  segment  of  a  drcle  containing  an  angle  equad 
to  the  angle  BAC,  and  let  the  arc  of  this  segment  cut  the  side  of  the  rectangle 
opposite  to  PR  in  S.  Join  SP,  SQ.  On  AB  take  AD  equal  to  SP,  and  on  AC 
take  AE  equal  to  SQ;  join  DE,  then  DAE  is  the  triangle  required.  It  may  be 
shewn  that  the  triangle  cut  off  has  the  greatest  possible  area  when  it  is  isosceles. 

50.  Let  A,  B  be  the  extremities  of  the  diameter  of  the  drcle,  CD  the  given  chord 
not  parallel  to  AB ;  and  let  KL  be  the  length  to  be  cut  from  CD  by  hnes  drawn 
from  A,  B,  and  meetii^  at  a  point  in  the  circumference. 

Draw  BE  equal  to  kL  andparallel  to  CD,  join  AE  and  on  AE  describe  a  semi- 
circle  cutting  CD  in  F,  join  AF  and  produce  it  to  meet  the  drcumference  in  U,  and 
jcnn  HB  cutting  CD  in  G.  Then  FG  is  equal  to  KL,  as  may  be  shewn  from  BEFG 
Deing  a  parallelogram.  If  the  semicirde  touch  CD  there  is  only  one  solution,  if  it 
cut  CD  there  are  two,  if  it  do  not  meet  CD,  there  is  no  solution  to  the  problem. 

51.  This  problem  is  a  slightly  varied  form  of  Problem  39,  p.  317. 

52.  On  any  two  sides  AG,  CB  describe  internally  two  segments  of  drcles  each 
contdmng  an  angle  equal  to  one  third  of  four  right  angles^  and  let  the  s^;ment8 
intersect  each  other  in  D.  Join  AD,  BD,  CD.  Let  a  circle  be  described  with  centre 
A  ^d  radius  AD  and  a  tangent  be  drawn  to  it  at  D.  Then  the  sum  of  BD,  DC  is  a 
minimum  when  they  make  equal  angles  with  the  tangent,  and  therefore  when  they 
make  equal  angles  with  the  radius  AD.    Similarly  it  may  be  shewn  that  the  sum  of 

AD,  DC  is  a  minimum.  But  the  lines  AD^  BD,  CD  make  equal  angles  with  each 
other,  D  therefore  is  the  point  required. 

53.  Let  Xa,Bb,Cc  be  drawn  from  the  angles  to  the  bisections  of  the  opposite 
sides  of  the  triangle  ABC.  At  B,  ft^raw  BD,^D  paralld  to  aA,  Cc  respectively, 
and  meeting  each  other  in  D.  Join  Dc,bc.  Then  D&  is  proved  equal  to  Cc  from 
the  triangles  D5A,  cCb :  also  in  a  similar  wav  DB  is  proved  equal  to  a  A. 

54.  Let  ABC  be  the  ^ven  isosceles  triangle  having  the  vertical  angle  at  C,  and  let 
FG  be  any  given  line.  Inquired  to  find  a  point  P  in  FG  such  tiiat  the  distance  PA 
shall  be  double  of  PC.    Divide  AC  in  D  so  that  AD  is  double  of  DC,  produce  AC 

P 
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to  E  and  make  AE  double  of  AC.    On  DE  describe  a  circle  cutting  FG  in  P,  then 
PA  is  double  of  PC.    This  is  found  by  sbewinc  that  AP  =  4 .  PC. 

55.  The  eoual  sides  of  the  equivalent  isosceles  triangle  are  each  a  mean  propOT- 
tional  between  tne  two  sides  of  the  scalene  triangle.    Euc.  vi.  15. 

56.  This  is  made  to  depend  upon  constructing  a  right-angled  triangle  of  which 
the  perpendicular  and  the  opposite  angle  are  given. 

57.  Let  ABC  be  the  triangle  required;  BC  the  ^ven  base,  BD  ihe  given 
difference  of  the  sides^  and  BAC  the  ffiven  vertical  angle.  Join  CD  and  draw  AM 
perpendicular  to  CD.  Then  MAD  is  half  the  vertical  angle  and  AMD  a  right  angle: 
the  angle  BDC  is  therefore  given,  and  hence  D  is  a  point  in  the  arc  of  a  giv^  seg- 
ment  on  BC.  Also  since  BD  is  given,  the  point  D  is  given,  and  therefore  the  A£a 
BA,  AC  are  given.    Hence  the  synthesis. 

58.  On  any  base  BC  describe  a  segment  of  a  circle  BAC  containing  an  angle 
egual  to  the  given  angle.  From  D  the  middle  point  of  BC  draw  DA  to  make  uie 
given  angle  ADC  with  the  base.  Produce  AD  to  E  so  that  AE  is  equal  to  the  given 
bisecting  line,  and  through  E  draw  FG  parallel  to  BC.  Join  AB^  AC  and  prince 
them  to  meet  FG  in  F  and  G.    The  demonstration  depends  on  Book  n.  ^ 

59.  Analysis.  Let  ABC  be  the  triangle,  and  let  the  circle  ABC  be  described 
about  it;  draw  AF  to  bisect  the  vertical  angle  BAC  and  meet  the  circle  in  F,  make 
AV  equal  to  AC,  and  draw  CV  to  meet  the  circle  in  Tj  join  TB  and  TF,  cMng 
AB  in  D ;  draw  the  diameter  FS  cutting  BC  in  R,  DR  cutting  AF  in  E ;  join  AS, 
and  draw  AK,  AH  perpendicular  to  FS  and  BC.  Then  shew  that  AD  is  half  the 
sum,  and  DB  half  the  difierence  of  the  sides  AB,  AC.  Next,  that  the  pcnnt  F  in 
which  AF  meets  the  circumscribing  circle  is  given,  also  the  pdnt  E  where  DE  meets 
AF  is  given.  The  points  A,  K,  Is  E  are  in  a  circle,  Euc.  ni.  22.  Hence  KF.FR 
» AF .  r  E,  a  given  rectangle ;  and  the  segment  KR,  which  is  equal  to  the  popen- 
dicular  AH,  being  given,  RF  itself  is  given.    Whence  the  construction. 

60.  On  AB  the  given  base  describe  a  circle  such  that  the  segment  A£B  shall 
contain  an  angle  equal  to  the  given  vertical  angle  of  the  triangle.  Draw  the  diameter 
EMD  cutting  AB  in  M  at  right  angles.  At  D  in  ED,  make  the  angle  EDC 
ecjual  to  half  the  given  difference  of  the  angles  at  the  base,  and  let  DC  meet  the 
circumference  of  the  circle  in  C.    Join  CA,  CB ;  ABC  is  the  triangle  required. 

For,  make  CF  eoual  to  CB,  and  join  FB  cutting  CD  in  G. 

61.  Let  ABC  be  the  triangle,  AD  the  perpendicular  on  BC.  "With  centre  A, 
and  AC  the  less  side  as  radius,  describe  a  circle  cutting  the  base  BC  in  £,  and  the 
longer  side  AB  in  G,  and  BA  produced  in  F,  and  join  AE,  EG,  PC.  Then  the 
angle  GFC  being  half  the  given  angle,  BAC  is  given,  and  the  angle  BEG  equal  to 
GFC  is  also  given.  Likewise  BE  the  difference  of  the  segments  otthe  base^  and  B6 
the  difference  of  the  sides,  are  given  bv  the  problem.  Wherefore  the  triangle  BEG 
is  given  (with  two  solutions).  Again,  tne  angle  EGB  being  given,  the  an^  AGE, 
and  hence  its  equal  AEG  is  given ;  and  hence  the  vertex  A  is  given,  and  likewise  ^ 
line  AE  equal  to  AC  the- shorter  side  is  given.    Hence  the  construction. 

62.  On  the  given  base  AB  describe  a  se^ent  of  a  circle  containing  an  sn^ 
equal  to  the  ^ven  angle,  and  through  C  the  bisection  of  the  base  draw  the  diameter 
DE  prpendicular  to  AB.  Join  AE,  and  on  AE  describe  a  semidrde  ACE.  From 
A,  place  in  this  semicircle  AF  equal  to  half  the  ^ven  difference  of  the  two  sides  of 
the  triangle.  Produce  AF  to  meet  the  circle  m  G  and  join  GB ;  ABG  k  die 
triangle  required. 

63.  Let  ABC  be  the  triangle,  D,  E  the  bisections  of  the  sides  AC^  AB.  Join 
CE,  BD  intersecting  in  F.  Bisect  BD  in  G  and  join  EG.  Then  £F^  one  thiid  of 
EC  is  given,  and  BG  one  half  of  BD  is  also  given.  Now  EG  is  parallel  to  AC; 
and  the  angle  BAC  being  given,  its  equal  opposite  an^le  BEG  is  also  given.  Whence 
the  segment  of  the  circle  containing  the  angle  BEG  is  also  given. 

Hence  F  is  a  given  point,  and  FE  a  given  line,  whence  E  is  in  the  drcumference 
of  the  g^ven  circle  about  F  whose  radius  is  FE.  Wherefore  £  being  in  two  given 
circles,  it  is  itself  their  given  intersection. 

64.  Of  all  triangles  on  the  same  base  and  having  equal  vertical  anfl^,  that 
triangle  will  be  the  greatest  whose  perpendicular  from  me  vertex  on  thebase  is  a 
maxinaum,  and  the  greatest  perpenoicular  is  that  which  bisects  the  base.  Whence 
the  triangle  is  isosceles. 
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65.  When  the  vertical  angle  and  area  are  given,  the  rectangle  under  the  sides  is 
also  given.  Likewise  the  sum  of  the  squares  and  the  rectangle  of  the  two  lines  which 
constitute  the  sides  are  given.  These  lines  may  hence  be  found,  and  the  triangle 
constructed. 

66.  Let  AB  be  the  base,  and  AHB  the  segment  containing  the  vertical  angle. 
At  any  point  U  draw  the  tangent  HP,  making  the  square  of  HP  equal  to  th^  given 
rectangle  under  the  sum  of  the  sides  and  one  of  them.  Find  O  the  centre  pf  the 
circle  AHB  and  join  PO,  with  which  as  mdius  describe  a  circle  PDQ.  Also  from 
R  the  middle  of  the  arc  AHB,  with  radius  RA  or  RB  describe  the  circle  ADB 
cutting  PDQ  in  D.  Draw  DA  cutting  AHB  in  C,  and  join  CB.  ACB  is  the 
triangk  required.  For,  draw  the  tangent  DE,  and  join  HO,  EO,  DO.  Then 
HP« = DE«  =.  AD .  DC = (AC  +  CB) .  CB ;  for  the  triangle  DCB  is  isosceles. 

67.  Let  C  be  the  centre  of  the  given  circle,  B  the  given  point  in  the  circumfer- 
ence^ and  A  the  other  given  point  through  which  the  required  circle  is  to  be  made  to 
pass.  Join  CB,  the  centre  of  the  circle  is  a  point  in  CB  produced.  The  centre 
itself  may  be  found  in  three  ways. 

68.  Let  A  be  the  given  point,  and  B  the  given  point  in  the  given  line  CD.  At 
B  draw  BE  at  right  angles  to  CD,  join  AB  and  bisect  it  in  F,  and  from  F  draw  FE 
perpendicular  to  AB  and  meeting  BE  in  E.    E  is  the  centre  of  the  required  circle. 

69.  Let  AB,  AC  be  the  given  lines  and  P  the  given  point.  Then  if  O  be  the 
centre  of  the  required  circle  touching  AB,  AC  in  R,  S,  the  line  AO  will  bisect  the 
given  angk  BAU.  Let  die  tangent  from  P  meet  the  cirde  in  Q,  and  draw  00,  OS, 
OP,  AP.  Then  there  are  given  AP  and  the  angle  OAP.  Also  since  OQP  is  a 
right  angle,  we  have  OP^^  -  QO^  =  OP*  -  OS'  =  PQ'  a  given  magnitude.  Moreover 
the  right-angled  triangle  AOS  is  given  in  species,  or  OS  to  OA  is  a  dven  ratia 
Whence  in  the  triangle  AOP  there  is  ^ven,  the  angle  AOP,  the  side  Ar,  and  the 
excess  of  OP*  above  the  square  of  a  Ime  having  a  given  ratio  to  OA,  to  determine 
O  A.    Whence  the  construction  is  obvious. 

70.  Bisect  the  angle  BAC  by  AF,  at  A  draw  AG  perpendicular  to  AB  and 

SualtohalfofDE.  Through  G  draw  GH  parallel  to  AB,  meeting  AF  in  H.  Then 
is  the  centre  of  the  required  circle. 

71.  Draw  any  line  AB  so  that  AC  is  equal  to  BC ;  on  this  describe  a  s^pnent 
to  contain  the  given  angle ;  through  the  given  point  P  draw  CO,  meeting  the  segment 
in  Q,  and  join  QA,  QB;  draw  PD,  PEparallel  to  QA,  QB  respectivdy;  and  DO 
perpendicular  to  AC,  and  EO  to  BC.    liien  O  is  the  centre. 

72.  Let  D  be  the  given  point  and  EF  the  ^ven  straight  line.  (fig.  Euc.  in.  32.) 
Draw  DB  to  moke  the  angle  DBF  equal  to  that  contained  in  the  alternate  segment 
Draw  BA  at  right  angles  to  EF,  and  JDA  at  right  angles  to  DB  and  meeting ^A  in 
A.    Then  AB  is  the  diameter  of  the  circle. 

73.  Let  A,  B  be  the  given  points,  and  CD  the  ^ven  line.  From  E  the  middle 
of  the  line  AB,  draw  EM  perpendicular  to  AB,  meeting  CD  in  M,  and  draw  MA, 
In  EM  take  any  point  F;  draw  FH  to  make  the  given  angle  with  CD ;  and  draw 

.FG  equal  to  FH,  and  meeting  MA  produced  in  G.  Through  A  draw  AP  parallel 
to  FG ;  and  CPK  parallel  to  FH.  Then  P  is  the  centre,  and  C  the  third  defining 
point  of  the  circle  required :  and  AP  may  be  proved  equal  to  CP  by  means  of  the 
triangles  GMF,  AMP;  and  HMF,  CMP,  Euc.  vi.  2.  Also  CPK  the  diameter 
makes  mih  CD  the  angle  KCD  equal  to  FHD,  that  is,  to  the  given  angle. 

74.  See  Euc.  m.  37,  and  Theo.  3,  p.  313. 

75.  Let  A  be  the  base  of  the  tower,  AB  its  altitude,  BC  the  height  of  the  flag- 
fitaflT,  AD  a  horizontal  line  drawn  from  A.  If  a  circle  be  described  passing  through 
the  p<nnts,  B,  C,  and  touching  the  line  AD  m  the  point  E :  E  will  oe  the  point  re- 
quired.   Give  the  analysis. 

76.  Let  A,  B,  C  be  the  centres  of  the  three  given  circles.  On  the  same  side 
draw  the  tangent  DE  to  the  circles  whose  centres  are  A,  B ;  and  FG  to  the  circles 
whose  centres  are  B,  C;  bisect  DE  in  H,  and  FGin  K;  and  draw  HL,  KM  perpen- 
dicular to  AB,  AC,  (the  lines  joining  the  centres  of  the  circles)  to  meet  in  O.  O  is 
the  point  required.  For,  join  DA,  HA,  FA,  KA,  EB,  HB,  KC,  CG,  AO,  BO, 
CO ;  draw  the  tangents  OP,  00,  OR  to  the  circles  whose  centres  are  A,  B,  C 
respectively,  and  join  AP,  BQ,  CR.  Then  the  difference  ai  the  squares  of  OP  and 
OQ  may  be  shewn  to  be  equal  to  the  difference  of  the  squares  of  DH  and  HE.  But 
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DH  is  equal  to  HE  by  construction,  it  follows  that  OP  is  equal  to  OQ.  In  the 
same  way  it  may  be  shewn,  that  OP  is  equal  to  OR. 

Note,  The  line  HO  is  called  the  radiccd  axis  of  the  drdes  whose  centres  are  A 
and  B ;  and  similarly,  KO  of  the  circles  whose  centres  are  B  and  C. 

The  point  O  is  ^^  radical  centre  of  the  circles  whose  centres  are  A,  B,  C. 

77»  Let  POQ  be  the  common  diameter,  O  being  the  point  of  contact  of  the  drdes 
B^  C.  Let  DEOFG  be  any  line  drawn  through  O  and  meetmg  the  drcomferenoes 
of  ibe  circles.    Join  PE,  QF,  then  DE  is  equal  to  FG  by  Theorem  i.  p.  344. 

Can  D£  be  shewn  to  be  equal  to  FG  without  proportion  ? 

78.  Let  the  point  E  in  AO  be  supposed  to  be  found  subject  to  the  conditians 
of  the  Problem.  Produce  PO  to  meet  the  circumference  in  Q«  Then  by  Euc.  n. 
5,  6,  m.  36,  Cor.  combined  with  the  given  conditions,  the  squares  of  OE  and  OP 
may  be  shewn  to  be  equal  to  five  times  the  square  of  the  ramus  AO.  And  the  tri- 
angle PEO  is  right-angled.  Hence  the  square  of  PE  is  five  times  the  square  of  AO, 
ana  AO  is  known,  therefore  the  line  PE  is  known,  also  the  point  P  is  given*  Whence 
the  point  E  is  determined  subject  to  the  given  conditions. 

79.  This  is  the  same  as  the  following  problem  with  only  a  slight  alteration. 

80.  From  A  draw  the  chord  AC  equal  to  the  side  of  the  given  square,  jcm  BC 
and  produce  it  to  meet  AP  in  P,  the  point  P  thus  found  is  the  point  reqmred,  as 
may  De  shewn  by  Euc.  m.  36,  i.  47,  u.  3.  The  limits  of  the  possibility  may  be 
reaoily  determined. 

81.  On  PC  describe  a  semicircle  cutting  the  given  one  in  £,  and  draw  £F  per« 
pendicular  to  AD :  then  F  is  the  point  required. 

82.  Let  AB,  AC  be  the  two  given  lines  meeting  at  the  point  A,  and  D  the  given 
point.  From  D  draw  DE  perpendicular  to  AB  and  produce  ED  to  F,  so  that  the 
rectangle  contained  by  ED,  DF  may  be  equal  to  the  given  rectangle.  On  DF  as  a 
diameter  describe  a  drcle  cutting  AC  in  G,  join  GE  andproduce  it  to  meet  AB  in 
H.    Then  a  circle  may  be  described  througn  the  points  £;,  G,  F,  H. 

83.  If  the  ladder  be  supposed  to  be  raised  in  a  vertical  plane,  the  locus  of  the 
middle  point  may  be  shewn  to  be  a  quadrantal  arc  of  which  the  radius  is  half  the 
Iragth  of  the  ladder. 

84.  The  point  E  will  be  found  to  be  that  pomt  in  BC  from  which  two  tangents 
to  the  circles  described  on  AB  and  CD  as  diameters^  are  equaL    Euc  ni.  36. 

85.  Draw  from  the  fliven  point  A  a  straight  line  AB,  and  divide  AB  on  G»  bo 
that  the  rectangle  AB,  BC  is  equal  to  the  given  rectangle.  If  the  line  given  by  posi- 
tion Xwhich  is  a  circle)  be  described  so  as  to  pass  uirough  the  points  A,  B,  the 
locus  of  the  extremities  of  all  such  lines  drawn  from  A  wm  be  in  the  omvez  cir- 
cumference of  the  cirde. 

86.  Suppose  AD,  DB  the  tangents  to  the  cirde  AEB  and  which  contam^ 
^ven  angle.  Draw  DC  to  the  centre  C  and  join  CA,  CB.  Then  the  triangles  ACD, 
£CD  are  always  equal :  DC  bisects  the  given  angle  at  D  and  the  anffle  ACB.  TIib 
angles  CAB,  CBD,  bemg  right  andes,  are  constant,  and  the  angles  ADC,  BDC  an 
constant,  as  also  the  angles  ACD,  BCD ;  also  AC,  CB  the  radii  of  the  given  drcle. 
Hence  the  locus  of  D  is  a  circle  whose  centre  is  C  and  radius  CD. 

87.  (1)  This  locus  may  be  shewn  to  be  a  circle,  as  the  sum  of  the  angles  at 
the  base  is  constant,  the  vertical  angle  is  also  constant.    Euc.  iii.  21. 

(2)    This  locus  is  a  hyperbola,  and  was  inserted  here  by  an  oversight. 

88.  The  locus  is  a  hyperbola.  Also  the  equation  to  the  locus  may  be  put  under 
the  form,  4a?y  tan  ^ = (cr-  If)  sec*  4>. 

89.  Join  AB,  and  upon  it  describe  a  segment  of  a  cirde  which  shall  contain 
an  angle  e^ual  to  the  given  angle.  If  the  cirde  cut  the  fi^ven  line^  there  will  be  tiro 
points ;  if  it  only  touch  the  line,  there  will  be  one ;  and  if  it  ndther  cut  nor  toodi  the 
une,  the  problem  is  impossible. 

90.  Describe  a  circle  having  the  'given  line  AB  as  its  diameter  and  centre  C 
Draw  any  radius  CD,  and  at  D  draw  a  tangent  DE  equal  to  AB  and  j<nn  C£»  In 
AB  produced,  make  CF  equal  to  CE.    F  is  the  point  required. 

Let  EC  meet  the  circle  in  B',  and  when  produced^  in  A'« 

91.  This  is  only  a  case  of  the  preceding,  instead  of  taking  the  tangent  DE  eqoal 
to  AB,  it  must  be  taken  equal  to  the  side  of  the  given  square. 

92.  K  the  rectangle  of  the  sides  of  the  right-angled  triangle  be  equal  to  the 
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6(]iiare  of  their  difference,  it  may  be  shewn  that  the  rectangle  is  also  equal  to  one 
third  of  the  square  of  the  hypothenuse.  Hence,  if  a  semicircle  be  described  on  AB 
the  g^ven  hypothenuse,  and  a  line  AC  be  drawn  at  right  angles  to  AB  and  equal  to 
one  third  of  AB,  and  from  C  a  line  CD  be  drawn  parallel  to  AB  meeting  the  semi- 
circle in  D,  and  DA,  DB  be  joined :  DAB  is  the  required  triangle. 

93.  Let  ABC  be  the  required  triangle  in  which  are  given  AD,  BE,  CF,  lines 
drawn  from  the  angles  to  the  bisections  of  the  opposite  sides  of  the  triangle,  and 
intersecting  one  anomer  in  G.  Then  AG  is  double  of  GD.  Produce  GD  to  H. 
making  DH  equal  to  DG  andjoin  BH,  CH.  Then  BGCH  is  a  parallelogram,  and 
the  eaaea  of  the  triangle  BHCi-  are  respectively  each  two  thirds  of  the  lines  drawn 
from  the  angles  to  the  bisections  of  the  sides. 

94.  Let  AB,  BC,  CA  be  the  three  given  lines,  and  D  the  given  point.  Draw 
any  line  DE  through  D  to  meet  AC  in  E ;  and  any  line  FG  par^l  to  DE  to  meet 
AB  in  F,  and  BC  in  G ;  and  join  EF,  EG ;  and  lastly,  through  F  and  G,  draw 
parallels  to  EG  and  EF  meeting  DE  m  R  and  P,  and  each  other  in  Q.  Then  the 
triangle  PQR  fulfils  the  conditions. 

It  is  obvious  that  there  is  no  limit  to  the  niunber  of  triangles  which  can  be 
constructed  to  fulfil  the  given  conditions.  For  the  direction  of  DE  from  D  is  ar- 
bitrary ;  and  likewise  the  distance  of  the  parallels  DE,  FG. 

95.  Let  ABCD  be  the  given  square,  and  let  the  diagonals  intersect  each  other 
in  E.  Let  F  be  any  point  m  the  locus,  and  join  FA,  FB,  FD,  FC,  FE.  Then  by 
Theorem  22,  p.  309,  the  sum  of  the  8(juares  of  the  lines  from  F  to  die  angles  of  the 
square  are  shewn  to  be  equal  to  twice  the  area  of  the  square  and  four  times  the 
eouare  of  EF.  And  E  is  a  fixed  point;  if  EF  be  constant,  the  locus'  of  F  is  a  circle 
wnose  centre  is  E  and  radius  EF. 
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6.    First.    Join  the  extremities  of  the  chords,  then  Euc.  i.  27 ;  in.  28. 
Secondly.    Draw  any  straight  line  intersecting  the  two  parallel  chords  and 
meeting  the  circumference. 

6.  This  is  the  converse  of  the  former  part  of  the  preceding  Theorem  5. 

7.  Let  the  circles  intersect  in  A,  B ;  and  let  CAD,  EBF  be  axw  parallels  pass- 
ing through  A,  B  and  intercepted  by  the  circles.  Join  CE,  AB,  DF.  Then  the 
figure  CEFD  may  be  proved  to  be  a  parallelogram.  Whence  CAD  is  equal  to  EBE. 

8.  Construct  the  figure  and  the  arc  BC  may  be  proved  equal  to  the  arc  B'C. 

9.  See  Theorem  67,  p.  351. 

10.  Let  AB  be  drawn  from  the  given  point  A,  touchmg  the  ^ven  circle  whose 
centre  is  D.  Join  AD,  DB,  then  the  position  of  the  point  B  may  be  shewn  to  be 
given,  and  therefore  the  line  AB  both  m  position  and  magnitude.  (Euclid's  Data, 
Prop.  94.) 

11.  Let  C  be  the  centre  of  the  circle,  and  E  the  point  of  contact  of  DF  with  the 
circle.    Join  DC,  CE,  CF. 

12.  Let  AB,  AC  be  the  sides  of  a  triangle  ABC.  From  A  draw  the  perpendi- 
cular AD  on  the  opposite  side,  or  opposite  side  produced.  The  semicircles  described 
on  AB,  BC  both  pass  through  D.    Euc.  m.  31. 

13.  Let  A  be  the  right  angle  of  the  triangle  ABC,  the  first  property  follows  from 
the  preceding  Theorem  12.  Let  DE,  DF  be  drawn  to  E,  F  the  centres  of  the  circles 
on  AB,  AC,<and  join  EF.  Then  ED  may  be  proved  to  be  perpendicidar  to  the 
radius  DF  of  the  circle  on  AC  at  the  pomt  D. 

14.  Let  ABC  be  a  triangle,  and  let  tne  arcs  be  described  on  the  sides  externally 
containing  angles,  whose  sum  is  equal  to  two  right  angles.  It  is  obvious  that  tlie 
sum  of  the  angles  in  the  remaining  segments  is  equal  to  four  right  angles.  These 
arcs  may  be  shewn  to  intersect  each  other  in  one  pomt  D.  Let  a,  b,che  the  centres 
of  the  circles  on  BC,  AC,  AB.  Join  ab,  be,  ca;  Ab,  bC,  Co,  aB;  Be,  cA;  bD, 
cD,  aD.  Then  the  angle  cba  may  be  proved  equal  to  one  half  of  the  angle  AbC 
Similarly,  the  other  two  angles  of  abc, 

15.  The  angle  OAQ  may  be  proved  equal  to  the  angle  OCQ,  and  the  truth  of 
the  theorem  is  n^nifest  from  Euc.  i.  32. 
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16.  Bisect  the  lines  and  join  the  points  of  bisection  with  the  centre  of  the  drde, 
the  two  triangles  thus  formed  may  be  shewn  to  be  equal,  and  by  £uc.  m.  14^  the 
equality  of  the  lines  is  inferred. 

17.  Let  the  diagram  be  drawn,  and  from  the  centre  of  the  circle  draw  a  perpen- 
dicular on  the  chord  which  passes  through  the  middle  points  ci  die  two  equal  chords. 
Then  Euc.  m.  3. 

18.  Let  AB  a  chord  in  a  circle  be  bisected  in  C,  and  DE,  FG  two  chords 
drawn  through  C;  also  let  their  extremities  DG,  FE  bejoined  intersecting  CB  in  H, 
and  AC  in  K;  then  AK  is  equal  to  HB.  Through  H  draw  MHL  parallel  to  £F 
meeting  FG  in  M,  and  DE  produced  in  L.  Then  by  means  of  the  equiangular 
triangl^y  HC  may  be  proved  to  be  equal  to  CK,  and  hence  AK  is  equal  to  UB. 

19.  Let  AB,  AC  be  the  boimding  radii,  and  D  any  point  in  the  arc  BC.  The 
circle  described  on  AD  will  always  be  of  the  same  mac^mtude,  and  the  angle  EAF  in 
it,  is  constant : — whence  the  arc  EDF  is  constant,  and  therefore  its  chord  EF. 

20.  This  is  manifest  fi:om  Euc.  uu  23. 

21.  Join  BC.  Since  the  angles  at  B,  C  are  right  angles,  a  circle  may  be  de- 
scribed about  the  figure  BECF.  Euc.  m.  22.  Let  the  circle  be  described,  liien  the 
angle  BEF  is  equal  to  BCF  or  BCA ;  and  BCA  is  equal  to  BDA  or  FDG;  also 
BFE  is  equal  to  DFG :  whence  two  of  the  angles  of  the  triangle  FGD  being  equal 
respectively  to  two  angles  of  the  triangle  BFE ;  the  third  angle  FGD  is  equ^to  the 
third  angle  EBF,  which  is  a  right  angle,  Euc.  nr.  31. 

22.  The  chord  PQ  is  proved  greater  than  any  other  chord  TR  passing  throogli 
the  same  point  N,  by  Euc.  i.  19 ;  lu.  15.  If  a  circle  be  described  about  tSs  triande 
PSQ,  it  will  touch  the  circumference  of  the  ^ven  circle  in  P,  and  the  angle  SFQ 
may  be  shewn  to  be  greater  than  the  angle  STR.   . 

23.  Tlie  perpenmcular  from  the  vertex  bisects  the  base  of  the  isosceles  triangle, 
and  the  circle  described  upon  one  of  the  sides  will  pass  through  the  bisection  of  the 
base,  Euc.  iil  31. 

24.  Let  AB,  CD  be  any  two  diameters  of  a  circle,  and  let  two  other  circles 
through  B,  D  cut  the  diameters  in  E,  F;  and  in  G,  H.  Join  BD.  Thra  DE,  BF 
may  be  proved  to  be  equal,  as  also  BD,  DG. 

25.  Constructing  the  figure  and  producing  the  tangent  QP,  the  triai^le  CPQ 
may  be  shewn  to  be  an  isosmes  triangle,  as  also  the  tnangle  C'QP :  also  CQ  (not 
CQO  and  CQ  may  be  each  shewn  to  be  equal  to  QP. 

,    26.    The  chord  AB  is  conmion  to  the  two  equal  circles.    The  angles  ADB, 
ACB  niay  be  shewn  to  be  equal    Hence  the  triangle  BCD  is  isosceles. 

27.  This  is  only  the  extreme  case  of  Theorem  5,  p.  320.  Also  the  an^^  con- 
tained by  the  tangents  may  be  shewn  to  be  eq|ual  to  the  difference  between  the  angles 
in  die  two  segments  formed  by  joining  the  pomts  of  contact 

28.  By  constructing  the  figure  and  joming  BC,  the  truth  will  appear  from 
Euc.  I.  32 ;  and  lU.  20. 

29.  It  may  be  remarked,  that  generally,  the  mode  by  which,  in  pure  geometry, 
three  lines  must,  under  specified  conditions,  pass  through  the  same  point,  is  that  by 
reductio  ad  absurdum.  This  will  for  the  most  part  require  the  converse  theorem  to 
be  first  proved  or  taken  for  granted. 

The  converse  theorem  in  this  instance  is,  "  If  two  perpendiculars  drawn  from  two 
angles  of  a  triangle  upon  the  oppo^te  sides,  intersect  in  a  point,  the  line  drawn  from 
the  third  angle  through  this  point  will  be  perpendicular  to  the  third  side."  Theorem 
21,  supra,  is  the  same  under  a  modified  form  of  expression. 

The  proof  will  be  formally  thus,  taking  the  same  figure  as  in  Theorem  21  sminu 
Let  EHD  be  the  triangle,  AC,  BD  two  perpendicul^s  intersecting  in  F.  If  the 
third  perpendicular  EG  do  not  pass  through  F,  let  it  take  some  other  position  as 
EH ;  and  through  F  draw  EFG  to  meet  AD  in  G.  Then  it  has  becoi  proved  that 
EG  is  perpendicular  to  AD :  whence  the  two  angles  EHG,  EGH  of  the  triao|^ 
£GH  are  equal  to  two  right  angles: — which  is  absurd. 

30.  The  truth  of  this  appears  at  once  from  Euc.  iii.  21, 

31.  Since  aU  the  triangles  are  on  the  same  base  and  have  equal  vertical 
angles,  these  angles  are  in  the  same  segment  of  a  given  circle.  The  lines  bisectiitf 
the  vertical  angl^  may  be  shewn  to  pass  through  the  extremity  of  that  diameter  which 
bisects  the  base. 
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32.  This  is  the  converse  of  the  preceding  Theorem. 

33.  It  can  be  shewn  that  of  all  triangles  on  the  same  base  and  between  the  same 
paraJIelS)  the  isosceles  triangle  has  the  least  perimeter.  The  equilateral  trianjo^le,  being 
also  isoscdeSy  may  be  shewn  to  be  greater  than  any  other  isosceles  triangle  ofthe  same 
perimeter,  and  hence  of  all  triangles  with  equal  perimeters,  the  equimteral  has  the 
greatest  area. 

34.  Apply  Euc.  in.  31. 

35.  Let  AC  be  the  common  base  of  the  triangles,  ABC  the  isosceles  triangle, 
and  ADC  any  other  triangle  on  the  same  base  AC  and  between  the  same  parBUeUi 
AC,  BD.  Describe  a  cirde  about  ABC,  and  let  it  cut  AD  in  E  and  join  EC.  Then, 
Euc.  I.  17,  ni.  21. 

36.  Let  two  lines  AP,  BP  be  drawn  from  the  given  points  A,  B,  making  equal 
angles  with  the  tangent  to  the  drcle  at  the  point  of  contact  P,  take  any  other  point 
Q  m  the  convex  drcumference,  and  join  QA>  QB :  then  by  Prob.  1,  p.  293,  and 
Euc.  I.  21. 

37.  Let  DKE,  DBO  (fig.  Euc.  m.  8)  be  two  lines  equally  inclined  to  DA,  then 
K£  may  be  proved  to  be  equal  to  BO,  and  the  segments  cut  off  by  equal  straight 
lines  in  the  same  circle,  as  well  as  in  equal  cirdes  are  equal  to  one  another. 

38.  Produce  the  radii  to  meet  the  drcwnference.    See  Theorem  27,  p.  321. 

39.  Let  F  be  any  point  in  t^e  diameter  AD  of  a  cirde  whose  centre  is  E  (fig. 
Euc.  m.  7)  and  let  HFK,  KFL,  LFM,  &c.  be  eaual  angles  at  F,  then  the  arc  HK 
is  less  than  KL,  KL  less  than  LM,  &c.  Join  HK^  KL,  LM,  &c.  and  prove  HK 
less  than  KL.  Take  FN  equal  to  FH,  and  join  KN;  KN  is  equal  to  KH.  Produce 
KF  to  meet  the  circumference  m  P,  and  join  LP,  HP,  LH.  Then  the  angle  KNL 
may  be  proved  to  be  greater  than  KLN. 

40.  Join  the  point  of  intersection  with  the  centre  of  the  cirde  and  let  fall  fixxa 
the  centre  perpendiculars  upon  the  chords. 

41.  The  diagram  of  Euc.  m.  7,  suggests  the  method  of  proof. 

42.  See  Theorem  16,  p.  321. 

43.  If  BE  intersect  DF  in  K  (fijr.  Euc.  m.  37).  Join  FB,  FE,  then  by  means 
of  tbe  triangles,  BE  is  shewn  to  be  bisected  in  K  at  right  angles. 

44.  The  angle  between  the  chord  BE  and  the  diameter  BFM  may  be  shewn 
equal  to  the  angle  between  the  tangent  BD  and  the  line  DF  drawn  from  D  throuji^ 
the  centre  of  the  circle,    (fig.  Euc.  m.  37.) 

45.  Let  AB,  CD  be  any  two  diameters  of  a  cirde,  O  the  centre,  and  let  the  tan- 
gents at  their  extremities  form  the  quadrilateral  figure  EFGH.  Join  EO,  OF,  then 
£0  and  OF  may  be  proved  to  be  in  the  same  str^ht  line,  and  similarly  HO,  OK. 

Note. — This  Pro^sition  is  equally  true  if  AB,  CD  be  any  two  chords  whatever. 
It  then  becomes  equivalent  to  the  following  proposition: — The  diagonals  of  the 
circimiscribed  and  mscribed  quadrilaterals,  intersect  in  the  same  point,  the  points  of 
contact  of  the  former  being  tne  angles  of  the  latter  figure. 

46.  Let  the  chord  AB,  of  which  P  is  its  middle  point,  be  produced  both  ways 
to  C,  D,  so  that  AC  is  equal  to  BD.  From  C,  D,  draw  the  tangents  to  the  circle 
forming  the  tangential  quadrilateral  CKDR,  the  points  of  contact  of  the  sides, 
being  E,  H,  F,  G.  Let  O  be  the  centre  of  the  cirde.  Join  EH,  GF,  CO,  GO, 
FO,  DO. 

Then  EH  and  GF  may  be  proved  each  paralld  to  CD,  they  are  therefore 
paralM  to  one  another.    Whence  is  proved  that  both  EF  and  DG  bisect  AB. 

47.  Let  ABC  be  the  isosceles  triangle  which  fulfils  the  conditions ;  take  any 
point  F  in  the  base  BC,  from  which  draw  FH  and  FG  paralld  to  AB  and  AC ; 
make  GD  equal  to  GA  and  draw  DFE.  Then  since  the  side  AG  of  the  triangle 
ADE  is  bisected  in  G,  and  GF  is  parallel  to  AE,  the  base  DE  is  bisected  in  Fw 
Again,  since  GF  is  eaual  to  AH,  and  FH  to  AG ;  and  since  BGF,  HFC,  are 
isoscdes  triangles ;  it  follows  that  AG + AH  =  AG  +  GB  =  AB.  Wherefore  AD  +  AE 
=  2 .  AG+2 .  AH  =  2  .  AB  =  BA  + AC.  The  variable  triangle  ADE  therefore  has  its 
vertical  angle  and  the  sum  of  its  sides  constant,  and  the  middle  of  its  base  is  in  the 
lineBC. 

48.  Let  the  tangent  AB  touch  the  circle  in  C,  and  let  CD  be  drawn  fromC 
perpendicular  on  any  diameter  EF,  and  let  the  perpendiculars  from  E  and  F  me^ 
the  tangent  in  B  and  A  respectively.  Join  CE,  CF.  Then  the  angles  BCE,  DCE^ 
may  be  shewn  each  equal  to  the  angle  CFE;  and  by  means  of  the  triangles  BCJ^ 
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DCE^  BE  may  be  shewn  equal  to  £D^  and  in  a  similar  way  FA  may  be  shewn 
equal  to  FD. 

49.  The  line  drawn  from  the  point  of  intersection  of  the  two  lines  to  the  centre 
of  the  given  circle  may  be  shewn  to  be  constant,  and  the  centre  of  the  given  drde  is 
a  fixed  point. 

50.  Let  AD,  DF  be  two  lines  at  right  angles  to  each  other ;  O,  the  centre  of 
the  circle  BFQ;  A,  any  point  in  AD  from  which  tangents  AB,  AC  are  drawn;  thai 
the  chord  BC  shall  always  cut  FD  in  the  same  pomt  P,  wherever  the  point  A  is 
taken  in  AD.    Join  AP.    Then  BAG  is  an  isosceles  triangle :  and 

FD.DE+AD'=AB«=BP.PC+AP»=BP.PC+AD*+DP. 

Or  again,  BP .  PC= FD .  DE  -  DP. 

The  point  P,  therefore,  is  independent  of  the  position  of  the  point  A ;  and  is 
consequently  the  same  for  sdl  positions  of  A  in  the  line  AD. 

51.  Let  C  be  the  point  without  the  circle  from  which  the  tangents  CA,  CB  are 
drawn,  and  let  DE  be  any  diameter,  also  let  A£,  BD  be  joined,  intersecting  in  P, 
then  if  CP  be  joined  and  produced  to  meet  DE  in  G :  CG  is  perpendicular  to  DE. 
Join  DA,  EB  and  produce  them  to  meet  in  F. 

Then  the  angles  DAE,  EBD  being  angles  in  a^  semicircle,  are  right  angles;  or 
DB,  £A  are  drawn  perpendicular  to  the  sides  of  the  triangle  DEF :  whence  GPCF 
is  perpendicular  to  the  tnird  side  DE.    See  Theorem  29,  p.  321. 

52.  Let  AB,  AG  be  drawn  from  A  and  touch  the  circle  in  B,  C  ;*let  AB  be  per- 
pendicular to  the  diameter  BD,  and  CE  perpendicular  to  BD,  also  let  AD  intenect 
UE  in  F,  then  CE  is  bisected  in  F.  Join  DC  and  produce  it  to  meet  BA  produced 
in  G.  DG  may  be  shewn  to  be  equal  to  AD,  and  £F  to  FB  by  means  of  similar 
triangles.    Euc.  vi.  4. 

53.  This  is  the  same  as  Theorem  44. 

54.  Let  the  radius  BC  produced  meet  the  circumference  of  the  qu  .drantal  arc 
when  contmued  in  F,  and  jom  FE,  CD,  BK  Then  FE  is  parallel  to  CD,  and  ths 
angles  DEB,  EBD  may  lie  each  shewn  to  be  equal  to  half  a  right  anffle. 

Each  of  the  tangents  to  the  larger  circle  at  A  and  B  makes  witn  AB  an  an^ 
equal  to  half  a  right  angle,  it  follows  that  if  AD  make  with  AB  an  angle  less  tfain 
half  a  right  angle,  AD  must  cut  the  arc  of  the  quadrant. 

55.  Bv  constructing  the  diagram  in  accordance  with  the  directions  ^ven,  it  will 
be  found  tnat  two  circles  described  from  the  centres  B,  H,  and  with  radius  BH, 
do  not  intersect  each  other  in  the  centre  of  the  circle  ABF :  it  would  benoe  appear 
that  there  is  some  inaccuracy  in  the  terms  or  letters  of  the  enunciation. 

56.  Let  AB  be  the  diameter  of  the  given  circle  of  which  the  centre  is  C,  and  E 
the  bisection  of  anv  chord  AD.  Join  EC,  then  the  angle  AEC  may  be  proved  to  be 
always  a  ri^ht  angle  in  whatever  position  the  chord  AD  may  be  situated. 

57.  Join  AD,  and  the  first  equality  follows  directly  from  Euc.  m.  20,  l  32. 
Also  by  ioining' AC,  the  second  equality  may  be  proved  m  a  similar  way.  If  how- 
ever md  fine  AX)  do  not  fall  on  the  same  side  of  the  centre  O  as  E,  it  will  be  found 
that  the  difference,  not  the  sum  of  the  two  angles^  is  equal  to  2 .  A£D.  See  note  to 
Euc.  III.  20,  p.  108. 

58.  Tlus  problem  cannot  be  constructed  by  the  line  and  drde^  as  the  Algdbn- 
ical  equation  wnich  arises  for  finding  D  is  of  the  third  degree. 

59.  See  Theorem  85,  p.  325. 

60.  Complete  the  circle  whose  segment  is  ADB ;  AHB  being  the  other  part. 
Then  since  the  angle  ACB  is  constant,  bein^  in  a  fiven  segment,  the  sum  of  the  arcs 
DE  and  AHB  is  constant.  But  AHB  is  given,  hence  ED  is  also  given  and  there- 
fore constant. 

61.  Let  A,  B,  be  the  centres,  EF  the  tangent  intersecting  the  line  AB  joinii^ 
the  centres,  and  CD  the  other  tangent.  Draw  the  radii  AU,  AE,  BD,  BF  to  the 
points  of  contact;  and  draw  BG  parallel  to  DC  meeting  AC  in  G ;  and  BH  parallel 
to  FE  meeting  AE  produced  in  H.  Then  BG  =  CD,  BH  =  EF,  AG = AC-BD, 
and  AH-AE  +  BF  =  AC  +  BD:  and  CD'-EF*  may  be  proved  tobe  equal  to 
4 .  AC .  BD,  or  the  rectangle  of  the  diameters  of  the  cirdes. 

62.  Let  the  segments  AHB,  AKC  be  externally  described  on  the  given  lines 
AB,  AC,  to  contain  angles  equal  to  BAC.  Then  by  the  converse  to  ]£ic  m.  38, 
AB  touches  the  circle  AKC,  and  AC  the  circle  AHB. 
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63.  See  Theorem  82,  p.  325. 

64.  Let  A,  B,  be  the  centres,  and  C  the  point  of  contact  of  the  two  circles ;  D,  E 
the  pdnts  of  contaict  of  the  circles  with  the  conunon  tangent  DE,  and  OF  a  tangent 
common  to  the  two  drdes  at  C,  meeting  DF  in  £.  Join  DC,  C£.  Then  DF,  FC, 
F£  may  be  shewn  to  be  equal,  and  FCf  to  be  at  right  angles  to  AB. 

65.  The  possibility  is  obvioos,  and  the  centre  of  the  required  circle  will  be  found 
to  be  the  point  of  intersection  of  two  circles  described  from  the  centres  of  the  given 
circles  with  their  radii  increased  by  the  radius  of  the  required  circle. 

66.  This  may  be  directly  sh^im  from  Euc.  ni.  36,  37. 

67.  See  Theorem  67,  p.  351. 

68.  This  is  the  same  as  Theorem  26,  p.  321 :  repeated  by  mistake. 

69.  This  follows  directly  from  Euc.  lu.  36. 

70.  The  line  drawn  through  the  point  of  contact  of  the  two  circles  parallel  to  the 
line  which  yms  their  centres,  may  be  shewn  to  be  double  of  the  line  viauch  jcnns  the 
centres,  and  greater  than  any  other  straight  line  drawn  through  the  same  point  uid 
terminated  by  the  circumferences.  "Hie  greatest  ^line  is  therefore  dependent  on  the 
distances  between  the  centres  of  the  two  circles. 

71*    A  repetition  of  Theorem  7,  p.  320. 

72.  This  is  the  same  as  Tlieorem  60,  p.  324,  under  another  form  of  expression* 

73.  This  b  at  once  obvious  from  Euc.  in.  36. 

74.  Each  of  thelines  CE,  DF  may  be  proved  parallel  to  the  common  chord  AB. 

75.  This  may  be  proved  by  shewmff  that  the  hne  joining  the  centres.  Insects  the 
angles  at  the  centres  wiiich  are  contained  by  radii  drawn  to  &e  points  of  intersection 
of  the  circles. 

76.  By  constructing  the  figure  and  applying  Euc.  i.  8,  4,  the  truth  is  manifest 
If  two  diameters  from  one  S  the  points  (x  intersection  be  drawn  in  both  circles, 

and  the  other  extremities  of  them  be  joined  with  the  other  intersection  of  the  drdes : 
then  these  two  lines  are  in  the  same  straight  line. 

77.  The  third  circle  must  be  defined  as  that  whose  radius  is  effoal  to  the  diame- 
ter of  dther  of  the  equal  circles ;  or  else  that  touch  must  be  used  mstead  of  cut,  in 
the  enunciation.  For  in  that  case  only  wiU  the  angles  at  the  other  point  of  intersec- 
tion be  right  angles. 

78.  Let  E  be  that  point  in  the  drcumference  of  one  drde  which  is  the  centre  oi 
the  other.  Join  CE  and  produce  it  to  meet  the  circumference  in  F.  Join  also  FA, 
EA,  O  A.    The  tnanf^  FEA,  OH  A  may  be  proved  to  be  equiangular. 

79.  Let  the  two  circles  touch  one  another  m  the  pdnt  C^  and  let  A,  B  be  any 
two  points  in  the  circumference  of  the  interior  drde,  and  D  any  point  in  the  circum- 
ference of  the  exterior  circle;  the  angle  ACB  is  ^aler  than  the  angle  ADB.  Let 
AD  intersect  the  interior  circumference  in  E  and  join  EB. 

80.  Let  perpendiculars  from  the  centre  of  the  laiger  drde  be  drawn  on  those 
straight  lines,  then  Euc  m.  15. 

81.  Let  the  line  which  joins  the  centres  of  the  two  drdes  be  produced  to  meet 
the  circumferences,  and  let  the  extremities  of  this  line  and  any  other  line  from  Uie 
point  c^  contact  be  jdned.  From  the  centre  of  the  larger  drde  draw  perpendiculars 
on  the  sides  of  tiie  right-angled  triangle  inscribed  within  it  In  tiie  enunciation  of 
the  Theorem,  for  externally  read  internally. 

82.  This  is  only  a  slight  variation  of  Theorem  63,  p.  324. 

83.  The  smn  of  tiie  mstances  of  the  centre  of  the  third  drcle  from  tiie  centres  of 
tiie  two  given  drdes,  is  equal  to  tiie  sum  of  the  radii  of  the  given  drdes,  which  is 
constant 

84.  This  may  be  shewn  to  fdlow  directiy  from  Euc.  m.  36,  and  i.  47. 

85.  Let  the  circles  touch  at  C  eitiier  ext^nally  or  internally,  and  their  diameters 
AC,  BC  through  the  point  of  contact  wiU  dther  coindde  or  be  in  the  same  straigfat 
line.  DCE  any  line  through  C  uriU  cut  off  similar  segments  from  tliB  two  drdes. 
For  joining  AD,  BE,  tiie  angles  in  ti^e  segments  DAC,  EBC  are  proved  to  be  equaL 

The  remaining  segments  are  also  simiKu:,  since  they  contain  angles  which  are  sup- 
plementary to  the  angles  DAC,  EBC. 

86.  In  the  enunciation,  read  ''are  not  similar''  mstead  of  ''are  similar."  Tiie 
lines  joining  the  common  centre  and  tiie  extremities  of  the  chords  of  the  circles,  may 
be  shewn  to  contain  imequal  angles,  and  tiie  angles  at  tiie  centres  of  the  cirdes  are  doo^ 
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ble  the  angles  at  the  circumferences^  it  follows  that  the  segments  CQntaining  these 
unequal  angles  are  not  similar. 

87.  Let  AB,  AC  be  the  straight  lines  drawn  from  A,  a  pmnt  in  the  outer  drde 
to  touch  the  inner  circle  in  the  points  D,  E,  and  meet  the  outer  circle  again  at  B,  C. 
Join  BC,  DE.    Prove  BC  double  of  DE. 

Let  O  be  the  centre,  and  draw  the  common  diameter  A06  intersecting  BC  in  F, 
and  join  £F.    Then  the  figure  DBFE  may  be  proved  to  be  a  parallelogram. 

88.  Let  A,  B,  C,  be  tne  centres  of  the  three  equal  circles,  and  let  tiiem  intersect 
each  other  in  the  point  D :  and  let  the  circles  whose  centres  are  A,  B  intersect  each 
other  again  in  E;  the  circles  whose  centres  are  B,  C  in  F;  and  the  circles  whose 
centres  are  C,  A  in  G.  Then  FG  is  perpendicular  to  DE;  DG  to  FC;  and  DF 
to  GE.  Since  the  circles  are  equal,  and  all  pass  through  the  same  pcnnt  D,  the 
centres  A,  B,  C  are  in  a  drcle  about  D  whose  radius  is  the  same  as  the  radius  of  the 

SVen  circles.    Join  AB,  BC,  CA ;  then  these  will  be  perpendicular  to  the  chords 
E,  DF,  DG.  Again,  the  figures  DAGC,  DBFC,  are  equilateral,  and  hence  FG 
is  parallel  to  AB ;  that  is,  perpendicular  to  DE.    Similaiiy  for  the  other  two  cases. 

89.  This  is  true  not  only  for  three  circles,  but  for  all  circles. 

Let  A  be  the  point  of  contact,  C,  the  centre  of  any  circle  in  the  line  AP,  and  B 
the  fflven  point  from  which  the  taoigents  are  to  be  drawn.  Join  B  A  and  make  the 
angle  ABF  equal  to  BAF,  and  produce  BF  till  FG  be  equal  to  FB.  The  chord  of 
contact  DE  will  always  pass  through  G.  For  join  BC  cutting  DE  in  H:  then 
BHG  is  a  right  angle.  Also  BF,  FA,  FG  are  equal  to  one  another,  and  A  is  m  a 
semicircle  on  BG,  and  AG  being  joined,  BAG  is  a  li^ht  angle.  The  angles  BHG, 
BAG,  therefore  are  right  angles  in  the  same  semicircle;  and  hence  HE  always 
passes  through  G,  the  extremity  of  the  hvpothenuse  of  the  triangle  BAG. 

90.  Let  E  be  the  centre  of  the  circle  which  touches  the  two  equal  circles  whose 
centres  are  A,  B.  Join  AE,  BE  which  pass  through  the  points  of  contact  F,  G. 
Whence  AE  is  equal  to  EB.  Also  CD  the  common  chord  bisects  AB  at  i^ 
angles,  and  therefore  the  perpendicidar  from  E  on  AB  coincides  with  CD. 

91.  Let  the  three  chords  be  AB,  AC,  AD,  the  middle  points  of  which  are  b,  e,d; 
let  E,  F,  G  be  the  intersections  of  the  circles  on  AB  and  AC,  on  AB  and  AD>  and 
on  AC  and  AD  respectively;  loin  BC,  CD,  DB,  be,  cd,  db,  AE,  AF,  AG;  and 
let  m  be  the  intersection  of  be,  AE.  The  proof  may  be  made  to  depend  on  the  fol- 
lowing theorem ; — If  a  circle  be  inscribed  m  a  triangle  and  perpendiculars  be  drawn 
upon  the  sides  from  any  point  in  the  circumference ;  the  three  points  of  intersection 
are  in  the  same  straight  Ime. 

92.  By  joining  the  points  of  intersection  of  the  drdes,  the  foursided  figure  so 
formed  may  be  shewn  to  have  its  opposite  sides  equal  and  its  angles  right  aisles. 
The  diagonals  may  easily  be  shewn  to  cut  one  another  at  the  centre  of  ue  middle  cvde. 

93.  Let  three  circles  touch  each  other  at  the  point  A,  and  from  A,  let  a  line 
ABCD  be  drawn  cutting  the  circumferences  in  B,  C,  D.  Let  O,  O',  O"  be  the 
centres  of  the  circles,  jom  BO,  CO',  DO",  these  lines  are  parallel  to  one  another. 
Euc.  I.  5,  28. 

94.  Let  the  fixed  circle  CDE  be  cut  in  C,  D  by  any  circle  whatever  passing 
through  the  fixed  points  A,  B :  draw  CD  to  meet  BA  produced  in  F.  Then 
BF.FA«DF.FC;  and  hence  F  is  independent  of  the  magnitude  of  the  circle 
ACDB ;  and  is  consequentiy  the  same  for  all,  that  isy'^all  the  chords  pass  through 
the  same  point  F. 

95.  This  is  similar  to  the  last,  except  that  the  rectangle  AF.FB  is  exchanged 
for  the  square  of  the  tangent. 

96.  Let  any  numb^  of  circles  touch  each  other  internally  at  the  point  A,  and 
let  a  common  tangent  be  drawn  at  A.  With  any  point  B  in  the  tangent  and  anv 
radius,  describe  a  circle  cutting  the  given  circles  in  C,  D,  E,  &c.  Join  BC,  BD,  Bl^ 
&c.,  and  produce  them  to  meet  tiie  circles  again  m  C,  D',  E',  &c.  Then  CC,  DD', 
£E',  &c.,  may  be  shewn  to  be  equal  to  one  another  by  Euc.  ni.  36. 

97.  The  construction  of  the  figure  suggests  a  reference  to  Theorem  22,^  309. 

98.  Let  AB  be  a  chord  parallel  to  the  diameter  FG  of  the  circle^  ^a.  llxa  !» 
p.  235,  and  H  any  point  in  the  diameter.  Let  HA  and  HB  be  joined.  Bisect  FG  in 
O,  draw  OL  perpendicular  to  FG  cutting  AB  in  K,  and  join  HK,  HL,  OA.  Tta 
the  square  of  HA  and  HF  may  be  proved  equal  to  the  squaxea  of  FH.  HG  by 
Theo.  20,  p.  233 ;  Euc.  i.  47 ;  Euc.  ii.  9. 
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99.  Let  the  chords  AB,  CD  mtersect  each  other  m  E  at  right  an^es.  -  Tind  F 
the  centre,  and  draw  the  diameters  HEFG,  AFK  and  join  AC,  CK,  BD.  Then  by 
Euc.  IL  4,  5 ;  m.  35. 

100.  Let  ABCD  be  any  quadrilateral  figure,  AC,  BD  the  diagonals,  F,  G, 
thdr  points  of  bisection,  E  the  point  of  bisection  of  FG.  Let  P  be  any  point  in 
the  drcumference  of  a  circle  described  from  centre  E.  Jcnn  PF,  PE,  PG,  PA,  PB, 
PC,  PD,  EA,  EB,  EC,  ED.    Then  by  Theorem  22,  p.  309. 

101.  Let  the  figure  be  constructea  and  join  DB,  DG.  Then  DABG  is  a  rect. 
angle,  and  FG  is  equal  to  CD,  both  being  diameters  of  the  circle,  and  by  Euc.  i.  47 ; 
II.  12,  3 ;  m.  36,  the  property  may  be  proved. 

In  the  enunciation  read,  ''or  tneir  Imes  produced  in  H,  G." 

102.  This  is  only  another  form  of  statmg  Theorem,  103. 

103.  This  is  manifest  from  Euc.  lu.  35. 

104.  Let  ACB  be  the  given  acute  angle  at  C  the  centre  of  the  circle,  which  is 
subtended  by  the  arc  AB,  and  suppose  ACD  to  be  one  third  of  the  angle  ACB. 
Through  B  draw  BEF  parallel  to  CD  and  meeting  the  circumference  in  E  and  the 
radius  AC  produced  in  F.  Join  CE,  then  FE  may  be  shewn  equal  to  the  radius  CE. 
If  therefore  from  B  the  line  BEF,  &c. 

105.  Let  Q  be  the  centre  of  the  circles.  Join  QO,  QB.  Then  QOB  is  a  right- 
angled  triangle.  Also  ON  may  be  proved  equal  to  OM  by  Theorem  18,  p.  321. 
And  4 .  CN .  NF + MO^  may  be  shewn  to  be  equal  to  the  difference  of  the  squares  of 
the  radii  of  the  circles  by  Euc.  ni.  35 ;  ii.  6 ;  i.  47. 

106.  Let  the  figure  be  constructed,  and  the  truth  is  ob^ous  from  Euc  i.  41. 

107.  Let  E,  F  be  the  points  in  the  diameter  AB  eqmdistant  from  the  centre  O ; 
CED  any  chord ;  draw  OG  perpendicular  to  CED,  and  join  FG,  OC.  The  sum  of 
the  squares  of  DF  and  FC  may  oe  shewn  to  be  equal  to  twice  the  square  of  FE  and 
the  rectangle  contained  by  AE,  EB,  by  Euc.  i.  47 ;  n.  5 ;  in.  35. 

108.  Let  the  chords  AB,  AC  be  drawn  from  the  point  A,  and  let  a  chord  FG 
parallel  to  the  tangent  at  A  be  drawn  intersecting  the  cnords  AB,  AC  in  D  and  E, 
and  join  BC.  Then  the  opposite  angles* of  the  quadrilateral  BDEC  are  equal  to  two 
Tight  angles,  and  a  circle  would  circumscribe  the  figure.    Hence  by  Euc.  i.  36. 

109.  Let  the  line  drawn  from  A  touch  the  circumference  in  Jr,  and  from  6,  C, 
let  lines  be  drawn  to  the  points  where  the  circle  intersects  the  two  sides  of  the 
triangle.    Then  by  Euc.  in.  31 ;  n.  13 ;  ni.  36. 

110.  Let  QOP  cut  the  diameter  AB  in  O.  From  C  the  centre  draw  CH  per- 
pendicular to  QP.  Then  CH  is  equal  to  OH,  and  by  Euc.  n.  9,  the  squares  of 
PO,  OQ  are  readily  shewn  to  be  equal  to  twice  the  square  of  CP. 

111.  From  P  draw  PQ  perpendicular  on  AB  meeting  it  in  Q.  Join  AC,  CD, 
DB.  Then  cu-cles  would  circumscribe  the  quadrilaterals  ACPQ  and  BDPO^  and 
then  by  Euc.  m.  36. 

112.  In  the  enunciation  for  "  centre"  read  " circumference ;"  and  for  KG'  read 
AH«.  Draw  AGDK,  AE.  AC,  AH,  EK,  KC,  CG.  CE,  and  let  M  be  the  intersection 
ofAK,  EC.  ThenAEKCisarhombus,  and  MK=MA:  also  GM=MD.  Whence 
GK=AD  =  2.AG,  and  AK  =  3.AG;  wherefore  AK.AG  =  3.AG^  Also  AH* 
=  AC«= AG»+GC»+2 . AG. GM  =  3 . GM».    Hence AK . AG=» AH«. 

113.  Here  A  is  the  extremity  of  the  diameter  and  C  the  centre  of  the  larger 
circle,  the  perpendicular  BDE  meets  AC  in  E,  the  smaller  circle  in  D  and  the  larger 
in  B.    From  the  right-angled  triangles  the  truth  of  the  property  may  be  shewn. 

114.  Describe  the  figure  according  to  the  enunciation;  draw  AE  the  diameter 
of  the  circle,  and  let  P  be  the  intersection  of  the  diagonals  of  the  parallelogram. 
Draw  EB,  EP,  EC,  EF,  EG,  EH.  Since  AE  is  a  diameter  of  the  drcle,  the  angles 
at  F,  G,  H  are  right  angles,  and  EF,  EG,  EH  are  perpendiculars  from  the  vertex 
upon  the  bases  of  the  triangles  EAB,  EAC,  EAR  Whence  by  Euc.  ii.  13,  and 
Tneorem  22,  page  309,  the  truth  of  the  property  may  be  shewn. 

115.  Let  AC,  BC  be  produced  to  meet  the  circumference  in  A',  B':  produce 
also  QRr  to  meet  the  circumference  in  q.  Through  r  draw  a  line  perpendicular  to 
Q,q  and  meeting  the  circumference  in  S,  s,  and  jom  Sg,  then  Srg  may  be  shewn  to 
be  a  right-angled  triangle  having  the  sides  Sg,  Sr,  qr  respectively  equal  to  AB, 
Qr,  QR. 

116.  If  AQ,  AT'  be  produced  to  meet,  these  lines  with  AA'  form  a  right-angled 
triangle. 
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117.  Tlus  Theorem  is  the  same  as  11 9y  p.  361. 

118.  Let  the  taiigento  TP»  TQ  be  drawn  from  any  pomt  T  in  the  perpeo^c^^ 
CT  to  meet  the  circles  in  P,  Q  respectively.  Join  AP,  PQ,  then  by  Euc  i.  47.  llie 
square  of  PT  may  be  shewn  to  be  equal  to  the  square  of  QT. 

119.  This  theorem  requires  the  aid  of  proportion.  The  locus  of  ihe  point  D 
wbkih  fulfils  the  condition  is  a  drde  (Theorem  17»  p.  353.)  whose  diameter  is  found 
by  drawing  the  common  tanffoit  PQ  to  meet  ACB  produced  in  K.  Let  AB  meet 
the  circles  m  L  and  M,  and  DC  meet  them  in  £  ana  F ;  and  join  FL»  £0,  DK. 
Then  since  £0,  FL  are  parallel  to  DK  the  base  of  the  triangle  CDK,  and  by  com- 
pounding the  two  proportions  deduced  from  £uc.  vi.  2 :  we  mtve 

ED.DF  :  LK.KM  ::    CD*  :  CK«, 

and  it  may  be  shewn  that  LK .  KM  =  CK'; 

hence,  £D.DF»DC«,   or,  ED  :  DC  ::  DC  :  DF; 

whence,  ED. DC  :  DC*  ::  DC"  :  DC.DF; 

or,  DH»  :  DC"  ::  DC»  :  DG"; 

and  DH  :  DC  ::  DC  :  DG;  or  DH.DG^DC 

120.  Let  the  figure  be  constructed,  and  let  the  perpendicular  from  AG  on  the 
diameter  be  ^sreater  than  the  perpendicular  BH.  Take  O  the  centre  of  the  drde^ 
join  CO,  and  draw  BK  perpendicular  to  AG.  Then  the  triangles  ABK,  OCF 
Deing  equiangular;  AB  is  to  BK  or  GH  as  OC  is  to  CF.  But  D£  is  equal  to 
twice  OC,  and  CT  is  twice  CF.  Hence  AB  is  to  GH  as  DE  is  to  CF;  and  there- 
fore the  rectangle  contained  by  AB,  CF  is  equal  to  that  contained  by  GH»  DE.  This 
Theorem  is  misplaced,  as  it  involves  proportion. 

121.  Let  AD  meet  the  circle  in  G,  H,  and  jdn  BG,  GC.  Then  BGC  is  a 
light-angled  triangle  and  GD  is  perpendicular  to  the  hypoihenuse,  and  the  rect- 
angles may  be  each  shewn  to  be  equal  to  the  square  of  BG.  Euc  m.  35  $  n.  5 ; 
I.  47.  Or,  if  EC  be  joined,  the  quadrilateral  figure  ADCE  may  be  drcumscribed  by 
a  circle.    Euc.  in.  31,  22,  36,  Cor. 

122.  Join  EC,  EEL  FG,  FH,  then  by  means  of  the  similar  trianjgles,  tiro  pro- 
portions may  be  found  mmi  which  it  is  shewn,  that  the  first  rectangle  is  equal  to  the 
second,  and  the  second  to  the  third. 

123.  Let  ADBC  be  the  inscribed  quadrilateral;  let  AC,  BD  produced  meet  in 
O,  and  AB,  CD  produced  meet  in  P,  also  let  the  tangents  from  O,  P  meet  the  drdes 
in  K,  H  respectively.  Join  OP,  and  about  the  triangle  PAC  describe  a  circle 
cutting  PO  in  G  and  join  AG.  Then  A,  B,  G,  O  may  he  shewn  to  be  pcnnts  in  the 
drcuimerence  of  a  circle.  Whence  the  sum  of  the  squares  of  OH  and  PK  may  be 
found  by  Euc.  m.  36,  and  shewn  to  be  equal  to  the  square  of  OP. 

124.  This  Theorem  is  onlv  a  different  form  of  stating  Theorem  119,  p.  361. 
The  consideration  of  it  may  be  oeferred,  as  it  properly  involves  the  idea  of  Harmonic 
proportbnals. 

125.  This  is  an  extension  of  Theorem  4,  p.  314,  where  the  chords  intersect 
each  other  outside  the  circle.  The  truth  of  it  may  be  readily  shewn  by  drawing  per- 
pendiculars on  the  chords  from  the  centre ;  and  by  Euc.  n.  9 ;  i.  47. 

126.  This  Theorem  involves  the  property  :—-diat  the  drcumferences  of  circles 
are  proportional  to  their  radii  or  diameters.  In  general,  the  locus  of  a  pcnnt  in  the 
drcumfierence  of  a  circle  which  rolls  within  the  circumference  of  another,  is  a  carve 
called  the  Hyjfocvcloidj  but  to  this  there  is  one  exception,  in  which  the  radius  of  one 
of  the  circles  is  aouble  that  of  the  other :  in  this  case,  the  locus  is  a  straifffat  Hne,  as 
may  be  easily  shewn  from  the  figiu^. 

127.  Let  the  diagram  be  described  as  in  the  enunciation,  and  let  CS  meet  the 
circle  at  A  (between  C  and  S);  draw  the  tangent  at  A,  and  in  it  take  AE^AE* 
=  AS ;  on  CD  describe  a  circle  cutting  the  |^ven  one  in  B,  B' ;  jcHn  BB'  yn^pg  CS 
in  D ;  draw  DE,  DE'.    Then  these  lines  wiU  be  the  loci  oi  the  point  Q. 

Analvsis.  Suppose  it  true  that  QM  =  Sy,  Q  being  taken  in  the  line  DE.  Then 
draw  Cr  and  proauce  it  to  meet  the  circle  on  SC  in  N,  and  ioin  NS. 

Since  Sy  and  NP  are  perpendicular  to  Py,  they  are  parallel,  and  since  CNS  is  in 
a  semicircle,  it  is  a  ri^ht  angle.    Whence  Ny  is  a  rectangle,  and  NP = Sy. 

Again,  by  the  siimlar  tnangles  EAD,  QMD,  we  have 

QM.AD  =  EA.MD,  or  QM  (AC-CD)  =  (CS-CA)(CM-CD). 
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Also  by  the  similar  triangles  CMP,  CNS,  we  Have 

CM.CS  =  CP.CN  =  CP»+CP.PN  =  CA«+CA.Sy,orCA.Sy  =  CM.CS-CA» 

Now  since  the  proposition  is  assumed  to  be  true,  namely,  that  QM  =  Sy,  a  com- 
parison of  their  values  givcB 

CA  :  CA-CD  ::  CM.CS-CA" :  (CS  -  CA)  (CM  -  CD), 

or  CD :  CA ::  CM .  CS-CA»-CS .  CM+CS.CD+CA .  CM-CA .  CD :  CM.CS-CA*; 

and  since  CD  :  CA  ::  CA  :  CS,  and  CS.CD»CA«; 

this  becomes  CA  :  CS  ::  CA.DM  :  CM.CS-CA"; 

Whence  CS.DM  =  CM.CS-CA»,  or  CA»=CS (CM -DM)=CS.SD, 
a  known  truth.    Whence  the  Theorem  is  true. 

128.  Let  PA6,  PDC  be  the  straight  lines  from  P  cutting  the  circle  m  A,  B,  C, 
D.  Join  PO,  and  about  the  triangle  PAC  describe  a  circle  cutting  PO  in  G,  and 
join  AG.  Draw  the  diameter  through  P,  and  the  centre  Q,  and  throueh  O  a  per- 
pendicular to  PQ  cutting  it  in  R,  and  the  circle  in  H,  K ;  draw  HP^  KP.  Then  it 
may  be  shewn  that  the  points  A,  B,  G,  O,  are  in  the  circumference  of  a  circle,  also 
HaI  is  bisected  in  R.  Next  by  Euc.  m.  36,  34,  37 ;  n.  5 ;  i.  47,  HP  may  be 
proved  to  be  equal  to  CP .  PD ;  or  HP  is  a  tangent  drawn  from  P  to  the  cirde.  In 
the  same  way,  FK  is  a  tangent.  Whence  O  is  situated  in  the  chord  which  jdns  the 
pcanta  of  contact  of  tangents  drawn  from  P  to  the  circle. 

129.  First.  Since  the  angle  PCQ  and  base  PQ  of  the  triangle  PCQ  are 
constant,  the  circle  about  PCQ  is  constant  in  ma^tude,  and  consequentiy  in 
diameter.  Also  since  the  angles  PCQ,  PRQ  are  suppfementary,  R  is  in  the  circum- 
ference of  the  circle  PCQ.  But  RQC,  RPC  being  right  angles,  QR  is  a  diameter; 
and  it  has  been  proved  to  be  of  constant  magnitude.  Wherefoi^  R  is  always  at  the 
same  distance  from  C.  Secondly.  Draw  RS,  SC ;  then  PQ  is  bisected  in  L,  since 
PSQR  is  a  parallelogram.  Also  bisect  RC  in  K  and  join  KL.  Then  since  RC  is 
the  diameter  of  a  circle  ^ven  in  magnitude,  and  PQ  a  given'  chord  in  it,  the  line 
KL  is  of  constant  magmtude.  Moreover,  since  RS,  RC  are  bisected  in  L  and  K^ 
CS  is  equal  to  twice  Lk  a  ^ven  line ;  and  the  locus  of  S  is  a  circle. 

130.  The  locus  may  be  shewn  to  be  the  circumference  of  the  drde  described  on 
the  base  of  the  triangle  as  a  diameter. 


HINTS,  &c.  TO  THE  PROBLEMS.    BOOK  IV. 

4.  Draw  through  the  centre  a  diameter  parallel  to  the  given  line,  and  from 
its  extremities,  draw  two  lines  perpendicular  on  the  diameter. 

5.  This  is  a  more  general  form  of  Problem  50,  p.  217. 

6.  Place  in  the  cirde  a  straight  line  AB  equal  to  the  given  line.  Through  the 
centre  O  draw  a  line  OC  perpendicular  to  AB,  and  with  centre  O  and  radius  OC, 
describe  a  cirde,  and  through  P  the  given  point,  draw  a  straight  line  touching 
this  drde.  Hence,  chords  in  one  cirde,  which  are  also  tangents  to  another  con- 
centric cirde,  are  bisected  at  the  points  of  contact. 

7.  Trisect  the  circumference  and  join  the  centre  with  the  points  of  trisection. 

8.  Let  AB,  CD  be  two  diameters  intersecting  each  other  in  O  at  right  angles, 
and  suppose  EFGH  the  straight  line  required  wmch  is  trisected  in  the  points  F,  G. 
At  F  in  AF  make  the  angle  AFK  equal  to  the  angle  AFE  and  jdn  KH ;  then  KF 
is  equal  to  EF,  KFH  is  a  right-angled  triangle  of  which  the  base  KH  is  the  chord 
of  a  quadrant  The  semicircle  described  on  KH  as  a  diameter  touches  the  diameter 
AB  of  the  given  circle  in  F,  also  the  point  O  is  given.    Hence  the  construction. 

9.  If  threis  lines  be  drawn  within  the  triangle  from  the  angular  points,  making 
equal  angles  with  tiie  respective  sides  of  the  triangle,  an  equilat^^  triangle  is  formed 
by  the  intersection  of  these  lines,  except  when  each  line  makes  equal  angles  with  two 
sides  of  the  triangle :  and  the  smaller  the  angles  are  which  are  contained  between  the 
lines  and  the  sides  of  the  triangle,  the  greater  will  be  the  area  of  the  new  triangle, 
which  cannot  exceed  the  area  of  the  given  triangle.    If  however  the  lines  are  not 
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reqtured  to  be  drawn  within  the  triangle,  the  greatest  tnangk  wiU  be  that  whose  indes 
are  parallel  to  the  sides  of  the  given  tiiangle. 

10.  This  may  be  effected  b]^  Euc.  iv.  10,  3. 

11.  From  the  vertex  of  the  isosceles  triangle  let  fell  a  perpendicnlar  on  the  baee. 
Then,  in  each  of  the  triangles  so  formed,  inscribe  a  circle,  £nc.  it.  4 ;  next  inscribe  a 
circle  so  as  to  tooch  the  two  circles  and  the  two  equal  odes  of  the  triang^  This 
gives  one  solution:  the  problem  is  indeterminate. 

12.  The  meaning  of  this  problem  does  not  appear  very  obvious. 

13.  Let  AB  be  the  base  of  the  given  segment,  C  its  middle  point.  Let  DCE 
be  the  reouired  triangle.  From  C  draw  CF  perpendicular  to  the  base  DE,  and  make 
CH  eqraal  to  the  given  line.  Jdn  HD  and  produce  it  to  meet  AB  produced  in  K. 
Then  FK  is  double  of  DF,  and  CH  double  of  CF.    Draw  DL  perpeiidicnlar  to  CK. 

14.  The  first  part  is  another  fonn  of  stating  Euc  iv.  5.  In  order  that  a  drcle 
may  pass  through  four  points,  the  condition  may  be  deduced  from  Euc.  m.  22,  -35 
or  36,  Cor. 

15.  Apply  Euc.  IV.  5. 

16.  Let  P,  Q,  R,  be  the  three  g^en  points.  Draw  PR  and  take  PR.PD^^ 
PA.PB;  draw  QD,  and  take  QD.QE=QB.QC;  through  E,  apply  the  chord 
CF  to  subtend  the  angle  PDQ :  C  is  an  angular  point  in  the  circuinference. 

If  the  three  points  are  in  the  same  straight  line,  take  PQ .  PG^PA . PB, and 
RG.GH  =  GA.GV:  draw  the  tangent  HV,  then  VC,  parallel  to  P€^  determines  C 
an  ^ngiilnr  p(nnt    Swale's  ApoUonius,  p.  48. 

17.  From  the  ^ven  angle  draw  a  Ime  through  the  centre  of  the  drde,  and  at  the 
pcnnt  where  the  line  intersects  the  circumference^  draw  a  tangent  to  the  circle,  meeting 
two  sides  of  the  triangle.  The  circle  inscribed  within  this  triangle  wiQ  be  the  drde 
required.  * 

18.  If  four  pdnts  successively  be  taken  in  the  sides  at  equal  distances  from  the 
anfflra,  the  lines  joining  these  points  will  form  a  square.  When  the  four  pcnnts  coin- 
doe  \rith  the  bisections  of  the  sides  of  the  given  square,  the  area  of  the  inscribed 
square  is  a  minimum. 

19.  Let  the  diagonals  of  the  rhombus  be  drawn;  the  centre  of  the  inscribed 
circle  may  be  shewn  to  be  the  point  of  their  intersection. 

20.  On  the  diameter  AB  describe  a*  rectangle  equal  to  the  given  rectilineal 
fiinire,  and  let  the  side  parallel  to  AB  meet  the  circumference  in  £.  Join  AE, 
£By  through  A  draw  AF  parallel  to  BE  and  join  BF. 

21.  The  greatest  quadrilateral  in  a  circle  is  a  square.  Bjr  reference  to  Euc.  m. 
22,  and  Theo.  21,  p.  252,  it  will  appear  when  a  circle  can  be  inscribed  in^  and  cir- 
cumscribed about  a  quadrilateral  ngure. 

22.  Bisect  the  angle  contained  by  the  two  lines  at  the  point  where  the  Insectiog 
line  meets  the  circumference,  draw  a  tangent  to  the  circle  and  produce  the  two 
Straight  lines  to  meet  it    In  this  triangle  inscribe  a  circle. 

23.  Join  the  given  point  and  the  centre  of  the  circle,  and  at  the  poiiit  where  tbe 
circumference  is  cut,  draw  a  tangent  meeting  the  two  oiher  tangents;  the  cnde  in- 
scribed in  the  triangle  thus  formed,  will  be  the  circle  required. 

24.  If  ABCD  be  the  required  souare.  Join  O^  O'  the  centres  of  the  circles 
and  draw  the  diagonal  AEC  cutting  00'  m  £.  Then  £  is  the  middle  point  of  GO' 
and  the  angle  AEO  is  half  a  right  angle. 

25.  The  line  AB  joining  the  points  of  contact  is  bisected  in  D  by  tihe  line  CC 
jdning  the  centres  of  the  circles.  It  DE,  DF  be  taken  each  equal  to  half  the  gtYta 
flide,  me  contruction  is  obvious. 

26.  Let  A,  B,  C  be  the  three  points,  join  AB,  AC,  6C. 

The  point  required,  will  be  found  to  be  that  point  in  which  three  drdes  dr- 
cumscribmg  the  equilateral  triangles  on  AB,  AC,  BC,  meet  within  the  triangle. 

27.  First  shew  the  possibility  of  a  circle  circumscribing  such  a  figure,  and  tben 
determine  the  centre  of  tne  circle. 

28.  The  centre  of  the  circumscribing  circle  is  determined  by  the  intersection  of 
the  two  lines  which  bisect  the  angles  adjacent  to  any  side  of  the  quadrilateral  figmep 

29.  Let  ABC  be  a  triangle,  having  C  a  right  angle,  and  upon  AC,  BC  let  semi- 
circles be  described :  bisect  the  hypothenuse  in  D,  and  let  fall  DE,  DF  perpendknilan 
on  AC,  BC  respectivdv,  and  produce  them  to  meet  the  circumfrrences  of  the  semi* 
circles  in  P,  Q;  then  DP  may  be  proved  to  be  equal  to  DQ» 
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30.  Let  O,  O'  be  the  centres  of  the  semicircles  on  AC  and  CB. 

At  C  draw  CD  perpendicular  to  AB  meeting  the  circumference  in  D.  Pro- 
duce CD  and  make  DE  equal  to  the  radius  of  either  of  the  smaller  semicircles. 
Join  EO,  EO'  and  let  F  be  the  centre  of  the  circle  described  about  the  triande  EOO', 
join  FO,  FO'  meeting  the  circumferences  in  G,  H.  Then  FD,  FG,  FH  may  be 
proved  to  be  equal  to  one  another. 

By  Euc  HL  36,  twice  OG  may  be  shewn  to  be  equal  to  three  times  GF. 

31.  Suppose  the  centre  of  the  required  circle  to  be  found;,  let  fall  two  perpen* 
diculars  from  this  point  upon  the  radii  of  the  quadrant,  and  join  the  centre  <h  the 
circle  with  the  centre  of  the  quadrant  and  produce  the  line  to  meet  the  arc  of  the 
quadrant.  If  three  tangents  be  drawn  at  the  three  points  thus  determined  in  the  two 
semicircles  and  the  arc  of  the  quadrant,  they  form  a  right-angled  triangle  which  cir- 
cumscribes the  required  circle. 

32.  Siippose  the  parallelogram  to  be  rectangular  and  inscribed  in  the  given 
triangle  and  to  be  eoual  in  area  to  half  the  triangle :  it  may  be  shewn  that  the  paral- 
lelogram is  equal  to  naif  the  altitude  of  the  triangle,  and  that  there  is  a  restriction  to 
the  magnitude  of  the  angle  which  two  adjacent  sides  of  the  parallelogram  make  with 
one  another. 

33.  Let  ABC  be  the  given  triangle,  and  A!B'(y  the  other  triangle,  to  the  sides  of 
which  the  inscribed  triangle  is  reqiured  to  be  parallel.  Through  any  pdnt  a  in  AB 
draw  ab  parallel  to  A'B'  one  side  of  the  ^ven triangle  and  through  a,  o  draw  ac,be 
respectively  parallel  to  AC,  BC.  Join  Ac  and  produce  it  to  meet  BC  in  D ;  through 
D  draw  DE,  DF^  parallel  to  ca^cb^  respectively,  and  join  EF.  Then  DEF  is  me 
triangle  required. 

34.  (1)  Let  ABCD  be  the  given  square :  jdn  AC,  at  A  in  AC,  make  the  angles 
CAE,  CAF,  each  equal  to  one  third  of  a  right  angle,  and  join  EF. 

(2)  Bisect  AB  any  side  in  P,  and  draw  PQ  parallel  to  AD  or  BC,  then  at  P 
make  the  angles  as  in  the  former  case. 

35.  Let  ABCD  be  the  given  square.  With  centre  A  and  radius  AB  describe 
a  circle,  which  will  pass  through  D :  take  DE  e(][ual  to  DB.  \^th  centres  B,  E  and 
radius  BE  describe  two  arcs  cutting  each  other  in  F.  With  centre  D  and  radius  DF 
describe  a  circle  cutting  the  sides  AD,  DC  of  the  square  in  G^  H.  Then  B>  G,  H, 
are  the  angular  points  of  the  inscribed  equilateral  triangle. 

36.  JR>in  Ab,  and  from  A  draw  AT  to  touch  the  circle  in  T.  Di^de  AB  in  C 
so  that  the  rectangle  contained  by  AB,  AC  shall  be  equal  to  the  square  of  AT. 
Through  C  draw  CP  to  touch  the  circle  in  P^  join  AP  and  produce  it  to  meet  the 
circumference  in  X.  Draw  XB  intersecting  the  circumference  in  Q  and  jcnn  P€L 
PQ  is  parallel  to  AB.  The  proof  requires  Luc.  vr.  6.  How  is  the  construction  to 
be  effected  if  the  two  points  A,  B  be  ^ven  within  the  circle  ^ 

37.  Let  AB  be  the  two  given  pomts  and  C  the  centre  of  the  given  cirde.  Jdn 
AB  and  describe  a  circle  passing  through  A^  B  and  touching  the  circle  whose  centre 
is  C  in  the  point  D,  join  AD,  BD :  the  angle  ADB  is  greater  than  the  angle  AEB» 
subtended  by  AB  at  any  other  point  E  in  the  circumference  of  the  cirde  whose 
centre  is  C. 

38.  The  point  P  will  be  found  to  be  that  point  where  a  cirde  passing  through 
the  extremities  of  the  given  line  touches  the  given  circle. 

39.  The  point  required  will  be  found  to  be  that  point  at  which  the  line  drawn 
bisecting  the  radius  is  perpendicular  to  it. 

40.  The  point  D  mav  be  shewn  to  be  that  point  in  the  circumference  of  the 
cirde  which  passes  through  the  points  A,  B  and  touches  the  line  CD  in  the  point  D. 

41.  The  point  required  is  the  centre  of  the  circle  which  circumscribes  the  tri- 
angle.   See  the  notes  on  Euc.  in.  20,  p.  108. 

42.  If  the  perpendiculars  meet  the  three  sides  of  the  triangle,  the  point  is  within 
the  triangle,  Euc.  iv.  4.  If  the  perpendiculars  meet  the  base  and  the  two  sides  pro- 
duced, the  point  is  the  centre  of  the  escribed  circle. 

43.  In  general  three  straight  lines  when  produced  will  meet  and  form  a  triangle^ 
except  when  all  three  are  parsQlel  or  two  parallel  are  intersected  by  the  tlurd.  This 
Problem  indudes  Euc.  iv.  5  and  all  the  cases  which  arise  from  producing  the  sides 
of  the  triangle.  The  circles  described  touching  a  side  of  a  triangle  and  the  other 
two  sides  produced^  are  called  the  escribed  circles. 
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44.  Let  the  two  civen  lines  AB,  CD  when  produced  meet  in  £,  and  kt  F  be  the 
given  point  Bisect  we  angle  AEC  by  EG  and  through  F  draw  FG  perpendicalar 
to  EG  and  produce  it  both  ways  to  meet  AB  in  B,  and  CD  in  D.  Take  GH  equal 
to  GF,  and  on  BA  make  BK  such  that  the  square  of  BK  is  equal  to  the  rectang^ 
cont£uned  bv  BH,  BF.  The  circle  described  through  the  pcnnts  K,  F,  H  shall  tovdi 
the  lines  AB,  CD.    If  the  lines  be  parallel  there  is  no  difficulty  in  the  constructioD. 

45.  Let  the  circle  required  touch  the  given  circle  in  P  and  the  given  line  in  Q. 
Let  C  be  the  centre  of  the  given  circle  and  C'  that  of  the  required  circle.  Join  CC, 
C'Qy  QP ;  and  let  QP  produced  meet  the  ^ven  circle  in  R,  jdn  RC  and  produce  it 
to  meet  the  given  line  in  V .  Then  RCV  is  perpendicular  to  TQ.  Hence  the  con- 
struction. 

46.  Let  A  be  the  centre  of  the  ^ven  drcle,  B  the  given  pdat  in  the  dream- 
ference,  and  C  the  other  given  point.  Join  AB,  BC,  and  make  the  angle  BCD  equal 
to  ABC :  then  CD  meets  AB  m  D,  the  centre  of  the  required  drde. 

The  given  point  C  may  be  inside  or  outside  the  given  circle,  and  the  contact 
appears  to  be  always  possible. 

47.  het  A,  B  be  the  centres  of  the  given  circles  and  CD  the  given  straiffht  line. 
On  the  side  of  CD  opposite  to  that  on  which  the  circles  are  situated,  draw  a  nne  £F 
parallel  to  CD  at  a  (^stance  equal  to  the  radius  of  the  smaller  cirde.  From  A  tbe 
centre  of  the  larger  circle  describe  a  concentric  circle  GH  with  radios  equal  to  the 
difference  of  the  radii  of  the  two  circles.  Then  the  centre  of  the  circle  touching  the 
circle  GH,  the  line  £F,  and  passing  through  the  centre  of  the  snoaUer  drde  B,  may 
be  shewn  to  be  the  centre  of  the  circle  wnich  touches  the  circles  iidiose  centres  are 
A,  B,  and  the  line  CD. 

48.  Let  AB,  CD  be  the  two  lines  ^ven  in  position  and  E  the  centre  of  the 
given  cirde.  Draw  two  lines  FG,  HI  paralld  to  AB,  CD  respectivdy  and  external 
to  them.  Describe  a  circle  passing  through  E  and  touchiiKj  FG,  HI.  Join  the 
centres  E,  O,  and  with  centre  O  and  radius  equal  to  the  difference  of  the  radn  of 
these  circles  describe  a  circle ;  this  will  be  the  circle  reouired. 

49.  Let  the  circle  ACF  having  the  centre  G,  be  tne  reqmred  circle  touching  the 
given  drcle  whose  centre  is  B,  in  the  point  A,  and  cutting  the  other  siven  drde  in 
the  point  C.  Join  BG,  and  through  A,  draw  a  line  perpendicidar  to  dG  ;  then  this 
line  is  a  common  tangent  to  the  circles  whose  centres  are  B,  G.  Join  AC,  GC. 
Hence  the  construction. 

50.  Let  A  be  the  jo^iven  point,  BC  the  ^en  straight  line  which  the  drde  is  to 
touch,  and  DE  the  line  m  which  the  centre  is  to  be  situated.  Let  D£  be  urodnced 
to  meet  BC  in  C.  Join  AC  and  through  A  draw  AB  perpendicular  to  BC^  and 
produce  it  to  meet  DEC  in  D.  With  centre  D  and  ramus  DB  describe  a  drde 
cutting  CA,  produced  if  necessarv,  in  two  points  F,  G,  or  touching  it  in  one.  Join 
FD,  aod  draw  AH  parallel  to  FD  meetii^  DE  in  H.  The  drcle  described  with 
centre  H  and  radius  HA  is  the  circle  required.  Draw  HK  perpendicular  to  BQ» 
then  by  similar  triangles,  HG  is  proved  to  be  equal  to  HA. 

51.  This  is  a  particular  case  of  the  general  problem;  to  describe  a  dide  paw- 
ing through  a  ffiven  point  and  touching  two  straight  lines  given  in  position. 

Let  A  be  the  given  point  between  me  two  given  lines  which  when  produced  meet 
in  the  point  B.  Bisect  the  angle  at  B  by  BD  and  through  A  draw  AX>  perpen- 
dicular to  BD  and  produce  it  to  meet  the  two  given  lines  in  C,  E.  Take  Dr  emnl 
to  DA,  and  on  CB  take  CG  such  that  the  rectangle  contained  by  OF,  CA  is  equal  to 
the  square  of  CG.  The  circle  described  through  the  points  F,  A,  G,  will  be  the  drde 
required.  Deduce  the  particular  case  when  the  given  lines  are  at  right  ang^  to  ooa 
another,  and  the  given  pdnt  in  the  line  which  bisects  the  angle  at  B. 

If  the  lines  are  parallel,  when  is  the  solution  possible? 

52.  Let  A,  B,  be  the  centres  of  the  given  drcles,  which  touch  externally  in  E ; 
and  let  C  be  the  given  point  in  that  whose  centre  is  B.  Make  CD  equal  to  AE  and 
draw  AD;  make  the  angle  DAG  equal  to  the  angle  ADG:  then  6  is  the  oentieof 
the  circle  required,  and  GC  its  radius. 

53.  Let  C  be  the  given  point  in  the  given  line  AB,  and  D  the  centre  of  tbe  given 
circle.  Through  C  draw  a  hne  CE  perpendicular  to  AB,  on  the  other  aide  of  AB, 
take  CE  eoual  to  the  radius  of  the  given  drcle.  Join  ED,  and  at  D  make  the  an^ 
EDF  equal  to  the  angle  DEC,  and  produce  EC  to  meet  DF  in  F. 
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54.  If,  the  three  points  be  such  as  when  joined  by  straight  lines  a  triangle  is 
formed ;  the  points  at  which  the  inscribed  circle  touches  the  sides  of  the  triangle, 
are  the  points  at  which  the  three  circles  touch  one  another.  £uc.  iv.  4.  There  are 
different  cases  which  arise  from  the  relative  position  of  the  threejpoints. 

55.  Bisect  the  sides  AB,  BC,  CA,  in  D,  E,  F,  and  join  DE,  EF,  FD ;  then  the 
circles  described  about  the  tnangles  ADF,  BDE,  CEF  snail  pass  through  the  angles 
A,  B,  C  of  the  equilateral  triangle  and  shall  touch  each  other. 

56.  Suppose  the  triangle  constructed,  then  it  may  be  shewn  that  the  difference 
between  the  li^^thenuse  and  the  sum  of  the  two  sidfes  is  equal  to  the  diameter  of 
the  inscribed  cu-cle. 

57.  With  the  given  radius  of  the  circumscribed  circle,  describe  a  circle.  Draw 
BC  cutting  off  the  segment  BAG  containing  an  angle  egual  to  the  given  vertical 
angle.  Bisect  BC  m  D,  and  draw  the  diameter  EDF :  jom  FB,  and  with  centre  F 
and  radius  FB  describe  a  circle :  this  will  be  the  locus  of  the  centres  of  the  inscribed 
circle  (see  Theorem  27,  p.  339).  On  DE  take  DG  equal  to  the  given  radius  of  the 
inscribed  circle,  and  through  G  draw  Gfl  parallel  to  J3C,  and  meeting  the  locus  of 
the  centres  in  G.     G  is  the  centre  of  the  inscribed  circle. 

58 .  This  may  readily  be  effected  in  almost  a  similar  way  as  the  preceding  Problem. 

59.  With  the  given  radius  describe  a  circle,  then  by  Euc.  ni.  34. 

60.  Let  AD  make  with  a  diameter  AB  (2  R)  an  smgle  DAB  equal  to  one-third 
of  a  right  an^le,  and  let  the  required  circle  DHG  whose  centre  is  F,  and  radius  | .  R, 
touch  Sie  straight  line  AD  in  D  and  the  circle  in  H.  Join  FC  intersecting  the  circles 
at  H,  and  FD,  also  draw  FE  parallel  to  DA,  and  AE  to  DF.  Then  since  the  circle 
DHG  touches  the  given  line  AD  (for  the  angle  BAD  being  given,  AD  is  given), 
and  since  its  radius  FD  is  given,  the  locus  of  the  centre  is  the  une  EF  at  the  given 
distance  AE  from  AD.  Also  since  HF  and  HC  are  given,  CF  is  given,  and  C 
being  given,  the  locus  of  F  is  the  circle  described  about  CTwith  a  radius  equal  to  the 
sum  of  the  radii  HF,  HC. 

61.  Let  ABC  be  a  triangle  on  the  given  base  BC  and  having  its  vertical  angle 
A  equal  to  the  given  angle.  Then  since  the  angle  at  A  is  constant,  A  is  a  point  in 
the  arc  of  a  segment  of  a  circle  described  on  BC.  Let  D  be  the  centre  of  the  circle 
inscribed  in  the  triangle  ABC.  Join  DA,  DB,  DC :  then  the  angles  at  B,  C,  A, 
are  bisected.  Euc.  iv.  4.  Also  since  the  angles  of  each  of  the  triangles  ABC,  DBC 
are  equal  to  two  right  angles,  it  follows  that  the  angle  BDC  is  equal  to  the  angle  A 
and  half  the  sum  of  the  angles  B  and  C.  But  the  sum  of  the  angles  B  and  C  can 
be  found  because  A  is  given.  Hence  the  angle  BDC  is  known  and  therefore  D  is 
the  locus  of  the  vertex  of  a  triangle  describ«l  on  the  base  BC  and  having  its 
vertical  angle  at  D  double  of  the  angle  at  A. 

62.  I^t  the  two  circles  touch  each  other  in  D  and  the  given  line  in  A,  B,  and 
let  C,  C  be  the  centres  of  the  circles.  Join  CA,  C'B,  C'C,  and  draw  CE  parallel  to 
AB  meeting  AC  in  E.    Hence  the  construction. 

63.  Divide  the  circle  into  three  equal  sectors,  and  draw  tangents  to  the  middle 
points  of  the  arcs,  the  problem  is  then  reduced  to  the  inscription  of  a  circle  in  a  triangle. 

64.  The  general  case  of  this  problem  is  when  the  given  circles  do  not  touch  or 
intersect  one  another.  Let  A,  B,  C  be  tiie  centres  of  the  given  circles.  With  centre  B 
describe  a  circle  with  a  radius  equal  to  the  difference  or  sum  (as  the  case  may  require)  of 
the  radii  of  the  circles  whose  centres  are  A  and  B:  with  centre  C  describe  another  circle 
with  a  radius  equal  to  the  difference  or  sum  of  the  radii  of  the  circles  whose  centres 
are  A  and  C.  Then  the  circle  described  touching  these  two  circles  and  passing 
through  the  point  A  (Prob.  59,  p.  351),  will  have  its  centre  coincident  with  the  centre 
of  the  required  circle.    Give  the  analysis  of  the  problem. 

65.  This  is  the  general  case  of  Problem  63  supra. 

G6.  The  problem  is  the  same  as  to  find  how  many  equal  circles  may  be  jtlaced 
round  a  circle  of  the  same  radius,  touching  this  circle  and  each  other.  The  number  is  six. 

67.  This  may  be  effected  by  Euc.  iv.  10. 

68.  Apply  Euc.  IV.  10;  i.  23;  iv.  11. 

69.  See  Problem  27,  p.  298. 

70.  If  one  of  the  diagonals  be  drawn,  this  line  with  three  sides  of  the  pentagon 
forms  a  quadrilateral  figure  of  which  three  consecutive  sides  are  equaL  The  problem 
is  reduced  to  the  inscription  of  a  quadrilateral  in  a  square. 

H 
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7 1 .  This  may  be  deduced  from  Euc.  i  v.  1 1 . 

72.  The  line  AC  or  BD  (fig.  Euc.  iv.  10)  is  the  side  of  a  regular  decagon 
inscribed  in  the  circle.    See  the  note,  Euc.  n.  11>  p.  72. 

73.  Each  side  of  the  inscribed  equilateral  trmngle  subtends  an  arc  equal  to  one 
third  of  the  circumference.    Hence  the  method  is  at  once  obvious. 

74.  Let  the  areas  of  the  inscribed  and  circumscribed  hexagons  be  expressed  in 
terms  of  the  radius  of  the  circle. 

75 .  The  alternate  sides  of  the  hexagon  will  fall  upon  the  sides  of  the  triangle,  and 
each  side  will  be  found  to  be  equal  to  one  third  of  the  side  of  the  equilateral  triangle. 

76.  This  construction  may  be  effected  in  two  different  ways. 

(1)  When  four  sides  of  the  hexagon  fall  upon  the  sides  of  the  square.  If  AC 
be  a  diagonal  of  the  square  ABCD ;  a  line  EF  may  be  drawn  parallel  to  AC,  by 
problem  43,  p.  298,  such  that  AE,  EF,  FC  shall  be  equal  to  one  another. 

(2)  When  only  two  of  the  sides  of  the  hexagon  fall  on  the  sides  of  the  square. 
Bisect  the  opposite  sides  AB,  CD  in  E,  F;  the  problem  is  then  reduced  to  that  of 
drawing  two  lines  from  E^  F  to  meet  BC  in  G,  H,  such  that  EG,  GH,  HF  shall  be 
equal  to  one  ano^er. 

77*  A  regular  duodecagon  may  be  inscribed  in  a  circle  by  means  of  the  equi- 
lateral triangle  and  square,  or  by  means  of  the  hexagon.  If  r  be  the  radius  of  the 
circle,  the  area  of  the  duodecagon  is  3  r^,  which  is  the  square  of  the  side  of  an  equi- 
lateral triangle  inscribed  in  the  same  circle.    Theorem  1,  p.  332. 

78.  By  Euc.  I.  47,  the  perpendicular  distance  from  tne  centre  of  the  circle  upon 
the  side  ot  the  inscribed  hexagon  may  be  found.  The  comparison  of  the  areas  of 
the  two  figures  may  be  made  by  comparing  the  sums  of  the  areas  of  the  triangles  by 
which  they  are  respectively  formed,  by  drawing  lines  from  the  angular  points  of  the 
figures  to  the  centre  of  the  circle  whicn  circumscribes  the  figures. 

79.  If  the  pentagon  be  equilateral  and  equiangular,  the  problem  is  impossible ; 
it  is  however  possible  to  inscribe  a  regular  hexagon  in  an  irregular  pentagon,  when 
the  pentagon  admits  of  an  inscribed  cu*cle,  and  me  points  of  contact  are  five  of  the 
points  of  the  inscribed  hexagon. 

80.  Each  of  the  interior  angles  of  a  regular  octagon  may  be  shewn  to  be  equal 
to  three-fourths  of  two  right  angles,  and  the  exterior  angles  made  by  producing  the 
sides,  are  each  equal  to  one-fourth  of  two  right  angles,  or  one  half  of  a  right  angle. 

81.  This  is  tound  from  the  inscribed  square. 

82.  If  the  alternate  sides  of  the  octagon  be  produced  to  meet  one  another,  the 
figure  thus  formed  is  a  square,  and  the  area  of  the  octagon  may  be  shewn  to  be  the 
difference  between  the  area  of  the  square,  and  twice  the  square  of  the  side  of  the 
octagon. 

83.  Let  the  areas  of  the  inscribed  hexagon  and  the  curcmnscribed  octagon  be 
expressed  in  terms  of  the  radius  of  the  circle. 

84.  The  pentagon  may  be  transformed  into  a  square,  and  then  the  problem  is  ta 
describe  a  regular  octagon  equal  in  area  to  a  given  square. 

85.  "Hie  value  of  the  interior  angle  of  any  regular  figure  may  be  found  by  means 
of  the  note  on  Euc.  iv.  16,  p.  125. 

86.  If  the  least  angle  oe  denoted  by  6,  the  other  angles  are  6  +  10,  6  +  20,  &c. 
degrees ;  by  applying  the  expression  for  the  sum  of  an  arithmetical  series,  and  note 
p.  125,  6  will  be  found  to  be  99^ 

87.  Let  n  be  the  number  of  sides ;  then  the  sum  of  the  interior  angles  of  the 
figure  may  be  found  by  finding  the  sum  of  an  arithmetic  progression  of  it  terms, 
whose  first  term  is  120%  and  common  difference  5°:  and  bv  note  on  Euc.  rv.  16,  p. 
125,  the  number  of  sides  will  be  found  to  be  16  and  9.  Construct  the  two  figures^ 
and  shew  that  one  of  them  contains  re-entrant  angles. 

88.  Proceed  as  in  Problem  87. 

89.  Proceed  as  in  Problem  87. 

90.  Proceed  as  m  Problem  87. 

91.  The  number  of  sides  may  be  found  by  the  note  on  Euc.  iv.  16,  p.  125. 

92.  By  means  of  the  note  p.  1 25,  the  figure  may  be  shewn  to  be  a  re^^ular  nonagon. 

93.  Tne  same  method  as  in  Euc.  iv.  14,  may  be  employed  for  (ktermining  the 
centre  of  the  circle  which  will  circumscribe  any  regular  polygon. 

94.  This  may  be  effected  by  the  same  construction  as  Iroblem  27,  p.  298. 
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95.  Every  regular  polygon  can  be  divided  into  equal  isosceles  triangles  by 
drawing  lines  from  the  centre  of  the  inscribed  or  circumscribed  circle  to  the  angular 
points  of  the  figure,  and  the  niunber  of  triangles  will  be  equal  to  the  number  of  sides 
of  the  polyffon.  If  a  perpendicular  FG  be  let  M  from  F  (figure  Euc.  iv.  14,)  the 
centre  on  the  base  CD  of  FCD,  one  of  these  triangles,  and  if  GF  be  produced  to  H 
till  FH  be  equal  to  FG,  and  HC,  HD  be  joined,  an  isosceles  triangle  is  formed,  such 
that  the  angle  at  H  is  half  the  angle  at  F.  Bisect  HC,  HD  in  K^  L,  and  join  KL ; 
then  the  triangle  HKL  may  be  placed  round  the  vertex  H,  twice  as  many  times  as 
the  triangle  CFD  round  the  vertex  F. 

96.  Each  of  the  vertical  angles  of  the  triangles  so  formed,  may  be  proved  to  be 
equal  to  the  difference  between  the  exterior  and  interior  angle  of  the  heptagon. 

97.  See  note  on  Euc.  iv.  16,  p.  125. 

98.  See  Euc.  i.  9,  note  p.  49 ;  Problems  10, 11,  p.  297 ;  Euc.  iv.  10;  Euc.  iv. 
IG,  note  &^  124  ;  Problem  67,  p.  336. 

99.  The  eauilateral  triangle  can  be  proved  to  be  the  least  triangle  which  can  be 
circumscribed  about  a  circle. 

100.  Let  ABC  be  the  equilateral  triangle,  and  let  a,h,  c  be  the  centres  of  the 
squares  described  upon  the  sides  opposite  to  the  angles  A,  B,  C  respectively.  The 
tnangle  formed  by  drawing  ah,  bcy  ca  may  be  proved  to  be  an  equilateral  triangle, 
the  sides  of  which  are  respectively  equal  to  the  line  drawn  from  any  angle  of  the  given 
triangle  to  the  centre  of  the  square  on  the  opposite  side.  If  the  numerical  value  of 
the  side  of  the  given  triangle  oe  given,  the  areas  of  the  two  triangles  may  be  ex- 
pressed in  terms  of  the  given  side. 

101.  The  area  of  the  triangle  formed  by  joining  the  centres,  may  be  shewn  to  be 
four  times  the  area  of  the  triangle  formed  by  joining  the  points  of  contact  of  the  circles. 

102.  If  the  radius  of  the  given  circle  be  unitv,  the  radius  of  each  of  the  four 
equal  circles  which  touch  it  externally  and  each  other,  may  be  shewn  to  be  numeri- 
cally equal  to  1  +  V2. 

103.  Take  half  of  the  side  of  the  square  inscribed  in  the  given  circle,  this  will  be 
equal  to  a  side  of  the  required  octagon.  At  the  extremities  on  the  same  side  of  this 
line  make  two  angles  eacn  equal  to  three-fourths  of  two  right  angles,  bisect  these 
angles  by  two  straight  lines,  the  point  at  which  they  meet  will  be  the  centre  of  the 
circle  which  circumscribes  the  octagon,  and  either  of  the  bisecting  lines  is  the  radius 
of  the  circle. 

104.  (1)  When  n  =  2,  the  figure  is  a  square.  (2)  When  n  =  4,  the  figure  is 
any  triangle ;  and  we  have  only  to  bisect  the  sides,  which  will  be  the  points  at  which 
the  inscribed  figure  has  its  angles  situated.  In  all  cases  except  the  triangle,  the 
given  figure  must  be  equilateral  and  equiangular. 
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2.  See  Euc.  iv.  4,  5.  The  centres  of  the  two  circles  may  be  proved  to  coincide, 
and  the  diameter  of  the  circumscribed  circle  may  be  shewn  to  be  double  of  the  diame- 
ter of  the  inscribed  circle. 

3.  Let  the  figure  be  constructed,  the  sum  of  the  sides  of  one  triangle  may  be 
proved  to  be  double  the  sum  of  the  sides  of  the  other:  and  the  area  of  one,  four  times 
the  area  of  the  other.    The  parallelism  of  the  lines  is  proved  by  Euc.  m.  32 ;  i.  29. 

4.  The  line  joining  the  points  of  bisection,  is  parallel  to  the  base  of  the  triangle  and 
therefore  cuts  off  an  equilateral  triangle  from  the  given  triangle.  By  Euc.  ni.  21 ;  i. 
6,  the  truth  of  the  theorem  may  be  3iewn. 

5.  See  Theorem  22,  p.  301. 

6.  Prove  a  Be,  cA^,  bCa  to  be  straight  lines,  and  the  angles  at  a,  b,  c  equal. 

7.  Let  three  equilateral  triangles  be  described  upon  AB,  AC,  BC,  the  sides  of 
any  triangle,  and  let  D,  E,  F  be  the  centres  of  the  circles  inscribed  in  ihe  equilateral 
triangles  on  AB,  AC,  BC  respectively.  Let  DE,  EF,  FD  be  drawn;  then  EFD  is 
an  equikiteral  triangle.  Join  DA,  DB,  EA,  EC,  FB,  FC.  At  E  in  AE  make  the 
angle  AEG  equal  to  FEC,  and  take  EG  equal  to  ED,  and  join  GA.  Then  the  angles 
of  the  triangles  GDE,  DEF  may  be  proved  to  be  respectively  equal,  and  each  equal 
to  two-thir£  of  two  right  angles. 
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8.  Let  the  line  AD  drawn  from  the  vertex  A  of  the  equilateral  triangle,  cut 
the  base  BC,  and  meet  the  circumference  of  the  circle  in  D.  Let  DB,  DC  be  joined : 
AD  is  equal  to  DB  and  DC.  If  on  DA,  D£  be  taken  equal  to  DB,  and  BE  be 
joined ;  BDE  may  be  proved  to  be  an  equilateral  triangle,  also  the  triangle  ABE 
may  be  proved  equal  to  the  triangle  CBD. 

The  other  case  is  when  the  line  does  not  cut  the  base. 

9.  Let  the  figure  be  described.  Join  DC,  then  DC  is  a  diameter  of  the  circle 
described  about  the  quadrilateral  figure  CFDE.  Bisect  DC  in  G,  and  join  FG.  If 
FS  can  be  proved  to  be  perpendicular  to  FG,  then  FS  will  be  a  tangent  to  the  circle 
at  F,  Euc.  m.  18. 

10.  Let  ABC  be  an  equilateral  triangle  inscribed  in  a  circle,  and  let  AB'C  be  an 
isosceles  triangle  inscribed  m  the  same  circle,  having  the  same  vertex  A.  Draw  the 
diameter  AD  mtersecting  BC  in  E,  and  B'C  in  E',  and  let  B'C  fall  below  BC. 
Then  AB,  BE,  and  AB',  B'E',  are  respectively  the  semi-perimeters  of  the  triangles. 
Draw  B'F  perpendicular  to  BC,  and  cut  off  AH  equal  to  AB,  and  join  BH.  IfBF 
can  be  proved  to  be  greater  than  B'H,  the  perimeter  of  ABC  is  greater  than  the 
perimeter  of  AB'C    Next  let  B'C  fall  above  BC. 

11.  Let  the  equilateral  triangle  ABC  whose  altitude  is  AD,  be  turned  round  its 
centre  O  till  it  assume  the  position  a  be,  and  let  the  base  &c  of  the  new  position  cut 
BC  in  £.  Produce  ad  to  meet  BC  in  F.  Then  from  the  rijght-angl^  triangles 
ODF,  dEF,  the  angle  between  the  two  positions  of  the  altitude  is  prov^  to  be  equal 
to  the  angle  between  the  bases  BC,  be, 

12.  Let  a  diameter  be  drawn  from  any  angle  of  an  equilateral  triangle  inscribed 
in  a  circle,  to  meet  the  circumference.  It  may  be  proved  that  the  radius  is  bisected 
by  the  opposite  side  of  the  triangle. 

13.  Let  a  circle  be  described  upon  'the  base  of  the  equilateral  triiangle,  and  let 
an  equilateral  triangle  be  inscribed  in  the  circle.  Draw  a  diameter  from  one  d 
the  vertices  of  the  mscribed  triangle,  and  join  the  other  extremity  of  the  diameter 
with  one  of  the  oiAier  extremities  of  the  sides  of  the  inscribed  triangle.  The  side 
of  the  inscribed  triangle  may  then  be  proved  equal  to  the  perpendicular  in  the 
other  triangle. 

14.  I^t  the  angle  BAC  be  a  right  angle,  fig.  Euc.  iv.  4.  Join  AD.  Then 
Euc.  in.  17,  note  p.  108. 

15.  By  the  preceding  theorem,  the  excess  of  the  two  'sides  containing  the  riffht 
angle  above  the  nypothenuse  is  equal  to  the  diameter  of  the  inscribed  circle.  In  mis 
theorem  the  hypothenuse  is  equal  to  the  diameter  of  the  circumscribed  circle. 

16.  Let  P,  Q  be  the  middle  points  of  the  arcs  AB,  AC,  and  let  PQ  be  joined, 
cutting  AB,  AC  in  D,  E  ,*  then  AD  is  equal  to  AE.  Find  the  centre  O,  and  join 
OP,  QO. 

17.  Let  the  figure  be  constmcted;  the  proof  depends  on  Theorem  3,  p.  313. 

18.  Let  ABC  be  any  triandle  inscribed  in  a  circle,  and  let  the  perpendiculars 
AD,  BE,  CF  intersect  in  G.  Produce  AD  to  meet  the  circumference  in  H,  and 
join  BH,  CH.  Then  the  triangle  BHC  may  be  shewn  to  be  equal  in  all  resp^rts  to 
the  triangle  BGC,  and  the  circle  which  circumscribes  one  of  the  triangles  will  also 
circumscribe  the  other.    Similarly  may  be  shewn,  by  producing  BE  and  CF,  &c. 

19.  Let  ABC  be  a  triangle,  F  the  centre  of  the  circumscribed  circle  (figure  Euc. 
IV.  6,)  FD,  FE,  FG,  the  perpendiculars  from  F  on  AB,  AC,  BC  respectiv^.  Draw 
DE,  DG,  GE.  Then  each  of  the  quadrilaterals  ADFE,  BDFG,  GFEC  may  be 
circumscribed  W  a  drcle,  Euc.  in.  22.  Then  by  Euc.  vi.  E»  and  observing  that 
twice  the  area  of'^the  triangle  ABC  is  equal  to  the  sum  of  tiie  rectangles  contained  by 
the  perpendiculars  FD,  FE,  FG  and  the  sides  on  which  they  respectively  fall,  and  also 
to  the  rectangle  by  the  sum  of  the  sides  and  the  radius  of  the  inscribed  circle,  we  may 
shew  that  the  rectangle  contained  by  the  sum  of  the  perpendiculars  and  the  sum  m 
the  sides  of  the  triangle^  is  equal  to  the  rectangle  contained  by  the  sum  (k  the  sides, 
and  the  sum  of  the  radii  of  the  inscribed  and  circumscribed  circles. 

20.  Let  F,  G,  figure,  Euc.  iv.  5,  be  the  centres  of  the  circumscribed  and  in- 
scribed circles ;  join  6F,  GA,  then  the  angle  GAF  which  is  equal  to  the  dififerenceof 
the  andes  GAD,  FAD,  maybe  shewn  equal  to  half  tiie  difference  of  the  angles  ABC 
and  ACB. 

21.  Through  C  draw  CH  parallel  to  AB  and  join  AH.    Then  HAG  the  diffc^ 
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ence  of  the  angles  at  the  base  is  equal  to  the  angle  HFC,  Euc.  ui.  21,  and  HFC  is 
bisected  by  FG. 

22.  In  the  figure,  Euc.  iv.  5.  Let  AF  bisect  the  angle  at  A,  and  be  produced 
to  meet  the  circumference  in  G.  Join  G6,  GC  and  find  the  centre  H  of  the  drda 
inscribed  in  the  triangle  ABC.    The  lines  GH,  GB,  GC  are  e(jual  to  one  another. 

23.  This  property  of  the  figure^  Euc.  iv.  4,  exhibited  by  joining  AD  and  pro- 
ducing it  to  meet  the  case,  is  shewn  to  follow  from  Euc.  i.  32. 

24.  This  is  manifest  from  Euc.  ni.  21. 

25.  This  is  manifest  from  Euc  m.  11, 18. 

26.  The  proof  of  this  Theorem  is  contained  in  that  of  Problem  30,  p.  334. 

27.  This  Theorem  may  be  stated  more  generally  as  follows : 

Let  AB  be  the  base  of  a  triangle,  AEB  tl^  locus  of  the  vertex ;  D  the  bisection  of 
the  remaining  arc  ADB  of  the  circumscribing  circle :  then  the  locus  of  the]  centre  of 
the  inscribed  circle  is  another  circle  whose  centre  is  D  and  radius  DB.  For  join  CD : 
then  P  the  centre  of  the  inscribed  circle  is  in  CD.  Join  AP,  PB ;  then  these  lines 
bisect  the  angles  CAB^  CBA,  and  DB,  DP,  DA  may  be  proved  to  be  equal  to  one 
another. 

28.  Let  a  circle  inscribed  in  the  triangle  AED,  (figure.  Theorem  3,  p.  113,) 
touch  the  base  ED  in  H,  and  the  sides  AD,  AE  in  K,  L  respectively.  It  may  be 
easily  shewn  that  EF  is  equal  to  DH,  and  BL  or  CK  equal  to  ED. 

29.  The  base  BC  is  mtersected  by  the  perpendicular  AD,  and  the  side  AC  is 
intersected  by  the  perpendicular  BE.  From  Theorem  4,  p.  314,  the  arc  AF  is  proved 
equal  to  AE,  or  the  arc  FE  is  bisected  in  A.  In  the  same  manner  may  the  arcs  FD, 
DE  be  shewn  to  be  bisected  in  B,  C. 

30.  Let  ABC  be  a  triangle,  and  let  D,  E  be  the  points  where  the  inscribed  drcle 
touches  the  sides  AB,  AC.  Draw  BE,  CD  intersecting  each  other  in  O.  Join  AO, 
and  produce  it  to  meet  BC  in  F.  Then  F  is  the  point  where  the  inscribed  circle 
touches  the  third  side  BC.  If  F  be  not  the  point  of  contact,  let  some  other  point  G 
be  the  point  of  contact.  Through  D  draw  DH  parallel  to  AC,  and  DK  parallel  to 
BC.  By  the  similar  triangles,  CG  may  be  proved  equal  to  CF,  or  G  the  point  of  con- 
tact coincides  with  F,  the  point  where  the  line  drawn  from  A  through  O  meets  BC. 

31.  The  difference  of  the  two  squares  is  obviously  the  sum  df  the  four  triangles 
at  the  comers  of  the  exterior  square. 

32.  The  areas  of  the  successive  inscribed  squares  will  be  found  to  be  respectively, 
hf  |>  it  &c.,  of  the  given  square,  and  the  sum  of  these  squares  may  be  found  by 
finding  the  sum  of  the  series  J ,  i,  &c. 

33.  Let  the  squares  be  inscribed  in,  and  circumscribed  about  a  circle,  and  let 
the  diameters  be  drawn,  the  relation  of  the  two  squares  is  manifest. 

34.  The  opposite  angles  of  ever^  quadrilateral  about  which  a  circle  can  be 
described  are  together  equal  to  two  nght  angles:  and  as  the  opposite  angles  of 
every  parallelogram  are  equal  to  one  another,  it  is  obvious  that  no  circle  can  be 
described  about  a  parallelogram  except  it  be  rectangular. 

35.  Let  one  of  the  diagonals  of  the  square  be  drawn,  then  the  isosceles  right- 
angled  triangle  which  is  half  the  square,  may  be  proved  greater  than  any  other  right- 
angled  triangle  upon  the  same  hypothenuse. 

36.  Hus  may  be  made  to  appear  from  Euc.  m.  21,  27. 

37.  The  four  lines  drawn  from  the  centre  of  the  circle  to  the  angular  points  of 
the  quadrilateral  divide  the  circumference  of  the  circle  into  four  parts,  Sie  sum  of  each 
pair  of  opposite  portions  may  be  proved  equal  to  half  the  circumference. 

38.  This  will  be  manifest  from  the  equality  of  the  two  tangents  drawn  to  a  circle 
from  the  same  point. 

39.  This  is  the  converse  proposition  of  the  preceding,  and  its  truth  may  be  proved 
indirectly,  after  having  proved  the  direct  form  of  the  proposition. 

40.  Let  AC,  BD  be  joined  in  the  figure,  Euc.  m.  14 ;  the  sides  AC,  BD  are 
parallel.  Join  AD,  BC.  Then  since  the  angles  in  equal  segments  of  the  same  circle 
are  equal,  Euc.  i.  27. 

In  the  same  way  the  opposite  sides  may  be  shewn  to  be  parallel  when  the  quad- 
rilateral figure  circumscribes  the  circle. 

4 1 .  I^t  ABCD,  A'B'C'D'  be  two  quadrilateral  figures  having  thdr  corresponding 
sides  respectively  equal,  and  let  ABCD  be  circumscribed  by  a  drcK  and  A'B'C'D' 
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not  capable  of  being  so  circumscribed,  tbe  quadrilateral  ABCD  is  greater  than  the 
ouadrilateral  A'B'U'D'.  Draw  the  diameter  AE,  intersecting  the  siae  CD,  and  join 
CE,  ED.  On  CD'  describe  the  triangle  C'E'D'  having  its  sides  respectively  eqaal 
to  the  sides  of  the  triangle  CED,  andjoin  A'E'.  The  proof  depends  on  shewing  that 
of  the  quadrilaterals  ABCE,  A'B'CfE',  which  have  their  sides  respectively  equal, 
the  greater  is  that  which  has  its  foiirth  side  equal  to  the  diameter  of  the  cir- 
cumscribing circle. 

42.  This  follows  as  a  corollary  firom  Theorem  45,  infra. 

43.  Let  the  sides  of  the  quadrilateral  be  produced,  and  the  four  circles  described 
touching  one  side  of  the  figure  and  the  two  aqjacent  sides  produced.  If  two  lines  be 
drawn  mm  each  exterior  angle  to  the  centres  of  the  ciraes  adjacent,  the  figure  so 
formed  may  be  proved  to  be  a  quadrilateral  having  the  sum  of  each  pair  of  its  opposite 
angles  equal  to  two  right  angles. 

44.  Let  the  diagonal  AD  cut  the  arc  in  P,  and  let  O  be  the  centre  of  the  in- 
scribed circle.  Draw  OQ  perpendicular  to  AB.  Draw  P£  a  tangent  at  P  meetin^jr 
AB  produced  in  E :  then  BE  is  equal  to  PD.  Jom  PQ,  PB.  Then  AB  may  be 
proved  equal  to  QE*    llence  AQ  is  equal  to  BE  or  DP. 

45.  Let  A,  B,  C,  D  be  the  angular  points  of  the  inscribed  quadrilateral,  and  £, 
F,  G^  H  those  of  the  circumscribed  one  whose  points  of  contact  with  tbe  circle  are  at 
A,  B,  C,  D :  it  is  required  to  prove  that  the  diagonals  AC,  BD,  EF,  GH  intenect  in 
one  point. 

If  EF  do  not  cut  the  diagonals  AC,  BD  in  the  eame_pointy  let  it  cut  AC  in  Q, 
and  BD  in  Q' ;  and  draw  EK  parallel  to  FC,  and  EL  to  FD.  Then  AE,  EK,  EB, 
EL  may  be  shewn  to  be  equal  to  one  another.  Again,  since  EF  cuts  AC  in  Q,  and 
BD  in  Q',  by  Euc.  vi.  4.  KE  :  FC  ::  QE  :  QF;  and  LE  :  DF  ::  Q'E  :  Q'F; 
and  smce  KE  =  LE,  and  FC  =  DF,  therefore  QE  :  QF  ::  Q'E  :  Q'F,  which  i8 
impossible.  Whence  FE  does  not  cut  AC,  BD  in  different  points:  that  is,  it 
passes  through  their  intersection.  In  the  same  manner  GH  is  shewn  to  pass 
through  the  intersection  of  AC,  BD. 

(2)  If  the  point  of  intersection  be  without  the  circle,  the  same  reasoning  ap(^ 
with  the  single  exception,  that  EAC  and  AKE  are  respectively  the  suppl^nents  d 
ACG  instead  of  equal  to  it. 

(3)  It  therefore  follows  that  AB  and  CD  will  intersect  in  a  point  in  GH,  and 
that  BC,  AD  will  intersect  in  EF. 

46.  Let  a  circle  inscribed  in  a  square  touch  one  of  the  sides  in  the  pcHnt  A,  let 
ABC  be  an  equilateral  triangle  inscribed  in  the  circle,  also  let  a  drde  inscribed  in 
the  triangle,  touch  BC,  CA,  AB  in  the  pomts  D,  E,  F  respectively.  AD  being 
joined  passes  through  O  the  common  centre  of  the  two  circles.  If  any  point  P  w 
taken  m  the  circumference  of  the  inner  circle,  and  PA,  PB,  PC  be  orawn,  then 
PA''+PB»+  PC*  +  0D'  =  4 .  A0«,  or  the  area  of  the  given  square.  By  theorem  22, 
page  309,  after  joming  PF,  PC,  PD:  PA»  +  PB«  +  PC*=PD«+PE*+PP+3.BP. 
If  perpendiculars  PL,  PM,  PN  be  drawn  to  the  sides  of  the  triangle  BC,  CA,  AB; 
since  the  square  of  the  chord  PD  drawn  fi*om  any  point  P  to  the  point  of  ocmtact  of 
the  inscribed  circle,  is  equal  to  the  rectangle  contained  by  the  pqpendicular  PL  and 
the  diameter  of  the  drde,  PD«+PE«+PP  =  (PL+PM  +  PN).2DO;  alsoPL+FM 
+  PN  =  AD  (Theorem  15,  p.  308)  =  3 .  OD  (Euc.  iv.  4).  Whence  may  be  deduced 
the  required  property. 

Is  the  property  true  when  the  point  P  is  not  on  the  drcumference,  but  any  point 
within  the  cirde  ? 

47.  This  point  will  be  found  to  be  the  intersection  of  the  diagonals  of  the  given 
parallelogram. 

48.  This  theorem  is  the  converse  of  part  of  Theorem  31,  p.  340,  but  indndiqg 
also  the  rhombus  as  well  as  the  square. 

49.  Let  the  inscribed  drdes  whose  centres  are  A,  B  touch  each  other  in  G,  and 
the  cirde  whose  centre  is  C,  in  the  points  D,  E ;  join  A,  D ;.  A,  E ;  at  D,  draw  DF 
perpendicular  to  DA,  and  EF  to  EB,  meeting  in  F.  Let  F,  G  be  joined,  and  FG  be 
proved  to  touch  the  two  circles  in  G  whose  centres  are  A  and  B. 

50.  This  is  obvious  from  Euc.  rv.  7,  the  side  of  a  square  drcmnacrilnng  a  drck 
being  equal  to  the  diameter  of  the  circle. 

51.  Let  a  diameter  be  drawn  from  P  through  the  centre  Q,  and  join  PA',  PF, 
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PC,  also  from  A',  B',  C  draw  lines  perpendicular  to  the  diameter  through  P.  Then 
PA'Q,  PB'Q,  PC'Q  are  three  triangles,  of  which  one  will  be  obtuse-angled  and 
the  other  two  acute-angled.  Then  by  Euc.  n.  12,  13,  PA'^  +  PE'^'+PC*  may  be 
found  to  be  equal  to  3.PQ*  +  3.A'Ql  Again,  bv  joining  FA,  P'B,  PC,  &c.  in 
a  similar  way,  FA*  +  P'B'  +  FC*  may  be  found  to  oe  equal  to  the  same  quantity. 

52.  If  BD  be  shewn  to  subtend  an  arc  of  the  larger  circle  equal  to  one  tenth  of 
the  whole  circumference : — ^tlien  BD  is  a  side  of  the  decagon  in  the  larger  circle.  And 
if  the  triangle  ABD  can  be  shewn  to  be  inscriptible  in  the  smaller  circle,  BD  will  be 
the  side  of  the  inscribed  pentagon. 

53.  It  may  be  shewn  that  the  angles  ABF,  BFD  stand  on  two  arcs,  one  of 
which  is  three  times  as  large  as  the  other. 

54.  It  may  be  proved  that  the  c^gonals  bisect  the  angles  of  the  pentagon ;  and 
the  fivesided  figure  formed  by  their  intersection  may  be  shewn  to  be  both  equiangular 
and  equilateral 

55.  The  figure  ABODE  is  an  irregular  pentagon  inscribed  in  a  circle;  it  may 
be  shewn  that  the  five  angles  at  the  circumference  stand  upon  arcs  whose  sum  is 
equal  to  the  whole  circumference  of  the  circle ;  Euc.  in.  20. 

56.  Prove  the  five  lines  joining  the  points  ofantersection  to  be  equal  to  one 
another,  and  the  angles  contained  oy  every  two  lines  which  are  adjacent  to  one 
another. 

57.  This  is  a  modified  form  of  stating  one  of  the  properties  in  Theorem  64,  p.  34 1 . 

58.  The  figure  may  be  proved  to  be  both  equHatei^  and  equiangular  by  means 
of  the  isosceles  triangles  formed  by  producing  the  sides  of  the  pentagon. 

59.  The  angles  at  a,  j3,  7,  S,  e  may  be  proved  equal  to  one  another,  and  each 
equal  to  four-fifths  of  a  right  angle. 

60.  If  a  side  CD  (figure,  Euc.  iv.  11)  of  a  regular  pentagon  be  produced  to  K, 
the  exterior  angle  ADK  of  the  inscribed  quadrilateral  figure  ABCD  is  equal  to  the 
angle  ABC  one  of  the  interior  angles  of  tne  pentagon.  From  this  a  construction 
may  be  made  for  the  method  of  folding  the  ribbon. 

61.  Let  AP  be  drawn  from  A  perpendicular  on  CD,  figure,  Euc.  iv.  11.  AP 
may  be  proved  to  pass  through  the  centre  of  the  circumscribing  circle,  as  also  the 
perpendiculars  from  the  other  angles  of  the  figure.  The  relation  of  the  angles  may 
be  found  by  means  of  Euc.  i.  32.  Cor. 

62.  The  sides  and  diagonals  of  the  two  pentagons  (see  figure,  Euc.  iv.  11)  may 
be  shewn  to  have  the  same  relation  to  each  other  which  is  proved  in  Euc.  iv.  10. 

63.  By  Euc.  n.  11,  FO^  =  AF.FO,  FO  is  the  side  of  the  regular  decMfon  in- 
scribed in  the  circle,  and  OC  is  the  side  of  the  hexagon.  Also,  CF*  =  COm-OF', 
and  by  Theorem  39,  p.  355,  CF  is  a  side  of  the  pentagon  inscribed  in  the  circle. 

64.  In  the  figure,.  Euc.  iv.  10.  Let  DC  be  produced  to  meet  the  circumference 
in  F,  and  join  FB.  Then  FB  is  the  side  of  a  regular  pentagon  inscribed  in  the  larger 
circle,  D  is  the  middle  of  the  arc  subtended  by  the  adjacent  side  of  the  pentagon. 
Then  the  difference  of  FD  and  BD  is  equal  to  the  radius  AB.  Next,  it  may  be 
shewn,  that  FD  is  divided  in  the  same  manner  in  C  as  AB,  and  by  Euc.  n.  4,  11, 
the  squares  of  FD  and  DB  are  three  times  the  square  of  AB,  and  the  rectangle  of 
FD  and  DB  is  equal  to  the  square  of  AB. 

65.  Each  of  the  figures  thus  formed  exterior  to  the  hexagon  is  an  equilateral 
triangle. 

66.  The  angles  contained  in  the  two  segments  of  the  circle,  may  be  shewn  to  be 
equal,  then  by  joining  the  extremities  of  the  arcs,  the  two  remaining  sides  may  be 
shewn  to  be  parallel. 

67.  It  may  be  shewn  that  four  equal  and  equilateral  triangles  will  form  an  equi- 
lateral triangle  of  the  same  perimeter  as  the  hexagon,  which  is  formed  by  six  equal 
and  equilateral  triangles. 

68.  Let  the  alternate  sides  of  the  figure,  Euc.  iv.  15,  be  produced  to  meet;  each 
of  the  triangles  so  formed  exterior  to  the  hexagon,  may  be  proved  equal  in  all  respects 
to  each  of  the  six  triangles  into  which  the  hexagon  is  divided  by  the  diagonals. 

69.  Let  the  figure  be  constructed.  By  drawing  the  diagonals  of  the  hexagon, 
the  proof  is  obvious. 

70.  Let  the  figure  be  drawn,  O  bebg  the  centre  and  A,  B  any  two  opposite 
angles  of  the  hexagon.    If  AP,  BP',  OQ  be  the  perpendiculars  on  the  line,  then  the 


64  APPENDIX  TO  EUCUD'*S  ELEMENTS. 

6um  of  AP  and  BP  may  be  proved  eaual  to  twice  OQ,  and  in  a  similar  way  the 
sum  of  the  pairs  of  perpendiculars  from  tne  two  remaining  pairs  of  opposite  angles. 

71.  The  circles  will  be  the  escribed  circles  of  the  sixtnanp^les  formed  by  joining 
the  centre  of  the  circle  and  the  angular  points  of  the  circumscribed  hexagon. 

72.  This  appears  directly  from  Euc.  i.  38 ;  and  rv.  15. 

73.  The  square  of  the  tanffent,  by  Euc.  m.  36,  and  the  square  of  the  nde  of  the 
octagon  may  be  shewn  each  to  oe  equal  to  the  same  quantity,  (2  -  V2)r^  where  r  is 
the  radius  of  the  circle. 

74.  By  constructing  the  figures  and  drawing  lines  from  the  centre  of  the  circle 
to  the  angles  of  the  octagon,  the  areas  of  the  eight  triangles  may  be  easily  shewn  to 
be  equal  to  eight  times  the  rectangle  contained  by  the  radius  of  the  circle,  and  half  the 
side  of  the  inscribed  square. 

75.  Let  a  reffular  polygon  ABODE  be  taken,  O  being  the  centre  of  the  drcum- 
scribed  circle,  and  E  the  bisection  of  the  side  DC  q)po8ite  to  the  angle  A.  Jcnn  AO, 
OE^  and  prove  that  AO,  OE  are  in  the  same  straight  line. 

76.  The  first  part  may  be  proved  by  Euc.  iii«  2 1 .  The  converse,  when  the  num- 
ber of  sides  is  odd,  follows,  and  may  be  proved  ex  absurdo.  But  when  die  number 
of  sides  is  even,  every  pair  of  opposite  angles  may  be  e^ual,  as  in  the  case  of  the 
rectangle,  whidi  has  all  its  angles  equal,  but  not  all  its  sides  equal. 

77.  Let  ABCDEF  be  a  figure  of  six  sides,  having  all  its  interior  angles  equal  to 
one  another,  but  not  its  opposite  sides  equal  Produce  AB,  DC  to  meet  in  Gf,  and 
BC,  ED  to  meet  in  H.    liien  AB  may  be  shewn  to  be  parallel  to  ED. 

78.  Let  lines  be  drawn  to  the  centre  of  the  circle  frcnn  the  extrenoitiesof  the  lines 
and  the  pdnts  of  contact^? and  the  loci  of  the  extremities  of  the  lines  may  be  shewn  to 
be  in  the  circumferences  of  two  concentric  circles,  unless  the  parts  of  the  lines  on 
each  side  of  the  points  of  contact  be  equal 

79.  Join  the  points  of  bisection  of  the  equal  lines  and  the  centre  of  the 
given  circle. 

80.  In  the  pentagon,  hexagon,  &c.,  by  Euc  i.  32,  the  truth  of  the  property 
is  proved. 

81.  This  may  be  readily  shewn  in  the  case  of  two  polygons,  one  regular,  and 
the  other  irregular,  both  havmg  the  same  number  of  sides. 

82.  Let  ABCDE  (figure  Euc.  iv.  1 1,)  be  a  regular  polygon  inscribed  in  a  circle, 
and  in  the  arc  AB  take  any  point  M  and  join  AM,  CM.  Inen  the  triangle  ABC 
may  be  shewn  to  be  greater  than  the  triangle  AMC. 

83.  This  Theorem  is  the  general  form  of  Theorem  41,  p.  340,  and  may  be 
proved  in  a  similar  manner  for  a  polygon  of  five,  six,  &c.,  sides. 

84.  The  proof  of  this  property  aepends  on  tiie  fact,  that  an  isosceles  triangle  has 
a  greater  area  than  any  scalene  triangle  of  the  same  perimeter. 

85.  The  sum  of  the  arcs  on  which  stand  the  Ist,  3rd,  5th^  &c.  angles,  is  equal 
to  the  sum  of  the  arcs  on  which  stand  the  2nd,  4th,  6th,  &c.  angles. 

86.  Let  two  lines  also  be  drawn  from  the  centre  of  the  circumscribed  drde  to 
the  extremities  of  the  same  side. 

87.  Let  ABCDEF  be  any  irregular  polygon  of  six  sides  inscribed  in  a  drde, 
and  let  AC,  CE,  EA,  BD,  DF,  FB  be  joined  intersecting  each  other  in  a,  b,c,d, 
e,f;  then  abcdef  isan  irregular  polygon  of  six  sides ;  and  if  AC  be  intersected  in 
a,  by  then  the  sum  of  the  interior  angles  at  a,  b,  of  the  inner  polygon^  may  be  shewn 
to  be  equal  to  the  sum  of  the  interior  angles  at  A,  C  of  the  extenor  polygon,  Euc.  l 
32 ;  lu.  21.  Suppose  the  sides  of  the  exterior  polygon  to  be  equal,  the  sides  of  the 
interioripolygon  may  readily  be  shewn  to  be  also  equal. 

88.  The  opposite  angles  of  the  figure  so  constructed  may  be  proved  to  be  equal 
to  two  ri^t  angles.   Euc.  ui.  22. 

89.  ^o  Geometrical  method  is  known  whereby  the  circumference  of  a  circle  can 
be  divided  into  sevenar  eleven  equal  parts. 

90.  From  the  given  point  draw  Imes  to  the  angles  of  the  polygon ;  then  the  am 
of  the  polygon  is  equal  to  the  areas  of  the  triandes  thus  formed,  niunel^,  the  rectende 
contained  by  the  sum  of  the  perpendiculars  and  half  one  of  the  ecfoal  sides.  But  ue 
area  of  the  polygon  is  also  equal  to  n  times  the  area  of  the  equal  triangles  c^  which  the 
polygon  is  composed,  that  is,  n  times  the  rectangle  contained  by  the  radius  of  the  in- 
scnbed  cirde  and  hsif  one  side.    Hence,  &c. 
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91 .  This  Theorem  is  the  same  as  the  preceding,  and  forms  Prop.  m.  of  Stewards 
General  Theorems. 

92.  Let  ABCDEF  be  a  regular  hexagon,  P,  Q,  R,  S,  T,  V  the  pomts  of  contact 
of  the  inscribed  circle,  and  from  any  point  G  let  GH,  GK,  GL,  GM,  GN,  GO  be 
drawn  perpendicular  to  the  sides  of  the  figure. 

Draw  PS,  QT,  RV  intersecting  each  other  in  a  the  centre  of  the  circle,  and  join 
GP,  GO,  GR,  GS,  GT,  GV.  Draw  GX,  GY,  GZ  perpendicular  to  PS,  QT,  RV  and 
join  G  a.  Then  all  the  angles  at  a  are  equal.     By  Euc.  i.  47,  GH»+  GX*=  GP^  &c. 

Hence  GH* + GK«  +  GL» + GM« + GN*  +  GO* + 2  (GX»  +  G Y» + GZ») 

=  GP+GQ*+GR«  +  GS«  +  GT*+GV*. 

Next  shew  that  GP*+GQ*  +  &c.  =  6.Ga*  + 6. Pa'  =  6. d*+6.r«. 

The  points  X,  Y,  Z,  are  in  thp  circumference  of  a  circle  whose  diameter  is  Go, 
and  the  circumference  is  divided  into  equal  parts  in  X,  Y,  Z,  also  h^  the  bisection  of 
G  a,  is  the  centre  of  this  circle,  and  GX» + GY*  +  GZ* «  3 .  G  6*.    Whence  may  be 

shewn,  that  GH*  +  GK* + &c.  =  6  (^  +  r*)  • 

Prove  the  property,  when  the  figure  is  a  regular  pentagon. 
Tliis  is  Prop.  v.  of  Stewarfs  General  Theorems. 

93.  This  proposition  is  more  easily  established  by  the  method  of  co-ordinates 
than  by  pure  ueonaetry.  In  this  way  it  has  been  proved  by  Dr  Wallace,  in  the  Gen- 
tleman's Mathematical  Companion,  VoL  vi.  p.  452. 

The  case  of  the  triangle  has  been  proved  Geometrically  by  Mr  Kay,  in 
Leyboimi's  Mathematical  Repository,  (NS.)  Vol.  ni.  p.  35,  ancf  Trigonometncally 
also  by  Dr  Wallace  in  the  same  place.  A  complete  Geometrical  demonstration,  how- 
ever, may  be  obtained  by  means  of  a  general  method  of  investigating  certain  classes 
of  properties  of  the  ch*cle  given  by  lieut.  Glenie,  of  the  Royal  Engineers,  in  Vol.  vi. 
of  the  Edinburgh  Transactions. 
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4.  Let  AB  be  the  given  perimeter  of  the  required  triangle.  On  AB  describe  a 
triangle  ABC  similar  to  the  given  triangle ;  bisect  the  angles  at  A  and  B  by  lines 
meeting  in  D ;  through  D,  draw  DE,  DF  parallel  to  AC,  BC,  and  meeting  AB 
in  E,  F :  then  DEF  is  the  triangle  required. 

5.  On  any  side  BC  of  the  given  triangle  ABC,  take  BD  equal  to  the  given 
base ;  join  AD,  through  C  draw  CE  parallel  to  AD,  meeting  B  A  produc«3,  if  neces- 
sary, in  E,  join  ED :  then  BDE  is  the  triangle  required. 

6.  (1)  In  every  right-angled  triangle  when  its  three  sides  kre  in  Arithmetical 
progression,  they  may  be  shewn  to  be  as  the  mmibers  5,  4,  3.  On  the  mven  line 
AC  describe  a  triangle  having  its  sides  AC,  AD,  DC  in  this  proportion,  bisect  the 
angles  at  A,  C  by  AE,  CE  meeting  in  E,  and  through  E  draw  EF,  EG  parallel  to 
AD,  DC  meeting  in  F  and  G. 

(2)  Let  AC  be  the  sum  of  the  sides  of  the  triangle,  fig.  Euc.  vi.  1 3.  Upon  AC 
describe  a  triangle  ADC  whose  sides  shall  be  in  continued  proportion,  (by  Prob.  9, 
infra.)  Bisect  the  angles  at  A  and  C  by  two  lines  meeting  in  E.  From  E  draw 
EF,  EG  parallel  to  DA,  DC  respectively. 

7.  Describe  a  circle  with  any  radius,  and  draw  within  it  the  straight  line  MN 
cutting  off  a  segment  containing  an  angle  equal  to  the  given  angle,  Euc.  lu.  34. 
Divide  MN  in  P  in  the  given  ratio,  and  at  P  draw  P4  perpendicidar  to  MN  and 
meeting  the  circumference  in  A.  Join  AM,  AN,  and  on  AP  or  AP  produced,  take 
AD  equal  to  the  given  perpendicular,  and  through  D  draw  BC  parallel  to  MN 
meeting  AM,  AN  or  these  lines  produced.  Then  ABC  shall  be  the  triangle  re- 
quired. 

8.  Let  A,  B  be  the  two  given  points,  and  let  P  be  a  point  in  the  locus  so  that 
PA,  PB  being  joined,  PA  is  to  PB  in  the  given  ratio.  Join  AB  and  divide  it  in  C 
in  the  given  ratio,  and  join  PC.     Then  PC  bisects  the  angle  APB.    Euc.  vi.  3. 
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Again,  in  AB  produced,  take  AD  to  AB  in  the  given  ratio,  join  PD  and  produce 
AP  to  E,  then  PD  bisects  the  angle  BPE.  Euc.  vi.  A.  Whence  CPD  is  a  right 
angle,  and  the  point  P  lies  in  the  circumference  of  a  circle  whose  diameter  is  CD. 

9.  By  Euc.  I.  47.  BC»  -  BE»  =  AC  -  AE«,  hence  BC»  -  AC«  =  BE»  -  AE», 
or  (BC  +  AC).(BC-AC)  =  (BE+AE).(BE-AE),  but  BE-AE  =  2.DE,  also 
BC-AC  =  DE.  /.  BC+ACn=2.AB,  or  the  three  sides  AC,  AB,  BC  are  in 
Arithmetical  progression. 

10.  Let  FAQ  be  tiie  given  angle,  bisect  the  angle  A  by  AB,  in  AB  find  D  the 
centre  of  the  inscribed  circle,  and  draw  DC  perpendicular  to  AP.  In  DB  take  DE 
such  that  the  rectangle  DE,  DC  is  equal  to  the  given  rectangle.  Describe  a  circle 
on  DE  as  diameter  meeting  AP  in  F,  G ;  and  AQ  m  F,  G'.  Join  FG'  and  AFG' 
will  be  the  triangle.  Draw  DH  perpendicular  to  FG',  and  join  G'D.  By  Euc.  vi.  C, 
the  rectangle  FD,  DG'  is  equal  to  the  rectangle  ED,  DK  or  CD,  DE. 

11.  Let  BC  be  the  given  base ;  draw  BE  perpendicular  to  BC  and  equal  to  the 
given  altitude,  and  through  E  draw  EM  parallel  to  BC.  At  B  make  the  angle  CBF 
equal  to  the  difference  of  the  angles  at  the  base.  Divide  the  base  in  D  so  that  BD 
may  be  to  DC  in  the  ratio  of  the  sides,  draw  DG  perpendicular  to  BF  and  produce 
it  to  meet  EM  in  A.    Join  AB,  AC ;  ABC  is  the  triangle  req[uu:ed. 

12.  Let  AB  be  the  given  base,  ACB  the  segment  containmg  the  vertical  angle; 
draw  the  diameter  AD  of  the  circle,  and  divide  it  in  E  in  the  given  ratio;  on  AE 
as  a  diameter,  describe  a  circle  AFE ;  and  with  centre  B  and  a  radius  equal  to  the 
given  line,  describe  a  drcle  cutting  AFE  in  F.  Then  AF  being  drawn  and  produced 
to  meet  the  circumscribiiig  circle  in  C,  and  CD  being  joined,  ABC  is  the  triangle 
required.    For  AF  is  to  FC  in  the  given  ratio. 

13.  Let  AC  be  the  given  base,  and  let  DAC  be  the  required  triangle.  Draw 
DB  perpendicular  to  BC.  Then  from  the  hypothesis  combined  with  Euc.  vi.  8,  it 
may  be  shewn  that  AB  is  equal  to  DC,  and  that  AC  is  divided  m  B  in  extreme  and 
mean  ratio. 

14.  Let  ABC  be  any  triangle,  and  DEF  the  given  triangle  to  which  the  inscribed 
triangle  is  required  to  be  similar.  Draw  any  line  de  terminated  by  AB,  AC,  and  m 
de  towards  AC  describe  the  triangle  c?e/ similar  to  DEF,  join  6/,  and  produce  it 
to  meet  AC  in  F.  Throurfi  P  draw  FD'  parallel  to/rf,  F'E'  parallel  to/tf,  and  join 
D  E',  then  the  triangle  D'E'F  is  similar  to  DEF. 

15.  Emplov  Theorem  17,  p.  353,  and  tht  construction  becomes  ob^ous. 

16.  Let  ABC  be  the  req^uired  triangle,  CD  the  line  bisecting  the  vertical  angle, 
cutting  AB  in  H,  and  meetmg  the  circumscribed  circle  in  D,  DME  a  diameter 
drawn  through  D,  and  therefore  bisecting  the  base  AB  in  M.  Let  DE  be  bisected 
in  O,  then  O  is  the  centre  of  the  circumscribing  circle;  also  let  P  be  the  centre  of 
the  inscribed  circle. 

Then  the  line  OP  joining  the  centres,  cuts  the  line  bisecting  the  vertical  angle  in 
the  centre  of  the  inscnoed  circle.  We  have  given,  therefore,  the  base  AB,  the  seg- 
ment containing  the  vertical  angle  ACB,  and  the  ratio  CP  to  PH. 

By  means  of  the  equiangular  triangles  DBG,  DHB,  the  ratio  of  DB  to  DC  may 
be  shewn  to  be  the  same  as  the  ratio  of  PC  to  PH,  which  is  given.  Hence  thi 
ratio  of  DB  to  DC,  is] given;  also  DB  is  given  in  magnitude,  and  therefore  DC. 
Whence  the  construction. 

17.  This  is  similar  in  its  construction  to  Prob.  12,  supra,  except  that  the  point 
F,  instead  of  being  at  a  given  distance  from  B,  is  in  a  semicircle  on  AB. 

18.  The  line  CD  is  not  necessarily  parcel  to  AB.  Divide  the  base  AB  in  C, 
so  that  AC  is  to  CB  in  the  ratio  of  the  sides  of  the  triangle.  • 

Then  if  a  point  E  in  CD  can  be  determined  such  that  when  AE,  CE,  EB,  are 
joined,  the  angle  AEB  is  bisected  by  CE,  the  problem  is  solved. 

19.  Let  AjBC  be  any  triangle  having  the  base  BC.  On  the  same  base  describe  an 
isosceles  triangle  DBC  equal  to  the  given  triangle.  Bisect  BC  in  E,  and  join  DE, 
also  upon  BC  describe  an  equilateral  triangle.  On  FD,  FB,  take  EG  to  EH  as 
EF  to  EB :  also  take  EK  equal  to  EH  and  join  GH,  GK ;  then  GHK  is  an  equi- 
lateral triangle  eaual  to  the  triangle  ABC. 

20.  Lst  ABC  be  the  requu-ed  triangle,  BC  the  hypothenuse,  and  FHKG  the 
inscribed  square ;  the  side  HK  being  on  BC.  Then  BC  may  be  proved  to  be 
divided  in  H  and  K,  so  that  HK  is  a  mean  proportional  between  BH  and  KC. 
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21.  Let  AB  be  the  given  perimeter,  and  let  CD  be  drawn  parallel  to  AB  at  the 
distance  of  the  fi^ven  perpendicular ;  on  AB  describe  a  circle,  ana  let  F  be  the  middle 
point  of  the  semicircle  on  the  opposite  side  of  AB  from  CD ;  with  centre  F  describe 
a  circle  throng  A,  B^  cutting  CD  in  P  or  P' ;  make  in  this  circle  the  arcs  AG,  BPI, 
equal  to  BP,  PA  respectively ;  and  draw  PG,  PH  cutting  AB  in  Q,  R:  then  PQR 
is  the  triangle  required. 

Algebraically.  Let  x,  y,  be  the  sides,  z  the  hypothenuse  *of  the  triangle,  and  p 
the  peipendicular  from  die  right  angle  on  the  hypothenuse :  then  x,  y,  z,  may  be 
found  from  the  equations  a^+y^-z\  xy-pz,  x+y+z=a,  in  terms  of|7thepec- 
pendicular,  and  a  the  perimeter. 

22.  Make  an  isoscdes  trianffle,  having  its  vertical  ansle  equal  to  the  ^ven  angle. 
Describe  a  triangle  similar  to  this  isosceles  triangle,  and  havmg  its  perimeter  equal 
to  the  given  perimeter.  Then  the  area  of  this  triangle  may  be  shewn  to  be  greater 
than  the  area  of  any  other  triangle  which  has  the  same  vertical  angle  and  the  same 
perimeter. 

23.  Let  ABC  be  the  given  triangle.  On  BC  take  BD  equal  to  one  of  the  ^ven 
lines,  through  A,  draw  AE  pj^allel  to  BC.  From  B  draw  BE  to  meet  AE  m  E, 
and  such  that  BE  is  a  fourth  proportional  to  BC,  BD,  and  the  other  given  line.  Join 
EC,  produce  BE  to  F,  malting  BF  equal  to  the  other  given  line,  and  join  FD :  then 
FBD  is  the  triangle  required. 

24.  If  a  circle  be  aescribed  about  the  ^ven  triangle,  and  another  circle  upon 
the  radius  drawn  from  the  vertex  of  the  triangle  to  the  centre  of  the  circle,  as  a  dia;^ 
meter^  this  circle  will  cut  the  base  in  two  points,  and  give  two  solutions  of  the  pro- 
blem.    Give  the  Analysis. 

25.  In  the  figure,  Euc.  vi.  13.  If  E  be  the  middle  pomt  of  AC ;  then  AE  or 
EC  is  the  arithmetic  mean,  and  DB  is  the  geometric  mean,  between  AB  and  BC. 
If  DE  be  joined  and  BF  be  drawn  perpendiculsu:  on  DE ;  then  DF  may  be  proved 
to  be  the  harmonic  mean  between  AB  and  BC. 

26.  The  two  means  and  the  two  extremes  form  an  arithmetic  series  of  four  lines 
whose  successive  differences  are  equal:  the  difference  therefore  between  the  first 
and  the  fourth,  or  the  extremes,  is  treble  the  difference  between  the  first  and  the 
second. 

27.  Let  the  two  given  lines  meet  when  produced  in  A.  At  A  draw  AD  perpen- 
dicular to  AB,  and  AE  to  AC,  and  such  that  AD  is  to  AE  in  the  given  ratio, 
llirough  D,  E,  draw  DF,  EF,  respectively  parallel  to  AB,  AC  and  meeting  each 
other  in  F.  Join  AF  and  produce  it,  and  the  perpendiculars  drawn  from  any  point 
of  this  line  on  the  two  given  lines  will  always  be  in  the  given  ratio. 

28.  This  problem  may  be  constructed  in  the  same  way  under  more  general  cir- 
cumstances than  those  in  which  it  is  enunciated ;  namely,  when  A,  B,  G,  are  any 
points,  and  any  line  is  substituted  for  BK,  compatible  with  the  construction  following. 

Bisect  AB  m  V  and  join  VG,  produce  VG  to  P,  make  GP« 2 .  VG ;  on  PG 
describe  a  circle,  in  which  place  the  chords  PQ,  PQ'  equal  to  the  g^ven  sum  of  the 
perpendiculars :  then  the  line  QG  is  that  required,  and  Q!G  is  that  upon  which  the 
diflference  (instead  of  the  sum)  of  the  perpendiculars  shall  be  equal  to  PG.  The  proof 
depends  on  Prob.  3,  p.  347. 

29.  Let  the  three  given  lines  meet  in  A,  B,  C  and  form  a  triangle,  and  let  the 
ratios  of  the  three  perpendiculars  be  as  three  lines  m,  n,p.  On  AC,  BC,  take  AD, 
BE  each  equal  to  m,  draw  DF,  EG  each  equal  to  m  and  parallel  to  AB.  Join  AF, 
BG  and  produce  them  to  meet  in  O,  the  perpendiculars  Or,  OQ,  OR  from  O  drawn 
to  AB,  AC,  BC,  shall  have  the  same  ratios  as  m,n,p.  From  F  draw  FH  perpen- 
dicular to  AB,  FK  to  AC,  and  FL  parallel  to  AC.    Then  by  the  shnilar  triangles. 

30.  Let  AB  be  tiie  ^ven  straight  line,  and  let  a  perpendicular  be  drawn  to  AB 
from  the  point  C.  Divide  AB  in  D,  so  that  AD  is  to  DB  in  the  fi^ven  ratio ;  then 
if  frx)m  D  a  line  DE  be  drawn  to  meet  the  perpendicular  in  E  so  that  when  AE,  EB 
are  joined,  the  angle  AEB  shall  be  bisected  by  ED,  E  will  be  the  point  required^ 
Euc.  VI.  3. 

31.  In  BC  produced  take  CE  a  third  proportional  to  BC  and  AC;  on  CE  de- 
scribe a  circle,  the  centre  beuig  O ;  draw  the  tangent  EF  at  E  eoual  to  AC ;  draw 
FO  cutting  the  circle  in  T  ana  T' ;  and^lastly,  draw  tangents  at  T,  T'  meeting  BG 
in  P  and  F.    These  points  fulfil  th^  conditions  of  the  problem. 
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By  combining  the  proportion  in  the  construction  with  that  from  the  similar  tn- 
angles  ABC,  DBP,  and  Euc.  m.  36,  37 ;  it  may  be  proved  that  CA .  PD  =  CP. 
The  demonstration  is  similar  for  FD'. 

32.  Let  ABC  be  any  triangle,  and  D  the  given  point  in  the  base  EC.  Divide 
DC  in  £  so  that  C£  may  be  to  ED  m  the  given  ratio.  Join  AD,  and  from  E  draw 
EF  to  meet  AC  m  F,  and  making  the  angle  CFE  less  than  CAD.  Through  F 
draw  EG  parallel  to  CB  meeting  AB  in  G,  join  DG  and  produce  it  to  meet  CA 
produced  m  H.  Then  DH  is  divided  in  G  in  the  given  ratb.  What  are  the  limits 
to  the  position  of  the  point  F  ? 

33.  Let  P  be  the  given  point  and  AB  the  given  straight  line.  Draw  PQ  per- 
pendicular to  AB  and  produce  QP  to  R  making  CUP  to  PR  in  the  given  ratio ;  through 
K  draw  CD  parallel  to  AB :  then  any  line  drawn  through  P  and  terminated  by  toe 
parallels  will  oe  divided  at  P  in  the  given  ratb. 

34.  Let  AB  be  the  given  line  from  which  it  is  required  to  cut  off  a  part  EC 
such  that  BC  shall  be  a  mean  proportional  between  the  remainder  AC  and  another 
given  line.  Produce  AB  to  D,  making  BD  e<]ual  to  the  other  given  line.  On  AD 
describe  a  semicircle,  at  B  draw  BE  perpendicular  to  AD.  Bisect  BD  in  O,  and 
with  centre  O  and  radius  OB  describe  a  semicircle,  join  OE  cutting  the  semicircle 
on  BD  in  F,  at  F  draw  FC  perpendicular  to  OE  and  meeting  AB  m  C.  C  is  the 
point  of  divisbn,  such  that  bC  is  a  mean  proportional  between  AC  and  BD. 

35.  Take  any  straight  line  AB,  and  hnd  another  AC,  so  that  AC  is  to  AB  as 
V5  :  1 ;  and  let  AB,  AC  make  any  acute  angle  at  A  and  join  BC.  On  AC  take 
AD  equal  to  the  given  straight  line,  and  through  D,  draw  DE  parallel  to  CB,  and 
meeting  AB  in  ^  then  AE  is  the  line  required. 

36.  Find  two  squares  in  the  given  ratio,  and  if  BF  be  the  given  line  (figure 
Euc.  VI.  4),  draw  BE  at  right  angles  to  BF,  and  take  BC,  CE  respectively  equal 
to  the  sides  of  the  squares  which  are  in  the  given  ratio.  Join  EP,  and  draw  CA 
parallel  to  EF :  then  BF  is  divided  in  A  as  required. 

37.  See  Euc.  vi.  13. 

38.  This  may  be  effected  in  different  ways,  one  of  which  is  the  following.  At 
one  extremity  A  of  the  given  line  AB  draw  AC  making  anv  acute  angle  with  AB 
and  join  BC :  at  any  point  D  in  BC  draw  DEF  parallel  to  AC  cutting  AB  in  E  and 
such  that  EF  is  equal  to  ED,  draw  FC  cutting  AB  in  G.  Then  AB  is  harmomcally 
divided  in  E,  G. 

39.  In  the  fig.  Euc.  vi.  13.  DB  is  the  Geometric  mean  between  AB  and  BC, 
and  if  AC  be  bisected  in  E^  AE  or  EC  is  the  Arithmetic  mean. 

The  next  the  same  as — ^to  find  the  segments  of  the  hypothenuse  of  a  right- 
angled  triangle  made  by  a  perpendicular  from  the  right  angle,  having  given  the 
difference  between  half  the  hypothenuse  and  the  perpendicukur. 

40.  For  "  the  base  produced,"  read  "  the  part  of  the  base  produced,**  Let 
ABC  be  the  given  right-Euogled  triangle,  C  the  right  angle,  and  BCme  base. 

At  the  vertex  A  ui  AB,  make  the  angle  BAD  equal  to  the  angle  BAC,  and  let 
AD  meet  the  base  CB  produced  in  D.    Then  D  is  the  point  required.    Euc  vi.  3. 

41.  The  construction  is  suggested  by  Euc.  i.  47,  and  Euc.  vi.  31. 

43.  Produce  one  side  of  the  triangle  through  the  vertex,  and  make  the  part 
produced  equal  to  the  other  side.  Bisect  this  line,  and  with  the  vertex  of  the  tri' 
angle  as  centre  and  radius  equal  to  half  the  sum  of  the  sides,  describe  a  circle  cutting 
the  base  of  the  triangle. 

44.  This  Problem  is  analogous  to  Problem  24,  p.  349. 

45.  Suppose  that  ABCD  the  required  square  is  constructed ;  and  PA,  PB,  PC, 
the  distances  of  the  pomt  P  from  the  three  angles  of  the  square  are  given.  Draw 
BQ  perpendicular  to  PB  and  equal  to  it,  and  join  QC.  Then  since  ABC,  PDQ  are 
right  aisles,  the  angles  ABP,  CBQ  are  eoual,  and  hence  QC  equal  to  AP  is  given, 
and  P,  Q  are  ^ven  points.  Wherefore  PQ  being  given  in  magnitude  and  positioQ, 
and  QC,  CP  m  magnitude;  the  point  C  is  given,  and  hence  the  side  BC  of  the 
square. 

Construction.  Draw  BQ  perpendicular  and  equal  to  PB,  the  line  which  lies  be- 
tween  AP,  CP,  and  join  PQ :  on  PQ  as  a  base,  and  PA,  PQ  as  sides,  describe  the 
triangle  PCQ :  then  BC  is  the  side  of  the  square. 

46.  Let  AB,  AC,  be  the  two  given  lines  placed  at  right  angles  at  A,    Take  AC 
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to  AD  in  the  ^ven  ratio,  and  join  CD ;  with  centre  B  and  radius  BP  equal  to  the 
side  of  the  given  square,  describe  a  circle  cutting  CD  in  P ;  draw  PE  parallel  to  AC, 
and  EF  parallel  to  CD :  then  AB,  AC  are  divided  in  E  and  F  as  reouired. 

47.  If  a  triangle  be  constructed  on  AB  so  that  the  vertical  angle  is  bisected  by 
the  line  drawn  to  the  point  C.  By  £uc.  vi.  A.  the  point  requir^  may  be  deter- 
mined. 

48.  Let  AB,  AC  be  the  two  ffiven  straight  lines  meeting  at  A,  and  P  the  given 
point  between  them.  At  A  draw  AD,  AE  so  that  AD  is  to  AE  in  the  ^ven  ratio, 
and  containing  the  an^e  ADE  equal  to  the  given  angle.  Join  DE,  PA,  through  P 
draw  PF  pandlel  to  AD  meeting  AB  in  F,  and  PG  parallel  to  AE  meeting  AC  m  G. 
PF,  PG,  are  the  lines  required. 

49.  Let  the  ^ven  line  AB  be  divided  in  C,  D.  On  AD  describe  a  semicircle, 
and  on  CB  describe  another  semicircle  intersecting  the  former  in  P ;  draw  PE  per- 
pendicular to  AB ;  then  E  is  the  point  required. 

50.  The  line  drawn  through  the  ffiven  point  and  making  equal  ancles  with  the 
two  given  lines  is  the  line  required.  If  a  circle  be  described  touching  me  two  given 
lines  at  the  points  where  the  required  line  meets  them,  the  rectangle  contained  by  the 
segments  of  any  other  line  drawn  through  the  given  point,  is  greater  than  the  rect- 
angle by  the  segments  of  that  line  which  makes  equal  angles  wim  the  given  line. 

51.  This  problem  is  misplaced :  it  properly  fells  among  the  problems  on  Euc.  xi. 
Let  ABCD  be  the  given  rectangle,  whose  sides  AB,  CD  are  each  equal  to  34  a, 

and  whose  other  sides  are  each  equal  to  13a.  Take  A^,  AA:,  Be,  B/  each  equal  to 
12  a,  join  e/,  hk,  these  will  be  the  creases  required.  For  draw  Am,  B^  perpendi. 
cular  to  Ait,  ef,  and  join  am ;  bisect  CD  in  P ;  draw  PR  parallel  to  BC,  and  AD 
meeting  ^m  in  Q;  join  rg,  Pm;  let  the  triangles  B/c,  Ahk  he  turned  about /e 
and  hkiaSl  they  teke  the  respective  positions  fee,  hak,  at  right  angles  to  the  plane 
of  the  rectangle  ABCD ;  and  join  Pc,  Vd, 

52.  Let  ABC  be  a  right-angled  tnangle,  having  the  right  an^le  at  B  and  the 
base  BC  greater  than  the  perpendicular  AB.  Let  P  be  the  required  point  in  BC 
(not  AC)  so  that  when  AP  is  joined,  and  PD  drawn  perpendicular  to  AC,  AP  and 
PD  shall  be  a  minimum.  Produce  DP^  to  meet  AB  produced  in  E.  Then  ED 
or  AP  and  PD  may  be  proved  to  be  less  thui  the  sum  of  two  lines  drawn  to  any 
other  point  of  BC. 

53.  At  any  point  D  in  BC  draw  DE  perpendicular  to  BC  meeting  AB  in  E ; 
m  EA  take  EF  to  ED  as  1  to  2,  and  join  FD.  Through  A  draw  AG  parallel  to 
FD,  and  through  G  draw  GP  parallel  to  DE  meeting  AB  in  P.  Then  P  is  the 
point  such  that  AP  is  half  of  PG. 

54.  Let  these  points  be  taken,  one  on  each  side,  and  straight  lines  be  drawn 
to  them :  it  may  then  be  proved  that  these  points  severally  bisect  the  sides  of  the 
triangle. 

55.  Let  AB  be  equal  to  a  side  of  the  given  square.  On  AB  describe  a  semi- 
circle ;  at  A  draw  AC  perpendicular  to  AB  and  equal  to  a  fourth  proportional  to  AB 
and  the  two  sides  of  the  given  rectangle.  Draw  CD  parallel  to  AB  meeting  the  cir- 
cumference in  D.    Join  AD,  BD,  wmch  are  the  required  lines. 

56.  Describe  a  circle  about  the  triangle,  and  draw  the  diameter  through  the 
vertex  A,  draw  a  line  touching  the  circle  at  A,  and  meeting  the  base  BC  produced 
in  D.    llien  AD  will  be  a  mean  proportional  between  DC  and  DB.    Euc.  m.  36. 

57.  Let  A,  B  be  the  two  given  points,  and  C  a  point  in  the  circumference  <^ 
the  given  circle.  Let  a  circle  be  described  through  the  points  A,  B,  C  and  cutting 
the  circle  in  anotiier  point  D.  Join  CD,  AB,  and  produce  them  to  meet  in  E.  Let 
EF  be  drawn  touching  the  given  circle  in  F,  the  circle  described  through  the  points 
A,  B,  F,  will  be  the  circle  required.  Joining  AD  and  CB,  by  Euc.  in.  21,  the 
triangles  CEB,  AED  are  equiangular,  and  by  Euc.  vi.  4, 16,  iii.  36,  37,  tiie  given 
circle  and  the  required  circle  each  touch  the  line  EF  in  the  same  point,  and  ^erefore 
touch  one  another.    When  does  this  solution  fail  ? 

Various  cases  will  arise  according  to  the  relative  position  of  the  two  points  and 
the  circle. 

58.  Let  A  be  the  given  point,  BC  the  ^ven  straight  line,  and  D  the  centre  of  the 
given  circle.  Through  D  draw  CD  perpendicular  to  jBC,  meeting  the  circumference 
mE,F.   Join  AF,  and  take  FG  to  the  diameter  F£,  as  FC  is  to  FA.  Thecirdede. 
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scribed  passing  through  the  two  points  A,  6  and  touching  the  line  BC  in  B  is  tbe 
drderequh^.  Let  H  be  the  centre  of  this  circle ;  join  HB,  and  BF  cutting  the  cir- 
cumference of  the  ^ven  circle  in  K,  and  join  EK!.  Then  the  triangles  FBC,  FKE 
bdng  equiangular^  py  £uc.  vi.  4,  16,  and  uie  construction,  K  is  proved  to  be  a  pomt 
in  the  circumference  of  the  circle  passing  through  the  points  A,  G^  B.  And  if  DK, 
KH  be  joined,  DKH  may  be  proved  to  be  a  straight  line : — the  straight  line  which 
joins  the  centres  of  two  circles^  and  passes  through  a  cooomon  point  in  their  drcum- 
Krences. 

59.  Let  A  be  the  given  point,  B^  C  the  centres  of  the  two  given  circles.  Let 
a  line  drawn  through  B,  C  meet  the  circumferences  of  the  circles  in  G,  F ;  £,  D, 
respectively.  In  GD  produced,  take  the  point  H,  so  that  BH  is  to  CH  as  the  radius 
of  the  circlis  whose  centre  is  B,  is  to  the  radius  of  the  circle  whose  centre  is  C.  Join 
AH,  and  take  KH  to  DH  as  GH  to  AH.  Through  A,  K  describe  a  circle  ALK 
touching  the  circle  whose  centre  is  B,  in  L.  T^en^  maybe  proved  to  be  a  point  in 
the  circumference 
it  to  meet  the 
BL,  and  drawing  CO  , 
to  cut  the  drciunference  of  the  circle  whose  centre  is  B  in  M,  O ;  and  CO,  CM 
are  radiL  By  joining  GL,  DM,  M  may  be  proved  to  be  a  point  in  the  circumference 
of  the  circle  ALK.  And  by  producing  BL,  CM  to  meet  in  P,  P  is  proved  to  be  the 
centre  of  ALK,  and  BP  joining  the  centres  of  the  two  circles  passes  through  L  tbe 
point  of  contact  Hence  also  is  shewn  that  PMC  passes  through  M,  the  pomt  where 
the  circles  whose  centres  are  P  and  C  touch  each  other. 

Note.  If  the  given  point  be  in  the  circumference  of  one  of  the  circles,  the  con- 
struction may  be  more  simply  effected  thus : 

Let  A  be  in  the  curcumference  of  the  circle  whose  centre  is  B.  Join  BA,  and  in 
AB  produced^  if  necessary,  take  AD  equal  to  the  radius  of  the  circle  whose  centre  is 
C,  join  DC,  and  at  C  make  the  angle  DC£  equal  to  the  angle  CDE,  the  point  £  de- 
termined by  the  intersection  of  DA  produced  and  C£,  is  the  centre  of  the  circle. 

60.  Let  the  two  given  circles  oe  without  one  another,  and  let  A,  B  be  their 
centres.  Join  AB  cutting  the  circumferences  in  C,  D ;  take  C£^  DF  each  ^ual  to 
the  radius  of  the  required  circle :  the  two  circles  described  with  centres  A^  B,  and 
radii  AE,  BF  respectively,  will  intersect  one  another,  and  the  point  of  intersection 
will  be  the  centre  of  the  required  circle.    Distinguish  the  different  cases. 

CI.  Let  the  two  given  lines  AB,  BD  meet  m  B,  and  let  C  be  the  centre  of  tbe 
given  circle,  and  let  the  required  circle  touch  the  Ike  AB,  and  have  its  centre  in 
BD.  Draw  CF£  perpendicular  to  H6  intersecting  the  circumference  of  die  given 
circle  m  F,  and  produce  C£^  making  £F  equal  to  the  radius  CF.  Through  G  draw 
GK  parallel  to  AB,  and  meeting  D6  in  Ji.  Join  CK,  and  through  B,  draw  BL 
parallel  to  KC,  meeting  the  circumference  of  the  circle  whose  centre  is  C  in  L;  join 
CL  and  produce  CL  to  meet  BD  in  O.  Then  O  is  the  centre  of  the  circle  reauu^ed. 
Draw  OM  perpendicular  to  AB,  and  produce  EC  to  meet  BD  in  N.  T^n  oy  the 
similar  triangles,  OL  may  be  proved  eoual  to  OM. 

62.  Let  AB  be  the  given  straignt  line,  and  C  the  centre  of  the  given  drck; 
through  C  draw  the  diameter  DC£  perpendicular  to  AB.  Place  in  the  drde  a  line 
FG  which  has  to  AB  the  given  ratio ;  bisect  FG  in  H,  ym  CH,  and  on  the  diameter 
DC£,  take  CK^  CL,  each  equal  to  CH ;  either  of  the  lines  drawn  through  K,  U 
and  parallel  to  AB  is  the  line  required. 

63.  The  locus  of  the  intersections  of  the  diagonals  of  all  the  rectangles  inscribed 
in  a  scalene  triangle,  is  a  straight  line  drawn  from  the  bisection  of  the  base  to  tbe 
bisection  of  the  shorter  side  of  the  triangle. 

64.  The  tangent  AC  by  £uc.  in.  36,  may  be  shewn  to  be  equal  to  3 .  AB :  the 
problem  is  reduced  to  findii^  a  mean  proportioned  between  AB  and  3  .  AB. 

65.  ^  Let  A  be  the  given  point  witnin  the  circle  whose  centre  is  C,  and  let  BAD 
be  the  line  required,  so  tiiat  BA  is  to  AD  in  the  given  ratio.  Join  AC  and  modoos 
it  to  meet  the  circumference  in  £,  F.  Then  £F  is  a  diameter.  Draw  BG,  DH 
perpendicular  on  £F :  then  the  triangles  BGA,  DHA  are  equiangular.  Hence  the 
construction. 

66.  This  Problem  only  differs  from  the  preceding  in  having  the  given  point 
without  the  given  circle. 
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67.  Draw  tangents  EF,  GH,  common  to  the  two  cirdea  whose  dentrte  are  A, 
B  to  cut  the  line  AB  in  C  and  D,  (C  being  between  A  and  B,  and  D  in  AB  pro- 
duced) :  then  any  line  drawn  through  either  of  these  points  will  fulfil  the  conditions 
of  the  Problem. 

Take  a  line  through  D,  the  intercepted  chords  of  which  are  KL  and  MN ;  and 
join  AM,  AN,  AE,  BK,  BL,  BF.    Then  AD  :  DB  ::  AE  :  BF  ::  AN  :  BL. 

Whence  the  triangles  ADN,  BDL  are  similar,  and  AN  is  parallel  to  BL.  Simi- 
larly AM  is  parallel  to  BK ;  and  hence  the  isosceles  triangles  MAN^  KBL  have  the 
angles  at  their  vertices  A,  B,  equal.  The  other  angles  therefore  are  equal,  and  the 
triangles  are  similar.   Whence  MN  :  KL  ::  AM  :  BK. 

Hence  to  draw  a  pair  of  common  tangents  to  two  circles. 

Draw  any  two  parallel  radii  AM,  BK,  join  MK,  AB  and  produce  them  to  inter- 
sect in  D.  Then  D  is  the  point  from  which  a  pair  of  common  tangents  may  be  ^wn 
to  the  two  circles.  The  points  of  contact  may  be  found  by  describing  circles  on  BD, 
DA  as  diameters. 

68.  Since  the  magnitude  and  position  of  the  two  circles  are  ^ven,  their  radii 
and  the  distances  of  their  centres  are  known.  Let  O,  O'  be  the  centres  of  the  laiger 
and  smaller  circles,  join  00',  O'C,  from  C  draw  CE  to  touch  the  larger  circle  in  E. 
Jom  also  OE,  CO.  Then  Euc.  m.  36.  CA .  CB  =  CE«,  and  fnom  the  right-angled 
triangles  CE  is  known,  also  the  ratio  of  CA  to  CB  is  given.  Hence  the  problem  is 
reduced  to  this :  to  find  two  lines  which  have  a  given  ratio  to  one  another^  and 
whose  rectangle  is  equal  to  a  given  rectangle. 

69.  Let  A  be  the  aiven  point  in  the  circumference  of  the  circle,  C  its  centre. 
Draw  the  diameter  ACB,  and  produce  AB  to  D,  taking  AB  to  BD  in  the  nven 
ratio :  from  D  draw  a  line  to  touch  the  circle  in  E,  which  is  the  point  required.  From 
A  draw  AF  perpendicular  to  DE,  and  cutting  the  circle  in  G. 

70.  See  Problem  8,  p.  348. 

71.  Simpose  the  area  of  the  grass>plot  to  be  two-thirds  of  the  rectangular  field. 
Let  HM,  LM  be  two  lines  drawn  from  H,  L  points  in  AB,  BC  and  parallel  to 

the  sides,  cut  off  the  rectangle  HMLB  equal  to  two-thirds  of  ABCD,  Problem  95, 
p.  352.  Bisect  LC,  AH  in  P,  Q,  and  through  P,  Q  draw  PR,  QR  parallel  to  the 
sides  and  meeting  in  R.  On  BA,  BC,  take  BS,  BT  each  equal  to  AQ,  through  S 
draw  SX  parallel  to  BC  and  meeting  QR  in  X,  and  through  T  draw  TYZ  pandlel 
to  AB  meeting  SX  in  Y,  and  QR  in  Z.  Then  the  rectangle  RXYZ  is  equal  to 
HMLB,  and  AQ  is  the  width  of  the  pathway  round  the  grass-plot 

72.  By  means  of  Theorem  137,  p.  362,  the  ratb  of  the  diagonals  AC  to  BD  may 
be  found  to  be  as  AB .  AD  +  BC.  CD  to  AB .  BE  + AD .  DC.  figure,  Euc.  vl  D. 

73.  The  two  hexagons  consist  each  of  six  equilateral  triangles,  and  the  ratio  of 
the  hexagons  is  the  same  as  the  ratio  of  their  equilateral  triangles. 

74.  Let  ABC  be  any  triangle  and  D  be  the  given  point  in  BC,  from  which  lines 
are  to  be  drawn  which  snail  divide  the  triangle  into  any  number  (suppose  five)  equal 
parts.  Divide  BC  into  five  equal  parts  in  E,  F,  G,  H,  and  draw  AE,  AF,  AG, 
AH,  AD,  and  through  E,  F,  G,  H  draw  EL,  FM,  GN,  HO  paraUel  to  AD,  and 
join  DL,  DM,  DN,  DO?  these  lines  di^dde  the  triangle  into  five  equal  parts. 

By  a  similar  process,  a  triangle  may  be  divided  into  any  number  of  parts  which 
have  a  given  ratio  to  one  another. 

75.  Let  ABC  be  the  larger,  a  &  c  the  smaller  triangle,  it  is  required  to  draw  a  line 
DE  parallel  to  AC  cutting  off  the  triangle  DBE  equal  to  the  triangle  abc.  On  BC 
take  BG  equal  to  5  c,  and  on  BG  describe  the  triangle  BGH  equal  to  the  triangle  ahc. 
Draw  HK  parallel  to  BC,  join  KG ;  then  the  triangle  BGK  is  equal  to  the  triangle 
abc.  On  BA,  BC talce  BD  to  BE  in  the  ratio  of  BA  to  BC,  and  such  that  the  rect- 
angle contained  by  BD,  BE  shall  be  equal  to  the  rectangle  contained  by  BK,  BG. 
Join  DE,  then  DE  is  parallel  to  AC,  and  the  triangle  BDE  is  equal  to  abc, 

76.  Let  ABC  be  the  given  triangle  which  is  to  be  divided  into  two  parts  having 
a  g^ven  ratio,  by  a  line  pamUel  to  BC.  Describe  a  semicircle  on  AB  and  divide  AB 
in  D  in  the  given  ratio,  at  D  draw  DE  peipendicular  to  AB  and  meeting  the  drcum- 
ference  in  E,  with  centre  A  and  radius  AE  describe  a  circle  cutting  AB  in  F;  the 
line  drawn  through  F  parallel  to  BC  is  the  line  required. 

In  the  same  manner  a  triangle  may  be  divided  into  three  or  more  parts  having 
any  given  ratio  to  one  another  by  lines  drawn  parallel  to  one  of  the  ddes  of  Uie 
triangle. 


bi 
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77.  This  is  a  particular  case  of  Prob.  1,  p.  254.  It  wiU  be  found  that  the  side 
of  the  square  b  equal  to  one-third  of  the  hypotnemise. 

78.  The  square  inscribed  in  a  riffht-anfirled  triangle  which  has  one  of  its  sides 
coinciding  with  the  hypothenuse,  may  be  shewn  to  be  less  than  that  vduch  has  two  of 
its  sides  coinciding  ^nth  the  base  and  perpendicular. 

79.  Find  M  and  N  the  sides  of  squares  equal  to  the  given  triangle  and  the 
Tven  area  of  the  rectangle  respectively;  from  A  draw  AD  perpendicular  on  BC  the 
ase  of  the  triangle ;  on  AD  describe  a  semicircle,  bisect  the  arc  in  £  and  draw  ED; 

next  find  a  fourth  proportional  to  M,  N,  and  D£.  In  DB  make  DF  equal  to  this 
line,  and  draw  FGG'  parallel  to  AD  and  cutting  the  semicircle  in  G,  G  :  then  one 
side  of  the  required  rectangle  passes  throu^  G. 

A  second  rectangle  fulfilling  the  conditions  is  found  by  means  of  G'. 

The  limit  of  possibility  is  ^en  FGG'  becomes  a  tangent  to  the  semicircle;  and 
the  inscribed  rectangle  is  then  the  greatest  possible.  ^^ 

Give  the  Analysis  of  the  Problem. 

80.  Take  two  points  on  the  radii  equidistant  from  the  centre,  and  on  the  line 
jmning  these  pdnts,  describe  a  square ;  the  lines  drawn  from  the  centre  through  the 
opposite  angles  of  the  square  to  meet  the  circular  arc,  will  determine  two  points  of  the 
square  inscribed  in  the  sector. 

81.  Since  the  area  of  the  triangle  is  ^ven,  the  side  of  the  square  which  is  doa- 
ble the  area  of  the  triangle  is  given.  Find  a  thn*d  proportional  to  the  given  base,  and 
the  side  of  this  square :  this  line  will  be  equal  to  the  altitude  of  the  triangle. 

82.  The  sides  of  the  three  squares  inscribed  in  the  triangle  may  be  shewn  to  be 
inversely  as  the  three  sides  of  the  triangle  respectively  assumed  as  the  base.  Hence 
that  square  is  the  greatest  which  is  contiguous  to  the  smallest  of  the  three  sides  of  the 
triangle. 

83.  Let  ABODE  be  the  given  regular  pentagon.  On  AB,  AE  take  equal  dis- 
tances AF,  AG,  join  FG,  and  on  FG  describe  a  square  FGKH.  Join  AH  and  pro- 
duce it  to  meet  a  side  of  the  penta^n  in  L.  Draw  LiM  parallel  to  FH  meeting  A£ 
in  M.    Then  LM  is  a  side  of  the  inscribed  square. 

84.  Let  ABC  be  tiie  given  triangle.  Draw  AD  making  with  the  base  BC  an 
angle  equal  to  one  of  the  given  angles  of  the  paiallek^^[ram.  Draw  A£  parallel  to 
BC  and  take  AD  to  AE  in  the  given  ratio  of  the  sides.    Jdn  BE  cutting  AC  in  F. 

85.  The  greatest  parallelogram  which  can  be  inscribed  in  a  given  triangle,  is  that 
which  has  one  side  parallel  to  uie  base  of  the  triangle,  and  tenninated  in  the  pdnts  of 
bisection  of  the  sides. 

8G.  This  is  only  a  particular  case  of  the  general  problem,  when  the  rectilineal 
figures  are  a  right-angled  triangle  and  a  square  of  given  magnitudes. 

87.  Let  AB  be  me  base  of  the  s^ment  ABD  fig.  Euc.  m.  30.  Bisect  AB  in 
C,  take  any  point  E  in  AC  and  make  CF  equal  to  CE :  upon  EF  describe  a  square 
EFGH :  from  C  draw  CG  and  produce  it  to  meet  the  arc  of  the  segment  in  K. 

88.  This  parallelogram  may  be  proved  to  be  a  square. 

89.  Anal3rsis.  Let  ABCD  be  the  given  rectangle,  and  EFGH  that  required, 
having  the  point  E  on  AB,  F  on  BC,  &c.,  and  let  LMKN  be  the  parallelograin 
whose  angular  points,  L,  M,  N,  K  are  at  the  bisections  of  AB,  BC,  CD,  DA. 

Then  HA.  AE  +  EB  .BF= fig.  ABCD -fig.  EFGH  =  a  given  area. 

Whence  2 .  HK .  EL = fig.  ABCD  -  fig.  EFGH  -  2 .  AK .  AL. 

The  rectangle  of  the  two  distances  HK,  EL,  from  the  middle  of  the  sides  is 
therefore  ^ven. 

Also  by  the  similar  triangles  HAE,  EBF,  may  be  deduced, 

LE»-HK«=^AL«-AK«. 

Whence  the  rectangle,  and  the  difference  of  the  squares  of  LE^  KH  are  given, 
to  find  the  lines  themselves. 

90.  In  a  straight  line  at  any  point  A,  make  Ac  to  Ac? in  the  g^ven  ratio.  At 
A  draw  AB  perpendicular  to  c  Ae^  and  equal  to  a  side  of  the  given  square.  On  ed 
describe  a  semicircle  cutting  AB  in  b;  and  join  be,  bd;  from  B  draw  BC  parallel 
to  bCf  and  BD  parallel  to  ba:  then  AC,  AD  are  the  a^aoent  sides  of  the  rectangle. 
For,  CA  is  to  AD  as  cA  to  Ad;  Euc.  vi.  2.  and  CA.  AD=AB«,  CBD  bang 
a  right-angled  triangle. 

91.  Let  D  be  the  given  point  within  the  tiiangle  ABC.  In  the  base  BC  take 
BX  to  BC  as  the  part  to  be  cut  off  is  to  the  whole  triangle.    Join  BX,  and  desoibo 
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the  parallelogram  BEFG  equal  to  the  triangle  ABX,  having  the  sides  BE,  BG  on 
BA,  BC  respectively,  and  the  side  £F  passing  through  the  point  D.  Draw  DH 
parallel  to  Ad,  and  on  HG  describe  a  semicirde,  place  HK  in  this  semicircle,  equal 
to  HB,  join  GK,  and  with  centre  G  and  radius  GK  describe  a  circle  aitdng  BC  in 
L,  M ;  the  line  drawn  from  L  or  M  through  D,  cuts  off  the  required  part  from  the 
triangle  ABC.    Give  the  analysis. 

92.  A  mean  proportional  between  two  homologous  ndes  of  the  polygons,  will  be 
the  corresponding  side  of  the  required  polygon. 

93.  Analysis.  Let  ABCD  be  the  given  rectangle^  and  EFGH  that  to  be  con- 
structed.  Then  the  diagonals  of  EFGH  are  ecjual  and  bisect  each  other  in  P  the 
centre  of  the  given  rectangle.  About  EFF  descnbe  a  circle  meeting  BD  in  K,  and 
join  KE,  KF.    Then  since  the  rectangle  EFGH  is  given  in  species,  the  angle  EPF 

[ned  by  its  diagonals  is  given ;  and  nence  also  the  opposite  angle  EKF  of  the  in- 
ibed  quadrilateral  PEKF  is  given.  Also  since  KP  bisects  that  angle,  the  angle 
^KE  is  given,  and  its  supplement  BKE  is  given.  And  in  the  same  way,  KF  is 
parallel  to  another  giv^i  line ;  and  hence  EF  is  parallel  to  a  third  given  line.  Again, 
the  angle  EPF  of  toe  isosceles  triangle  EPF  is  given;  and  hence  the  quadrilateral 
EPFIC  is  given  in  species. 

94.  Reference  may  be  made  to  Euc.  vi.  31. 

95.  It  is  manifest  that  this  is  the  ^neral  case  of  Prob.  3,  p.  331. 
If  the  rectangle  to  be  cut  off  be  two-tlurds  of  the  ^ven  rectangle  ABCD. 
Produce  CB  to  E  so  that  BE  may  be  equal  to  a  side  of  that  square  which  is  equal 

to  the  rectangle  required  to  be  cut  off;  in  this  case,  equal  to  two  thirds  of  the  rectangle 
ABCD.  On  AB  take  AF  equal  to  AD  or  BC ;  bisect  FB  in  G,  and  with  centre  G 
and  radius  GE  describe  a  semicircle  meeting  AB^  and  AB  produced,  in  H  and  K. 
On  CB  take  CL  equal  to  AH  and  draw  HM,  LM  parallel  to  the  sides,  and  HELM 
is  two-thirds  of  the  rectangle  ABCD. 

96.  Draw  any  diameter  AB,  in  AB  take  any  point  C,  and  through  C  draw 
DCE  perpendicular  to  AB,  making  CE  and  CD  each  equal  to  half  of  AC.  Join 
AD,  AE  and  produce  them  to  meet  the  circumference  in  F,  G.    Join  FG. 

97.  Draw  any  diameter  AB  of  the  given  circle ;  on  AB  take  AC  to  AB  as  4  to 
5,  and  draw  DCE  perpendicular  to  AB.  Join  AE^  EB,  BD,  BA^  and  the  isosceles 
triangle  AED  is  four  times  the  isosceles  triangle  EBD. 

98.  In  the  figure  Euc.  in.  30;  from  C  draw  CE,  CF  making  with  CD,  the 
angles  DCE,  DCF  each  equal  to  the  angle  CDA  or  CDB,  and  meeting  the  arc  ADB 
in  E  and  F.  Join  EF,  the  segment  of  the  circle  described  upon  EF  and  which  passes 
through  C  will  be  sinular  to  the  segment  ADB. 

99.  The  side  of  the  equilateral  triangle  is  one-third,  and  the  side  of  the  regular 
pentagon  is  one-fifth  of  the  given  line,  llie  radii  of  their  Inscribed  circles  may  be  ex- 
])ress^  in  terms  of  the  sides  of  the  triangle  and  pentagon  respectively :  and  the  nume- 
rical ratio  of  the  radii  will  be  found  to  be  as  5  ^/5  -  \/5  to  /v/21. 

100.  By  means  of  the  similar  triangles  it  may  be  proved  that  of  any  three  of  the 
consecutive  circles,  the  sum  of  the  radii  of  the  first  ana  second,  is  to  their  difference, 
as  the  sum  of  the  radii  of  the  second  and  third,  is  to  thdr  difference. 
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3.  This  is  the  converse  of  the  Cor.  Euc.  vi.  1,  and  may  be  proved  indirectly. 

4.  See  Note  p.  5,  Appendix. 

5.  See  Note  Euc.  vi.  A,  p.  203. 

6.  The  lines  drawn  making  equal  angles  with  homologous  sides,  divide  the  tri- 
angles into  two  corresponding  pairs  of  equiangular  triangles ;  by  Euc.  vi.  4,  the  pro- 
portions are  evident. 

7.  Let  DE  be  the  position  of  the  ^ven  line  and  B  the  given  point  through 
which  the  parallel  is  to  pass.  Stretch  the  string  from  B  to  D  and  take  a  continued 
length  DA  equal  to  DB.  From  A  take  any  length  to  meet  DE  in  any  point  E,  and 
take  a  continued  length  EC  equal  to  EA :  tne  line  joining  B  and  C  is  parallel  to  DE. 
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8.  AU  the  parallelograms  are  manifestlv  similar  and.  similarly  situated  with  re- 
spect to  each  other:  and  every  4,  9,  16,  20,  &c.  of  the  snialler  ones,  form  parallelO' 
grams  similalr  to  each  other  and  the  smaUer  one. 

9.  Join  BC,  DC.  Draw  AF  intersecting  DC  in  G,  and  let  AF  produced  meet 
BC  in  H.  Then  DC  is  parallel  to  BC,  and  from  the  similar  triangles  FDG^  FHC; 
FDE,  FBC;  ADE,  ABC;  FC  may  be  shewn  to  be  equal  to  m.FD:  and 
DC  =  FC+DF. 

10.  Jom  ha  cutting  AE  m  F.  Then" by  the  similar  triangles  D6F,  DFCj 
D6a,  DBC;  A6a,  ABC;  ».FE-C»+1).DE,  and  DE  =  AE-AD.  Also  from 
the  similar  triangles  Aba,  ABC;  n .  FE=(n-l) .  AE.  Whence  is  shewn 
2.AE^(n  +  l).AD.  By  means  of  the  Theorem  160,  p.  364,  and  £uc.  yi.  2,  (for 
ba  is  parallel  to  BC)  BC  may  be  proved  to  be  bisected  in  £. 

11.  By  constructing  the  figure,  the  angles  of  the  two  triangles  may  easily  be 
shewn  to  be  respectively  equal. 

12.  The  area  of  a  right-angled  triangle  being  half  of  the  rectangle  contained  by 
the  base  and  perpendicular ;  the  sum  of  the  series  of  trismgles  will  be  found  to  depend 
upon  the  sum  of  the  series  1  +  i + i  +  &c.  continued  ad  iimnitum. 

13.  This  may  be  eJiewn  from  Euc.  i.  47;  vi.  4, 16. 

14.  Let  ABCD  be  a  square  and  AC  its  diagonal.  On  AC  take  AE  equal  to  the 
side  BC  or  AB :  join  BE  and  at  E  draw  EF  perpendicular  to  AC  and  mtt^rxg  BC 
in  F.  Then  EC,  the  difference  between  the  diagonal  AC  and  the  side  AJB  oi  the 
square,  is  less  than  AB ;  and  CE,  EF,  FB  may  l^  proved  to  be  equal  to  one  another : 
also  CE,  EF  are  the  adjacent  sid»3  of  a  square  whose  diagonal  is  FC.  On  FC  take 
FG  equal  to  CE  and  join  EG.  Then  as  in  the  firat  square,  the  difference  C6  be- 
tween tiie  diagonal  FC  and  the  side  EC  or  EF,  is  lesis  than  the  side  EC.  Hence  EC 
the  difference  between  the  diagonal  and  the  side  of  the  g^ven  square,  is  contained 
twice  in  the  side  BC  with  a  remainder  CG :  and  CG  is  the  difl^nce  between  tlie  side 
CE  and  the  diagonal  CF  of  another  square.  By  proceeding  in  a  similar  wa^,  CG 
the  difference  between  the  diagonal  CF  and  the  side  CE,  is  contsdned  twice  m  the 
side  CE  with  a  remainder :  and  the  same  relations  may  be  shewn  to  exist  between 
the  difference  of  the  diagonal  and  the  side  of  every  square  of  the  series  which  is  so 
constructed.  Hence,  therefore,  as  the  difference  of  the  side  and  diagonal  of  every 
square  of  the  series,  is  contained  twice  in  the  side  with  a  remainder,  it  follows  that 
there  is  no  line  which  exactly  measures  the  side  and  the  diagonal  of  a  souare. 

15.  In  the  arc  AB  (fig.  Euc.  iv.  2)  let  any  point  K  he  taken,  ana  fiiom  K  let 
KL,  KM,  KN  be  drawn  perj)endicular  to  AB,  AC,  BC  respectively,  produced  if 
necessary,  also  let  LM,  Lis  bejoined,  then  MLN  may  be  shewn  to  be  a  straight  line. 
Draw  AK,  BK,  CK,  and  by  Euc.  iii.  31, 22,  21 ;  Euc.  1. 14. 

16.  Join  AL,  and  produce  it  to  meet  the  base  BC  in  G.  Jdn  also  DF  inter- 
secting AG  in  M.  Then  every  line  DF  drawn  parallel  to  the  base  BC  is  divided  in 
the  same  proportion  as  the  segments  of  the  base  made  by  a  line  drawn  from  the  ver- 
tex of  the  triangle.  Then  conversely,  if  this  proportion  hold  good,  the  line  joining 
the  points  L,  G  must  pass  through  A. 

17.  Divide  the  given  base  BC  in  D,  so  that  BD  may  be  to  DC  in  the  ratio  of 
the  sides.  At  B,  D  draw  BB',  DD'  perpendicular  to  BC  and  equal  to  BD,  DC 
respectively.  Join  B'D'  and  produce  it  to  meet  BC  produced  in  O.  'Wldi  centre  0 
ana  radius  CD  describe  a  circle.  From  A  any  point  in  the  circumference  join  AB, 
AC,  AO.  Prove  that  AB  is  to  AC  as  BD  to  DC.  Or  thus.  If  ABC  be  one  of  the 
triangles.  Divide  the  base  BC  in  D  so  that  BA  is  to  AC  as  BD  to  DC.  Produce 
BC  and  take  DO  to  OC  as  BA  to  AC :  then  O  is  the  centre  of  the  circle. 

18.  A  circle  may  be  described  about  the  four-sided  figure  ABDC.  By  Euc.  l 
13 ;  Euc.  ni.  21,  22.    The  triangles  ABC,  ACE  may  be  snewn  to  be  equiangular. 

19.  Let  ABC  be  the  given  triangle,  and  let  the  Ime  EGF  cut  the  base  BC  in  G. 
Join  AG.  Then  by  Euc.  vi.  1,  and  llieo.  85,  p.  358,  it  may  be  proved  that  AC  is  to 
AB  as  GE  is  to  GF. 

20.  Since  CE  is  equal  to  CA,  the  triangles  CAB,  CED  are  similar,  Euc.  vi.  6, 
and  by  Euc.  i.  5, 32,  the  triangles  CAB,  DCB  may  be  shewn  to  be  similar. 

21.  Let  ABC  be  the  triangle,  right-angled  at  C,  and  let  AE  on  AB  be  equal  to 
AC,  also  let  the  line  bisecting  the  angle  A,  meet  BC  in  D.  Join  DE.  Then  the 
triangles  ACD,  AED  are  equal,  and  the  triangles  ACB,  DEB  equiangidar. 
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22.  Let  ABC  be  any  triangle,  let  BD  be  drawn  parallel  to  AC  and  equal  to 
AB,  and  CE  parallel  to  AB  and  equal  to  AC.  Join  DC,  BE  intersecting  Ati,  AC 
in  F,  G  respectively.  Then  by  means  of  the  similar  triangles,  two  proportions  may 
be  found  m)m  which  it  may  be'proved  that  AF  is  equal  to  AG,  ana  that  dther  is  a 
mean  proportional  between  BF  and  CG. 

23.  See  Theorem  16,  p.  308. 

24.  If  the  property  be  assumed  to  be  true ;  then  by  Euc.  vi.  16,  it  follows  that 
the  difference  of  the  squares  of  the  sides  of  the  triangle,  is  equal  to  ihe  difference  of 
the  squares  of  the  segments  of  the  base ;  and  therefore  the  difference  of  the  squares  of 
one  side  and  the  adjacent  segment  of  the  base,  is  equal  to  the  difference  of  the  squares 
of  the  other  side  and  its  adjacent  segment  of  the  base.  Whence  it  follows,  that  the 
line  drawn  from  the  vertex  of  the  triangle  to  the  point  of  section  of  the  base,  is  per- 
pendicular to  the  base. 

25.  Let  BCDE  be  the  square  on  the  side  BC  of  the  isoscdes  triangle  ABC. 
Then  by  Euc.  vi.  2,  FG  is  proved  parallel  to  ED  or  BC. 

26.  Let  the  n^  part  of  the  given  line  be  cut  off  by  Euc.  vi.  9,  then  by  Euc 
II.  1. 

27.  The  case  in  which  the  two  angles  are  equal  is  proved  in  Euc.  vi.  15,  the  case 
where  one  anffle  is  the  supplement  of  me  other  offers  no  difficulty. 

28.  Produce  EG,  FG  to  meet  the  perpendiculars  CE,  BF,  produced,  if  neces- 
sary ;  the  demonstration  is  ob^dous. 

29.  Let  the  perpendiculars  from  B,  C  the  angles  at  the  base,  meet  the  line  bisect- 
ing the  vertical  angle  A  in  E,  F ;  and  let  the  line  bisecting  the  vertical  angle,  meet  the 
base  in  D.  Then  twice  the  area  of  the  triangle  ABC  is  the  sum  of  the  rectangles  con- 
tained by  AD,  BE  and  AD,  CF.  The  triangles  AFC,  AEB  are  equiangular,  as  also 
the  triangles  CFD,  BED. 

30     This  property  is  a  particular  case  of  Euc.  vi.  2. 

31.  The  Imes  joining  the  bisections  of  every  two  sides  may  be  proved  parallel  to 
the  remaining  side  of  the  triangle,  and  the  equality  of  the  triangles  may  be  inferred 
from  Euc.  i.  38. 

32.  Draw  AF,  And  the  triangle  AFC  is  equal  to  the  triangle  ABD;  therefore 
the  ratio  of  the  trisuigle  FCE  to  ABD  is  known.  The  numerical  value  of  the  ratio 
may  be  found  from  the  note  on  Euc.  ii.  11,  p.  72. 

The  second  property  is  obvious  from  the  similarity  of  the  triangles. 

33.  This  property  may  be  deduced  directiy  from  Euc.  vi.  B,  3. 

34.  This  property  may  be  inmiediatdy  deduced  from  Euc.  vi.  8,  Cor. 

35.  From  D  draw  DE  perpendicular  to  AB,  then  DE  is  equal  to  DC. 

And  by  Euc.  vi.  3,  4,  DC  :  AC  ::  BE  :  BC. 

Whence  may  be  shewn,  AC*  :  AD'  ::  BC*  :  BE»  +  BC*: 

also  BE'*  =  BD»  -  DE* = BD*  -  DC*  =  (BD  +  DC) .  (BD  -  DC)  =  BC .  (BD  -  DC). 

Whence  it  follows  that  AC* :  AD* ::  BC* :  BC  (BD  -  DC+  BC) ::  BC  :  2 .  BD. 

36.  Let  the  line  DF  drawn  from  D  the  bisection  of  the  base  of  the  triangle 
ABC,  meet  AB  in  E,  and  CA  produced  in  F.  Also  let  AG  drawn  parallel  to  BC 
from  the  vertex  A,  meet  DF  in  G.  Then  by  means  of  the  similar  triangles;  DF, 
FE,  FG  may  be  shewn  to  be  in  harmonic  proportion. 

37.  See  Euc.  vi.  A,  note,  p.  204. 

38.  Produce  AC  to  G.  Then  the  angle  BCG  is  bisected  by  CF,  Euc.  vi.  A, 
and  the  a^le  ACB  by  CE.    Euc.  vi.  3. 

39.  The  angle  at  A  the  centre  of  the  circle  (fig.  Euc.  iv.  10)  is  one  tenth  of  four 
right  angles,  the  arc  BD  is  therefore  one  tenth  of  tiie  circumference,  and  the  chord 
BD  is  the  side  of  a  regular  decagon  inscribed  in  the  larger  circle.  Produce  BC  to 
meet  the  circumference  in  F  and  join  BF,  then  BF  is  the  side  of  the  inscribed  pen- 
tagon, and  AB  is  the  side  of  the  inscribed  hexagon.  Join  FA.  Then  FCA  may 
be  proved  to  be  an  isosceles  triangle  and  FB  is  a  Ime  drawn  from  the  vertex  meeting 
the  base  produced.  If  a  perpendicular  be  drawn  from  F  on  BC,  the  difference  of 
the  squares  of  FB,  FC  may  be  shewn  equal  to  the  rectangle  AB,  BC,  (Euc.  i.  47; 
II.  5,  Cor.) ;  or  the  square  of  AC,  Euc.  iv.  10. 

40.  The  triangles  formed  by  drawing  the  successive  perpendiculars  may  be 
shewn  to  be  equiangular,  and  each  equiangular  to  the  origmal  triangle. 
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41.  Draw  the  perpendicular  CE  from  C  on  the  base  AB. 
Then  CB»  =  CD«  +  BD»  +  2 .  BD  .  DE.    Euc.  ii.  1 2. 

and  AC  =  CD« + AD*  -  2 .  AD .  DE.    Euc.  n.  1 3. 
Multiply  the  former  by  AD,  and  the  latter  by  BD,  and  add  the  results, 
andAD.BC*+BD.AC=CD»(AD  +  BD)  +  AD.BD(BD+AD) 

=  CD*.AB  +  AD.BD.AB. 

This  result  is  Prop.  n.  of  Matthew  Stewart's  General  TTieorems. 

The  Analytical  Discussion  of  Matthew  Stewart's  General  Theorems  by  T.  S. 
Davies,  Esq.,  F.RS.,  wiU  be  found  at  p.  573,  &c.  VoL  XV.  of  the  Transactions  of 
the  Royal  Society  of  Edinburgh. 

42.  The  segments  cut  fiff  from  the  sides  are  to  be  measured  from  the  lifbt 
angle,  and  by  similar  triangles  are  proved  to  be  equal ;  also  by  similar  triangles,  eimer 
of  them  is  proved  to  be  a  mean  proportional  between  the  remaining  segments  of  the 
two  sides. 

43.  The  triangles  HCF,  ABF  may  be  shewn  to  be  eouiangular. 

44.  Draw  FCTperpendicular  to  BA,  and  FH  perpendicular  to  CE.  From  the 
similar  triangles  AED,  AGF,  BFG,  BCE;  DE  :  CE  ::  BG  :  AG. 

But  BG=AE-EG  =  AE-FH,  and  AG  =  AE  +  EG  =  AE  +  FH.  And  torn 
the  shnilar  trianries  CFH,  CEA,  AC  :  CF ::  AE  :  FH.  Whence  may  be  deduced 
the  proportion  DE  ;  EC  ::  AC  -  CF  :  AC  +  CF. 

45.  This  theorem  is  the  same  as  theorem  19,  p.  354,  under  a  slightly  modified 
form  of  expression. 

46.  Assimiing  the  truth  of  Theorem  35,  page  355,  namely, 

AC  :  AD'  ::  BC  :  2.BD;    .*.  2.  AC'' :  AD»  ::  BC  :  BD, 
whence  2.  AC- AD»  :  AD'  ::  BC-  BD  :  BD, 

and  since  2.AC«- AD'=2.AC»-(AC'+DC')=AC-CD% 

the  propertv  is  immediately  deduced. 

47.  Tne  enunciation  of  this  theorem  does  not  seem  definite. 

48.  See  Theorem  2,  page  305. 

49.  Each  of  the  lines  may  be  proved  to  be  divided  at  the  point  of  intersectioD 
in  the  ratio  of  2  to  1. 

50.  This  theorem  bears  the  same  relation  to  Euc.  vi.  B  as  Euc.  vi.  A  does  to 
Euc.  VI.  3.  Describe  a  circle  about  the  triangle  ABC,  produce  EA  to  meet  tibe  cir- 
cumference again  in  F  and  join  FC.  Then  by  the  similar  triangles  BE  A,  FCA;  the 
rectangle  B  A,  AC  is  equal  to  the  rectangle  AE,  AF.  By  Euc.  in.  36,  Cot.  the  rect- 
angle FE,  EA  is  equal  to  the  rectangle  BE,  EC.  And  since  FE  is  divided  in  A, 
Euc.  II.  3,  the  rectangle  FE,  EA  is  equal  to  the  rectangle  EA,  AF  toge^er  with^the 
square  of  AE.    Hence,  &c. 

51.  In  the  figure.  Theorem  45,  p.  302,  draw  PQ,  PR,  PS  perpendiculars  on 
AB,  AD,  AC  respectively :  then  since  the  triangle  PAC  is  equal  to  the  two  triangles 
PAB,  PAD,  it  follows  that  the  rectangle  contained  by  PS,  AC,  is  equal  to  the  sum 
of  the  rectangles  contained  by  PQ,  AB,  and  by  PK,  AD.  When  is  the  rectangle 
by  PS,  AC,  equal  to  the  difference  of  the  other  two  rectangles  ? 

52.  Suppose  Bfh  to  intersect  EF,  EG,  EH  m  /,  g,  n,  and  to  meet  EK  in  K. 
Through  ^  draw  Ait ^  parallel  to  EB  or  AC  and  km  parallel  to  EF.  Then  by  means 
of  the  similar  triangles  may  be  proved,  that  B/ is  to  /A  as  /^  is  to  2mg.  Whence 
B/is  to  Bhsisfg  isiogh,  since  2m g  is  the  difference  between/^  and  gh. 

Again,  draw  Hw  parEillel  to  Gg,  and  by  a  similar  process  is  proved,  B^r  is  to 
BK  aa  gh  to  kK.  The  line  Bfh  might  be  drawn  so  as  to  meet  any  one  of  Ac 
equidistant  points  in  the  given  line  AC. 

53.  The  angles  made  by  the  four  lines  at  the  point  of  their  divergence  remain 
constant.    See  Note  on  Euc.  vi.  A,  p.  203. 

54.  The  triangles  AEC,  CBE  may  be  shewn  to  be  equianffular.  Then  Euc.  vi.4. 

55.  This  is  an  extension  of  theorem  49,  page  356.  If  me  base  BC  of  the  tri- 
angle ABC  be  produced  to  E,  so  that  CE  is  equal  to  BC,  and  AC  be  bisected  in  D, 
then  if  BD  be  joined  and  produced  to  meet  AE  in  F,  then  AF  is  one  half  of  FE. 

56.  If  the  vertex  of  the  triangle  be  in  one  of  the  sides,  the  inscribed  square  is 
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greatest  when  its  altitude  is  greatest^  or  when  the  base  of  the  triangle  coincides  with 
the  base  of  the  square.  Every  other  inscribed  triangle  may  be  shewn  to  be  less  than 
this  triangle. 

57.  Let  ABCDEF  be  any  hexagon  inscribed  in  a  circle,  and  let  the  opposite 
sides  AB,  DE ;  BC,  FE ;  CD,  FA  when  produced  meet  in  P,  Q,  R  rrapectively. 
Produce  AB^  DC  to  meet  in  a,  and  £F  botn  ways  to  meet  BAP  in  b  and  CfDR  in  c. 
Then  by  Euc.iu.  36,  and  considering  abc  asa,  triangle  intersected  by  the  transversals 
PED,  QCB,  RFA  respectively:  it  may  be  proved  that  aP.6Q.cR==P6.Qc.Ra, 
which  is  the  condition  fiufilled  when  a  straight  line  intersects  the  three  sides  ab,aCfbo 
of  the  triangle  produced,  in  the  points  P,  Q,  R.    See  Appendix^  p.  20. 

58.  The  neicagon  is  not  necessarily  regular.  By  joimng  the  points  of  contact,  the 
three  diagonals  may  be  proved  to  intersect  in  one  point  by  means  of  poles  and  polars. 

59.  The  square  inscribed  in  the  circle  may  be  shewn  to  be  equal  to  twice  the 
square  of  the  radius,  and  five  times  the  square  inscribed  in  the  semicircle^  to  four 
times  the  square  of  the  radius. 

60.  The  three  triangles  formed  by  three  sides  of  the  square  with  s^^ments  of  the 
sides  of  the  given  triangle,  may  be  proved  to  be  similar.  Whence  by  Euc  vi.  4,  the 
truth  of  the  property. 

61.  By  constructing  the  figure,  it  may  be  shewn  that  twice  the  square  inscribed 
in  the  quadrant  is  ec^ual  to  the  square  of  the  radius,  and  that  five  times  the  square 
inscribed  in  the  semicircle  is  equal  to  four  times  the  square  of  the  radius.  Whence 
it  follows  that,  &c. 

62.  By  Euc  1. 47,  and  Euc.  vi.  4,  it  may  be  shewn  that  four  times  the  square  of 
the  radius  is  equal  to  fifteen  times  the  square  of  one  of  the  equal  sides  of  the  triangle. 

63.  See  Problem  30,  page  334. 

64.  The  triangle  cut  off  may  be  proved  to  be  one-fourth  of  the  given  triangle. 

65.  In  the  figure  Euc.  iv.  7.  Draw  AD,  then  AD  is  tiie  side  of  the  inscribed 
square.  Join  EF^  meeting  AD  in  L,  and  the  circumfmence  in  M,  and  draw  AM ; 
AM  is  the  side  of  the  inscribed  octagon.  Then  it  maybe  shewn  that  A  i :  A ::  EL :  EA, 
andA:A2::EA:EF;  also  smce  the  triangles  ELA,EFA  are  similar,  EL  iEAuEAiBF. 
Whence  it  follows  that,  &c. 

66.  The  intersection  of  the  diagonals  is  the  common  vertex  of  two  triangles 
which  have  the  parallel  sides  of  the  trapezium  for  tiieir  bases. 

67.  From  one  of  the  given  points  two  straight  lines  are  to  be  drawn  perpendi- 
cular, one  to  each  of  any  two  adjacent  sides  of  the  parallelogram ;  and  from  the  other 
point,  two  lines  perpendicular  m  the  same  manner  to  es^  of  the  two  remaining 
sides.  When  these  four  lines  are  drawn  to  intersect  one  another,  the  figure  so  formed 
may  be  shewn  to  be  equiangular  to  the  given  paralldogram. 

68.  Suppose  the  side  AD  greater  than  BC,  and  from  B,  C,  draw  BE,  CE' 
perpendiculars  on  AD.    Then  by  the  right-angled  triangles,  &c. 

69.  Let  AK  be  any  rectangle  contained  by  two  hues  AB,  BC,  and  CK,  AE 
the  squares  upoA  BC,  AE.    Then  by  Euc.  vi.  1. 

70.  This  is  only  another  form  of  stating  the  general  property  of  three  lines  in 
harmomcal  proportion.    It  may  be  deduced  from  the  note  to  Euc.  vl  A,  page  203. 

71.  There  appears  to  be  some  inaccuracy  in  the  enunciation :  for  four  lines  PA, 
PB,  PC,  PD  in  harmonical  proportion  cannot  be  drawn  from  a  point  P  to  meet 
a  straight  line  in  four  points  A,  B,  C,  D  taken  in  order. 

72.  See  Appendix,  p.  20. 

73.  Let  the  figure  be  drawn,  and  let  HP,  KQ,  LR,  when  produced,  meet  in  O : 
also  let  KH,  PQ  meet  in  M;  HL,  PR  in  N;  KL,  QR  in  S.  Then,  since  the 
triangles  HKO,  KLO,  HLO,  are  cut  by  the  transversals,  PQM,  QRS,  PRN  re- 
spectively; therefore 

KQ  OP   HM^         KQ  OR  I^  LR  OP   HN^ 

QOPHMK       •     QORL'SK"    '     RO'PHNL       ' 

whence  is  deduced  ^^tf  .  -trr  •  mj  =  1 ;  which  is  the  condition  fulfilled  when  the 

MK    SL  NU 

three  sides  of  the  triangle  HKL  are  produced,  and  are  cut  by  a  transversal  in  the 

points  M,  N,  S.    Hence  the  points  M,  N,  S  are  in  a  straight  line. 

74.  Let  a  point  m  be  taken  in  CD,  and  mpq  be  drawn  parallel  to  AB,  and 
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secting  GH,  CD  in  t,  v,  then  qs :  qr ::  ts :  sv,  and  smmarly  if  a  line  be  drawn 
through  V  parallel  to  the  line  next  in  order^  &c. 

75.  See  note  to  £uc.  vi.  A,  page  203. 

76.  Let  ABC  be  the  triangle,  M  the  middle  point  of  BC,  and  AD  »2  .DM; 
draw  AK,  PL  parallel  to  the  base,  the  former  mfeetmg  £F  produced  in  K,  and  the 
latter  through  D  meeting  AB  and  AC  in  P  and  L.  Then  PD=:PL,  and  by  the 
similar  trianffles  KE .  FD  =  KF .  ED,  or  DF .  (KD  -  DE) = (KD  +  DF) .  DE;  whence 
is  deduced  me  equality  required. 

77.  This  is  the  same  property  as  that  enunciated  in  Theorem  53,  page  856,  in 
a  slightly  altered  form  of  expression. 

78.  Let  AB,  CD  intersect  each  other  in  E,  and  be  terminated  by  two  unlimited 
lines  given  in  position :  and  let  ab,  cd  be  drawn  parallel  to  AB,  CD  respectively,  in- « 
tersecting  each  other  in  e,  and  also  terminated  by  the  two  given  lines.    Tlien  by  the 
similar  triangles  and  the  composition  of  the  ratios. 

79.  Let  PA,  PB,  PCf,  PD  be  four  straight  lines  drawn  from  P,  and  let 
mpq  be  drawn  parallel  to  PA  and  meeting  PB,  TC,  PD  'mm,  p,  q,  so  as  to  be 
bisected  by  PC  in  p.  Through  p  draw  any  line  EF/?  G  meeting  the  other  three  lines 
in  E,  Fy  G.    Then  EG  is  divided  harmonically  in  FVP- 

80.  By  converting  the  proportion  by  Euc.  vi.  16,  and  observing  that 

DB=DC  +  CB,  CB«AC+2.CE  and  AD  =  DC-AC. 

81.  Constructing  the  figure,  the  rij|;ht-angled  triangles  SCT,  ACB  may  be 

E roved  to  have  a  certsdn  ratio,  and  the  triangles  ACB,  CrM  in  the  same  way,  maj 
e  proved  to  have  the  same  ratio. 

82.  Draw  DG  perpendicular  on  AE.  The  triangle  CDB  is  isosceles  and  DF 
is  drawn  from  the  vertex  perpendicular  on  the  base :  also  the  triangles  DFB,  DAB  are 
equal  in  all  respects.  Hence  CF,  FB,  AB,  are  equal  to  one  anomer,  and  AB  is  half 
of  BC.  Similarly  BE  is  half  of  AB.  Then  from  the  similar  triangles  AGD,  FDB, 
the  property  may  be  deduced. 

83.  See  Note  Euc.  vi.  A,  p.  203.  The  bases  of  the  triangles  CBD,  ACD, 
ABC,  CDE  may  be  shewn  to  be  respectively  equal  to  DB,  2.BD,  3.BD,  4.BD. 

84.  The  triangles  DOE,  EOB  are  reaoily  proved  to  have  the  same  ratio  as  the 
triangles  EOB,  BOA  by  Euc.  vi.  1. 

85.  This  property  follows  as  a  corollary  to  Euc.  Yi.  23,  for  the  two  triangles  are 
respectivdy  the  halves  of  the  parallelograms,  and  are  therefore  in  the  ratio  compounded 
of  the  ratios  of  the  sides  which  contain  the  same  or  equal  angles :  and  this  ratio  is  the 
same  as  the  ratio  of  the  rectangles  by  the  sides. 

86.  Let  the  figure  be  constructed,  then  from  the  three  similar  right^tngled  tri- 
angles, Euc.  VI.  19. 

87.  Since  the  three  rectangles  are  equal,  AB .  AG  =  CD .  CH  =  EF .  EK.  Hence 
AB:CD::CH:  AGand  CD:EF::EK:CH.  ThensupposmgEK-CH=CH-AG, 
there  may  be  deduced  AB  -  CD :  CD  -  EF ::  AB :  EF.  And  conversely.  See  Note 
on  Def.  III.  and  Prop.  A,  p.  203. 

88.  Every  triancle  may  be  shewn  to  be  four  times  the  area  of  the  triangle  about 
which  it  is  described. 

89.  Let  C,  C  be  the  centres  of  the  two  circles,  and  let  CC  the  line  joixung  the 
centres  intersect  the  common  tangent  PP  in  T.  Let  the  line  joining  the  centres  cut 
the  circles  in  Q,  Q',  and  let  PQ,  FQ'  be  joined :  then  PQ  is  paraUd  to  FQ.  Join 
CP,  C'F>  and  then  the  angle  QPT  may  be  proved  to  be  equal  to  the  alternate  an^ 
Q'FT. 

90.  Let  C,  C,  C"  be  the  centres  of  the  three  circles ;  C  is  the  centre  of  the 
largest,  C"  of  the  smallest  Let  the  tangents  to  the  circles  whose  centres  are  C,  C; 
C,  C" ;  C',  C"  meet  in  A,  B,  C  respectivdy.  Join  the  points  A,  B,  C ;  then  AB  shall 
be  in  the  same  straight  line  as  BC.  Join  C,  C,  C"  and  produce  CC,  CC",  CC 
these  lines  meet  the  tangents  in  A,  B,  C  respectively,  llirough  C  draw  C'E  parallel 
to  AB,  then  BC  may  be  proved  also  parallel  to  C'E. 

91.  Let  the  chord  AB  be  bisected  in  E  by  the  chord  CD.  Let  the  tangents  at 
A,  B  meet  in  P>  and  the  tangents  at  C,  D  meet  in  Q,  join  PQ,  and  PQ  is  parallel 
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to  AB,  Join  PE  and  produce  it  to  the  centre  O,  also  join  OQ  cutting  CD  in  F. 
Draw  the  radii  OC,  OA.  Then  the  triangles  OFE,  OPQ  are  eouiangular  and  right- 
angled,  also  the  right  angle  BE?  is  equal  to  the  alternate  angle  EPQ. 

92.  Let  two  circles  whose  centres  are  G,  C'  cut  one  another.  Let  any  two 
points  P,  Q,  be  taken  in  the  circumference  of  one,  and  tangents  be  drawn  at  R  Q. 
Take  "F,  Qi'  points  in  the  circumference  of  the  other,  such  that  the  tangents  at  r,  Q' 
may  be  parallel  to  the  tangents  at  P,  Q.  Draw  PF  intersecting  CC  in  D.  Join 
QD,  Q'D.  If  QDQ'  can  be  proved  to  be  a  straight  line,  then  hQ!,  and  PF  inter- 
sect CC  in  the  same  point. 

Jom  PC,  FC,  and  by  the  similar  triangles  PCD,  FC'D  the  other  property  is 
deduced. 

93.  Join  AB,  and  divide  it  in  C  so  that  AC  is  to  BC  as  AP  to  BP :  and  if  in 
AB  produced^  ED  be  taken  to  BD,  as  AP  to  BP;  the  point  D  may  be  proved  to 
be  the  centre  of  the  circle  which  is  the  locus  of  the  point  of  intersection  of  the  two 
lines.  If  the  lines  be  equal,  the  locus  is  a  strsught  line.  Give  the  analjrsis  of  both, 
cases. 

94.  The  arithmetical  ratio  of  r .  r*  to  J .  a*  may  be  deduced  from  Theorem  137, 
p.  362,  Euc.  IV.  4,  and  note  to  Euc.  n.  11,  p.  72. 

95.  This  Theorem  is  the  same  as  Theorem  123,  p.  361. 

96.  By  means  of  Euc.  iv.  4,  and  Theorem  137,  p.  362,  this  Theorem  may  be 
shewn  to  be  true. 

97.  This  is  the  same  as  Theorem  103,  p.  360,  under  a  slightly  varied  form  of 
expression. 

98.  Let  a  tangent  be  drawn  to  touch  the  circle  at  P,  and  let  PM  be  drawn  per- 
pendicular to  the  £ameter  ACB,  C  being  the  centre  of  the  circle.  At  A,  C,  B,  draw 
lines  perpendicular  to  the  radius  meeting  the  tai^nt  at  P  in  A',  C,  B'.  Then  AA', 
MP,  CC,  BB'  are  proportional.  Draw  A'R,  PQ  parallel  to  AB  and  meeting  PM, 
BB'  in  R,  Q  respectively.  Then  by  the  similar  triangles  PA'R,  BTQ,  the  required 
proportion  may  be  deduced,  observing  that  A'A  is  eq^  to  A'P;  B'P  to  B'B,  and 
CC  an  arithmetic  mean  between  AA  and  BB'. 

99.  The  lines  so  drawn  may  be  proved  by  Euc.  vi.  3,  to  be  proportional  to  the 
segments  of  the  base  of  the  triangle  SEL,  Theorem  123,  p.  361. 

100.  Let  any  tangent  to  the  cirde  at  E  be  terminated  bv  AD,  BC  tangents  at 
the  extremitv  of  the  diameter  AB.  Take  O  tlie  centre  of  tne  circle  and  join  OC, 
OD,  OE :  then  ODC  is  a  right-angled  triangle  and  OE  is  the  perpendicular  from 
the  right  angle  upon  the  hypothenuse. 

101.  Let  BA,  AC  be  the  bounding  radii,  and  D  a  point  in  the  arc  of  a  quadrant. 
Bisect  BAC  by  AE,  and  draw  through  D,  the  line  HD6P  perpendicular  to  AE  at 
G,  and  meeting  AB,  AC,  produced  in  H,  P.  From  H  draw  HM  to  touch  the  cirde 
of  which  BC  is  a  quadrantal  arc ;  produce  AH,  making  HL  equal  to  HM,  also  on 
HA,  take  HK  equal  to  HM.  Tlien  K,  L,  are  the  points  of  contact  of  two  circles 
through  D  which  touch  the  bounding  radii,  AB,  AC. 

Join  DA.  Then,  since  BAC  is  a  right  angle,  AK  is  equal  to  the  radius  of  the 
circle  which  touches  BA,  BC  in  K,  K' ;  and  similarly,  AL  is  the  radius  of  the  ch-cle 
which  touches  them  in  I^  U.  Also,  HAP  being  an  isosceles  triangle,  and  AD  is 
drawn  to  the  base,  AD^  is  shewn  to  be  equal  to  AK .  KL.    Euc.  ni.  36 ;  ii.  5,  Cor. 

102.  The  TSidius  of  the  second  cirde  is  half  the  radius  of  the  first,  the  radius  of 
the  third  half  that  of  the  second  cirde,  and  so  on.  The  radii  of  the  second,  third, 
&c.  cu-cles  form  a  Geometric  series. 

103.  Let  O,  O'  be  the  centres  of  the  inscribed  and  escribed  circles.  Join  ODi, 
OB,  O'B,  OD2.  Then  the  triangles  OBDi,  O'BDa  may  be  shewn  to  be  similar; 
whence  may  be  shewn  BDi .  BDa  =  R .  r.  And  by  joining  OE,  OC,  O'Ci ,  O'Eg , 
in  a  similar  way  may  be  shewn,  R .  r  =  CEj .  CEg. 

104.  By  tne  point  C  is  to  be  understood  that  in  which  BD  cuts  the  quadrant 
ACB.  Coinplete  the  semicircle  BAG,  BG  being  the  diameter  and  E  the  centre. 
Join  AC,  AG;  then  by  means  of  the  quadrilateral  ACBG  inscribed  in  the  circle, 
DCA  may  be  shewn  to  be  half  a  right  aiigle :  also  ADB  a  right  angle  subtended  by 
AB.    Hence  the  locus  of  D  is  a  semicirde;  and  the  ratio  of  AB  to  BG  may  be 

shewn  to  be  as  1  :  \/2. 

105.  Through  E  one  extremity  of  the  chord  EF,  let  a  line  be  drawn  parallel  to 
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one  diameter,  and  intersecting  the  other.    Then  the  three  angles  of  the  two  triangles 
may  be  shewn  to  be  respectively  equal  to  one  another. 

106.  This  is  a  repetition  of  Theorem  99,  p.  359,  under  a  somewhat  different 
form  of  expression. 

107.  Let  the  tangents  at  A  and  C,  A  and  B,  B  and  C,  meet  in  the  points  G, 
H,  K,  respectively. 

Since  tne  transversals  FC,  DA,  £A  mtersect  the  triangle  HKG, 

GF  HB  KC^        5^2P5?_i      HE  KG  GA 
FHBKCG       '    AG  DKBH"    •     EKCGAH'"^' 
and  observing  that  HA  =  HB,  KB  =  KG,  GC  =  GA ; 

,         GF  HE  KD 
nence— .g|^.jjg  =  l, 

which  is  the  condition  fulfilled  when  a  transversal  intersects  the  threb  sides  AB,  AC, 
CB  produced  of  the  triangle,  in  the  points  D,  E.  F.    (See  Appendist,  p.  22.) 

108.  It  may  be  proved  that  the  vertices  of  the  two  triangles  which  are  similar  in 
the  same  segment  of  a  circle^  are  in  the  extremities  of  a  chora  parallel  to  the  chord  of 
the  given  segment. 

109.  Tms  is  the  converse  to  Euc.  vi.  D,  and  may  be  proved  indirectly. 

110.  Smce  the  lines  joining  B,  C,  D^  are  equal,  the  consequence  is  obvious 
from  the  Proposition. 

111.  Pernaps  the  simplest  mode  of  shewing  the  truth  of  this  property  is  by 
means  of  transversals.  The  triangles  GBP,  BAQ  are  cut  by  the  transvensals  ADO, 
CD  P,  respectively. 

Whence  BA.PD.CQ=AP. DC.  QB.andBC.QD.  PA=CQ.  DA. PB: 
from  which  the  required  proportion  may  be  deduced. 

112.  Let  the  fine  AD  drawn  from  the  vertex  A,  meet  the  base  of  the  isosceles 
triangle  ABC  in  D,  and  let  AD  produced  meet  the  circumference  of  the  circumscribed 
circle  in  E.    Then  by  Euc.  ii.  3 ;  in.  85,  and  Theorem  27,  p.  309. 

113.  This  follows  at  once  from  Euc.  ni.  36,  37. 

114.  Correct  the  enunciation  thus : — Let  AD,  FC,  meet  in  P,  and  AE,  BK  in 
Q :  then  the  points  P,  Q,  B,  C,  E,  D  are  in  the  circumference  of  one  circle.  For  let 
FC  meet  AB  in  R.  Then  it  has  been  proved,  Euc.  i.  47,  that  the  angle  BFR  is 
eq^  to  RAP.  Also  the  angles  FRB,  ARP  are  equal ;  wherefore  the  angles  FBR, 
APR  are  equal,  and  hence  APR  is  a  right  angle.  Whence,  again,  DPC  is  a  right 
angle,  and  equal  to  DBC.  It  is  hence  m  the  same  semicircle  on  DC ;  that  is,  in 
the  circle  BCED.  In  the  same  manner  Q  may  be  shewn  to  be  in  the  same 
circle  BCDE. 

115.  Let  ABC  be  a  triangle,  and  let  the  fine  AD  bisecting  the  vertical  angle  A 
be  divided  in  E,  so  that  BC :  B  A  +  AC : :  AE :  ED.  By  Euc.  vi.  3  may  be  deduced 
BC :  BA  +  AC : :  AC :  AD.  Whence  may  be  proved  that  CE  bisects  the  angle  ACD, 
and  Euc.  iv.  4,  that  E  is  the  centre  of  the  inscribed  circle. 

116.  For  **  bisected,"  read  "  divided  into  parts,  one  of  which  is  double  the  other, 
the  smaller  segment  being  estimated  from  the  centre  of  the  circle." 

Let  ABC  be  the  triangle;  Q  the  centre  of  the  circumscribing  circle;  P  the  inter- 
section of  the  perpendiculars  BG,  CH :  D,  E  the  middle  points  of  BA,  CA ;  divide 
PQinR,sothatPR  =  2.QR;  and  join  BR,  RE :  also  draw  DQ,  QE,  ED.  Then 
the  triangles  BPC,  EQD  may  be  shewn  to  be  equiangular,  and  hence  BP  =  2 .  QE. 

Again,  PQ  meeting  the  paraUels  QE,  BP,  the  angles  RQE,  RPB  are  equal;  and 
by  hypothesis  RP  =  2  .  RQ :  whence  the  sides  about  the  equal  angles  areprqportiona], 
that  IS,  EQ :  QR ::  BP :  PR,  and  the  angles  QRE,  PRB  are  equal.  The  points  B, 
R,  E  are  therefore  in  one  line.  The  same  triangles  give  PR ;  RQ::  BR :  RE,  and 
hence  BR  =  2 .  RE ;  or  the  point  R  is  distant  from  B,  two-thirds  of  the  line  BE 
drawn  to  the  middle  of  the  opposite  side  AC. 

117*  If  the  extremities  of  the  diameters  of  the  two  circles  be  jcnned  by  two 
straight  lines,  these  lines  may  be  proved  to  intersect  at  the  point  of  contact  of  the  two 
drcles ;  and  the  two  right-angled  triangles  thus  formed  may  be  shewn  to  be  similar 
by  Euc.  m.  34. 

118.    From  the  centres  of  the  two  circles  let  straight  Imes  be  drswn  to  the  extre- 
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mities  of  the  sides  which  are  opposite  to  the  right  angles  in  each  triangle,  and  to  the 
points  where  the  circles  touch  these  sides.    Then  hv  similar  triangles. 

119.  Let  DB,  D£,  DCA  be  the  three  straight  lines,  fig.  £uc.  in.  37 ;  let  the 

S>ints  of  contact  B,  E  be  joined  by  the  straight  hne  BC  cutting  DA  in  G.  Then 
D£  is  an  isosceles  triangle,  and  DG  is  a  line  from  the  vertex  to  a  point  G  in  the 
base.  And  two  values  of  the  square  of  BD  may  be  found,  one  from  Tneo.  27,  p.  309 ; 
Euc.  ni.  35 ;  u.  2  ;  and  another  from  Euc.  ui.  36  ;  ii.  1.  From  these  may  be  de- 
duced, that  the  rectangle  DC,  GA  is  equal  to  the  rectangle  AD,  CG.  Whence  the,  &c. 

120.  Let  the  arc  A£  be  double  the  arc  AB  of  the  circle  whose  centre  is  C. 
Let  CD,  CF,  be  the  perpendiculars  on  the  chords  of  the  arcs  AB,  A£.  Produce  CF 
to  meet  the  circumference  in  6  and  G,  join  GA  and  draw  CH  perpendicular  to  GA. 
The  proportion  is  deduced  from  the  similar  triangles  CBD,  GFA. 

121.  Draw  FG  to  bisect  the  angle  DF£,  and  draw  DK,  £H  perpendicular  on 
FG;  and  let  FK  meet  AB  in  G. 

Then  2.GB :  BF ::  2.HE :  FE,  and  2.  AG :  AF ::  2.DK :  FD  ; 

by  similar  triangles :  and  by  compounding  these  proportions,  observing  that  AF  =  FB, 
AG  =  GB,  and  4.HE.DK  =  4.DC.CE,  there  results 

AB' :  AF* ::  4.EC.CD :  FD.FE ;  similarly  BC* :  CE' ::  4.FA. AD :  FE.ED ; 

whence  AB' :  BC ::  DE.FA :  EC.DF. 

122.  This  is  manifest  from  Euc.  ui.  36, 37. 

123.  Jom  OE.  Then  OE  is  equal  to  OA,  and  Euc.  vi.  6,  the  triangles  OES, 
OLE  are  equiangular.  Whence  it  may  be  shewn  that  the  angle  SEL  is  bisected  by  £  A. 

124.  Let  BD  touch  the  inner  semicircle  in  E^  and  let  O  be  its  centre.  Join  OE. 
The  triangles  DAB,  EOB  are  eouiangular. 

1 25.  Let  ABC  be  the  triangle,  and  F  a  point  in  its  base  BC ; 

let  the  circles  AFB,  AFC  be  described,  and  their  diameters  AD,  AE,  be  drawn; 

then  DA :  AE ::  BA :  AC. 

For  jom  DB,  DF,  £F,  EC,  the  triangles  DAB,  EAC  may  be  proved  to  be  similar. 

126.  In  the  enimciation,  for  "two  circles"  read  **two  equal  circles,  whose 
centres  lie  on  opposite  sides  of  the  line  A  BCD." 

The  proof  offers  no  difficulty.  In  every  other  case  the  theorem  does  not  hold  good. 

127.  Let  the  figure  be  constructed,  and  the  similarity  of  the  two  triangles  \^  be 
at  once  obvious  from  Euc.  ni.  32 ;  Euc.  i.  29. 

1 28.  Let  the  figure  be  drawn,  and  BC,  CD,  BD  be  joined.  Then  ABCD  is  a 
quadrilateral  figure  mscribed  in  a  circle,  and  BD,  AC  are  the  diagonals.  By  Euc  vi. 
1),  17,  the  first  proportion  is  deduced ;  and  the  other  in  a  similar  way. 

129.  Let  the  figure  be  drawn,  and  join  HI.  Then  EF,  HI  are  parallel  to  KN, 
a  side  of  the  triangle  BKN.    Euc.  iii.  37 ;  vi.  2. 

130.  Let  O  be  the  centre  of  the  inscribed  circle  DEF,  and  P  that  of  the  escribed 
circle  HIK ;  these  are  in  the  line  bisecting  ^e  angle  C.  Join  MB,  LA  cutting  COP 
in  N  and  R ;  draw  the  several  radii  to  the  points  of  contact ;  and  join  OA,  OB,  PA, 
PB.  Then  prove  that  FK  is  equal  to  the  diflference  of  the  sides  AC,  CB ;  and  there- 
fore to  AM.  Next,  the  lines  BM,  AL  are  perpendicular  to  CP,  which  bisects  the 
common  vertical  angle,  and  CNB,  CRL  are  right  angles,  as  are  also  the  angles  made 
by  OF,  AB.  Describe  semicircles  about  ONFB  and  OFRA,  and  join  NF,  RF. 
Tftien  the  angle  AFR  =  AOR=  BOF=  BNF;  and  the  alternate  angles  FAR,  FBN 
are  equal.  The  trian^es  AFR,  BNF  are  therefore  equiangular,  and  AR :  AF ::  FB :  BN ; 
also  4. AF.FB = 4.AR.BN  =  AL.BN. 

131.  By  Euc.  IV.  4,  twice  the  area  of  the  triangle  is  e^ual  to  the  rectangle 
contained  by  the  sum  of  the  sides  and  the  radius  of  the  mscribed  circle.  By 
Theorem  137,  p.  362,  the  area  is  expressed  in  terms  of  the  sides  and  the  radius  of 
the  circumscribed  circle.  Whence  the  property  required  may  be  deduced,  observing 
that  one  of  the  sides  of  the  triangle  is  half  the  sum  of  the  other  two  sides. 

132.  Since  the  line  mnp  is  a,  transversal  to  the  triangle  ABC ;  An ,Cp.Bm 
^nCpB. mk. ;  and  by  Euc.  m.  36,  the  values  of  fp«,  fmS  tn  niay  be  eicpressed  in 
terms  of  An,  nC,  &c. :  whence  the  property  may  be  deduced. 

133.  Let  A  be  the  centre  of  the  circle  whose  circumferenqe  passes  thoiijp;h  B  the 
centre  of  the  other  circle,  and  CD  the  line  which  joins  the  intersections  otthe  two 
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circles ;  draw  BF  cutting  the  first  circle  in  F  and  the  second  in  £,  and  draw  £G 
perpendicular  to  CD :  then  F£  :  EG  is  a  given  ratio. 

For,  join  BC,  CF,  FD,  CE,  and  draw  EPjperpcndicular  to  CF.  The  an^e  FCE 
may  be  shewn  to  be  eoual  to  the  angle  DCE ;  or  EC  bisects  the  angle  FCD,  and 
hence  EG  is  equal  to  EP.  But  the  angle  FEG  being  given,  and  EPF  being  a  right 
angle,  the  ratio  FE  to  EP  is  f^ven ;  that  is,  the  ratio  FE  to  EG  is  given. 

134.  See  Theorems  153, 154,  infra. 

135.  Let  the  sides  of  the  triangle  ABC  be  divided  in  the  ratio  of  n  to  1  in  the 
points  D,  E,  F.  Join  DE,  EF,  FD.  Then  the  ratios  of  each  of  the  triangles  ADF, 
BDE,  CEF  to  the  triangle  ABC  may  be  found  by  Theorem  85,  p.  358,  in  terms  of 
n,  whence  also  the  ratio  of  the  triangle  DEF  to  the  triangle  ABC  in  terms  of  n. 

136.  Let  the  chords  AB,  CD  mtersect  each  other  m  E,  so  that  A£  is  to  EB  as 
CE  to  ED.  Then  it  may  be  shewn  that  the  lines  joining  DB,  AC  are  parallel,  and 
that  the  line  bisecting  the  ai^le  at  E  bisects  these  parallds. 

137.  By  Euc.  VI.  E.  BA.AC»EA.AD.  Multiply  these  equals  by  BC,  and 
interpret  the  result. 

138.  For  let  the  circle  be  described  about  the  triangle  EAC,  then  by  the  con- 
verse to  Euc.  m.  32,  the  truth  of  the  proposition  is  manifest 

139.  The  triangles  ABC,  ADB  may  be  shewn  to  be  equiangular. 

140.  Let  the  figure  be  constructed  as  in  Theorem  3,  p.  313,  the  triangle  £AD 
being  right-angled  at  A,  and  let  the  circle  inscribed  in  the  triangle  AD£  touch  AD, 
AE,  DE  in  the  points  K,  L,  M  respectively.  Then  AK  is  equal  to  AL,  each  hein^ 
equal  to  the  radius  of  the  inscribed  circle.  Also  AB  is  equal  to  GC,  and  AB  is  half 
the  perimeter  of  the  triangle  AED. 

Also  if  GA  be  joined,  the  triangle  ADE  is  obviously  equal  to  the  dififerenoe  be- 
tween the  figure  AGDE  and  the  triangle  GDE,  and  this  difference  may  be  proved 
equal  to  the  rectangle  contained  by  the  radii  of  the  two  circles. 

141.  Let  the  figure  be  constructed,  then  from  the  isosceles  triangles,  ED  is 
shewn  to  be  equal  to  EA,  and  EG  to  EB.    Then  Euc.  vi.  13. 

142.  Let  TG  join  the  intersections  of  the  circles,  and  cut  AE  in  C 
Then,  AC.CD  =  FC.CG=BC.CE,  or,  AC  :  CE  :;  BC  :  CD;  whence, 

AC  +  CE  :  BC  +  CD  ::  AC  :  CB,  and  AC  +  CE  :  BC  +  CD  ::  CE  :  CD; 

compounding  these  proportions  and  putting  for  AC  +  CE  and   BC  +  CD,  their 
equals,  we  have  AE'  :  BD*  ::  AC .  CE  :  BC .  CD. 

143.  Let  ABC  be  any  triangle,  and  let  D,  E  be  the  centres  of  the  circumscribed 
and  mscribed  circles  respectively.  Join  AD,  and  through  D  draw  the  diameter 
FDG  and  join  AE ;  AE  produced  meets  the  diameter  in  F.  Draw  EH  perpendicular 
to  AC  and  join  DE,  EC,  FC,  CG.  Then  FC  is  equal  to  FE,  and  by  Theorem  27, 
p.  309,  DE'=DA«-AE.EF  =  DA»-AE.FC;  also  the  triangles  AEH,  GFC 
being  similar,  AE .  FC = GF .  EH.    Whence  the  truth  of  the  theorem  may  be  shewn. 

144.  This  property  follows  directiv  from  Euc.  vi.  C. 

145.  Join  DC,  then  in  the  triangles  ADB,  ADC,  the  angle  ACD  is  equal  to 
the'an^le  ADB,  both  standmg  upon  equal  arcs  of  the  same  circle,  also  the  aMle 
DAB  is  common  to  the  two  triangles.  Hence  the  triangles  are  equiangular,  and  by 
Euc.  VI.  4,  the  property  is  manifest. 

146.  Let  ACB  be  the  common  diameter  of  the  two  circles  which  touch  each 
other  in  the  point  A,  and  through  C  the  centre  of  the  smaller  circle,  let  PF  be  drawn 
perpendicular  to  AB,  and  meeting  the  inner  circle  in  Q,  Q' :  also  let  the  tangents 
from  P,  F  touch  the  inner  ckcle  in  T,  T.  Join  CT,  CT.  Then  FT,  FT,  may  be 
proved  each  equal  to  CT,  CT. 

147.  Let  the  circles  cut  each  other  in  A,  B,  join  AB.  and  on  AB  as  a  diameter 
describe  a  circle  cutting  the  two  given  circles,  and  from  A  draw'a  straight  line  AGDE 
meeting  the  circumference  in  C,  D,  E.  From  B  the  other  extremity  of  the  diameter, 
draw  HF,  BG  perpendicular  to  AB  and  meeting  the  circumferences  of  the  two  given 
circles  in  F,  G.  Then  CD  is  to  DE  as  BG  to  BF.  The  triangles  CDB,  ABG  are 
similar,  as  also  the  triangles  BED,  ACF. 

.  148.  Half  the  difference  between  the  sums  of  the  opposite  sides  is  equal  to  the 
distance  between  the  points  where  the  two  circles  touch  one  of  the  sides  of  the  figure. 
This  distance  may  be  proved  to  be  a  mean  proportional  between  the  diameters  of 
the  circles. 
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149.  Let  the  diagram  be  constructed  according  to  the  enunciation;  and  let  PF 
be  the  common  tanfi^nt ;  dra^  PS  parallel  to  00\  (O,  O'  being  the  centres)  meeting 
OP  in  S ;  produce  PO,  FO'  to  meet  DE,  D'E'  in  Q,  Q'.  Then  the  triangles  ABC, 
ABC  are  equiangular,  whence  BC  :  BA  ::  BA  :  BCT.  Afl^  join  DD'  and  bisect 
DD'  inM^and  makeMm  =  half  the  difference  of  the  sides  AD,  AI>[.  ThenDE.D'E', 
and  FP,  may  be  each  shewn  to  be  equal  to  4r'-  (Rt)',  R,  r  being  the  radii  df  the 
two  circles. 

^150.  Let  AB  be  a  line  given  in  position,  and  P  the  given  pdnt.  At  P  make 
the'angle  APD  equal  to  the  given  angle,  taking  the  point  D,  so  that  AP  is  to  PD  in 
the  given  ratio. 

Draw  a  line  through  the  point  D  making  with  PD  an  an^le  equal  to  the  angle 
PAB.  Then  this  line  is  the  locus  of  the  extremity  D  of  the  hne  PD.  Tliis  may  be 
proved  by  takii^  another  point  A'  in  the  ffiven  line,  and  making  the  angle  A'PD'  equal 
to  the  angle  APD.    Then  the  triangles  ATA,  D'PD  may  be  shewn  to  be  similar. 

151.  By  constructmg  the  figure  and  joining  AC  and  AD^  by  Euc.  lu.  27,  it 
may  be  proved  that  the  line  BD  falls  upon  BC. 

152.  Join  AG,  AF,  AD.  Then,  since  the  circles  are  eoual,  the  segments  AFB, 
AGB  contain  supplementary  angles.  Whence  the  angles  AF G,  AGF  are  equal,  and 
AF  is  equal  to  Au.  Again,  AEB  is  a  right  angle ;  and  hence  AE  bdng  perpendi- 
cular to  the  base  GF  of  the  isosceles  triangle,  bisects  FG.    See  Prob.  23,  p.  316. 

In  the  enunciation,  '^  a  third  circle  drawn  with  centre  A,"  &c.  appears  to  be  su- 
perfluous. « 

153  and  154  may  be  taken  together,  with  a  few  other  properties,  some  of  which, 
however,  have  been  noticed  in  other  places. 

(1)  Construct  according  to  the  enunciation,  and  complete  the  diameter  AB 
through  A ;  since 

OS  :  OA  ::  OA  :  OL,  we  have  OA-OS  :  OS  +  OA  ::  OL-OA  :  OL  +  OA, 
or  since  OA  =  OB,  this  becomes  AS  :  SB  ::  AL  :  LB,  which  expresses  that  LB  is 
harmonically  divided  in  S  and  A. 

(2)  Join  PO,  QO;  since  PO  =  OA,  therefore  OS  :  OP  ::  OP  :  OL;  and  the 
triangles  POS,  LOP  having  the  angle  at  O  common  and  the  sides  about  that  angle 
proportionals,  they  are  similar.  Whence  OS  :  OP  or  OA  ::  SP  :  PL ;  or  tiie 
ratio  of  SP  :  PL  is  constant.  In  like  manner  the  ratio  SQ  :  QL  is  also  constant, 
and  the  same  as  SP  :  PL.    TWs  is  Theorem  154,  (1). 

(3)  Join  AP,  BP;  then  since  OS  :  OA  ::  OA  :  OL,  hence 

OS  :  OA  ::  OA-OS  :  OL-OA  ::  SA  :  AL, 

OS  ;  OA  ::  OA  +  OS  :  OL  +  OA  ::  BS  :  BL. 

Whence  SA  :  AL  ::  SP  :  PL,  and  SB  :  BL  ::  SP  :  PL;  and  the  lines  AP,  BP 
bisect  the  interior  and  exterior  angles  SPL,  SPQ  of  the  triangle  SPL  at  P. 

Similarly,  QA,  QB  bisect  me  exterior  and  interior  angles  of  the  triangle 
SQL  at  Q. 

(4)  Let  the  perpendicular  at  S  produced  meet  the  circumference  in  C,  D :  and 
join  OC,  CL:  smce  OS.  OL^OA^^OC,  and  OSC  is  a  right  angle,  it  follows 
that  OCL  is  also  a  right  angle,  and  that  LC  is  a  tangent  to  the  circle  at  C. 

In  the  same  way  it  may  be  shewn  that  LD  is  a  tangent  at  D.  Whence  the  tan- 
gents at  C  and  D  meet  the  diameter  AB  produced  in  the  same  point. 

(5)  By  the  right-angled  triangles  OCL,  CLS ;  OL .  LS  =  CL*  =  PL .  LQ ;  or 
the  four  points  P,  Q,  O,  S  are  in  the  circumference  of  a  circle.  Whence  the  exterior 
angle  PSA  of  the  quadrilateral  is  equal  to  the  opposite  angle  OQP.  But  by  the 
similar  triangles  OQS,  OLQ,  the  angle  OSQ^  OQIi.  Whence  QSP = ASP;  and 
QSC  =  PSC. 

(6)  Produce  QS  to  meet  the  circle  in  F :  then  ASF = QSB  =  QS A ;  and  hence 
SP  =  SF;  wherefore  PS .  SQ  =  SF .  SQ  =  SC^  a  constant  magnitude.  This  is  154,  (2). 

(7)  Since  SE  bisects  the  interior  angle  PSQ,  and  SL  the  exterior  angle  PSF, 
of  the  triangle  PSQ,  PE  :  EQ  ::  PS  :  SQ  ::  PL  :  LQ ;  or  LQ  is  harmonically 
divided  in  P,  E.    This  is  Theorem  153. 

(8)  Produce  AP,  BQ  to  meet  in  G,  and  let  AQ,  BP  meet  in  H ;  then  G,  H  will 
be  in  the  line  CD.  For  in  the  triangle  PSQ,  the  three  lines  QA,  BP^  SC  have  been 
shewn  to  bisect  the  angles ;  wherefore  these  lines  meet  in  a  point. 
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Also,  SC  bisects PSQ,  and  AP,  BQ bisect  the  exterior  angles  at  PandQ;  there- 
fore they  also  meet  m  a  point.    Whence  G,  H  are  in  the  line  OD, 

(9)  The  lines  B6,  AG,  are  bisected  in  K  and  I  by  the  circle  which  passes 
through  the  points  P,  S,  O,  Q. 

(10)  Let  the  circle  PSOQ  cut  SG  in  M ;  and  draw  MO^,  MQ,  MP. 

Then  since  SM  bisects  the  angle  QSP,  it  bisects  the  drcumference  QMP  on 
wluch  QSP  stands;  and  hence  MQ^MP.  Also,  since  QO^OP,  it  follows  that 
MO  is  perpendicular  to  QK,  and  is  a  diameter  of  the  circle  PSOQ.  Whence 
OQM,  0PM  are  right  angles.  But  OQ,  OP  are  radii  of  the  circle  BQPA,  and 
hence  QM,  PM  are  tangents  at  Q  and  P;  and  thev  meet  at  M  in  SC  produced. 
Wherefore  tangents  at  P  and  Q  always  meet  in  tne  line  SC  produced.  This  is 
154,  (3). 

(11)  If  any  chord  QSF  be  drawn  through  the  pole  S^  and  Qh,  FL  be  drawn; 
then  the  angle  SLF^^SLa 

For,  join  SP:  then  QS.  SP=AS.SB  =  QS.  SF:  whence  SF»SP,  and  the 
triangles  PLS^  FLS  are  equal  in  all  respects,  and  hence  the  angle  SLF~  SLQ. 

(12)  Conversely.  If  QF  be  drawn  through  S,  and  lines  be  drawn  from  Q,  F 
to  make  equal  angles  with  LV  drawn  through  L ;  the  line  which  bisects  tbe  angle 
FLQ  is  a  diameter  passing  through  S. 

Note.  The  line  SG  is  called  the  polar,  and  L  ike  pole;  as  arealso  the  line  LV 
and  the  point  S,  so  caUed  respectively.  Taken  together,  either  point  and  its  respec- 
tive line  are  caUed  reciprocal  polars  j — as  for  instance  SG^d  L. 

The  characteristic  property  of  the  pole  and  polar  to  which  it  is  most  convenient  to 
refer,  is,  that  if  the  diameter  of  a  circle  AB  be  produced  and  be  harmonically  divided 
in  S  and  L ;  then  a  perpendicular  to  AB  through  S  is  the  polar  of  L,  and  a  perpen- 
dicular to  AB  trough  L  is  the  polar  of  S. 

155.  Let  AB  ]^  that  diameter  of  the  given  circle  which  when  produced  is  perpen- 
dicular to  the  given  line  CD,  and  let  it  meet  that  line  in  C ;  ana  let  P  be  the  given 
point:  it  is  required  to  find  D  in  CD,  so  that  DB  may  be  equal  to  the  tangent  DF. 

Make  BC :  CQ ::  CQ :  CA,  and  ioin  PQ ;  bisect  PQ  in  £,  and  draw  £D  perpen- 
dicular  to  PQ  meeting  CD  in  D :  tnen  D  is  the  point  required.  Let  O  be  the  centre 
of  the  circle,  draw  the  tangent  DF ;  and  jom  OF,  OD,  QD,  PD.  Then  QD  may  be 
shewn  to  be  equal  to  DF  and  to  DP. 

When  P  coincides  with  Q,  determined  as  in  the  construction,  any  point  D  in  CD 
fulfils  the  conditions  of  the  problem :  that  is,  there  are  innumerable  solutions. 

156.  Apply  the  method  of  transversals.     See  Appendbc,  p.  15,  &c. 

157.  By  assuming  £uc.  vi.  1,  it  may  be  shewn  that 

figure  ABPCA  ^  MP     PN 

triangle  AMN  "  PN  "^  MP' 

.,     ^     ,  «.      «^o  .u  *   triangle  ABC     «    MP     PN    „^        .  ^„ 

Also  by  theorem  85,  p.  358,  that  triangle  AMN''    '*'  PN  '^  MP'  ^''^^nce  it  follows 

that  the  triangle  BPC  is  twice  the  triangle  AMN.    What  is  the  fixed  point  ? 

158.  It  may  be  shewn  by  the  theory  of  transversals,  that  when  the  three  lines 
drawn  from  the  angles  to  the  opposite  sides  of  a  triangle,  pass  through  any  point  P, 
A5.Bc.Ca  =  aB.6C.cA.  By  means  of  £uc.  in.  36 ;  it  may  be  shewn,  tnat 

A6'   Ca'   Be'     Ab   CaBc 

bV'a'B  VA'^dC'aBcA* 

The  second  part  is  to  be  shewn  indirectly,  by  supposing  one  of  the  lines  from  the 
angle  C,  to  intersect  the  opposite  side  in  some  other  point  c'  different  from  c,  and 
then  shewing  that  c,  c  coincide. 

159.  First.  Join  FA,  AH :  and  prove  that  F,  A,  H,  are  in  one  line.  Secondly. 
Join  BG,  HC ;  and  prove  that  BG,  UC  are  parallel,  and  GH,  BC  equal.  Thirdly. 
Produce  GH,  BC  to  meet  in  M ;  and  shew  that  the  triangles  BMG  and  CMH  are 
isosceles.  Lastly.  Prove  that  FK  bisects  their  bases,  GB,  HC  at  ri^ht-angles;  and 
hence  coincides  with  the  perpendicular  from  M  to  the  base  in  both  triangles. 

1 60.  See  Appendix,  p.  1 8 . 

161.  See  Appendix,  p.  16. 

162.  Let  DG,  £H,  FK,  be  drawn  perpendicular  to  the  middle  of  the  sides  BC, 
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C  A,  A6  of  the  triangle  ABC,  and  each  equal  to  half  the  side  from  the  middle  of 
which  it  is  drawn ;  iom  GH,  HK,  KG,  AK,  KB,  BG,  GO,  CH,  and  HA ;  produce 
GC,  and  draw  HQ  perpendicular  to  it,  and  AP  perpendicular  to  BC.  Tnen  the 
two  right-angled  triangles  APC,  CQH,  are  similar ;  whence  AP  =  2 .  CQ« ;  also 
GC'  =  2.CD»:  and  Euc.n.  12,  GH'=GC*  +  CH*+2.GC.CQ,  which  may  be  shewn 
to  be  equal  to  i .  CB' + i .  CA*  +  2 .  (triangle  ABC).  Similarly  for  HK*,  KG«.  Whence 
GH«  +  KG»  +  HK«  is  found. 

163.  Let  E,  F,  G  be  the  centres  of  the  circles  inscribed  in  the  triangles  ABC, 
ADB,  ACD.    Draw  EH,  FK,  GL  perpendiculars  on  BC,  BA,-  AC  respectively, 
and  join  CE,  EB ;  BF,  FA ;  CG,  GA.    Then  the  relation  between  R,  r,  r',  or  EH, 
FK,  GL  may  be  found  from  the  similar  triangles^  and  the  property  of  right-angled, 
triangles. 

164.  Let  ABC  be  any  triandle,  and  from  A,  B  let  the  perpendiculars  AD,  BE 
on  the  opposite  sides  intersect  in  P :  and  let  AF,  BG  drawn  to  F,  G  the  bisections  of 
the  opposite  sides,  intersect  in  Q.    Also  let  FB,  GR  be  drawn  perpendicular  to  BC, 
AC  and  meet  in  6.4  then  R  is  the  centre  of  the  circumscribed  circle.    Join  PQ,  QR, 
then  PQ  is  in  the  same  straight  Une  as  QR. 

Join  FG,  and  by  the  equiangular  triangles  GRF,  APB,  AP  is  proved  double  of 
FR.  And  AQ  is  double  of  QF,  and  the  alternate  angles  PAQ,  QFR  are  equal. 
Hence  the  triangles  APQ,  RFQ  are  equiangular,  therefore,  &c. 

165.  Let  ABC  be  a  triangle,  D  the  centre  of  the  inscribed  circle,  draw 
DE  perpendicular  to  the  base  BC,  E  is  the  point  where  the  inscribed  circle  touches 
the  base.  Join  CE  and  bisect  it  in  F,  bisect  also  BC  in  G.  Then  the  points  G,  D, 
F  may  be  proved  to  be  in  a  straight  line. 

Draw  GH  perpendicular  to  BC,  and  DK  perpendicular  to  GH.  Join  CK  and 
produce  it  to  meet  BC  in  L,  join  also  GD,  DF.  Then  LG  is  equal  to  GGS«  and  by 
the  similar  triangles  CE  may  be  proved  to  be  bisected  in  F.  Hence  G,  D,  F  must 
be  in  the  same  straight  line. 

166.  This  question  is  rather  Algebraical  than  Geometrical.  If  the  expression 
for  the  area  of  a  triangle  in  terms  of  tne  sides  may  be  assumed,  the  equation  which 
connects  the  radii  of  the  three  circles  may  be  deduced  from  the  expression'for  the  area 
of  a  triangle  in  terms  of  the  sides  and  the  radius  of  the  inscribed  circle,  and  theorem 
137,  p.  362. 

167.  From  Euc.  iv.  6,  and  Theo.  1,  p.  332,  the  arithmetical  ratio  of  the  sides 
may  be  found :  als<^  the  ratio  of  their  areas. 

168.  Let  a  perpendicular  be  drawn  from  the  centre  C  on  ab,  AB  two  sides 
(supposed  parallel)  of^the  inscribed  and  circumscribed  polygons  meeting  them  in  d,  D. 
Join  Da:  then  Da  is  a  side  of  a  regular  inscribed  polygon  of  double  the  number  of 
sides.  The  areas  of  the  three  polygons  are  the  same  multiples  of  the  triangles  adC^ 
a  DC,  ADC,  which  may  easily  be  shewn  to  have  the  proportion  stated. 

169.  The  first  property  may  be  perhaps  more  cterly  seen  by  first  shewing  it 
to  be  true  in  a  figure  of  three  sides,  then  in  one  of  four  sides,  &c. ;  and  lastiy  in  any 
polygon  whatever.  As  all  the  figures  described  upon  the  parts  of  one  side  are  similar 
to  the  ^ven  figure,  any  two  sides  of  the  given  figure  are  proportional  to  the  homolo- 
gous  sides  of  the  smaller  figures,  and  hence  the  property  may  be  shewn  respecting 
the  sides.    Also  the  second  property  may  be  proved  by  Euc.  vi.  20. 

170.  Each  pentagon  can  De  divided  into  the  same  number  of  triangles,  and 
by  Euc.  VI.  19. 

171.  The  triangles  which  form  the  two  regular  figures  are  the  same  in  number, 
and  are  similar.    By  the  similarity  of  triangles  Uie  proportion  is  obvious. 

172.  The  area  of  the  inscribed  equilateral  triangle  may  be  proved  to  be  equal  to 
half  the  inscribed  hexagon,  and  the  circumscribed  triangle  equal  to  four  times  the 
inscribed  triangle, 

173.  See  Theorem  168,  supra. 
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1.  Sek  G^om^trie  par  A.  M.  Legendre,  (dixieme  Edition),  p.  156. 

2.  Describe  a  circle  passiDg  through  the  three  given  points,  and  from  the  centre 
draw  a  line  perpendicular  to  its  {Jane.  Then  every  point  in  this  perpoidicular  fulfils 
the  conditions  required. 

3.  This  is  an  indeterminate  Problem.  If  however,  the  circle  be  in  that  plane 
which  passes  through  the  given  point,  and  be  perpendicular  to  the  two  given  planee, 
the  problem  is  reduced  to  that  of  describing  a  circle  which  shall  pass  thnnigh  a 
given  point,  and  touch  two  given  straight  lines. 

4.  Let  ACB,  AD6,  be  the  triangles,  CD  being  perpendicular  to  the  plane  of 
ACB.  Then  the  angles  D  AC^  DBC,  and  the  line  DC  being  given,  the  lines  DA,  DB, 
can  be  constructed.  Draw  ab  through  C  perpendicular  to  CD,  and  make  the  angles 
C'Do,  CDb,  the  comj^ements  of  the  given  angles ;  then  Ca,  Cb  will  be  of  the  same 
length  as  CA,  CB.  whence  the  angle  which  they  are  to  form  bemg  given,  the 
triangle  may  be  constructed,  and  its  base  is  the  line  required. 

5.  About  the  given  line  let  a  plane  be  made  to  revolve,  till  it  passes  throogfa  the 
g^ven  point.  The  perpendicular  drawn  in  this  plane  from  the  given  point  upon  the 
given  line  is  the  distance  required. 

6.  Let  A,  B,  be  the  given  points,  and  GH  the  given  straight  line ;  draw  AC, 
BD  perpendicular  on  GH,  and  in  the  plane  AGH  produced,  draw  DB'  perpenidicular 
to  GH,  and  equal  to  DB :  join  AB',  meeting  GH  m  E,  and  draw  EB.  Then 
A£  +  EB  is  the  minimum.  For  the  triangles  EDB,  EB'D  are  equal,  being  right- 
angled  at  D,  and  having  one  side  common,  and  the  others  equaL  Whence  the  angle 
BEH  is  equal  to  GEA,  each  being  equal  to  B'EH.  The  conclusion  follows  frrai 
the  demonstration  of  Theorem  17»  p-  369. 

7.  Through  any  point  in  the  first  line  draw  a  line  parallel  to  the  second;  the 
plane  through  these  is  parallel  to  the  second  line.  Through  the  second  line  draw  a 
plane  perpendicular  to  the  forenamed  plane  cutting  the  first  line  in  a  pcint, 

Tmough  this  point  draw  a  perpendicular  in  the  second  plane  to  the  first  plane, 
and  it  will  be  perpendicular  to  both  lines. 

8.  Through  any  point  draw  perpendiculars  to  both  planes ;  the  plane  passing 
through  these  two  lines  will  fulfil  tne  conditions  required. 

9.  Let  ABCD  be  the  ^ven  triangular  pyramid,  of  which  the  vertex  is  A,  and 
base,  the  triangle  BCD.  Bisect  BC  m  E,  ana  join  AE,  BE :  then  A£B  is  an  isos- 
celes triangle,  having  its  base  AB  equal  to  the  side  of  the  equilateral  triangle,  and  its 
sides  eoual  to  the  perpendicular  from  the  vertex  on  the  base.  From  A  draw  AF 
perpenoicular  to  BE :  AF  is  the  perpendicular  required. 

Or  thus.  Let  ABC  be  the  equilateral  triangle  which  forms  the  base  of  the  pyn^ 
mid,  and  D  its  centre.  On  AC  describe  a  semicircle,  and  make  AE  equal  to  AD. 
Join  AE,  then  AE  is  the  perpendicular  altitude. 

From  D  draw  the  perpendicular  DF  equal  to  CE,  and  join  FC,  FA,  FB.  Then 
the  triangle  AFD  is  equal  in  all  respects  to  the  triangle  ACE,  and  hence  AF  is  equal 
to  AC.  In  like  manner  the  sides  FC^  FB  are  each  proved  equal  to  a  side  of  the 
equilateral  triangle  ACB. 

10.  Through  each  line  draw  a  plane  parallel  to  the  other;  ihese  planes  will  be 
parallel,  and  obviously  form  two  91  the  faces  of  the  paralMopiped.  Through  each 
line  and  one  extremity  of  the  other,  draw  a  plane;  and  a  second  plane  parallel  to  it 
through  the  remaining  extremity.  This  will  complete  the  figure ;  but  were  will  be 
four  varieties  of  cases  according  as  the  extremities  are  situated 

11.  Every  possible  combination  of  the  lines  taken  three  at  a  time  will  form  the 
pyramids,  since  the  respective  faces  may  be  so  formed.  These  according  to  the  or- 
dmary  method  are  fifteen  in  number. 

12.  Bisect  the  base  by  a  line  drawn  in  the  given  direction,  whether  parallel  to 
a  given  line,  or  tending  to  a  given  point.  The  plane  drawn  through  the  bisecting 
line  and  the  vertex  of  the  pyramid,  gives  the  solution  of  the  problem. 

13.  The  section  will  be  in  all  cases  a  parallelogram,  but  not  necessarily  rectan- 
gular. Any  plane  drawn  perpendicular  to  a  face  through  a  line  equal  to  the  edge  of 
the  cube,  will  frilfil  the  condition. 
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3.  Let  AD,  BE  be  two  parallel  straight  lines,  and  let  two  planes  ADFC,  BEFC 
pass  through  AD,  BE,  and  let  CF  be  their  common  intersection,  ^,  Euc.  xi.  10. 
Then  CF  may  be  proved  parallel  to  BE  and  AD. 

4.  See  the  figure  Euc.  xi.  10.  If  the  lines  be  unequal,  the  iBgure  may  be  shewn 
not  to  wree  viith  the  definition  of  a  prism.    Euc.  xi.  def.  13. 

5.  This  theorem  is  analogous  to  Euc.  xi.  8.  Let  two  parallel  lines  AC^  BD 
meet  a  plane  in  the  points  A,  B.  Take  AC  equal  to  BD  and  araw  C£,  DF,  perpen- 
diculars on  the  plane^  and  join  AE,  BF.  Then  the  angles  CAE,  DBF^  are  the  in- 
clinations of  AC,  BD  to  tne  plane,  Euc.  xi.  def.  5,  ana  these  [angles  may  be  proved 
to  be  equal. 

6.  Let  lines  be  drawn  in  each  plane  through  the  points  where  the  lines  cut  the 
planes,  then  by  Euc.  i.  29. 

7.  AB,  BC,  CD  may  be  shewn  to  be  three  consecutive  edges  of  a  rectangular 
parallelopiped,  of  which  AD  is  the  diagonal. 

8.  if  the  intersecting  plane  be  perpendicular  to  the  three  straight  lines,  by  join- 
ing the  points  of  th&r  intersection  with  the  plane,  the  figure  formd  will  be  an  equi- 
lateral triangle.    If  the  plane  be  not  perpenoicular,  the  triangle  will  be  isosceles. 

9.  Let  AB,  CD  be  parallel  straight  lines,  and  let  perpendiculars  be  drawn  from 
the  extremities  of  AB^  CD  on  any  plane,  and  meet  it  in  the  points  A',  B',  C,  D'. 
Draw  A'B',  CD',  these  are  the  projections  of  AB,  CD  on  tne  plane,  and  may  be 
proved  to  be  parallel. 

10.  Let  AE  meet  the  stnught  lines  BE,  DE  in  the  plane  BED,  fig.  Euc.  xi.  6, 
and  let  the  angle  AEB  measure  the  inclination  of  AE  to  the  plane  BDE ;  ^en  the 
angle  AEB  is  less  than  the  angle  AED.  Draw  AB  perpendicular  to  the  plane, 
make  ED  equal  to  EB  and  join  BD,  AD.    Euc.  i.  18,  19. 

11.  Let  the  three  parallel  straight  lines  AD,  BE,  CF  be  cut  by  the  parallel 
planes  ABC,  DEF,  ana  A,  B,  C,  the  points  of  intersection  of  the  lines,  he  joined,  as 
also  D,  E,  F :  then  the  figure  ABC  may  be  proved  to  be  equal  and  similar  to  the 
figure  DEF. 

12.  Let  AB  be  at  right  angles  to  the  plane  BCED,  and  let  the  perpendiculars 
from  AB  intersect  the  plane  GHKL  in  the  line  MN,  and  let  HNK  he  the  common 
intersection  of  the  planes  CBDE,  GHKL.  J(Hn  AM,  BN,  and  prove  MN  to  be  a 
straight  line  perpendicular  to  HK. 

13.  This  may  be  readily  proved  by  Euc.  xi.  17. 

14.  Let  AB,  A'B'  be  any  portions  of  the  two  straight  lines.  At  B'  draw  B'C 
parallel  to  AB,  and  B'C  perpendicular  to  the  plane  passing  through  A'B'C,  Let 
the  plane  passing  through  A'B'C  intersect  the  line  AB  in  the  point  A.  In  the  plane 
A'B'C  from  A  draw  AA'  perpendicular  to  A'B',  and  AC  perpendicular  to  AA'. 
Then  the  plane  CAB  passing  through  the  line  AB  mav  be  shewn  to  be  parallel  to 
the  plane  A'B'C  passing  through  me  line  A'B',  and  that  no  other  parallel  planes 
can  be  drawn  through  AB,  A'B'.  Also  AA'  is  the  perpendicular  distance  between 
the  two  planes,  and  that  A  A'  is  less  than  any  other  line  which  can  be  drawn  between 
the  two  planes. 

15.  The  figure  formed  by  lines  drawn  from  a  point  above  the  plane  of  a  circle, 
to  every  point  in  its  circumference  is  a  cone.  If  the  point  be  in  the  perpendicular  to 
the  plane  drawn  from  the  centre  of  the  circle,  the  cone  is  a  light  cone,  and  all  lines 
from  the  point  to  the  circumference  are  equal ;  if  the  point  be  not  in  the  perpendi- 
cular,  the  cone  is  an  oblique  cone  and  has  only  the  two  lines  equal,  as  may  readily 
be  shewn. 

16.  Let  BC  be  the  common  intersection  of  the  two  planes  ABCD,  EFGH 
which  are  inclined  to  each  other  at  any  angle.  From  K  at  anv  point  in  the  plane 
ABCD,  let  KL  be  drawn  perpendicular  to  the  plane  EFGH,  and  KM  perpendicular 
to  BC,  the  line  of  intersection  of  the  two  planes.  Join  LM,  and  prove  that  the  plane 
which  passes  through  KL,  KM  is  perpendicular  to  the  line  BC. 

17.  Let  GH  be  the  edge  of  the  wall.  A;  B  the  two  points,  and  let  the  line  join- 
ing A,  B  meet  the  edge  of  the  wall  GH  in  E.    If  the  points  AE,  BE  make  equal 
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angles  with  GH,  then  A£,  £B  may  be  proved  to  be  less  than  any  other  two  lines 
drawn  firom  A,  B,  to  meet  GH  in  any  other  point  £'. 

18.  Let  AB,  AC  drawn  from  the  point  A,  and  A'B',  A'C  drawn  from  the 
pcnnt  A',  in  two  parallel  planes,  make  equal  angles  with  a  plane  £F  passing  through 
AA\  and  perpendicular  to  the  planes  BAC^  B'A'C.  Let  AB  in  the  plane  ABC  be 
parallel  to  A'B'  m  the  plane  A'B'C ;  then  AC  may  be  proved  to  be  parallel  to  A'C. 

19.  Let  HM  be  the  common  section  of  the  two  planes  MN,  MQ;  and  let  AB 
be  drawn  from  a  point  A  in  HM  perpendicular  to  the  plane  MN :  then,if  planes  be 
drawn  through  AB  to  cut  the  planes  MN,  MQ  in  hnes  which  make  the  angles 
CAD^  £AF  with  each  other,  and  that  the  plane  BACD  is  perpendicular  both  to 
MN  and  MQ,  the  angle  CAD  will  be  greater  than  £AF.  Shew  that  the  angle 
BAD  is  less  than  the  angle  BAF,  and  it  follows  that  CAD  is  greater  than  £AF. 

20.  Let  the  depth  be  taken  as  the  fixed  unit^  and  let  the  breadth  be  double  the 
depth,  and  the  length  double  the  breadth.  Let  the  parallelopiped  and  the  cube  be 
constructed.  Then  the  cube  may  be  shewn  to  consist  of  the  same  number  of  cubic 
units  as  the  parallelopiped.    See  note  on  def.  A,  p.  253. 

Similarly,  if  the  breadth  be  treble,  or  any  other  multiple  of  the  depth,  and  the 
length  treble,  or  the  same  multiple  of  the  breadth^  the  equality  of  the  two  figures  may 
be  shewn  to  exist. 

21.  This  theorem  is  analogous  to  the  corresponding  theorem  respecting  a  rect- 

The  axis  of  a  parallelopiped  must  not  be  confounded  with  its  diagonal 

22.  This  theorem  is  analogous  to  £uc.  n.  4. 

23«    There  is  some  inaccuracy  in  the  enunciation  of  this  theorem. 

24.  Let  O  be  one  of  the  sohd  angles  of  a  cube  whose  three  adjacent  edges  are 
O  A,  OB,  OC ;  OB£C  being  the  base  of  the  cube.  On  OA,  OB,  OC,  let  any  three 
points  A',  B',  C  be  taken,  and  join  A'B',  B'C,  CA'.  Then  the  square  of  the  area 
of  the  base  A'B'C  of  the  solid  OA'B'C  is  equal  to  the  sum  of  the  squares  of  the 
areas  of  the  feces,  OA'B',  OA'C,  OC'B'. 

Job  0£  intersecting  B'C  m  £',  and  join  A'£'.  Then  A'£'  may  be  shewn  to 
be  perpendicular  to  the  base  CB'  of  the  triangle  A'B'C'^  and  by  £uc.  i.  47,  and  note 
page  68,  the  trutii  of  the  property  is  shewn. 

25.  Let  the  figure  be  described,  then  in  a  similar  manner  to  Theorem  2,  page 
367,  by  employing  £uc.  u.  12, 13^  instead  of  £uc.  i.  47,  the  truth  of  the  theoiem 
may  be  proved. 

26.  This  is  to  shew  that  the  square  of  the  diagonal  of  a  rectangular  parallelo- 
piped is  equal  to  the  sum  of  the  squares  of  its  three  edges. 

27.  Let  a  rectangular  parallelogram  ABCD  be  formed  by  four  squares,  each 
equal  to  a  face  of  the  given  cube,  and  let  £F,  GH,  KL,  be  the  lines  ot  division  of 
the  four  squares.  Let  BD  the  diagonal  of  ABCD,  cut  £F  in  M ;  the  square  of  BM 
to  the  square  of  AB  is  as  17  to  16.  Let  BG  the  diagonal  of  ABHG  cut  EF  in  N ; 
the  square  of  BN  is  to  the  square  of  AB,  as  20  is  to  16 :  hence  there  is  some  square 
between  that  of  BM  and  BN  which  bears  to  the  square  of  AB,  the  ratio  of  18  to 
16,  or  of  9  to  8. 

28.  If  any  point  A  in  a  sheet  of  paper  be  taken  as  the  vertex  of  any  pyramid 
(suppose  a  triangular  pyramid),  the  tmee  plane  angles  which  can  be  formea  at  A, 
are  equal  to  four  right  angles,  and  therefore  greater  than  the  sum  of  the  three  plane 
angles  with  which  it  is  possible  to  form  a  sohd  angle. 

29.  Let  BCD  be  tne  base  of  the  pyramid.  Take  CD'  equal  to  CD  in  the  same 
line,  and  jom  AC,  BC,  AD',  BD'.  llien  the  triangular  base  BCD'  is  equal  to 
BCD,  £uc.  I.  38.  And  since  A  is  a  fixed  point,  the  altitude  of  the  pyramids  ABCD, 
ABC'D'  is  the  same,  and  pyramids  of  the  same  altitude  on  equal  bases  are  equaL 

30.  See  £uc.  vi.  def.  1.  From  the  vertex  A  draw  a  line  to  any  point  B  in  the 
base  of  the  pyramid,  and  meeting  the  given  section  in  B'.  From  the  angular  points 
of  tiie  base  draw  lines  to  the  point  B ;  also  from  the  angular  points  of  the  given  sec- 
tion to  the  point  B'.  llien  any  triangle  in  the  section,  may  be  shewn  to  be  similar 
to  the  corresponding  triangle  in  the  base.    £uc.  vi.  20. 
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1.  There  is  no  method  by  which  a  square  can  be  described,  by  plane  geometnT, 
exactly  equal  to  the  area  of  a  circle.  The  tract  of  Archimedes  on  the  mensuration  of  tne 
circle,  consists  of  the  three  foUowinff  propositions.  1.  Eveiy  circle  is  equal  to  the 
right-wangled  triangle  whose  base  and  perpendicular  are  equal  to  the  radius  and  cir- 
cumference of  the  circle.  2.  The  ar^  of  a  circle  is  to  the  square  described  on  its 
diameter  as  11  to  14  nearly.    3.  The  circumference  of  a  circle  is  equal  to  three  times 

the  diameter  and  a  part  of  the  diameter  which  is  less  than  --  of  the  diameter,  but 

greater  than  ry  of  the  diameter. 

2.  The  radius  of  a  circle  whose  area  is  double  that  of  another,  is  equal  to  the 
side  of  a  square  whose  area  is  double  that  of  the  square  of  the  radius  oi  the  given 
circle. 

3.  A  similar  remark  applies  here  as  to  the  ^recediiur  problem. 

4.  Fvst,  to  bisect  a  circle  by  a  concentric  circle.  Let  C  be  its  centre,  AC  any 
radius.  On  AC  describe  a  semicircle,  bisect  AC  in  B,  draw  BD  perpendicular  to 
AC,  and  meeting  the  semicircle  in  D ;  join  CD,  and  with  centre  C,  ana  radius  CD, 
describe  a  circle ;  its  circumference  shall  bisect  the  given  circle.  Join  AD.  Then 
by  Euc.  vi.  20,  Cor.  2,  the  square  on  AC  is  to  the  square  on  CD  as  AC  is  to  CB : 
and  Euc.  xn.  2.  In  the  same  way,  if  the  radius  AC  be  trisected,  and  perpendicu- 
lars be  drawn  from  the  points  of  tnsection  to  meet  the  semicircle  in  D,  £,  the  two 
circles  described  from  C  with  radii  CD,  CE  shall  trisect  the  drcle.  And  generally, 
a  circle  may  be  divided  into  any  number  of  equal  parts. 

Note.  By  a  similar  process  a  circle  may  be  divided  into  any  number  of  parts 
which  shall  have  to  each  other  any  ^ven  ratios. 

5.  To  divide  the  circle  into  two  equal  parts.  Let  any  diameter  ACB  be  drawn, 
and  two  semicircles  be  described,  one  on  each  side  of  the  two  radii  AC,  CB :  these 
semicircles  divide  the  circle  into  two  equal  parts  which  have  their  perimeters  eqaal. 
In  a  similar  way  a  circle  maybe  divided  into  three  parts,  by  dividing  the  diameter  mto 
three  equal  parts,  AB,  BC,  CD ;  and  describing  semicircles  upon  AB,  AC  on  one 
side  of  the  diameter,  and  then  semicircles  upon  DC,  DB  on  the  oth^  side  of  the 
diameter. 

6.  By  Euc.  xn.  2.  The  squares  of  the  radii  of  the  two  drcles  may  be  shewn 
to  be  in  the  ratio  of  3  to  1. 

7.  The  area  of  the  circle  of  which  the  quadrant  is  given,  is  to  the  area  of  the 
circle  which  touches  the  three  circles,  as  36  is  to  1.  And  the  quadrant  is  one-fourth 
of  the  area  of  the  circle.  Hence  the  area  of  the  quadrant  is  to  the  area  of  the  drde 
as  9  to  1. 

8.  I^e  meaning  of  the  enunciation  of  this  problem  is  not  very  dear. 

9.  By  reference  to  Theorem  2,  p.  371,  and  Euc.  xn.  2,  the  parts  of  the  dia- 
meter may  be  proved  to  bear  to  each  other  the  ratio  of  1  to  2. 

10.  If  planes  be  drawn  through  the  bisections  of  three  of  the  edges  of  the  tetra- 
hedron at  right  angles  to  the  ed^es,  the  point  of  their  mutual  intersection,  is  the  centre 
of  the  sphere  which  circumscnbes  the  tetrahedron. 

11.  Take  a  point  A  on  the  spherical  surface  of  the  fragment  as  a  centre,  and  with 
any  radius  AB  describe  a  drde  upon  it.  Take  two  other  pdnts  C,  D  in  the  cir- 
cumference of  this  circle,  and  describe  a  plane  triangle  A'B'u  having  its  sides  equal 
to  the  distances  AB,  BC,  CA,  respectivdy.  De^be  a  drde  about  the  triaiu^ 
A'B'C,  and  draw  the  diameter  A'D' ;  with  centres  A',  D'  and  radius  equal  to  AB, 
describe  circles  intersecting  each  other  in  E',  and  through  the  points  A',  D',  £' 
describe  a  cirde ;  the  diameter  of  this  circle  will  be  equal  to  that  of  the  sphere  of 
which  the  fragment  is  ^ven. 

12.  Bv  Euc.  I.  47,  expressions  for  the  souares  of  the  sides  of  the  triangle  may 
be  found,  from  which  it  wul  appear  that  the  tnree  sides  of  tiie  triangle  are  mean  pro- 
)}ortionals  between  every  two  of  the  three  diameters  of  the  spheres. 

13.  (1)  Ilie  re^ar  teti^edron.  Each  of  the  angles  of  an  equilateral  triangle 
is  one  third  of  two  ri^^t  angles ;  a  solid  angle  may  therefore  be  formea  by  three  angles 
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of  three  equal  and  e<)ui]ateral  triangles^  and  the  figure  formed  bj  the  three  bases  of 
the  triangles  is  manifestly  an  equilateral  triangle  equal  in  magmtude  to  each  of  the 
three  given  equilateral  triangles.  The  angles  of  inclination  of  every  two  of  the  four 
fiices  are  also  equaL 

(2)  The  regular  Octahedron.  Through  any  point  O  draw  three  straight  lines 
perpendicular  to  each  other,  take  OA^  Oo,  OB,  Ub,  OC,  Oc  equal  to  one  anotho-, 
ana  join  the  extremities  of  these  hues,  llie  faces  ABC,  A  60,  &c.  are  equilateral 
triangles  equal  to  one  another  and  eight  in  number :  also  the  incUnations  of  every  two 
contiguous  faces  are  equal 

(3)  The  regular  Icosahedron.  A  solid  angle  may  be  formed  with  five  angles, 
each  equal  to  the  angle  of  an  equilatoial  triangle.  At  the  point  A  of  any  equpateral 
triangle  ABC,  let  a  solid  angle  be  formed  mtk  it  and  four  other  equal  and  equilateral 
triangles  ABD,  ADE,  AEF,  AFC,  each  equal  to  the  triangle  ABC.  Next  at  the 
point  B,  let  another  solid  angle  be  formed  with  the  triangle  ABC  and  four  others 
BCH,  BHK,  BKD,  BDA^  each  equal  to  it.  The  solid  angle  at  B  is  equal  to  the 
solid  angle  at  A,  and  the  inclinations  of  every  two  contiguous  faces  are  equal;  also 
the  two  solid  ancles  have  two  faces  ABC,  ABD  common.  Next  let  a  tnird  solid 
angle  be  formed  at  C,  by  placing  the  two  triangles  CFG,  CGH  contiguous  to  the 
three  CAB,  CFA,  CUB.  The  solid  angle  at  C  is  equal  to  that  at  A  or  B,  and  the 
inclinations  of  the  contiguous  &ces  make  equal  angles.  Thus  two  equal  and  equi- 
lateral triangles  are  placed  contiguous  one  to  another,  forming  three  sohd  angles  at 
A,  B,  C,  and  having  every  two  contiguous  faces  equally  inclined :  also  the  soM 
angl^  formed  at  D,  £,  F,  G,  H,  K,  have  alternately  three  and  two  angles  of  the 
equilateral  triangles.  In  the  same  manner  let  another  figure  equal  to  this  be  formed 
With  ten  equal  and  equilateral  triangles,  each  equal  to  the  triangle  ABC. 

If  these  two  figures  be  connected  together,  so  that  the  points  at  which  there  are 
#100  angles  of  one  figure,  may  coincide  with  the  points  which  contain  three  angles  of 
the  other,  there  will  be  formed  at  the  points  D,  E,  F,  G,  H,  K,  six  equal  solid  angles, 
each  contained  by  five  angles  of  the  ^uilateral  triangles^  and  every  two  contigooos 
&ces  will  have  the  same  inclination. 

Hence  a  figure  of  twenty  feces  is  formed  each  equal  to  the  equilateral  tnangle 
ABC,  and  havmg  the  inclinations  of  every  two  contiguous  feces  equal. 

(4)  The  regiuar  Hexahedron,    Since  three  right^mgles  may  form  a  solid  angle, 
it  is  therefore  obvious  that  the  solid  angle  formed  by  three  equsu  sauares^  has  eveiT 
two  of  the  feces  equally  inclined  to  one  another;  and  with  three  omer  squares,  each  ' 
equal  to  the  former,  a  figure  is  formed,  bounded  by  six  equal  squares,  and  having 
every  two  contiguous  feces  at  right-angles  to  one  another. 

(5)  The  regular  Dodecahedron.  Since  three  angles  each  equal  to  the  ang^  of 
a  regular  pentagon  may  form  a  solid  angle :  let  ABODE  be  a  regular  pentagon,  and 
with  two  others  each  equal  to  this,  let  a  solid  angle  at  A  be  formed ;  the  inequations 
of  every  two  contiguous  feces  will  be  equal.  At  the  points  B,  C,  D,  E  successively, 
let  solid  angles  be  formed  by  pentagons  equal  to  ABODE.  The  solid  angles  at  B, 
0,  D,  E  are  each  equal  to  the  solid  angle  at  A,  and  the  inclination  of  every  two  con- 
tiguous faces  is  the  same.  Thus  is  formed  a  figure  with  six  equal  and  r^ular  penta- 
gons, having  the  inclination  of  every  two  contiguous  feces  equal,  and  the  angles  at 
the  Imear  boundary  of  the  figure  altCTuately  consisting  of  an  angle  of  a  pentagon  and 
of  two  angles  of  two  pentagons  equally  indined  to  each  other. 

Next,  let  another  figure  equal  to  this  be  constructed  with  six  pentagons,  each 
equal  to  the  pentapron  ABODE. 

1£  these  two  i^fures  be  so  placed  that  the  angular  points  of  the  plane  angles  in 
the  linear  boundary  of  one,  may  coincide  with  the  points  at  which  there  are  two  angles 
in  the  other  figure ;  at  eadi  of  these  points  will  be  formed  ten  solid  angks,  each  equal 
to  the  angle  at  A,  and  having  the  inclination  of  every  two  contiguous  fiaices  equal  to 
one  another.  Hence  a  regidaar  figure  is  formed  having  twelve  equal  feces,  and  the 
inclinations  of  every  two  contiguous  feces  equal  to  one  another. 

14.  This  is  repeated  by  mistake.    It  is  the  same  as  Problem  11,  page  368. 

15.  Let  A  be  the  vertex,  and  BOD  the  triangle  forming  the  base  of  die  tetrahe- 
dron. Bisect  each  of  the  dihedral  angles  at  the  base  by  thr^  planes  which  mutually 
intersect  each  other  in  the  point  F,  which  will  be  the  centre.  Then  a  perpendicular 
irom  F,  drawn  upon  any  one  of  the  faces  wiU  be  the  radius  ci  the  inscnbra  spheie* 
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16.  For  the  inclination  of  any  two  contiguous  feces  of  the  octahedron,  see  Theo- 
rem 34,  page  376. 

The  octahedron  is  divisible  into  two  pyramids  whose  bases  are  squares,  and  the 
four  slant  sides  equilateral  triangles. 

1 7.  Every  oblique  pyramid  may  be  proved  to  be  equal  to  a  right  pyramid  of  the 
same  base  ana  altitude. 

Every  right  pyramid  whose  base  is  not  triangular  may  be  divided  into  triangular 
pyramids  of  the  same  altitude. 

Every  pyramid  on  a  triangular  base  may  be  proved  equal  to  one-third  of  a  prism 
of  the  same  base  and  altitude. 

Hence,  any  pyramid  may  be  proved  to  be  one-third  of  a  prism  of  the  same  base 
and  altitude. 

18.  If  the  centres  of  the  upper  sphere,  and  the  three  upon  which  it  rests,  be  joined, 
the  figure  is  a  tetrahedron :  and  the  same  remark  may  be  made  with  respect  to  each 
of  the  three,  and  the  spheres  upon  which  they  severally  rest 
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5.  Let  a  regular  polygon  be  inscribed  in  the  circle.  The  stnught  lines  drawn 
from  the  centre  to  all  tne  angles  of  the  polygon,  will  divide  the  polygon  into  as  many 
equal  isosceles  triangles,  as  mere  are  sides  of  the  polygon,  and  perpendiculars  drawn 
from  the  centre  on  each  side,  will  be  equal  to  the  common  altitude  of  all  the  triangles. 
Each  of  these  triangles  is  equal  to  halTthe  rectangle  contained  by  the  base  and  aJti- 
tude  of  the  triangle.  Hence  the  area  of  the  polygon  is  equal  to  half  the  rectangle  con- 
tained by  the  common  altitude  and  the  sum  ot  me  sides  of  the  polygon.  Now  if  the 
sides  of  the  regular  polygon  be  diminished  in  magnitude  and  their  number  increased, 
the  perimeter  of  the  polygon  may  be  made  continually  to  approach  to  the  perimeter  c^ 
the  circle,  and  at  length  be  made  to  dijQfer  from  it  by  a  m^^j^nitude  less  man  can  be 
assigned.  In  that  case  also  the  perpendiculars  on  the  sides  of  the  polygons  d^er 
from  the  radius  of  the  drde  bv  a  lengtn  less  than  can  be  assigned.  Hence  the  area  of 
the  polygon  and  the  area  of  the  cir<&  differ  from  each  other  by  a  quantity  le»s  than 
can  De  assigned,  and  therefore  the  area  of  the  circle  is  equal  to  half  of  the  rectangle 
contained  by  two  straight  lines  which  are  equal  to  tiie  radius  and  the  circumference  of 
the  circle :  or  the  area  of  the  circle  is  equal  to  the  rectangle  contained  by  the  radius 
and  a  straight  line  equal  to  half  the  circumference  of  the  circle. 

6.  The  angle  in  a  segment  which  is  one-fourtii  of  the  circumference  of  a  circle,  is 
equal  to  one  of  the  interior  angles  of  a  regular  octagon.  The  ratio  of  the  two  angles 
will  be  found  to  be  as  3  to  2. 

7.  Let  AB,  A'B'  be  arcs  of  concentric  circles  whose  centre  is  C  and  radii  CA, 
CA',  and  such  that  the  sector  ACB  is  equal  to  the  sector  A'CB'.  Assuming  that 
the  area  of  a  sector  is  equal  to  half  the  rectangle  contained  by  the  radius  and  &e  in- 
cluded arc :  the  arc  AB  is  to  the  arc  A'B'  as  the  radius  A'C  is  to  the  radius  AC. 
Let  the  radii  AC,  BC  be  cut  by  the  interior  circle  in  A',  D.  Then  the  arc  A'D  is  to 
the  arc  AB,  as  A'C  is  to  AC ;  because  the  sectora  A'CD,  ACB  are  similar:  and  the  arc 
AB'  is  to  the  arc  AD,  as  the  angle  ACB'  is  to  the  angle  ACD,  or  the  angle  ACB. 
Euc.  VI.  33. 

From  these  proportions  may  be  deduced  the  proportion: — as  the  angle  ACB  is  to 
the  angle  A'CB',  so  is  the  square  of  the  radius  A'C  to  the  square  of  the  radius  AC. 
And  by  Euc.  xu.  2,  the  property  is  manifest 

8.  Let  AB,  A'B'  be  arcs  of  two  concentric  circles^  whose  centre  is  C.  ACB, 
A'CB'  two  sectors  such  that  the  angle  ACB  is  to  the  angle  A'CB',  as  A'C*  is  to  AC*. 

Let  AC,  BC  be  cut  by  the  interior  circle  in  A',  D ; 

Then  the  arc  A'B'  is  to  the  arc  A'D,  as  the  angle  A'CB'  is  to  the  angle  A'CD^  or 
the  angle  ACB.    Euc.  vi.  33. 

And  the  arc  A'D  is  to  the  arc  AB^  as  the  radius  A'C  is  to  the  radius  AC,  by 
similar  sectors. 

By  means  of  these  two  proportions  and  the  given  proportion,  the  rectangle  con«^ 
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tained  by  the  arc  AB  and  radius  AC,  may  be  proved  equal  to  the  rectangle  contained 
by  the  arc  A'B'  and  the  radius  A'C. 

9.  The  sum  of  the  squares  of  the  sej^rments  of  the  diagonals,  is  equal  to  the  saoi 
of  the  squares  of  each  pair  of  opposite  sides  of  the  quadrilateral  figure.  Hence  by 
JSuc.  xu.  2 ;  I.  47 ;  V.  18,  the  property  is  proved. 

10.  The  radii  of  the  circles  may  oe  proved  to  be  proportional  to  the  two  sides 
of  the  original  triangle.    Then  by  £uc.  xn.  2 ;  vi.  19. 

11.  Let  the  two  lines  intersect  each  other  in  A,  and  let  C  be  the  centre  of  the 
last  circle.    Join  CA,  and  draw  CB  perpendicular  to  AB  one  of  the  lines. 

Then  CA  and  CB  are  given.  Let  C,  0\  &c.,  be  the  centres  of  the  drdes 
which  successively  touch  one  another.  Draw  CB',  CB",  &c.,  perpendicular  to 
AB  and  CD,  C"D'  parallel  to  AB  meetinjf  CB  in  D,  CB'  in  D',  &c.  Then  by 
pieans  of  the  similar  triangles,  the  radii  CB ,  C"B",  &c.,  may  be  expressed  in  toms 
of  CB  and  CA.  Hence  the  sum  of  the  series  of  the  circles  may  be  expressed  in 
terms  of  the  area  of  the  last  circle. 

12.  The  squares  of  the  four  segments,  are  together  equal  to  the  square  of  the 
diameter.  Theorem  4,  p.  314 ;  and  Theorem  129^  p.  325.  Then  by  Euc.  xn.  2; 
V.  18,  the  truth  of  the  Theorem  is  manifest. 

13.  This  is  Gliewn  by  Euc.  i.  47 ;  xn.  2 ;  v.  18. 

14.  The  demonstration  of  this  property  is  contained  in  that  of  Problem  5,  p.  374. 

15.  Let  C  c  be  the  line  joining  the  centres  of  the  two  circles  whose  planes  are  paiaU 
lel^ and  let  ACB,  acbhe  parallel  diameters  drawn  in  each.  Jcnn  AC, B6, then Afi6a 
is  a  quadrilateral  figure  having  two  of  its  sides  AB,  ah  parallel.  It  is  then  requb:ed  to 
shew  that  the  lines  joining  A  6,  Ba  intersect  at  the  same  point  D  in  Uie  line  Cc.  If 
ab  be  equal  to  AB,  the  ^ure  AB  6a  is  a  rectangular  parallelogram. 

16.  Let  A  be  any  point  above  the  plane  of  the  circle  whose  centre  is  C  and 
diameter  BCD.  Join  CA,  and  let  a  plane  pass  through  any  point  c  in  AC  or  AC 
produced.  Through  c  in  this  plane  draw  bed  parallel  to  BCD.  Join  BA,  DA  and 
produce  them  to  meet  bed  m  d  and  b.  Then  6,  d  maybe  proved  to  be  two  points 
m  the  circumference  of  the  circle  whose  diameter  i&hcd,  and  by  means  of  the  similar 
triangles  A,cd,  ACD,  the  areas  of  the  two  circles  may  be  shewn  to  be  proportional  to 
the  squarejp  of  AC  and  Ac. 

17.  Let  the  arc  of  a  semicircle  on  the  diameter  AB  be  trisected  in  the  points  D, 
E;  C  being  the  centre  of  the  circle.  Let  AD,  A£,  CD,  CE  be  joined,  thentb 
difference  of  the  segments  on  AD  and  AE,  may  be  proved  to  be  equal  to  ih&  sector 
ACD  or  DCE. 

18.  The  proof  of  this  property  depends  on  the  demonstration  of  Theorem  2,  p. 
371^  and  the  rdatbn  between  the  area  of  two  circles  described  upon  two  lines  as  diame* 
ters,  one  of  which  is  double  of  the  other. 

19.  Let  the  figure  be  described,  and  the  demonstration  will  be  obvious  from  the 
consideratbn  of  the  parts. 

20.  The  triangles  ABD,  ABC  have  the  angle  ABD  common,  and  ACB  may  be 
proved  equal  to  BAD,  by  Euc.  i.  29 ;  iii.  32.  And  therefore  the  angle  CAB  is  equal 
to  the  angle  ADB.  Also  the  triangles  CAB,  CEA  may  be  shewn  to  be  equiangular, 
and  AD  equal  to  AE.    Then  by  Luc.  vi.  4. 

21.  Let  the  diameter  AB  be  divided  into  five  equal  parts,  in  C,  D,  E,  then  C,  D 
are  the  second  and  third  points  of  division.  The  semicircles  AEC,  AFD  are  described 
on  one  side  of  the  diameter,  and  BGC,  BHD  on  the  other.  Then  since  the  semi- 
circumferences  of  circles  are  proportional  to  their  diameters,  the  perimeter  of  the 
figure  AECG6HDF  is  shewn  to  be  equal  to  the  perimeter  of  die  original  circle. 

By  Euc.  xn.  2,  the  area  of  die  figure  AECGBHD  may  be  shewn  to  be  one  fifth 
part  of  the  area  of  the  circle. 

The  general  case,  when  the  diameter  is  divided  into  n  equal  parts  is  proved  in  the 
same  way. 

22.  This  is  shewn  from  Euc.  xn.  2 ;  i.  47 ;  v.  18. 

23.  Assuming  that  the  area  of  a  sector  of  a  circle  is  equal  to  half  the  rectangle 
contained  by  the  radius  and  the  arc,  the  sector  AOC  is  shewn  to  be  equal  tome 
triangle  AOB. 

24.  By  Euc.  xn.  2,  the  area  of  the  quadrant  ADBEA  is  equal  to  the  area  of  the 
semicircle  ABCA. 
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25.  Let  POQ  be  any  quadrant,  O  being  the  centre  of  the  circle,  and  let  BG, 
DH  be  drawn  perpendicular  to  the  radius  PO,  and  OB,  OD  be  joined.  The  tri- 
angle GBO  is  equal  to  DHO. 

26.  The  segments  on  BC,  BA,  AC  may  be  shevm  to  be  similar.  And  sunilar 
segments  of  circles  may  be  proved  to  be  proportional  to  the  squares  of  their  radii, 
£uc.  xu.  2,  and  to  the  squares  of  the  chords  on  which  they  stand,  Euc  vi.  6. 

If  Euc.  VI.  31  be  extended  to  any  similar  figureSy  the  equality  follows  directly. 

27.  The  triangles  CEA,  CEB  are  equal,  and  the  difference  of  the  two  s^ments 
may  be  shewn  to  be  equal  to  the  difference  of  the  parts  of  the  semicircle  made  by  CE. 
The  difference  of  the  same  parts  may  also  be  shewn  to  be  equal  to  double  the  sector 
DEC. 

28.  Let  AB  be  the  hypothenuse  of  the  ri^ht-angled  triangle  ABC,  and  let  the 
semicircles  described  upon  the  sides  AC,  BC,  mtersect  the  h3rpothenuse  in  D.    Join 

AD.  AD  is  perpendicular  to  AB.  The  segments  on  AC,  AD,  and  on  one  side  of 
CD  are  similar;  and  the  segments  on  AC  may  be  shewn  to  be  equal  to  the  segments 
on  AD,  CD.  Also  the  segment  on  BC  may  be  shewn  to  be  equal  to  the  segments 
on  BD  and  the  other  side  of  CD. 

If  however  Euc.  vi.  31  be  true  for  all  similar  figures,  the  conclusions  above  stated 
follow  at  once  from  the  right-angled  triangles. 

29.  (a)  Join  BD.  CD,  DA,  Euc.  m.  31;  1. 14.  {h)  Produce  CD  to  meet, 
the  arc  of  the  quadrant  in  E.  Then  the  sector  ACE  is  half  of  the  quadrant :  also 
the  semicircle  CDA  may  be  shewn  to  be  equal  to  half  the  quadrant,  (c)  The  seg- 
ments  on  CD  and  DA  are  similar  and  equal,  if  the  figure  bounded  by  DA,  AC,  and 
tlie  arc  CD  be  added  to  each,  the  remamus^  part  ofthe  semicircle  on  AC  is  equal 
to  the  triangle  ACD  which  is  a  right-angled  isosceles  triangle. 

30.  TUs  theorem  is  analogous  to  Euc.  in.  14. 

31.  Let  D  be  the  given  pomt,  and  from  D  let  DA  be  drawn  through  the  centre 
E,  and  meeting  the  sunace  in  C,  A.  Let  DB  be  a  line  from  D  touching  the  sphere 
at  B.  Join  BE.  Then  the  triangle  DBE  (fig.  Euc.  lu.  36)  is  in  a  dane  passing 
through  D,  and  E  the  centre  oi  £e  sphere,  and  the  distances  DE,  EB  are  always 
the  same.    Hence  it  follows  that  BD  is  always  of  the  same  length.    Euc.  i.  47. 

The  sphere  which  touches  the  six  edges  of  any  tetrahedron,  has  four  circular 
sections  touching  the  sides  of  the  four  triangles  which  form  the  surface  of  the  tetra- 
hedron. 

32.  Let  the  circle  ADB  cut  the  circle  AEB  in  the  diameter  AB  at  any  angle, 
C  being  their  common  centre.  Next  let  the  plane  perpendicular  to  AB  cut  the  cir- 
cumference of  the  circle  ADB  in  D,  F,  ana  the  circumference  of  AEB  in  E,  G. 
'ITien  E,  D,  G,  F  may  be  proved  to  be  in  the  circumference  of  a  circle. 

33.  See  the  Geometric  par  M.  Vincent,  p.  450. 

34.  Let  ABCD  be  a  regular  tetrahedron.  From  A  in  the  plane  ABC  draw 
AE  perpendicular  to  BC,  and  join  DE  in  the  plane  BCD,  also  irom  A  draw  AG 
perpendicular  to  the  line  DE.  Then  the  angle  AEG  is  the  inclination  of  the  two 
faces  ABC,  DBC  of  the  tetrahedron,  and  the  base  EG  is  one-third  of  the  hypothe- 
nuse AE  in  the  right-angled  triangle  AGE. 

Let  ahcdefhQ  a  regular  octahedron  whose  faces  are  equal  to  those  of  the  tetra- 
hedron. Join  a,  f  two  opposite  vertices.  Draw  ag  in  the  plane  abc  perpendicular 
to  6  c,  and  ge  perpendicular  to  af.  Draw  fg  in  the  plane  fbc,  and  from/ draw/A 
perpendicular  to  ag  produced. 

Then  agf  is  the  inclination  of  two  faces  of  the  octahedron.  Also  in  the  right- 
angled  triangle /A^,  gh  may  be  proved  to  be  one-third  of  fg,  and  fg  is  equsd  to 

AE.  Hence  the  triangles  fgh,  AEF  are  equal  in  all  respects.  The^etore  the  angle 
fgh'iB  equal  to  the  angle  AEB.  Hence  the  angle  AEF  is  the  supplement  of  me 
angle  agf,  or  the  inclination  of  two  contiguous  faces  of  a  tetrahedron,  is  the  supple- 
ment of  the  inclination  of  two  contiguous  faces  of  an  octahedron. 


ADDENDUM. 


PROBLEM  16,  page  333. 

Inscribe  in  a  circle  a  triangle  whose  sides  or  sides  prodaoed,  dull  psas  Arougfa 
three  given  points  in  the  same  plane. 

haajna.  I.  Let  there  be  given  two  points  A,  B,  and  a  drde  DCE  whose  centre 
is  S :  from  the  point  A,  draw  ADC  to  cat  the  cirde;  through  B,  C,  D  dcKribe  a 
circle  catting  the  hne  AB  in  K :  then  K  is  a  fixed  pomt»  hotrerer  fhB  hm  ADC 
may  be  drawn ;  and  if  KD  be  drawn  to  meet  the  circle  in  H,  the  fine  HJB^  dnnm  to 
the  intersection  E  of  BC  with  the  circk,  will  be  parallel  to  AB. 

For,  firsts  BA.AK  =  CD.DA=  a  given  magnitude,  namdy,  tfaeiqnreoCthB 
tangent  from  A  to  the  circle.  Also  BA  is  given,  and  hence  AKT  is  also  ^bcn,  and 
K  is  a  fixed  point,  however  ADC  be  drawn  from  A  to  cot  the  ciidle. 

And,  secondly,  «nce  CDHE  is  a  qnadrilateral  inscribed  in  the  orck  CDE,  ^ 
exterior  angle  made  by  prodadng  EH,  is  eqval  to  the  interior  oppoole  ai^  DCE. 
In  the  same  way  the  angle  DKA  b  equal  to  DCB.  Whence  these  amgles  aie  eqnal, 
and  HE  is  parallel  to  AB. 

Lemma  II.  The  same  conditions  as  before  being  given,  draw  fht  dinneter 
TV  through  KandS;  and  find  the  point  F  such  that  SF.SK^ ST":  thenjoiniiig 
FD,  the  angle  EDF  wHl  be  equal  to  the  difierence  between  BKS  and  a  1%^  ai^ 
however  the  point  C  be  taken  in  the  circle  DCE. 

For,  draw  HX  parallel  to  KS,  and  from  X  draw  die  ^«"nf<fT  XSG^  wdjm 
H6,  GD ;  also  draw  KP  perpendicular  to  AB. 

Then  since  XHG  is  an  angk  in  a  semicircle^  it  is  a  right  ans^  ;  and  since  Hl'v 
parallel  to  KS,  HG  is  perpendicular  to  KS ;  and  the  angle  ElKv  is  equal  to  PES. 

Moreover,  since  HG  is  perpendicular  to  KS,  the  line  DG  always  passes  tfarough 
F,  and  hence  the  line  FG  makes  with  DE  the  constant  ang^  TKS,  hoverer  C  may 
be  taken  in  the  circle  DCE. 

Haring  premised  these  two  Lemmas,  we  may  proceed  to  the  ooostmction  of  the 
Problem,  as  follows: 

Let  A,  B,  Q  be  the  three  given  points.  Find  the  pdnts  K,  F  as  in  the  Lemmas, 
together  with  the  angle  PKS.  Join  QF,  and  on  it  describe  a  sq^ment  to  contain 
the  angle  PKS ;  and  let  it  cut  the  circle  DCE  in  D.  Then  D  is  one  of  the  angular 
points  of  the  trian^.  Jean  DA  meeting  the  circle  in  C,  and  CB  iiM*<ii*g  the  drde 
m  £,  and  draw  EjD.    It  will  pass  through  Q  by  the  reasoning  of  the  f^A«wifiMK^ 

TTie  same  prindple  may  be  qiphed  to  the  solution  of  Ph>Uem  58,  p.  324. 

Any  two  pmnts.  A,  B,  being  given  within  a  circle  CDE,  it  is  required  to  find  a 
p(nnt  D,  so  Uiat  the  difference  of  the  angles  BDE,  ADC  may  equal  a  given  angle. 

Tlie  points  A,  B  may  be  taken  any  where  either  within  or  without  the  circle ;  and 
the  construction  will  be  the  same. 

Analyas.  Let  the  pcrint  D  be  supposed  to  be  found,  such  that  the  angle 
EDB-DCA  =  the  given  an^le.  MakeECLequal  to  that  anf^  and  join  LC.  Then, 
obviously,  if  BD  meet  the  arde  in  H,  and  DA  meet  it  in  G,  the  chnd  GH  will  be 
oaralld  to  LC.  Fmd  F  and  K,  bv  the  Lemmas,  then  the  angle  FHG  is  given. 
Wherefore  through  F  draw  FQ  paralld  to  LC,  and  make  the  angle  HFG  equal  to 
the  given  angle.  Draw  BH  meeting  the  drde  in  D,  and  join  DA:  then  these  are 
the  lines  required. 


ADDENDUM.  95 

Note. — ^The  second  Lemma  is  only  a  variation  of  the  last  Porism  of  Euclid's 
third  Book  on  that  subject 

The  57th  proposition  in  Dr  Simson's  Restoration  of  the  Porisms,  leads  directly 
to  the  construction  in  the  manner  here  given. 

TTie  former  Problem,  though  not  mentioned  directiy  by  Pappus,  nor  found  in 
any  ancient  author,  was  without  doubt  considered  by  the  Greek  geometers. 

It  has  been  regarded  by  modem  geometers  as  an  extension  of  the  117th  Propo- 
sition of  the  Seventh  Book  of  the  Collections  of  Pappus,  namely  :-^when  tiie  three 
points  are  not  in  the  same  straight  line. 

The  Problem  itself,  as  well  as  Proposition  117  of  Pappus,  has  engaged  the  atten- 
tion of  several  distinguished  modem  geometers.  Bonnycastie,  in  p.  348  of  his  Geo- 
metry, has  given  a  concise  accoimt  of  the  several  solutions  by  mathematicians  on 
the  continent ;  as  also  Dr  Traill  in  p.  95  of  his  life  of  Simson.  In  p.  97,  he  has 
given  Simson's  solution  of  the  Proolem,  which,  from  a  note  attached,  appears  to 
nave  been  completed  in  1731.  Simson's  ''Opera  Reliqua"  was  publish^  by  the 
mimificence  of  Earl  Stanhope  in  1776. 

In  1742,  M.  Cramer  proposed  the  problem  to  M.  de  Castillon,  but  it  was  not 
till  1776  that  Castillon  published  a  geometrical  solution  in  the  Berlin  Memours  of 
that  year.  In  the  same  volume  is  a  solution  by  La  Grange,  by  means  of  trigono- 
metncal  formule.  Camot,  in  p.  383  of  his  womStrie  de  Position,  has  given  a 
modified  form  of  La  Grange's  Solution.  In  the  Petersburgh  Acts  for  1780,  are 
solutions  of  the  same  Problem  by  Euler,  Lexell  and  Fuss.  In  the  Memoirs  of  the 
Italian  Society  (Tom.  iv.  1788)  are  two  papers  respecting  this  problem;  one  by 
Ottajano,  in  which*  is  given  a  geometrical  solution  of  the  problem,  and  an  extension 
to  the  case  of  a  polygon  of  anv  number  of  sides,  which  he  inscribes  in  a  given  circle, 
80  that  the  sides  respectively  shall  pass  through  the  same  number  of  points. 
Ottajano  b\so  gives  a  sketch  of  the  history  of  the  problem.  The  other  paper  is  by 
Malfatti,  and  contains  a  solution  of  the  general  problem  of  the  polygon  kist  men- 
tioned. 

In  the  Berlin  Memoirs  for  1796  is  a  paper  by  Lhuilier,  containing  an  algebraical 
solution  of  the  most  general  case  of  the  polygon.  He  also  extends  the  problem  to 
the  conic  sections,  and  adds  a  similar  one  respecting  the  sphere.  An  extension  of 
this  Problem  to  the  Conic  Sections  has  also  b^n  effected  by  Poncelet  in  his  Traiii 
des  PropriitSs  Prqjectives,  M.  Brianchon  has  considered  the  Problem  in  the  case 
where  a  conic  section  is  substituted  for  the  circle,  and  where  the  thiGd  points  are  in 
one  line.  His  solution  will  be  found  in  the  Journal  de  TEcole  Pdytechnique. 
(Tom.  IV.) 

Dr  Wallace  and  Mr  Lowry  apnlied  the  67th  Porism  to  this  problem  in  VoL  n. 
of  the  Old  Series  of  Leyboum's  Repository.  In  Vol.  i.  of  the  New  Series  of  that 
work,  a  new  and  very  elegant  analysis  of  the  Porism  was  given  by  Mr  Noble,  which 
has  been  the  main  ffuide  in  demonstratinjg  the  two  Lemmas  here  used.  The  same 
method,  slightly  modified,  applies  to  any  inscribed  polygon.  The  most  elegant  sys- 
tem of  investigation,  however,  that  has  ever  been  published,  is  that  of  Mr  Swale, 
in  the  second  number  of  his  Apollonius.  Mr  Lowij  has  also  given  the  solution  of 
the  problem  in  the  case  where  the  ellipse  is  substituted  for  3it^*Krc\e,  and  where 
the  polygon  has  any  number  of  sides.  See  Leyboum's  Repository,  VoL  n..  New 
Series,  p.  189. 
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